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IDEALS AND FILTERS OF
PSEUDO-COMPLEMENTED SEMILATTICES

by T.S. BLYTH
(Received 15th March 1979)

1. Introduction

W. H. Cornish (2) has investigated congruences on pseudo-complemented distributive
lattices and has identified those ideals (resp. filters) that are congruence kernels (resp.
cokernels). In this paper we show that many of the principal results concerning congruence
kernels and cokernels hold in a semilattice and therefore do not depend on distributivity,
nor on the existence of unions.

If (L, A, *,0,1)is a pseudo-complemented semilattice then by a *-congruence on L we
shall mean a semilattice congruence = thatsatisfies the additional condition x=y > x*=
y*. Now not every ideal of L is the kernel of a *-congruence. The following example, which
will be of use throughout the paper, illustrates this simply: let £ be the semilattice whose
Hasse diagram is
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Zis pseudo-complemented; we have 0* = 1, a* = b, p* = ¢* = b* = q, d = Ofor i= 0. The
ideal I={0, a, p, g, b} is not the kernel of a *-congruence. For, suppose that = were a
*_congruence with kernel I; then from a=b=0 we would have a*=b*=0% ie.
b= a=1, whence the contradiction 1=a=0.

Which ideals, then, of a pseudo-complemented semilattice are kernels of
*_congruences? We provide an answer to this question in Section 2. Here we also describe
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the smallest and largest *-congruences having a given kernel ideal. In Section 3 the main
object of study is the set of kernel ideals. We show that this is a complete implicative lattice
and identify its centre. In Section 4 we consider *-epimorphisms and prove in particular
that the lattice of kernel ideals is isomorphic to the lattice of ideals of the skeleton boolean
algebra. In Section 5 we turn our attention to filters. Here we show that every filter is the
cokernel of a *-congruence and investigate a certain type of filter called a *-filter. We
prove that these filters form a complete lattice that is isomorphic to the lattice of kernel
ideals. In Section 6 we consider those *-congruences R that are boolean (in that L/R is a
boolean algebra) and determine necessary and sufficient conditions for a given kernel ideal
(resp. *-filter) to be the kernel (resp. cokernel) of a unique *-congruence. We also describe
the smallest boolean congruence that identifies a given pair of elements of L. In Section 7
we consider another type of filter, called a D-filter, and a determine necessary and
sufficient conditions for every D-filter to be a *-filter. This happens in particular when the
semilattice L is modular.

2. Kernel ideals and *-ideals
We refer the reader to (3) for the basic properties of pseudo-complementation. We
begin by establishing the following useful result; this does not appear to be in the literature.
Theorem 2.1. If L is a pseudo-complemented semilattice then a semilattice congruence
= on L is a *-congruence if and only if
x=0 > x*=1.
Proof. The condition is clearly necessary. Suppose conversely that the condition

holds and let x=y. Then O0=xAx*=ya x* and so (x* A y)*=1. Using the identity
an{an b)*=anb* (see, for example, (3, Theorem 15.1 (viii)), we thus have

x¥=x*a(x* A y)*=x*ay*
Similarly we have y*= x* A y*, whence x*= y*.[]

Definition. Anideal I of a pseudo-complemented semilattice L will be called a kernel
ideal if 1 is the kernel of a *-congruence on L.

Theorem 2.2. An ideal I of a pseudo-complemented semilattice L is a kernel ideal of L
if and only if
ijel > (*aj**el

Proof. If Iis the kernel of a *-congruence = and if i, j € I then i*=1=j* gives
i*Aj*=1whence (i*aj)* e L
Conversely, suppose that the condition holds. Consider the relation R, defined on L by

xRyy © @ie Dxai*=yai*

Clearly, R, is both reflexive and symmetric. It is also transitive; for if i, j € Iare such that
xAi*=ynai*and yaj*=zaj* then, with k =(i* A j*)* € I, we have
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*)**=X/\i*/\j*

xak*=xa(i*aj
=yai*aj*
=zAi* A=z AP A =2 kF

so that xR;z. It is clear that the equivalence relation R; is a semilattice congruence on L.
Now taking j =i in the condition we obtain i € I = i** € I Thus we have

xR0 & [@ieDxai*=0 & @Qie Dx=i** © xel
so the kernel of R, is I Also
xRl © @ie Dxnai*=i* © @ie Dx=i*,
so that
xR0 = @ ie Dxai*=0 => @ie Di*=x* => x*R,l.
It follows by Theorem 2.1 that R; is a *-congruence on L. [ ]

Corollary 1. [ is a kernel ideal if and only if

Diel >Di**el,
(2) (Vi,j e DAk € Di*aj*=k*.

Proof. The necessity follows from the above proof .and the fact that i*a j*=
(i* A j*)**. Conversely, if (1) and (2) hold then clearly (i* A j*)* = k** ¢ L[]

Corollary 2. A principal ideal I=x" is a kernel ideal if and only if x is in the skeleton
boolean algebra S(L) of L.

Proof. = :If x! is a kernel ideal then by Corollary 1(1) we have x = x** € S(L).

&:Ifx=x*andije x* then x* = i* A j*s0 (i* A j*)* = x** = x whence (i* A j*)* €
.0

Corollary 3. The following conditions on a pseudo-complemented semilattice L are
equivalent:

(1) every ideal of L is a kernel ideal;
(2) every principal ideal of L is a kernel ideal,
(3) L is a boolean algebra.

Proof. (1) = (2)is trivial; (2) = (3) follows from Corollary 2; and (3) = (1) follows
from the fact that in a boolean algebra (i’ A j') =ivj []

Definition. An ideal I of a pseudo-complemented semilattice L will be called a
*.idealific I > i** e L

Theorem 2.3. Every kernel ideal is a *-ideal. A *-ideal Iis a kernel ideal if and only if
supsy{i**, j**} belongs to I for alli, j € I
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Proof. The first statement is immediate from Corollary 1(1) of Theorem 2.2. As for
the second, it suffices to observe that in S(L) we have supg,{i**, j**} = (i* A j*)*. ]

Corollary. If L is a pseudo-complemented distributive lattice then an ideal I of L is a
kernel ideal if and only if it is a *-ideal.

Proof. Insuchalattice we have (i v j)* = i* A j* and sup g {i**, j**} = (i** v j**)** =

(FAj*. ]

Theorem 2.4. Let L be a pseudo-complemented semilattice and let I be a kernel ideal of
L. Then

(1) the smallest *-congruence on L with kemel I is given by
xRy © @ie Dxai*=yni¥
(2) the largest *-congruence on L with kernel I is given by

xR'y © f{aelL;arnxel={aecL;anyel.

Proof. (1) It is shown in the proof of Theorem 2.2 that R; is a *-congruence with
kernel L If = is any such *-congruence on L then xR;y gives x A i* =y A i* forsome i € I
so that, since i=0 and hence i*=1, we have x=y.

(2) That R'is the largest semilattice congruence on L with kernel I is proved as in, for
example, (1, Theorem 10.5(2)). We show that R’ is a *-congruence. Clearly, the cokernel
of R'is

F={xe L;anxel > acl}.
Suppose now that x € L If aa x* € I then by Theorem 2.2 we have
a=a*™*=(x*ra*=[x*r(arx®)*Fel

whence a € I and consequently x* € F. Applying Theorem 2.1 we now see that R is a
*-congruence. []

In what follows we shall denote by G the Glivenko congruence xGy & x** = y**,
Clearly, G is a *-congruence.

Theorem 2.5. If R is a *-congruence on L then

xRv Gy & x™ Ry**,
Proof. If xR v Gy then there exist aq, ..., a, € L such that
X=QQ=a1=...Z= Q4 1=0, =Y

in which each = signifies either R or G. Then

BE o gkk—

X

kk — %% — k| kk
ay"=...=Eap1=a, =Yy

where, for 1=i=n, either a**, Ra** or a** Ga**. Since the latter is equivalent to
a**, = a*%* we see that the above chain reduces to x** Ry**,
If, conversely, x** Ry** then we have the chain
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xGx** Ry** Gy
whence xRv Gy.[]
We now use Theorem 2.5 to obtain alternative characterisations of R’, the largest
*_congruence with kernel I

Theorem 2.6. If I is a kernel ideal of L then R'= R, v G.

Proof. That I is the kernel of R; v G follows from the observation that
xRivG0 & xR0 © x**el © xelI
Suppose now that R is a *-congruence with kernel L If xRy then we have
i=[(xAy"*a(x*ay)*T* e I
Since
X*¥* A= XM AL A y*)F A (x* A y)FTEE
=[x A (xay®)*alx®ay) T

=[x A Geay*) I

— (x A y**)**

= x*F p yhE
and similarly y** A i* = x** o y** it follows that x** R;y** and consequently xR, v Gy.
Thus R;v G is the largest *-congruence with kernel L[]

Corollary. xR’y © [(xay®)*a(x*Ay)*T* e L[]

If I is an ideal of L then I°={x € L; (Vi € I)x A i=0}, the set of elements dis-
joint from I, is a kernel ideal; for if x, y € I° then i=x*, y* gives (x*a y*)*=i* so
(x*Ay*)* e I’

Theorem 2.7. If Iis an ideal of L then

xRy o x**inr=y*inIl
Proof. Let = be the equivalence relation defined by
x=y & x**inI=y*ing
Since (x A z)** = x**{ N z**! jt is clear that = is compatible with A . Now
x=0 © x*™*INI=0 & x**ecl° o xel%
x=1 & x*'ni=I & Icx**!.
Thus we have

x=0 > xelI’ > (Miei=x*
> ng*l=x***l
> x*=1

and so, by Theorem 2.1, = is a *-congruence with kernel I°.
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Suppose now that xR”y. Then by the Corollary of Theorem 2.6 we have [(x A y*)* a
(x*® A y)*I* € I° whence
Viel [(xay"y*A(x*ayp)*TFai=0.
Since [(x A y*)* A (x* A y)*T* = (x A y*)** = x** A y* it follows that, forall i € I, x** A y* A
i=0. If then i € x*** NI we have y*Ai=0 and so i=y** whence i € y**' NI Thus
**tnIc y**l M I Similarly, we can establish the reverse inclusion, whence we obtain

x=y. Since R” is the largest *-congruence with kernel I° it follows that R” and =
coincide. [_]

Corollary. If I is a kernel ideal then R' A R” = G.

Proof. If xR'A R”"y then by the Corollary of Theorem 2.6 we see that [(x A y*)* A
(x* A y)*T* belongs to both I and I°, whence it is 0. It follows that x** A y* =0=x* A y**
whence x** =y** and y** = x** so that xGy. Since R/, R” =Z G by Theorem 2.6, we
deduce that R'A R" = G.[].

3. The lattices of kernel and *-ideals

It is clear that the set I*(L) of *-ideals of L, ordered by set inclusion, is a complete
lattice in which the lattice operations are set-theoretic. It is clear that in I*(L) the infinite

distributive law
N v L= U (INL)

axe A axeA
holds. It follows, therefore, that I*(L) is a complete implicative lattice. An explicit
description of residuals in I*(L) is as follows.
Theorem 3.1. IfI, J € I'*(L) then
I:J={x e L;x*'nJc 1.
Proof. Given I, J € I*(L), let T={x € L; x**NJ<I}. Then T## since 0 € T;
and since x*®* = x**** jt follows that T is a *-ideal. We now observe that

xeTNJ > x*injcLx**eJ
> xFxd =x**angI
> xel

so that TNJ< I If now K is a *-ideal such that KNJ < I then
xeK =2 x**eK > x**inJjcKnicI
and so K< T. Thus I: Jexistsand is T. [ ]

Corollary. The centre of I*(L) is trivial.

Proof. If I € I*(L) is complemented then I has a unique complement, namely 0: L
Then L=1UO:I gives 1 € I or 1 € 0:I The former gives I=L and the latter gives

1=0.]
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We now note that if I, J are kernel ideals of L then IUJ is not in general a kernel ideal.
For example, in the semilattice £ of Section 1 we have that a t b' are kernel ideals (since
a,be S(L)but I=a'Ub*' isnot. Indeed, when L isa pseudo-complemented distribu-
tive lattice the ideal IvJ={x € L; (3i € I)(3j € J)x=ivj}is not in general a kernel
ideal; for example, in the pseudo-complemented distributive lattice whose Hasse diagram
is

0 ——

4

N
\/

the ideals a ', b* are kernel ideals but a* v b* = ¢! is not. In fact we have the following
result.

Theorem 3.2. If L is a pseudo-complemented distributive lattice then the following
statements are equivalent:

(1) if I, J are kernel ideals of L then so is Iv J,
(2) lis a Stone lattice.

Proof. (1) = (2): Given i, j € L we have i**! v j**! =(i**y **)! 50 by (1) and
Corollary 2 of Theorem 2.2 we see that i** v j** ¢ §(L). Thus S(L) is a Stone lattice.

(2) = (1): If L is a Stone lattice then (i v j)** = i**v **forall i, j € L. If now I, Jare
kernel ideals and x € I'vJ then x=ivj for some i € I, j € J whence x**=(iv j)**=
i**v j** e I'vJ Thus x** € IvJand I'vJis a kernel ideal by the corollary of Theorem

2.4.0]

Returning to the case of a pseudo-complemented semilattice L, we shall denote by
KI(L) the set of kernel ideals of L.

Theorem 3.3. Ordered by set inclusion, KI(L) forms a complete implicative lattice in
which the operations are as follows: if (I\)x c a is a family of kernel ideals of L then
ianI(L){I)\; Ae A}= N IA,

Ae A

supK,(,_){I)\; Ae Al={xe L;3\,...,N\, € A)3x; € Ixi)xé(/n\ x",-‘) },

i=1

and residuals in KI(L) coincide with the corresponding residuals in I*(L).
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Proof. Itisclear from Theorem 2.2 that the intersection of any family of kernel ideals
isalso a kernelideal, so infima are set-theoretic. Given a family (I,), < o of kernel ideals, let

UA={x € L;(3N, .., N, € A)3x; € L)x= (/'i x",-‘) }
i=1

Thenclearly U, isanideal of L. Nowif x, y € U, then for suitable x; and y; (some of which
may be 0) we have x = (/\ x",f) and y= (/\ y”,-‘) . By Corollary 1 of Theorem 2.2 there
i=1 i=1

exist z; such that x* A y*% = z* for each i, so that
(x*ay*)*= [(/\ X"?) A (/\ y"?) ] = (/"\ i A y".-‘) = (/\ 2"?)
i=1 i=1 i=1 i=1 i=1

whence (x* A y*)* € U,. Thus U, is a kernel ideal. Clearly, U, contains every I,. Suppose
now that J is a kernel ideal of L that contains every I,. Thenif x; € L, fori=1,..., nwe

see by Theorem 2.2 and a simple inductive argument that ( /n\ x”,f) € J, whence U < J.
i=1

This then shows that KI(L) is a complete lattice in which suprema are given by
supkiilr; A € A}=U,.

That the complete lattice KI(L) is implicative follows from the fact that the appropriate
infinite distributive law holds in KI(L). To see this, let (I} < A be a family of kernel ideals
and let I be an arbitrary kernel ideal. If x € INsupk;y{,; N € A} then, with the above
notation, we have

n *
xX=x**a (/\ x",f)
i=1

=x** Asups){x¥*; 1=i=n}

=supsy{x** A x¥*;1=i=n}
=(A axy¥)
i=1

whence x € supgry{INLi; A € A}

Finally, to show that residuals in KI(L) coincide with the corresponding residuals in
I*(L) it suffices to show that for all I, J € KI(L) the *-ideal I: J={x € L; x*'nJc I}
belongs to KI(L). Suppose then that x, y € I: Jand let j € (x* A y*)**NJ. Then ja x* A
y*=0 gives jax*=y** so that jax*e y**'NJc I But we also have jax** ¢
x** 4N J< I Passing to quotients modulo R; we thus have j/R; = x**/R; and j/ R, = x*/ R,
from which we deduce that j/R; =0/ R, and hence that j € I Thus we have (x* A y*)* €
I:J and so, by Theorem 2:2, I: J € KI(L).[]

Theorem 3.4. J € KI(L) is in the centre of KI(L) if and only if J is principal.
Proof. = :If J € KI(L) is complemented then J has a unique complement, namely
0: J. Then L =supgrq, i/, 0: J} gives, by Theorem 3.3, 1 =(x* » y*)* for some x € Jand

y€ 0:J={z € L; 2**' NJ=0}. Since (Vj € J) y** A j=0 and hence (Vj € J)j=y* we
have, for every j € J,
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FEE = FF AL = A (xR Ay
=[] A (x* A y*)*]**
S[a Ay

= (]/\ x**)**

= &% p x**
whence we obtain j** = j** A x** and so j= j** = x** € J. Thus we see that J = x**!,
& :If J € KI(L) is principal then J= x**! so that
0:J={ye L;y*ax**=0}={y e L; yax=0}=x*}.
Applying Theorem 3.3 we thus have
supkiy{f 0: J}={y € L; y=(x*ax™)*}=1L,

whence J is complemented. []

Corollary. The centre of KI(L) is isomorphic to S(L).[ ]
For the lattice £ of Section 1, the lattices I*(¥) and KI(¥) are the following;:

z

/\ / \

KI(%)

"
4. *-epimorphisms

If L, M are pseudo-complemented semilattices then a semilattice morphism f: L— M
will be called a *-morphism if
(Vx e L) f(x*)=[f(0)]".

If f:L—>M is a *-morphism and f(x)=0=f(y) then fl[(x*a y*)*]=0, so Kerf=
{x € L; f(x) =0} is a kernel ideal. In order to distinguish carefully various mappings that
we shall consider, we shall find it convenient to use the following notation. Given a
mapping f: E— F we shall denote by f~: P(E)— P(F) and f~: P(F)— P(E) the induced
mappings given by the prescriptions

(VX< E) f(X0)={f(x);xe X}

(VYcSF) f(Y)={xe E;f(x) e Y}

Theoremd4.1. Iff: L— Misa*-epimorphismthenf~ and f~ preserve kernelideals.
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Proof. The proof is an easy application of Theorem 2.2.0

It is immediate from Theorem 4.1 that every *-epimorphism f: L— M induces a
surjective residuated mapping fx: KI(L)— KI(M) described by I f~(I), the residual of
this being the injective mapping fi : KI(M)— KI(L) described by J— f~(J).

Theorem 4.2. Iff: L— M is a *-epimorphism then f is a lattice epimorphism.

Proof. If x € fR(DNfR(J) then for some i€ I, j € J we have x=f(i)=f(j)=
flin ) e fr(INJ) so that fr(DNf(J) S fr(INJ). The reverse inclusion being obvious,
fx preserves infima.

If now x € fg(supkiayll, J}) then by Theorem 3.3 we have x = f(y) where y = (i* A j*)*
for some iel, jeJ Then x=fl(i*AM*1=[FEN*A(f()*T* so that x e
supxa{f(D), fe(N)}. Thus we have fr(supxaay{l J}) S supxuy{fx(D), fx(J)}. The

reverse inclusion being obvious, fx preserves suprema. [_]
When f is a *-epimorphism the induced residuated mapping fx is surjective and so is
trivially range closed (1, §13). More information is provided by the following result.

Theorem 4.3. If f: L— M is a *-epimorphism then fg: KI(L)— KI(M) is dually
range closed.

Proof. By (1, Theorem 13.1*) we have that f%is dually range closed if and only if, for
every I € KI(L),

Flfe(D]=supxi)il Ker f}.

Since fx and f are inclusion-preserving, it therefore suffices to show that

frlfe(D]< supkr{l, Ker f}.

Suppose then that x € fX[fx(D]. Then for some i € I we have f(x)= f(i) = f(i**) =
[F(*)T* so that f(x A i*) = f(x) A f(i*) =0 whence x A i* € Ker f. Consequently

X=X = A X =[i* A A X))

whence it follows by Theorem 3.3 that x € supxiy{L Ker f}. []

Corollary. If KI,(L) is the set of kernel ideals of L that contain Ker f then KI;(L)=
KI(M).

Proof. By (1, Theorem 13.2) the restriction of fx to KI;(L) is an isomorphism. [ ]

Theorem 4.4. KI(L)= I(S(L)).

Proof. Letg:L— S(L)be the Glivenko *-epimorphism, described by x— x**. Since
S(L) is boolean we have, by Corollary 3 of Theorem 2.2, that KI(S(L)) = I(S(L)). Since
Ker g = 0 it now follows by the Corollary of Theorem 4.3 that gx: KI(L)— I(S(L)) is an

isomorphism. []

Corollary. If S(L) is complete then KI(L) is a Stone lattice.[]
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We now consider under what conditions the induced residuated mapping fx is a
*-epimorphism.

Theorem 4.5. If f:L— M is a *-epimorphism then the following statements are
equivalent:

(1) fx:KI(L)— KI(M) is a *-epimorphism;

(2) Ker f is a principal ideal.

Proof. (1) > (2): Let A =Kerf; then by (1) we have

fr(upki){A,0: A =fg(0: A)=0:fg(A)=M.

By the Corollary of Theorem 4.3 it follows that supk;){a, 0: A}=L whence A is a
complemented element of KI(L). That A is principal now follows by Theorem 3.4.

(2) > (1): Clearly, forevery I € KI(L),we have fg(0: I) 2 0: f(D) so it suffices, using
(2), to establish the reverse inclusion. Now, since f is surjective, we have

xe fg0:) & x=f(y)where(Vie Dyaf(i)=0;

xe0:fr() & (Vie Dxaf(i)=0
< x=f(z) where (Vie Dznaic Kerf.

Suppose then that Ker f is principal. Then by Corollary 2 of Theorem 2.2 we have
Ker f= ** for some t € L. Let x € 0: fg(I); then x = f(z) where (Vi € I)za i € Ker f.
Now

and

f(2)n %)= f(Z) ALFOT* = (D) A 1= f(2)

and z A i A t* =0. Writing z A * = a we thus have x = f(a) where (Vi € I) aa i=0,whence

x € f70:D.[J

5. *-filters

Turning our attention to filters, we first prove that, in contrast to the situation
concerning ideals, every filter of a pseudo-complemented semilattice is the cokernel of a
*-congruence; this extends a known result for implicative semilattices (4).

Theorem 5.1. If L is a pseudo-complemented semilattice and K is a filter of L then the
relation Sk defined on L by

xSxy & @ke K)xnk=ynk

is a *-congruence with cokernel K; moreover, Sk is the smallest such *-congruence.

Proof. It is clear that Sk is a semilattice congruence with cokernel K. Now if xS0
then x A k=0 for some k € K whence k = x* gives x* € K and hence x*Sk1. Thus, by
Theorem 2.1, Sk is a *-congruence. Suppose now that = is a *-congruence with cokernel
K Then if xSky we have, forsome k € K, x=xak=ynk=y.[]

We now observe that the condition for filters that is dual to that given in Theorem 2.2,
namely (x* A y*)* € K > x, y € K is of no interest; for, if this held then from (x* a
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x**¥)*=1 € Kwewould have x, x* € Kwhence 0=x A x* € Kand K= L. However, the
condition that is dual to condition (1) of Corollary 1 of Theorem 2.2 is of considerable
interest.

Definition. A filter K will be called a *-filter if it is such that
k**e K > kek

We shall denote the set of *-filters of L by F*(L). The following results, which show
how the notion of a *-filter arises in a natural way, will allow us to investigate the structure
of F*(L).

For every filter Fof L let

a(F)={xe L;x* ¢ F}.

Then a(F) is an ideal of L; for if y=x € a(F) then y*=x* € F gives y* € F whence

y € a(F). Moreover, a(F) is a kernel ideal; for if x, y € a(F) then x*, y* € F so that

(x* A y*)** =x* A y* € F and consequently (x* A y*)* € a(F). Denoting by F(L) the

lattice of filters of L, we can therefore define a mapping « : F(L)— KI(L) by F— a(F).
For every kernel ideal I of L let

B ={xe L;x* e I}.

Then B(I) is a filter of L. In fact, if y=x € B(I) then y*=x* € I gives y* € I so that
y € B(I); and if x, y € B(I) then x* y* € I so that, by Theorem 2.2, (xA y)*=
(x** A y**)* € I whence x A v € B(I). We can therefore define a mapping B : KI(L)—
F(L) by I~ (D).

Theorem 5.2. « is residuated with residual map B.

Proof. Forevery F € F(L) we have
Bla(F))=B{x € L;x*e F}={x e L;x** € F}2 F;
and for every I € KI(L) we have
a[B(D]=a{x € L;x* € I}={x e L;x** e I}=1

Since a, B are isotone it follows that « is residuated and that the residual of « is none other
than B.[]

Corollary. B[a(F)]= Fif and only if Fis a *-filter.[]

It follows from Theorem 5.2 and (1, Theorem 2.7) that o a is a closure mapping on the

complete lattice (F(L), N, v). Using the Corollary of .‘Theorem 5.2 we can therefore
assert:

Theorem 5.3. The set F*(L) of *-filters of a pseudo-complemented semilattice L,
ordered by set inclusion, is a complete lattice in which the lattice operations are as follows: if
(B < A is a family of *-filters of L then

infp(L){F)‘; \e A}= N F)‘, Sl]pp'(l__){F)\; A€ A}=Ba( /\ F)\)D

ANeA AEA
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That the lattice F*(L) is also implicative follows immediately from Theorem 3.3 and
the following result.

Theorem 5.4. F*(L)=KI(L).

Proof. If I € KI(L) then B(I) € F*(L); for if x** € B(D) then x*=x*** € I so
x € B(I). Thus B induces an isotone mapping B:KI(L)— F*(L). If we denote by
a:F*(L)—> KI(L) the restriction of « to F*(L), the computatlons in the proof of Theorem
5.2 show that Boa and ae B are identity mappings. Thus &, B are mutually inverse
isomorphisms. []

Corollary 1. F(S(L))= F*(L)=KI(L)= I(S(L)).
Proof. Apply Theorem 5.4 to both L and S(L), and combine with Theorem 4.4.[]

Corollary 2. Suprema in F*(L) are given by
supy{Fa; A € A}={x e L;x** ¢ \ F}

Ae A
Proof. By Theorem 5.4 we have supq){F; N € A}=B(supxir{@(E); A € A}).
Now x € &(F,) if and only if x* € F,; and, by Theorem 3.3,
suprr@(F); N € A}= {x € L;(@h, .. Ay € A)@x* € F)x= (/"\ x",-‘) }
i=1

Thus we have

suprlFi he A={x € Li@x, ..k € D@y € B)x*s (A ) ]
={x € L:(AN,,.. ., An € A3y, € E) A y,éx**}
i=1

={x e L;x**e V FA}.D

A€EA

Theorem 5.5. K is a*-filter of L if and only if the *-congruence Sk v G has cokernel K.
In this case Sg v G is the largest such *-congruence.

Proof. By Theorem 2.5 we have
xSkvGl © x**Skl & x*eK

from which the first statement follows. Suppose now that R is a *-congruence with
cokernel K. If xRy then k=(x A y*)* A (x* A y)* € K, 50

¥ak=x*a(x A y*)*A(xFay)*
—_ **A(XI\ y*)*

V= [XA (x A y*)*]**

=(x/\ y**)**

= x*Ep yE
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and similarly y** A k= x** A y**. Thus x**Sxy** and so xSk v Gy. []

Corollary. If K is a *-filter then
xSxvGy © (xayY*a(x*ay)* e K[]

6. Boolean congruences

Definition. By a boolean congruence on L we shall mean a *-congruence R such that
L/R is boolean.

Theorem 6.1. The following condition on a *-congruence R are equivalent:

(1) R is a boolean congruence;
(2) (Vx € L)yxRx™*,

(3) G=R;

(4) R=Sc°kRV G.

Proof. (1) < (2): This is immediate from the fact that in L/R the pseudo-
complement of x/R is x*/R.
(2) & (3): By Theorem 2.5 we have that

G=R © RvG=R & (x*™*Ry*™ = xRy).

Thus, if G= R we deduce from x** = x**** that xRx**. Conversely, if xRx** for every
x € L then x**Ry** implies xRy.

(3) & (4): 1t is clear that (4) = (3). To prove that (3) = (4) it suffices to show that
R =Scokr v G. Suppose then that xRy. Clearly, k= (x* A y**)* A (x** A y*)* € Cok R
and since, as is readily seen, x** A k=y** A k it follows that x**Sc, gry** whence
stokR v Gy D

It follows from Theorem 2.6 and 6.1 that if I is a kernel ideal of L then R’ is a boolean
congruence. We also have the following result.

Theorem 6.2. If I is a kernel ideal of L then the following statements are equivalent:

(1) Ry is a boolean congruence;
(2) there is a unique *-congruence with kernel ideal L

Proof. By Theorem 6.1, Ry is a boolean congruence if and only if GE R;; i.e., by
Theorem 2.6, if and only if R;=R;v G=R".[]

Likewise, we see from Theorems 5.5 and 6.1 that if K is a *-filter then Skv G is a
boolean congruence.
Theorem 6.3. If K is.a filter of L then the following statements are equivalent:

(1) Sk is a boolean congruence;
(2) K is a *-filter and there is a unique *-congruence with cokernel K.
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Proof. (1) = (2): If G= Sk then Sk = G v Sk so G v Sk has cokernel K, whence (2)
follows by Theorems 5.1 and 5.5.
(2) = (1): If (2) holds then clearly Sx = G v Sk whence we have (1). [_]

For every a € L the relation 6, defined on L by
x0,y © xana=yAa
is clearly a semilattice congruence whose kernel is a*' and whose cokernel is a'. It is

immediate from Theorem 2.1 that 6, is a *-congruence.

Theorem 6.4. If a, b € L then the smallest boolean congruence that identifies a, b is
given by
Ca, 5= Oanpry*aa*ay v G.

Proof. Since a**a(aab®*a(a*Ab)*=a** A b*¥* =b* A(anb*)*a(a*ab)* itis
immediate by Theorem 2.5 that aC, ,b; and, by Theorem 6.1, C,;, is a boolean
congruence. Suppose now that R is any boolean congruence on L that identifies a, b. In
order to show that C, , = R it suffices, by Theorem 6.1(4), to show that 8arp*ya(a*apy =
Scox r; and this is immediate from the fact that aRb implies that (a A b*)* A (a* A b)* €
Cok R.[]

7. D-filters

Definition. A filter F of a pseudo-complemented semilattice L will be called a
D-filter if it contains the dense filter D.

Theorem 7.1. Every *-filter is a D-filter.
Proof. If Fisa *-filter and d € D then d**=1 € Fgives d € F.[]
The converse of Theorem 7.1 is not true in general. For example, in the semilattice &£ of

Section 1 we have D ={d;; i=0} and the filter g' is a D-filter that is not a *-filter (since
p**=b € q"butp £ q"). Infact the lattices F*(¥) of *-filters and DF(¥) of D-filters are

VA VA
A\ "

%)

a

DF(%)

Theorem 7.2. For a pseudo-complemented semilattice L the following statements are
equivalent:

(1) every D-filter is a *-filter;

(2) Sp is a boolean congruence.
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Proof. (1) = (2): If (1) holds then for every x € L the D-filter x**'v D is a *-filter.
Since x** € x**Tv D it follows that x € x**Tv D whence there exists d € D such that
xZx** A d, so that x A d =x** A d and hence xSpx™*. That Sp, is a boolean congruence
now follows by Theorem 6.1.

(2) = (1): Let Fbe a D-filter. If (2) holds then, by Theorem 6.1, for every x € L there
exists d € D such that x A d = x** A d. Since D g F it follows that

x*eceF > xadeF = xeF
so that Fis a *-filter. [_]

Definition. A pseudo-complemented semilattice L will be called D-reduced if it
satisfies either of the equivalent properties of Theorem 7.2.

Theorem 7.3. Every pseudo-complemented modular semilattice is D-reduced.

Proof. Since 0= x** A x* = x = x** the modularity gives x = x** A d for some d = x*.
Since d = x we have d* = x* = d = d** whence d*=0and d € D. Consequently we have
xSpx™** so that Sp, is a boolean congruence. ]
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