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THE GENERALIZED DIVISOR PROBLEM AND
THE RIEMANN HYPOTHESIS
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Introduction

Let d,(n) be a multiplicative function defined by

o) =3 EM (o>
sl
where s = ¢ + it, z is a complex number, and ¢(s) is the Riemann zeta
function. Here {*(s) = exp(zlog &(s)) and let log ¢(s) take real values for
real s > 1. We note that if z is a natural number d,(n) coincides with
the divisor function appearing in the Dirichlet-Piltz divisor problem, and
d_,(n) with the Mé&bious function.

The generalized divisor problem is concerned with finding an asymp-
totic formula for >,.,d.(n), which was observed for real 2> 0 by A.
Kienast [6] and K. Iseki [4] independently. A. Selberg [8] considered for
all complex 2z, his result being

(1) Du(x) = 3 du(n) = LD 1 0 (x(log )y
n<w I'(z)

uniformly for |z| < A, x > 2, where A is any fixed positive number.

Next, let 7,(x) be the number of integers < x which are products of
k distinct primes. For & = 1, 7, (x) reduces to x(x), the number of primes
not exceeding x. C.F. Gauss stated empirically that =,(x)~ x(log log x)/log x,
and, by using the prime number theorem, E. Landau proved that z,(x)~
x(log log x)*-'/(k — 1)!'logx. Selberg considered D,(x) not only for its
own sake but also with an intension to derive

_ xQ(log log x) x(log log x)*
(2) e P O( El(log x) )

uniformly for 1< k< Aloglogx, where Q(x) is oplynomial of degree
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k— 1.

In this paper we shall consider the connections between the asymp-
totic formulas of D,(x), =,(x) and the location of zeros of the Riemann
zeta function, thereby establishing some necessary and sufficient conditions
for the truth of the Riemann hypothesis.

The main term of (1) and (2) is, however, inconvenient for our aim
so that we introduce the following integrals as the main terms of D,(x)
and r,(x) respectively:

L[ X
0.0 = - | o)X ds

P = Lo | e (1+ 2)(1- LY} 5 sz
’ (2mi)* Jizi=1d Le » p’ p* FALIE
where L, is, for every ¢ and any r (¢>0,r >0, ¢ + r < 1/2), the path
which begins at 1/2 4+ ¢, moves to 1 — r along the real axis, encircle the
point 1 with radius r in the counterclockwise direction, and returns to
1/2 + ¢ along the real axis. The path L is L,.
The error terms are defined by

Az(x) = Dz(x) - @z(x) ’
Rk,s(x) = ﬂk(x) - Fk,s(x) ’

Let ©® = sup{o : (¢ + it) = 0}.
Then the following Theorems 1 and 2 follow from more general results

proved in Sections 1 and 2 below.
THEOREM 1. We have
4,(x) € x exp(— c(log x)**(log log x)~'*)

uniformly for |z| < A, x > 8.
Further we have

d,(x) L x°*¢

uniformly for |z| < A, x > 1.
Conversely, if 4,(x) € x5*¢ for some ze C — Q*, where Q* denotes the
set of all non negative rational numbers, then, {(s) has no zeros for ¢ > 5.

Remark. 1. If we define «, by
o, = inf{a : 4,(x) € x°}
as in the Dirichlet-Piltz divisor problem, it is well known that the Lindel6f
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hypothesis is equivalent to «, < 1/2 for all natural number z. Theorem 1
however in this respect shows that «, < 1/2 for all complex z under the
Riemann hypothesis. Conversely, the Riemann hypothesis follows from
a, < 1/2 for some ze C — Q*.

2. R.D. Dixon [3] gives an asymptotic expansion of @, (x) in the form

— x(logx)-1 S Bud Re-v-1
?,(x) = x(log x) 2 (og Iz — m) + O(x(log x) )

uniformly for |z| < A. Here N is any fixed integer >1 and B,(2) are
regular functions of z, especially By(z) = 1.

3. R. Balasubramanian and K. Ramachandra [1] have observed an
asymptotic formula for 3 ,;u<.1 by a method similar to that of Selberg
[8] or H. Delange [2].

THEOREM 2. We have
R, .(x) € x exp(— c(log x)**(log log x)~'*)

uniformly for k> 1, x > 3 with some constant c.
Further we have

Rlc‘e(x) << x9+s
uniformly for k >1, x > 1.
Conversely, if R, .(x) € x5*¢ for some k > 1, {(s) has no zeros for ¢ > 5.

Remark. 1. If we define r, by

re = infinf{r: R, .(x) € «7}

Theorem 2 shows that r, = © for every £ > 1. That ® = 1/2 is equivalent
to the truth of the Riemann hypothesis.

2. H. Delange [2] gives an asymptotic expansion of F, (x) in the
form

x = Q,(loglogx x(log log x)*-!
Fud®) = 10% 2 9 ((10§ x)f )+ O( ((1§g 3§N+)1 )
for every k> 1, where N is any fixed integer >1 and @,(x) are poly-
nomials of degree not exceeding & — 1.
3. Similar results hold for w,(x) and 2,(x). Here w,(x) (2.(x)) denotes
the number of integers < x which have k distinct prime factors. (which
have k prime factors, allowing multiplicity.)
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§1. The generalized divisor problem

Actually we prove a more general statement than Theorem 1 and
Theorem 2.

Suppose f(s, 2) = > 7., b.(n)n=° is absolutely convergent for ¢ >
and that f(s,0) = 1. We define the multiplicative function a,(n) is, as in
Selberg [8], by £ (9)f(s, 2) = .y a,(n)n° for ¢ > 1. Non negative number
g 1s 0 or ¢ according as lim,_,,f(s, 2) < oo or not, where ¢ is arbitrary
small positive number.

LEMMA 1.1. We have

A@=Tam = v ds

+ O(x exp(-— c(log x)3/5(10g log x)—x/s))
uniformly for |z| < A, x > 3.

Further, if we put @,,,(x) = (2zi)~* j £*(9)f(s, 2)s7'x* dx, then @, (x)
has the following asymptotic expansion

z-1 = (z) Rz-N-1
D, . (x) = x(log x) 2 dog 97Tz —m) + O(x(log x) )

uniformly for |z| < A. Here N is any fixed integer > 1, B,(2) are regular
functions of z to be defined in the proof, especially By(z) = f(1, 2).

Proof. The proof goes on the similar lines as those of H. Delange [2],
using the zero free region due to Vinogradov-Korobov.
We start from the expression

?-0 1
A (wdu = lim > j COfED ] +7ﬁds
By Cauchy integral theorem, the path of integration can be deformed to
’_1 L, which are defined as follows:
L, is the segment [2 — iT, 1 — »(— T) — iT],
L, is the curve s =1— @)+ it (—T<t< — i) and two segments
[p —ity, p —i(1 —ptand] + [ — (1 — ptand, 1/2 + & — i(1/2 — &) tan §],
L, is the segment [1/2 + & — i(1/2 — g)tan g, 1 + re-:=-9],
Liisthearc s=14re?® (—(z —0) <0<rn —9),
Ly is the segment [1 + re!™% 1/2 + ¢ + i(1/2 — g)tan d],
L, is two segments [1/2 + ¢ + i(1/2 — g)tand, 7 + i(1 — p)tand] +
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[y + i(1 — ptandg, » + it,] and the curve s =1 — () + it (L, <t < T),

L, is the segment [1 — p(T) + iT, 2 + iT].

Here 7(t) = c(log|t)~**(log log |t])~"*, 5 = 1 — 5(4,) and ¢, is sufficiently
large number to make 1/2<5 < 1. Any positive numbers ¢, r, and § are
satisfying 1/2 + e <9p<1 —r, 0< (1 — ptans < t,.

The contributions from the integral along L, + L, + L, + L, are seen
to give the error term, while the integral along L, + L, + L, gives the
main term since that path becomes L., allowing 4| 0.

Regular functions B,,(2) are defined as Taylor coefficients

(s — DEE)YS(s, 2)s-t = Zzo B.(2)(s — 1) + Ry(s, 2) .

LEmma 1.2. We have
log £(s) € (log|z])r+20-2o+e
uniformly for @ < g, <o <1, |t| > 2.

Proof. This is only a slight generalization of Theorem 14.2 in Titch-
marsh [9].

We define the error term 4, . (x) = A.(x) — @, (%), and let

a, = infinf{a : 4, . (x) € x°}.

THEOREM 1.3. We have
a, <60
for any ze C.

Proof. We have a,(n) € n**¢. Hence, by Lemma 3.12 in Titchmarsh [9],
A,(x) has the expression,

A(x) = %mf:j:: tx(s)f(s, 2) ﬁ;ids + O( x;‘>

uniformly for 7'> 1.

Let » be a constant such that ® <5 <1, and ¢, r and § are any
positive numbers such that 1/2 + e <9 <1 —r, 0< (1 — ptans < 1. Then
the path of integration can be replaced by Y.i_, L, which are defined as
follows:

L, is the segment [2 — iT, p — iT],
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L, consists of two segments [y — iT, » — i(1 — n)tan §]

+ [p —i(1 — ptand, 1/2 + & — i(1/2 — g)tan 4],
L,, L, and L, are the same as in Lemma 1.1,
L, consists of two segments
[1/2 4+ & + i(1/2 — ¢)tan s,  + i(1 — p)tan d]
+ [p + i1 — p)tans, y + iT],
L, is the segment [y + iT, 2 + iT].
As in Lemma 1.1, L, + L, + L; becomes L,, by allowing as 4} 0.

From Lemma 1.2, we have
C(9f(s, 2 K|t
for seL,, L,, L;, L,. Therefore,

j +f <<.[2Tsi2da<<THx2,

J I <<j [ ————dt+f x'de & Tex .

2+e,
Hence

) = 0,00 + OT") + O(T"w) + 0( )0
By taking T = &%, y = O 4+ ¢ we have

A(x) = 0, (%) + O(x°**).
This proves the theorem.
THEOREM 1.4. We have
0 <a,

for any ze C — Q.

Proof. First, we suppose that ¢ > 2. Then,

sf, PP s = [ [, co0.2 do)

_ jc@m@mﬁww@m

27[1
E*J C(@)f(, 2o(s — 0))-do
—2L j C(0)f(, D)o-'do + - fj C(0)f (@, 2)(s — w)'dw .
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The interchange of the order of integration is justified because of
the absolute convergence. Hence

C(s)f(s, 2) = s j ALD) gy

@z eo(x) dx _|_ SIM VAz,so(x) dx
0 xs+l

s+1

~-—1.— f . COf (0, o' du
S @ 26— 0o + s An

We put
L,={s:0<og}—{s:|s =1|<r} —{s:t=0,0 <1}

for 1/2 < ¢, < 2. Then on the right hand side of (3), the first and the
second term can be continued analytically for se L, as a function of s,
while the third term can be continued for se L, since the involved
integral converge uniformly for ¢ > «,. On the other hand the left hand
side of (3) has singularities at the zeros of {(s) when seC — Q*. We
therefore conclude that ® < «, for any ze C — Q*.

Remark. If we suppose that all the zeros of £(s) are simple, Theorem
1.4 holds for all ze C — N.
Now Theorem 1 follows by taking f(s, 2) = 1.

§2. The asymptotic formula for m,(x)

Throughout this section, we suppose that a,(n) is regular for |z| < A,
and has a Taylor expansion at z = 0 such that a,(n) = > 7 c.(n)z* for
lz|] < A with A > 1.

Lemma 2.1. We have

(DZ, eo(x)

Zm fzi=1  2F*!

+ O(x exp(— c(log x)**(log log x)~11)

dz

Cilx) = Z c(n) =

uniformly for k >1, x> 3.
Further, if we put F,,(x) = (2zi)" I 9, . (x)z7*'dz, then F,,(x)

has the following asymptotic expansion
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=l log log x) x(log log x)*-!
F,. _ X Qn(log log O( >
bl ®) logx n=0  (log x)™ + (log x)¥+!

for every k> 1, where Q,(x) are polynomials of degree not exceeding k — 1.

Proof. Since A,(x) is regular for |z] < A as a function of z, and
C.(x) is the coefficient of z*, it follows by using Lemma 1.1 that

1 A,(x)
Culx) = 2 %) g
<) 27t Jim=1 2! c
— 1 d)z,eo(x)r dZ _|_ 1 Az,so(x) dz,

27t Jizi=1 2h! 27t Jiz=1 2k

where

1 Az,so(x) dz
271 Jizi=1 2R

< max |4, .(x)]

& x exp(— c(log x)**(log log x)~'/%)

which proves the first half. The proof of the second half can be found in
H. Delange [2].

Remark. For k =1, we can express the main term in terms of the
logarithmic integral. Namely, starting from the expression

0,0 = [ (5 [, ¢@fts, 2a-1ds)dx + 01)
2 2711 Leg
and proceeding as in the proof of H. Delange [2] we obtain

Fl,so(x) = fxij?qa -+ O(x1/2+so)

so that

C@ = [ % 4 O(x exp(— c(log 2)*(log log 1)) .
2 logu

This satisfies the assertion.

We define the error term R, (%) = Cy(x) — F; (%), and let
r, = igfinf{r ‘R, (%) € x7}.

THEOREM 2.2. We have

r, =20
for any k> 1.
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Proof. From Theorem 1.3, we have

(x) Az eo(x) dz < maXIAz ea(x)] << x6+85 .
271-1 =1 ¢!

Hence r, < 6.
Conversely,

A (x)
Culx) = oni JIZI =1 ZFt!

21 = 1( i ﬁil S (e)f (s, z)——ds) _dz
“w( 2ri .[m 1%) dz) ' ds

2o Zh+1

2+’Lon
i I G(s) vds say.

2—to0

Here we have

Guo) = 23 3y — g7 108 LV 006, 0

where f™(s, 2) means the n-th derivative of f(s, z) with respect to z. It
follows that G,(s) is regular for se L,, and has the expression G,(s) =
Simacymyn~® for ¢ > 1.

Thus
1

2ri Leg

Fy (%) = Gk<s>_§i ds .

If we suppose ¢ > 2, then

o) P f (o L. 00 5 )2

2 f Gk(w)w—l(f x""*"’dx)dm

f G (w)o-'do + mf Gy(@)(s — 0)'dw .

2l
Hence
G = [ OB = s [ Pl gy 5 [ Fre® g
(4) = Guoodo + —”“f Gu(0)(s — ) 'do
2t J e,

+ s r ___R,,,“(x) dx .
1 x.?+l
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Now on the right hand side of (4), the first and the second term can
be continued analytically for se L,, as a function of s, while the third
term can be continued for se L,,, since the involved integral converges
uniformly for L,,.

But G.(s) has singularities at zeros p = § + ir, say, of {(s). In fact,
if we consider the limit G(¢ + ir) as ¢ 8, under the assumption that p
is a zero of order M,

Gio +1in ~ ;m(log Clo + i) fE( + ir, 0)
- g l!(k — M loglo = DY, 0)
e LI CUICET R

~ M** (t— o0),

for f*-9(p, 0) is bounded and f(s, 0) = 1. Hence we conclude that & < r,
for any &> 1.
Now Theorem 2 follows by taking

flo,9) = 1] (1 + ;)(1 _ ; ) for m(x)
fs.2) = T] ( + —_f>(1 - ) for w,(x)
f(s, 2) = fp[ (1 — fr> ( for Q,(x)

which satisfy the assumptions on f(s, 2) at the top of Sections 1 and 2.
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