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Abstract

If G is permutation group acting on a finite set Ω, then this action induces a natural action of G on the
power set P(Ω). The number s(G) of orbits in this action is an important parameter that has been used in
bounding numbers of conjugacy classes in finite groups. In this context, inf(log2 s(G)/log2 |G|) plays a role,
but the precise value of this constant was unknown. We determine it where G runs over all permutation
groups not containing any Al, l > 4, as a composition factor.
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1. Introduction

Let G be a permutation group acting on a finite set Ω of size n. Then G induces a
natural action on the power set P(Ω). The orbits of this action are called set orbits
and we let s(G) denote the total number of set orbits in this action. This number was
studied by Babai and Pyber in [1]; in particular, they proved that if G is a permutation
group of degree n with no composition factor isomorphic to Ak for k > t (where t ≥ 4)
then s(G) ≥ 2c1n/t for some absolute constant c1 > 0. Clearly c1 depends on t, but no
value or bound for c1 was given. As a corollary, they obtained s(G) ≥ |G|c2/(t log2 t) for
a constant c2 which depends only on t but was also unspecified. This latter bound
plays a crucial role in finding lower bounds for the number of conjugacy classes of
finite groups. The best such bounds are currently obtained via Pyber’s approach [6],
which relies on the bound on set orbits. It is therefore desirable to have an idea of
the size of c2, or even its exact value. It turns out that with today’s computational
power, it is possible to determine c2 in some situations. We focus on the important
case when t = 4, that is, avoiding any simple alternating composition factor. For t = 4
we can restate the above bound by saying that there is an absolute positive constant c3
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such that for any permutation group G with no simple alternating composition factor
we have s(G) ≥ |G|c3 and the best possible value for c3 is inf(log2 s(G)/log2 |G|). We
determine this value and also the corresponding permutation groups that attain it. Our
main result is the following theorem.

THEOREM 1.1. We have

inf
( log2 s(G)

log2 |G|

)
= lim

k→∞

log2 s(M12 �M12 �
k terms︷�������︸︸�������︷

S4 � · · · � S4)
log2 |M12 �M12 � S4 � · · · � S4︸�������︷︷�������︸

k terms

| =: M,

where the infimum is taken over all permutation groups G not containing any Al, l > 4,
as a composition factor. (Here M12 acts naturally on 12 elements.)

We will give a good estimate for the value M in Theorem 2.11.
While we believe that the result is nice, its proof, admittedly, is not. By its nature the

proof requires some subtle, but tedious, estimates and lots of calculations, The clean
end result justifies the effort.

For solvable groups, inf(log2 s(G)/log2 |G|) has already been determined in [3] to
be ≈ 0.18939, which is obtained by the group G = S4 � · · · � S4. The value of c1 has
also been studied. In [9], the ratio log2 s(G)/n was considered for solvable G; here
G = AΓ(23) � S4 � · · · � S4 gave the minimum. In [10], the same ratio for arbitrary G with
no simple alternating composition factors was determined and the group that yields the
minimum is G = M24 �M12 � S4 � · · · � S4. Some more general situations have recently
been studied in [8].

The main difficulty of this and the previous papers is to determine a sequence of
groups that achieves the infimum. The experience gained in the previous work allows
us to narrow this down to a few candidates with some thorough calculations. The other
major challenge of this paper is that much tighter estimates than before are needed
to eliminate candidate groups that give sequences very close to the one we ultimately
prove to yield the infimum.

2. Main results

We use H � S to denote the wreath product of H with S where H is a group and S is
a permutation group.

Let G be a permutation group and s(G) denote the number of set orbits of G.
Following the notation in [3], we let ds(G) = log2 s(G)/log2 |G|.

We provide some preliminary facts about transitive groups. Let G be a transitive
permutation group on a set Ω where |Ω| = n. A system of imprimitivity is a partition
ofΩwhich is invariant under the action of G. A transitive group is primitive if the only
systems of imprimitivity are 1-sets and Ω itself. Let (Ω1, . . . ,Ωm) denote a system of
imprimitivity with maximal block-size b (where 1 ≤ b < n, bm = n and b = 1 if and
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only if G is primitive). Let N be the intersection of the stabilisers of the blocks. Then
G/N is a primitive group acting on the set of blocks Ωi.

Let G be a transitive permutation group of degree n that is not primitive. If we have
a system of imprimitivity with m ≥ 2 blocks of size b with b maximal, then G � K � P1
where K is a permutation group of degree n/m and P1 is the primitive group acting on
the m blocks. We may keep doing this and, after reindexing for convenience, we have
G � H � P1 � · · · � Pj where each Pi is primitive and H is a permutation group. In this
case, we say that G is induced from H.

The following two results are from [1].

LEMMA 2.1. If L ≤ G ≤ Sym(Ω), then s(G) ≤ s(L) ≤ s(G) · |G : L|.

LEMMA 2.2. Assume that G is intransitive on Ω and has orbits Ω1, . . . ,Ωm. Let Gi be
the restriction of G to Ωi. Then s(G) ≥ s(G1) × · · · × s(Gm).

Suppose the action of G on Ω is not transitive. Since the number of set orbits will
increase with the number of orbits on Ω, we may assume that G has two orbits Ω1 and
Ω2. Let Gi denote the restriction of G to Ωi. Then G ≤ G1 × G2 and |G| ≤ |G1| · |G2|.
By Lemma 2.2, s(G) ≥ s(G1) · s(G2). Then

ds(G) =
log2 s(G)
log2 |G|

≥
log2(s(G1) · s(G2))

log2(|G1| · |G2|)
=

log2 s(G1) + log2 s(G2)
log2 |G1| + log2 |G2|

≥ min{ds(G1), ds(G2)}

(since (a + b)/(c + d) ≥ min{a/c, b/d} for positive numbers a, b, c and d). Thus, in
order to prove Theorem 1.1, we need only consider transitive groups.

LEMMA 2.3. Let G = H � P be a permutation group of degree nm where H is a
permutation group of degree n and P has degree m. Then ds(H) ≥ ds(G).

PROOF. Let F = H × H × · · · × H with m terms. Note that F � G and s(F) = s(H)m by
Lemma 2.2. Also s(F) ≥ s(G) by Lemma 2.1 and |H|m = |F| ≤ |G|. Then

ds(H) =
m log2 s(H)
m log2 |H|

=
log2 s(H)m

log2 |H|m
=

log2 s(F)
log2 |F|

≥
log2 s(G)
log2 |G|

= ds(G). �

We also make use of Tables 1 and 2 in [10]. Table 1 provides lower bounds for the
number of set orbits of a primitive group and Table 2 provides upper bounds on the
orders of primitive groups not containing Al, l > 4, as a composition factor.

We introduce several sequences to assist with our proof. Define {ak}k≥−1 by
a−1 = s(M12) = 14 and a0 = s(M12 �M12) = 604576714. Let ak =

(
ak−1+3

4

)
for k ≥ 1. The

value of a−1 may be easily verified in GAP [7], and we explain a0 shortly. Define
the sequence {bk}k≥0 by b0 = 0 and bk+1 = 4 · bk + 1. The explicit formula is bk =

(4k − 1)/3, which may be easily checked by induction. Lastly, define

ck =
log2(ak)

log2(9504013·4k · 24bk )
=

log2(ak)
13 · 4k · log2 95040 + bk · log2 24

.
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The following calculation shows that ck is decreasing:

ck+1 =
log2(ak+1)

log2(9504013·4k+1 · 24bk+1 )
=

log2

(
ak+3

4

)
4k+1 log2 9504013 + (4bk + 1) · log2 24

≤
4 log2 ak

4k+1 · log2 9504013 + 4 · bk · log2 24 + log2 24

<
log2 ak

4k · log2 9504013 + bk · log2 24
= ck.

We may obtain using Maple that c1 ≈ 0.129675, c2 ≈ 0.128179, c3 ≈ 0.127806 and c4 ≈
0.127712. Also c8 < 0.1276818245.

To calculate s(M12 �M12), we consider the structure of the group action of M12 and
provide a method for calculating s(G �M12) in general. A partition of a positive integer
n expresses n as the sum of a sequence of strictly positive integers. Let Π denote
the set of all partitions of 12 and suppose that π ∈ Π is a partition of 12. Let B(π)
denote the number of terms in the partition, say B(π) = n1 + n2 + · · · + nj, where n1
is the number of occurrences of the largest term in the partition, n2 is the number
of occurrences of the second largest term and so on. Define F(π) = n1! n2! · · · nj!. For
example, if π = (4, 2, 2, 1, 1, 1, 1), then n1 = 1, n2 = 2 and n3 = 4, which gives B(π) = 7
and F(π) = 1! 2! 4!. Let P(n, k) denote the number of ways to permute k objects out of
n, so P(s(G), B(π))/F(π) gives the number of ways of choosing B(π) orbits from the
set orbits of G with repetitions described by n1, n2, . . . , nk. Finally, we define N(π) to
be the number of orbits of M12 on all the multiset permutations (permutations with
repetitions) of a set of 12 elements with the partition π as multiset structure. Table 3 in
[10] provides a summary of this information. Thus we can calculate s(G �M12) using

s(G �M12) =
∑
π∈Π

N(π) · P(s(G), B(π))
F(π)

and Table 3 in [10] and verify that a0 = 604576714. The GAP code for these calcu-
lations is available at https://www.math.txstate.edu/research-conferences/summerreu/
yang_documents.html.

LEMMA 2.4 [10, Lemma 2.3]. Let G be a transitive permutation group acting on a
set Ω, where |Ω| = n. Let (Ω1, . . . ,Ωm) denote a system of imprimitivity of maximal
block-size b. Let N denote the normal subgroup of G stabilising each of the blocks Ωi.
Let Gi = StabG(Ωi) and s = s(G1). Then

(1) s(G) ≥ sm/|G/N |,
(2) s(G) ≥

(
s+m−1

s−1

)
and equality holds if G/N � Sm.

LEMMA 2.5. Let G be a permutation group that does not contain any alternating
group Al with l > 4 as a composition factor and suppose G is induced from H. If

log2(s(H))
log2 |H|

−
log2(24α)
log2 |H|

≥ β, (2.1)

where α = 23/60 and 0 ≤ β ≤ 3/20, then log2(s(G))/log2 |G| ≥ β.
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PROOF. We may assume G � H � P1 � · · · � Pj where each Pi is primitive and
deg(Pi) = mi. By (2.1), s(H) ≥ 24α · |H|β. Also |P1| ≤ (241/3)m1−1 by [5, Corollary 1.5].
By Lemma 2.4,

s(H � P1) ≥ s(H)m1/|P1| ≥
24αm1 · |H|βm1

24(m1−1)/3 = 24α · |H|β·m1 · (24(1/3)(m1−1))3/20

≥ 24α · |H|β·m1 · (24(1/3)(m1−1))β ≥ 24α · |H|β·m1 · |P1|β.

Thus
log2 s(H � P1)
log2 |H � P1|

−
log2 24α

log2 |H � P1|
≥ β.

By induction,

log2 s(H � P1 � · · · � Pj)
log2 |H � P1 � · · · � Pj|

−
log2 24α

log2 |H � P1 � · · · � Pj|
≥ β,

from which ds(G) ≥ log2 s(H � P1 � · · · � Pj)/log2 |H � P1 � · · · � Pj| by Lemma 2.1. �

LEMMA 2.6 [5]. If H be a primitive group of degree n where H does not contain An,
then:

(1) |H| < 50 · n
√

n;
(2) |H| < 3n and |H| < 2n if n > 24;
(3) |H| < 20.76n when n ≥ 25 and n � 32.

PROPOSITION 2.7. Let G be a primitive permutation group of degree n, not containing
Al with l > 4 as a composition factor. Then ds(G) > c8.

PROOF. Let G be a primitive permutation group of degree n not containing Al, for
l > 4, as a composition factor. If n ≥ 25 and n � 32, then |G| ≤ 20.76n by Lemma 2.6,
so s(G) ≥ 2n/|G| ≥ 20.24n and

ds(G) =
log2 s(G)
log2 |G|

≥
log2 20.24n

log2 20.76n =
24
76
> 0.3157 > c8.

If n = 32, then s(G) ≥ 361 by Table 2 of [10]. Also |G| < 232 by Lemma 2.6. So

ds(G) =
log2 s(G)
log2 |G|

>
log2 361

32 · log2 2
> 0.2654 > c8.

If n < 25, we note that s(G) ≥ n + 1 and |G| < 3n by Lemma 2.6. For 2 ≤ n ≤ 20, direct
calculation shows that

ds(G) =
log2 s(G)
log2 |G|

>
log2(n + 1)

n log2 3
> c8

for each n. For n = 21, 22, 23 and 24, we use the upper bounds for |G| in Table 2 of
[10]. In all cases, ds(G) > 1.66 > c8. �
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THEOREM 2.8. Let G be a transitive permutation group not containing any compo-
sition factors Al, l > 4. Let G be induced from H where H is a primitive permutation
group of degree n. If H is different from M12, then ds(G) > c8.

PROOF. By Lemma 2.5, it suffices to show that

log2 s(H)
log2 |H|

−
23
60 log2(24)

log2 |H|
> c8

for all n. Suppose n ≥ 25 and n � 32. Then |H| ≤ 20.76n and s(H) ≥ 2n/|H| ≥ 20.24n by
Lemma 2.6. Then

log2 s(H) − 23
60 log2 24

log2 |H|
≥

0.24n − log2(2423/60)
0.76n

=
24
76
−

23
60 log2 24
0.76 · 25

> 0.223 > c8.

Suppose n = 32. Then s(H) ≥ 361 and |H| ≤ 232 by Table 2 of [10] and Lemma 2.6 and
so

log2 361 − 23
60 log2 24

log2 232 > 0.21 > c8.

For 21 ≤ n ≤ 24 and n = 14, 15, 16 and 17 we refer to Tables 1 and 2 in [10] to find
bounds for s(H) and |P1|. Direct calculation shows that the inequality holds.

For 3 ≤ n ≤ 13 and n = 18, 19 and 20, we note that s(H) ≥ n + 1. We use the upper
bounds for |P1| from [10] and direct calculation shows that the inequality holds in all
cases excluding M12.

We need to consider n = 2, 3 and 4 differently. We note that by Lemma 2.7, G is not
primitive and so we may assume that G � H � P1 � · · · � Pj where each Pi is primitive of
degree m1. Let K = H � P1. We show that

log2 s(K)
log2 |K|

−
23
60 log2 24
log2 |K|

> c8. (�)

Suppose that n = 4. Then s(H) ≥ 5 and s(K) ≥ 5m1/|P1| by Lemma 2.4. Also |H| ≤
24. If m1 ≥ 25 and m1 � 32, then |P1| ≤ 20.76m1 by Lemma 2.6. Then

log2(5m1/20.76m1 )
log2(24m1 · 20.76m1 )

−
23
60 log2 24

25 · log2 24 · 20.76 > 0.279 > c8.

If m1 = 32, then |P1| ≤ 319979520 by [10]. So s(K) ≥ 532/319979520. We verify
that (�) is satisfied.

For 5 ≤ m1 ≤ 24 we use the bounds for |P1| in [10] and the estimate s(K) ≥ 5m1/|P1|
and direct calculation shows that (�) is satisfied in all cases except when P1 � M12. If
P1 � M12, we calculate s(S4 �M12) = 5825 by the method outlined above. Since |M12| =
95040, direct calculation shows that (�) is satisfied.

For 2 ≤ m1 ≤ 4, we note that s(K) ≥
(

s(H)−1+m1
s(H)−1

)
=

(
4+m1

4

)
by Lemma 2.6. If m1 = 4,

then |P1| ≤ 24 and s(K) ≥
(

8
4

)
= 70. It is easy to see that (�) is satisfied. Similarly,

direct calculation shows that (�) is satisfied when m1 = 2 or 3.
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If n = 3, then s(H) ≥ 4 and s(K) ≥ 4m1/|P1| by Lemma 2.4. If m1 ≥ 25 and m1 �
32, then |P1| ≤ 20.76m1 by Lemma 2.6 and |K| = |H|m1 |P1| ≤ 6m1 · 20.76m1 since |H| ≤ 6.
Thus, we see that

log2 s(K)
log2 |K|

−
23
60 log2 24
log2 |K|

≥
log2(4m1/20.76m1 )
log2 6m1 · 20.76m1

−
23
60 log2 24

log2 625 · 20.76·25 = 0.349 > c8.

For m1 = 32 and 5 ≤ m1 ≤ 24 with P1 � M12 and m1 � 8, the bounds in [10] and
s(K) ≥ 4m1/|P1| show that (�) is satisfied. If P1 � M12, then s(S3 �M12) = 862 by the
method outlined above. Direct calculation shows that (�) is satisfied.

For 2 ≤ m1 ≤ 4 and m1 = 8, the bounds s(K) ≥
(

s(H)−1+m1
s(H)−1

)
=

(
3+m1

3

)
and the bounds

for |P1| in [10] show that (�) is satisfied by direct computation.
Suppose that n = 2. Then |H| = 2 and s(H) ≥ 3. If m1 ≥ 25 and m1 � 32, then |P1| ≤

20.76m1 . Also s(H � P1) ≥ 3m1/|P1|. Then

log2 s(K)
log2 |K|

−
23
60 log2 24
log2 |K|

≥
log2(3m1/20.76m1 )
log2 2m1 · 20.76m1

−
23
60 log2 24

log2 225 · 20.76·25 = 0.664 > c8.

For m1 = 32 and 12 ≤ m1 ≤ 24 and P1 � M12, we use the bound s(K) ≥ 3m1/|P1|
and the bounds in [10]. Direct calculation shows that (�) is satisfied. If P1 � M12, then
s(S2 �M12) = 120 by the method described above. We verify that (�) is satisfied.

For 2 ≤ m1 ≤ 11, we use s(K) ≥
(

s(H)−1+m1
s(H)−1

)
=

(
2+m1

2

)
. Direct calculation shows that

(�) is satisfied.
Therefore, ds(G) > c8 provided H is different from M12. �

THEOREM 2.9. Let G be a transitive permutation group where G does not contain any
alternating group Al, l > 4, as a composition factor. Let G � M12 � P1 � · · · � Pj where
each Pi is a primitive group. If P1 is different from M12, then ds(G) > c8.

PROOF. Note that s(M12) = 14 and |M12| = 95040. Let L = M12 � P1, where deg(P1) =
m1 ≥ 2. By Lemma 2.4, s(L) ≥ 14m1/|P1|. Also |L| = 95040m1 · |P1|. By Lemma 2.5, it
suffices to show that for all m1 ≥ 2,

�(L) =
log2 s(L)
log2 |L|

−
23
60 log2 24
log2 |L|

> c8.

If m1 ≥ 25 and m1 � 32, then |P1| ≤ 20.76m1 by Lemma 2.6. Then s(L) ≥ 14m1/20.76m1

and

�(L) ≥
log2(14/20.76)

log2(95040 · 20.76)
−

23
60 log2 24

25 · log2(95040 · 20.76)
> 0.172 > c8.

If m1 = 32, then |P1| ≤ 319979520 and so s(L) ≥ 1432/319979520. Thus we see that
�(L) > 0.164 > c8.

For 5 ≤ m1 ≤ 24, bounds for |P1| are obtained from [10] and �(L) > c8 is verified
by direct computation.
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For the remaining computations, we use Lemma 2.4 to get a better bound:

s(L) ≥
(
s(M12) − 1 + m1

s(M12) − 1

)
=

(
s(M12) − 1 + m1

13

)
.

If m1 = 4, then |P1| ≤ 24 and s(L) ≥
(

17
13

)
= 2380, so �(L) > 0.133 > c8. If m1 = 3,

then |P1| ≤ 6 and s(L) ≥
(

16
13

)
= 560, so �(L) > 0.141 > c8. If m1 = 2, then |P1| ≤ 2 and

s(L) ≥
(

15
13

)
= 105, so �(L) > 0.145 > c8.

Therefore, deg(P1) = 12 and P1 � M12. �

THEOREM 2.10. Let H be a transitive permutation group where H does not contain any
alternating group Al, l > 4, as a composition factor. Let H � M12 �M12 � S4 � · · · � S4︸�������︷︷�������︸

t terms

,

where t ≥ 0. Then ds(H � S4 � S4 � S4 � S4 � S4) ≤ ds(H � P1 � · · · � Pj) where each Pi is a
primitive group if deg(P1) � 4.

PROOF. As calculated before, s(M12 �M12) = 604576714 and |M12 �M12| = 9504013. If
K is an arbitrary group, |K � S4| = |K|4 · 24, and so one can easily verify by induction
that |H| = 9504013·4t · 24bt = 9504013·4t · 24(4t−1)/3.

Next we need some bounds on s(H � S4 � S4 � S4 � S4 � S4) and s(H � P1 � · · · � Pj).
We handle the first group by defining the sequence A0 = s(H), A1 = s(H � S4),
A2 = s(H � S4 � S4), A3 = s(H � S4 � S4 � S4), A4 = s(H � S4 � S4 � S4 � S4) and A5 =

s(H � S4 � S4 � S4 � S4 � S4). By Lemma 2.4(2), Ai+1 =
(

Ai+3
4

)
for 0 ≤ i ≤ 4. Hence

Ai+1 = (Ai + 3)(Ai + 2)(Ai + 1)(Ai)/24 and Ai+1 + 3 ≤ (Ai + 3)4/24 since A0 ≥ a0 =

604576714. For simplicity, we set A0 = A. Then

A5 =

(
A4 + 3

4

)
≤ (A4 + 3)4

24
≤ ((A3 + 3)4/24)4

24
=

(A3 + 3)16

245 ≤ · · · ≤ (A + 3)1024

24341 .

Also |H � S4 � S4 � S4 � S4 � S4| = |H|1024 · 24341 > |H|1024 · 2.881024. Consequently,

ds(H � S4 � S4 � S4 � S4 � S4) ≤
log2((A + 3)1024/24341)

log2 |H|1024 · 24341

≤
log2(A + 3)1024 − log2 24341

log2 |H|1024 · 2.881024

=
log2(A + 3)
log2 2.88|H| −

341 · log2 24
1024 log2 2.88|H| .

Next we obtain a similar bound for s(H � P1 � · · · � Pj). Consider s(H � P1) where
deg(P1) = m1 � 4. Note that s(H � P1) ≥ Am1/|P1| by Lemma 2.4(1). From the proof of
Lemma 2.5,

ds(H � P1 � · · · � Pj) ≥
log2 Am1/|P1|

log2 |H|m1 · |P1|
−

23
60 log2 24

log2 |H|m1 · |P1|
.
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Since |P1| < 3m1 by Lemma 2.6, we have

ds(H � P1 � · · · � Pj) >
log2 A

log2 3|H| −
log2 |P1|

m1 log2 3|H| −
23
60 log2 24

m1 log2 3|H|

>
log2 A

log2 3|H| −
log2 |P1|

m1 log2 2|H| −
23
60 log2 24

m1 log2 2|H| .

It suffices to show that

log2 A
log2 3|H| −

log2 |P1|
m1 log2 2|H| −

23
60 log2 24

m1 log2 2|H| ≥
log2(A + 3)

log2 2|H| −
341 · log2 24

1024 log2 2|H| .

By rearranging these terms, we can write this inequality as

log2 2|H|
log2 3|H| · log2 A − log2(A + 3) ≥

log2 |P1|
m1

+
23 · log2 24

60m1
−

341 · log2 24
1024

.

Note that |H| ≥ 9504013, so log2 2|H|/log2 3|H| ≥ 0.99729879. Further, we have A ≥
604576714, so

log2 2|H|
log2 3|H| · log2 A − log2(A + 3) +

341 · log2 24
1024

≥ 0.99729879 · log2 A − log2(A + 3) +
341 · log2 24

1024
≥ 1.4480303828.

Thus it suffices to show that

�(P1) =
log2 |P1|

m1
+

23 log2 24
60m1

≤ 1.4480303828 = γ.

If m1 ≥ 25, then |P1| ≤ 2m1 by Lemma 2.6 and �(P1) ≤ 1.08 < γ. Similar compu-
tations hold for 2 ≤ m1 ≤ 24 by reading off the bounds for |P1| from Table 2 of [10],
and one obtains �(P1) < γ in all cases except when P1 � M12 and P1 � ASL(3, 2), a
primitive group of degree 8. We now take care of these two cases.

Suppose P1 � M12. Since |M12| = 95040 < 2.612,

ds(H � P1 � · · · � Pj) ≥
log2(A12) − log2 95040 − 23

60 log2 24

log2(95040|H|12)

>
12 · log2(A) − log2 95040 − 23

60 log2 24
12 · log2(2.6|H|)

=
log2(A)

log2(2.6|H|) −
log2 95040

12 · log2(2.6|H|) −
23
60 log2 24

12 · log2(2.6|H|) .
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Given that A ≥ 604576714, it suffices to show that,

log2(A)
log2(2.6|H|) −

log2 95040
12 · log2(2.6|H|) −

23
60 log2 24

12 · log2(2.6|H|)

≥
log2(A + 3)

log2(2.88|H|) −
341 · log2 24

1024 · log2(2.88|H|) .

By rearranging these terms, we can write this inequality as

log2(2.88|H|) · log2(A)
log2(2.6|H|) − log2(A + 3) +

341 · log2 24
1024

≥
log2(2.88|H|)
log2(2.6|H|)

( log2 95040
12

+

23
60 log2 24

12

)
.

Here |H| = 9504013·4t · 24(4t−1)/3, where t is the number of terms of S4 in H. Define

h1(t) =
log2(2.88|H|)
log2(2.6|H|) =

log2 2.88 + 13 · 4t · log2 95040 + ((4t − 1)/3) log2 24
log2 2.6 + 13 · 4t · log2 95040 + ((4t − 1)/3) log2 24

,

a1(x, t) = h1(t) · log2 x − log2(x + 3) +
341 · log2 24

1024
,

s1(t) = h1(t) ·
( log2 95040 + 23

60 log2 24
12

)
.

It suffices to show that the inequality above, now translated as a1(x, t) > s1(t), holds
for all x ≥ A = 604576714 and t ≥ 0.

Clearly h1(t) is a decreasing function and h1(t)→ 1 as t → ∞. The function a1(x, t)
is increasing for a fixed value of t ≥ 0, and achieves a minimum when t → ∞ and
x = 604576714. Thus, a1(x, t) ≥ 1.5268. Since h1(t) is decreasing, s1(t) is decreasing.
So s1(t) achieves its maximum value for t = 1 and s1(1) < 1.5248. Thus, a1(x, t) > s1(t)
for all x and t.

Finally, consider P1 � ASL(3, 2), where |ASL(3, 2)| = 1344 < 2.478. Thus,

ds(H � P1 � · · · � Pj) ≥
log2(A8) − log2 1344 − 23

60 log2 24

log2(|H|8 · 1344)

>
8 · log2(A) − log2 1344 − 23

60 log2 24
8 · log2(2.47 · |H|)

=
log2 A

log2(2.47|H|) −
log2 1344

8 · log2(2.47|H|) −
23
60 log2 24

8 · log2(2.47|H|) .

It suffices to show that

log2 A
log2(2.47|H|) −

log2 1344
8 · log2(2.47|H|) −

23
60 log2 24

8 · log2(2.47|H|)

≥
log2(A + 3)

log2(2.88|H|) −
341 · log2 24

1024 · log2(2.88|H|) .
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By rearranging the terms, we can write this inequality as

log2(2.88|H|) · log2 A
log2(2.47|H|) − log2(A + 3) +

341 · log2 24
1024

≥
log2(2.88|H|)
log2(2.47|H|)

( log2(1344) + 23
60 log2 24

8

)
.

As before, |H| = 9504013·4t · 24(4t−1)/3, where t is the number of terms of S4 in H. Define

h2(t) =
log2 2.88 + 13 · 4t · log2 95040 + ((4t − 1)/3) log2 24
log2 2.47 + 13 · 4t · log2 95040 + ((4t − 1)/3) log2 24

,

a2(x, t) = h2(t) · log2 x − log2(x + 3) +
341 · log2 24

1024
,

s2(t) = h2(t) ·
( log2(1344) + 23

60 log2 24
8

)
.

Again, h2(t) is a decreasing function with h2(t)→ 1 as t → ∞ and a2(x, t) is increasing
for a fixed value of t. We still have a2(x, t) ≥ 1.526 and s2(t) achieves its maximum
value for t = 1 and s2(1) < 1.520. Thus, a2(x, t) > s2(t) for all x and t. �

THEOREM 2.11. We have

inf
( log2 s(G)

log2 |G|

)
= lim

k→∞

log2 s(M12 �M12 �
k terms︷�������︸︸�������︷

S4 � · · · � S4)
log2 |M12 �M12 � S4 � · · · � S4︸�������︷︷�������︸

k terms

| = lim
k→∞

ck,

where the infimum is taken over all permutation groups G not containing any Al, l > 4,
as a composition factor.

PROOF. Let G be a permutation group. Let M = limk→∞ ck so that M < c8. By our
earlier remarks, G is transitive. By Proposition 2.7, if G is primitive, ds(G) > c8 > M.
So we assume that G is imprimitive.

By Theorem 2.8, G is induced from M12 and, by Theorem 2.9, G is induced from
M12 �M12. By Theorem 2.10, inf(log2 s(G)/log2 |G|) = limk→∞ ck. �

REMARK 2.12. Again we set M = limk→∞ ck. By Lemma 2.5,

M > c8 −
23
60 log2(24)

(13 · 48) log2(95040) + ((48 − 1)/3) log2(24)
≈ 0.1276817008.

Since ck is a strictly decreasing sequence with c8 < 0.1276818247, this gives

0.1276817008 < M < 0.1276818247.

This estimate will give an explicit bound for [1, Corollary 1] when t = 4. Since
[1, Corollary 1] is an important ingredient in Pyber’s proof of a lower bound for the
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number of conjugacy classes k(G) of a finite group G in terms of its order [6] (which
has undetermined constants in it), it is likely that our result will help to find an explicit
scalar constant in this result. We note that Pyber’s result has been improved in [2, 4].
We also note that [4, Theorem 3.1] now has an (albeit extremely small) bound thanks
to the main result of [3] (which is generalised by our result here). In particular, the
currently best lower bound for k(G) in terms of |G| for solvable groups, as stated in [4,
Corollary 3.2], is explicit.

Acknowledgements

This research was conducted by Gintz, Kortje and Wang during the summer of 2021
under the supervision of Keller and Yang. The authors thank Texas State University
for providing a great working environment and support. The authors are grateful to the
referee for the valuable suggestions which greatly improved the manuscript.

References
[1] L. Babai and L. Pyber, ‘Permutation groups without exponentially many orbits on the power set’,

J. Combin. Theory Ser. A 66 (1998), 160–168.
[2] B. Baumeister, A. Maróti and H. P. Tong-Viet, ‘Finite groups have more conjugacy classes’, Forum

Math. 29 (2017), 259–275.
[3] Y. Gao and Y. Yang, ‘The number of set-orbits of a solvable permutation group’, J. Group Theory,

to appear. doi: 10.1515/jgth-2021-0066.
[4] T. M. Keller, ‘Finite groups have even more conjugacy classes’, Israel J. Math. 181 (2011), 433–444.
[5] A. Maróti, ‘On the orders of the primitive groups’, J. Algebra 258 (2002) 631–640.
[6] L. Pyber, ‘Finite groups have many conjugacy classes’, J. Lond. Math. Soc. (2) 46 (1992), 239–249.
[7] The GAP Group, GAP – Groups, Algorithms, and Programming, version 4.11.1, 2021.

https://www.gap-system.org.
[8] Y. Yan and Y. Yang, ‘Permutation groups and set-orbits’, Bull. Malays. Math. Sci. Soc. 45 (2022),

177–199.
[9] Y. Yang, ‘Solvable permutation groups and orbits on power sets’, Comm. Algebra 42 (2014),

2813–2820.
[10] Y. Yang, ‘Permutation groups and orbits on the power set’, J. Algebra Appl. 19 (2020), Article no.

2150005.

MICHAEL GINTZ, Department of Mathematics,
Princeton University, Fine Hall, Washington Road, Princeton, NJ 08544, USA
e-mail: mgintz@princeton.edu

THOMAS M. KELLER, Department of Mathematics,
Texas State University, 601 University Drive, San Marcos, TX 78666, USA
e-mail: keller@txstate.edu

MATTHEW KORTJE, Department of Science and Mathematics,
Cedarville University, 251 N Main St, Cedarville, OH 45314, USA
e-mail: mkortje@cedarville.edu

https://doi.org/10.1017/S0004972721001064 Published online by Cambridge University Press

http://dx.doi.org/10.1515/jgth-2021-0066
https://www.gap-system.org
mailto:mgintz@princeton.edu
mailto:keller@txstate.edu
mailto:mkortje@cedarville.edu
https://doi.org/10.1017/S0004972721001064


[13] Set orbits of permutation groups 101

ZILI WANG, Department of Mathematics,
University of California-Berkeley, 970 Evans Hall, Berkeley, CA 94720-3840, USA
e-mail: ziliwang271@berkeley.edu

YONG YANG, Department of Mathematics,
Texas State University, 601 University Drive, San Marcos, TX 78666, USA
e-mail: yang@txstate.edu

https://doi.org/10.1017/S0004972721001064 Published online by Cambridge University Press

mailto:ziliwang271@berkeley.edu
mailto:yang@txstate.edu
https://doi.org/10.1017/S0004972721001064

	1 Introduction
	2 Main results

