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THE CURVATURE AND TOPOLOGICAL PROPERTIES OF
HYPERSURFACES WITH CONSTANT SCALAR CURVATURE

SHU SHICHANG AND LIU SANYANG

In this paper, we consider n (n ^ 3)-dimensional compact oriented connected hy-
persurfaces with constant scalar curvature n{n — l)r in the unit sphere 5n+1(l).
We prove that, if r ^ (n - 2)/(n - 1) and S ^ (n - l)(n(r - 1) + 2)/(n - 2)
+ (n — 2)/(n(r — 1) + 2), then either M is diffeomorphic to a spherical space form if
n = 3; or M is homeomorphic to a sphere if n ^ 4; or M is isometric to the Rieman-
nian product Sl{\/\ — c2) x S"'1^), where c? = (n — 2)/(nr) and S is the squared
norm of the second fundamental form of M.

1. INTRODUCTION

Let M be an n-dimensional hypersurface in the unit sphere 5"+ 1(l) of dimension
n + 1. Suppose the scalar curvature n(n—l)r of M is constant and r ^ 1. Cheng and Yau
[3] and Li [7] obtained some characterisation theorems in terms of the sectional curvature
or the squared norm of the second fundamental form of M respectively. We should notice
that the condition r ^ 1 plays an essential role in the proofs of their theorems. On
the other hand, for any 0 < c < 1, by considering the standard immersions S""1^)
C Rn, S1 ( v T ^ l ? ) C R2 and taking the Riemannian product immersion S1^! — c2)
x S"-1^) <-> R2 x Rn, we obtain a hypersurface S^s/T1!?) x Sn~1{c) in 5n + 1(l) with
constant scalar curvature n(n — l ) r , where r = (n — 2)/(nc2) > 1 — (2/n). Hence, not
all Riemannian products S1(y/1 — c2) x Sn~1{c) are covered by the results of [3, 7]; since
the Riemannian product S1(y/l — c2) x 5"~1(c) has only two distinct principal curvatures
and its scalar curvature n(n — l)r is constant and satisfies r > 1 — (2/n). Hence, Cheng
[4] asked the following interesting problem:

PROBLEM 1. ([4]). Let M be an n-dimensional compact hypersurface with con-
stant scalar curvature n(n - l)r in 5 n + 1 ( l ) . If r > 1 - (2/n) and 5 ^ (n - 1)
(n(r - 1) + 2)/(n - 2) + (n - 2)/(n(r - 1) + 2), then is M isometric to either a totally
umbilical hypersurface or the Riemannian product Sl(Vl — c2) x 5n~1(c)?

Cheng [4] said that when r — (n — 2)/(n - 1), he answered the Problem 1 affirma-
tively. For the general case, Problem 1 is still open.
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In this paper, we try to solve Problem 1. We shall give a topological answer, which
relies on the Lawson-Simons formula ([8]) for the nonexistence of stable A;-currents, which
enables us to eliminate the homology groups and to show M is a homology sphere. We
prove the following

THEOREM. Let M be an n(n ^ 3)-dimensional compact oriented connected hyper-
surface with constant scalar curvature n(n - l)r in Sn + 1( l ) . Ifr~^(n — 2)/(n - 1) and
S ^ {n- l ) (n(r - 1) + 2)/(n - 2) + (n - 2)/(n(r - 1) + 2), then either M is diffeomor-
phic to a spherical space form ifn = 3; or M is homeomorphic to a sphere ifn ^ 4; or M
is isometric to the Riemannian product Sl(\J\ — c2) x Sn~l(c), where c2 = (n - 2)/(nr).

2. P R E L I M I N A R I E S

Let M . b e an n-dimensional hypersurface in a unit sphere 5 n + 1 ( l ) with constant
scalar curvature n(n — l ) r . We take a local orthonormal frame field e\,--- , e n + i in
5 " + 1 ( l ) , restricted to M , e i , - - - ,en are tangent to M. Let o>i,--- ,u>n+i be the dual
coframe fields in 5 n + 1 ( l ) . We use the following convention on the ranges of indices:
1 ^ A, B, C, • • • , ^ n + l ; l ^ i, j , k, • • • , < n. The struture equations of S''1"1"1^) are
given by

n+l

(2.1) duA = - ^2,wAB Au)B, UAB+(JBA = 0,
B-l
n+l .. n+l

(2.2) dwAB = - 5 Z ^AC A UJCB + r 5 Z RABCDUC A WD,
C=l C,D=1

(2.3) RABCD - {$AC8BD - SADSBC),

where RABCD denotes the components of the curvature tensor of 5 n + 1 ( l ) . Then,
in M

(2.4) wn+l = 0.

It follows from Cartan's Lemma that

(2.5) u/n+l i = ] T hijUj, hi:i = hji.

i

The second fundamental form B and the mean curvature of M are defined by

B = 53 hijL)iUjjen+i and nH = ^2hu, respectively. The structure equations of M are

given by

(2.6) dujj = - y ^ Ujk A u)k, u)jj + u)jj = 0,

n 1 n

(2.7) dwij = - ^2 w* A w*> + 9 5 Z ^ i * ' w * A w'>

(2.8) Riju = (SikSji - 6u6jk) + (hithjt - hithjk),
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where Rijkl denotes the components of the Riemannian curvature tensor of M. From the

above equation, we have

(2.9) n(n - l ) r = n(n - 1) + n2H2 - S,

n
where n(n— l)r is the scalar curvature of M and S = ^3 î> *s * n e squared norm of the

second fundamental form of M.

The Codazzi equation and the Ricci identities are

(2.10) hijk — hikj,

(2-11) flijkl — hijik = 2_l himRmjkl + 2_^ hjmRmikl,

where the first and the second covariant derivatives of htj are defined by

(2.12) ^2 h%jkUk = dhij - ^2 hik^kj - ^ hikujki,

(2.13)
I I I I

We need the following Lemmas.

LEMMA 1 . ([5] or [9].) Let A — (dij), i,j = 1, • • • , n be a symmetric (n x n) matrix,

n ^ 2. Assume that A\ —trA,A2 — 53(ay)2» t^en

(2.14) Y(ain)
2 - AlOnn

1
^ ^{n(n - l)A2 + (n- 2)V^T\Al\y/nA2 - (A1)

2 - 2(n - }

We prove the following algebraic Lemma by a simple and direct method.

LEMMA 2 . Let A — (aij),i,j = 1, • • • ,n be a symmetric (n x n) matrix, p + q
P n n _

= n,p,q ^ 2 are positive integers. Assume that j ] aM + Yl att — A\, YKaii)2 - ^i-
s=\ t=p+l i=l

Thea

- 2pq(Al)
2 + \p- q\Jpq\Ax\yJnA2 -

PROOF: By Cauchy-Schwarz inequality we obtain

t=p+\
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Hence

(2.17) (£a")2 - ?Al(E
From (2.17) we have

Tl 71 f l Tl

From (2.17) we also have

(2.19) (£«..V-*(i>.) <^-jW +
By (2.18) we have

Hence (2.15) holds. Lemma 2 is proved. D

From [8] we have the following result.

LEMMA 3 . ([8}.) Let M be a compact n-dimensional submanifold of the unit sphere
5 " + m ( l ) with second fundamental form B, and let p,q be positive integers such that
1 < p, q < n— l,p+ q = n. If the inequality

(2.20) E E (2 I B(et, et) |
2 -(B(ea, e.), B(et> et)» < pq,

s=l t=p+l

holds for any point of M and any local orthonormal frame Geld {e3,et} on M, then
HP(M, Z) = Hq(M, Z) - 0, where HS(M, Z) denotes the s-th homology group of M
whth integer coefficients.

R E M A R K . Lemma 3 is ture for general submanifold with any codimension m of Sn+m(c),
of course is true for hypersurface of 5" + 1 ( l ) .

LEMMA 4 . ([11] or [1].) Let nu i = 1, • • • , n be real numbers such that £ Mt = 0
i

and ^2 n^ — P2, P — constant ^ 0, then
t

(2-21)
y/n(n - 1)

and the equality holds in (2.21) if and only if at least (n - 1) of t i e fit are equal.

From Aubin [2, see p. 344], we have.

LEMMA 5 . ([2].) If the Ricci curvature of a compact Riemannian manifold is non-

negative and positive at somewhere, then the manifold carries a metric with positive

Ricci curvature.
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3. P R O O F OF T H E O R E M

P R O O F : For a given point P £ M, we choose an orthonormal frame field ei , • • • , en,
such that hij = KSij. From (2.10) and (2.11) by a standard calculation we have

(3.1) \ AS = E h%k + E MnH)a + \ E Rijij^i ~ Ai)2-
ij,k i ij

Let ^ = Aj — H and f2 — J2 /*?> w e

(3.2)

(3.3)

From (2.8) we get flyy = 1 + A^Aj, putting this into (3.1), by (3.2),(3.3) we get

2 / j ijk / j * \ / • * e\ / j \ * J/\ • 3/

(n A\ V^ 1,2 , V^ \ / rr\ , c 2 rj2 c?2 , U V ^ \3
(o.4l = > ii,-,-t + > /\ii7i/i)a + no — n n — o + nil y A,-

E , 2 XT"* \ / tr\ /2 u2 r2 r4 rr V ^ 3
i.-.-t + 7 /\i(1^2 )ti + TC/ + 7171 J — J + nil > U,; •IJK /_^ i v / • • ^ J ^ ^ ^ #-i

By Lemma 4, we get

(3.5) U s z j 2 h h * + Y , x i ( n H ) « + f { n + n H f n \ H \ / , \
2 ij,k i ( y/n{n-l)

We denote

(3.6) 2 2 ^ l
n(n -

From (2.9) we know f2 = S - nH2 = (n - l)/n[S - n(r - 1)], then by (2.9) we

write PHU) as

(3.7) Pr{S) = n + n(r - 1) - ^ — - [5 - n{r - 1)]

Hence(3.5) can be written as

(3.8)
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On the other hand, for any point and any unit vector v € TpM, we choose a local
orthonormal frame field e\, • • • ,en such that en = v, we have from Gauss equation (2.8)
that the Ricci curvature Ric(w, v) of M with respect to v is expressed as

(3.9) Ric(«, v) = (n - 1) + nHhnn - £ h2
n.

By Lemma 1,(3.6) and (3.7) we get

(3.10) Ric(«, „) > ILL! [„ + nff2 - n^l\\H\S - f] = — P , ( S ) .
n L vn(n - 1 ) J n

When S ^(n- l)(n(r - 1) + 2)/(n - 2) + (n - 2)/(n(r - 1) + 2), we know this is
equivalent to

(3.11) \n+n(r-l)-1^—^[S-n{r-l)] V ^ (" ~f> {n(n-l)(r-

Since r ^ (n - 2)/(n - 1), then we get r - 1 ^ - l / ( n - l ) and n(r - 1) + 2
^ (n - 2)/(n - 1), hence

n + n(r - 1) - ^—- [5 - n(r - 1)]

n - 2

n ( r _ t ) + 2

n n n(r - 1) + /
n2 - 2(n - 1) (n - 2)2 n - 1

"" n n n — 2

Obviously, by (2.9) and f2 = (n- l)/n[S - n(r - 1)], we have n(n - l)(r - 1)
+ 5 ^ 0, 5 - n(r - 1) ^ 0. Hence from (3.11) we have

(3.12) n+n(r- l ) -^—?[S ' -n(r - l ) ] ^ ^ ^ \ / f n ( n - 1)(r - 1) + 5] [5 - n(r - 1)1,

that is

(3.13) PT(S) 2 0.

From (3.10),(3.13) we have Ric(w,u) ^ 0 at all points of M.

CASE (i). When 5 < (n - 1) (n(r - 1) + 2) /(n - 2) + (n - 2)/ (n(r - 1) + 2) holds at all

points of M, or it holds at somewhere of M, then we all have the fundamental group of

M is finite.
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In fact, when S < (n - l ) (n ( r - 1) + 2) / (n - 2) + (n - 2) / (n( r - 1) + 2) holds at
all points of M, from the assertions above, we have Ric(u, v) > 0 at all points of M.

Hence by the classical Myers Theorem, we know that the fundamental group of M is
finite.

When S < (n- l ) (n ( r - 1) + 2 ) / (n - 2) + (n - 2) / (n(r - 1) + 2) holds at some
points of M, from the assertions above, we know that Ric(i>,i>) > 0 holds at such points
of M. From Lemma 5, we know that there exists a metric on M such that the Ricci
curvature is positive on M. Hence, we also know that the fundamental group of M is
finite.

Therefore, the proof of Theorem in the case where n — 3 following directly from
the Hamilton Theorem (see [6]) which states that a compact and connected oriented
Riemannian 3-manifold with positive Ricci curvature is diffeomorphic to a spherical space
form.

Now, we consider the case n ^ 4. Taking any positive integers p, q such that p + q

= n, 1 < p, q < n - 1. Then pq — p(n —p)=n + (p— l )n — p2 ^ n + (p — l)(p + 2) - p2

= n + (p - 2) ^ n. Let T =tr(Ay) - £ hss + £ h«, 5 = £(/*«)2> 5

we have

(3.14) 2 £ ± (M2 + ^ 5 < 2J f2
5=1 t=P+i L J = 1 t = p + 1

When p ^ q,\p — q\ — p - q = n — 2q < n — 2, when p < q, \p — q\ = q - p = n — 2p

< n — 2, therefore, \p - q\ < n — 2 for all p, q and ^/p? > v ^ > y/n ~ 1-

By Lemma 2,(3.14) and 5 ^ 5 , we make use of the same calculation for general

submanifold in [12], we get for hypersurface that
p n

«=i t=p+i

(2 I B(ea,et) |2 -
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Therefore, from (3.6) or (3.7) and (3.13) we have
P n

(3.15) J2 E (z\B(es,et)\
2 - (B(e3,es),B(et,et))) <-™Pr(S)+pq < pq.

s=l t=p+l

Hence from Lemma 3 HP(M, Z) = Hq{M, Z) = 0, for all 1 < p,q < n- l,p+q = n. Since
Hn_2(M,Z) = 0, taking the same discussion in [10], by the universal coefficient theo-
rem Hn~1(M, Z) has no torsion and consequently H\(M, Z) has no torsion by Poincare
duality. By our assumption, since the fundamental group ni(M) of M is finite, hence
Hi(M, Z) = 0, so M is a homology sphere. The above arguments can be applied to the
universal covering M of M. Since M is a homology sphere which is simple connected,
that is TTI(M) = 0, it is also a homotopy sphere. By the generalised Poincare conjecture
(Smale n ~£ 5, Freedman n = 4) we have M is homeomorphic to a sphere and hence we
have a homotopy sphere M which is covered by a sphere M, so by a result of Sjerve [13]
we have ni (M) — 0, and hence M is homeomorphic to a sphere.

CASE (ii). S = (n - l)(n(r - 1) + 2 ) / (n - 2) + (n - 2)/(n(r - 1) + 2) on M, from
the discussion above this is equivalent to Pr{S) = 0. Since the scalar curvature
n(n — l)r is constant, thus S is constant, and by (2.9) H is also constant. Hence
the equalities in (3.8),(3.5) and (2.21) in Lemma 4 hold. If r > (n - 2)/(n - 1), since
5 = (n- l)(n(r - 1) + 2)/(n - 2)+(n - 2)/(n(r - 1) + 2) > (n-l)(n(r - 1) + 2)/(n - 2)
> n(r - 1), then f2 = (n - l)/n[S - n(r - 1)] ^ 0, that is M is not umbilical. When
the equality in (2.21) holds, by Lemma 4 M is of only two distinct principal curvatures,
one with multiplicity 1 and the other with multiplicity n — 1. After renumberation if
necessary, we can assume that A = Ai = • • • = An_!, fj, — Xn. When the equalities in (3.8)
or(3.5) hold. We have

(3.16) hijk = 0.

Choose a local frame of orthonormal vector fields such that /iy = Ai<Sy, from (2.6) ua = 0.
Let i = j in (2.12), from (3.16) and (2.12) we have 0 = dXt - 2 £ hikwki = dXi, hence Xt

k

is constant, again from (2.12) we have

(3.17) 0 = Ajwy + XjUn = (Xt - \j)uijt

then for Aj / Aj
(3.18) Wy=0.

From (2.7) and (3.18), if X{ ^ A,, then

(3.19) 0 = dujij = - ^ w«* A W*J + o X) ^ J « W *
 A w<-

* k,l
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If for some k such that Wjjt ^ 0 and Wkj ¥" 0,then by (3.17) we have A, — Xk = Xj, this

contradicts to A< / Xj, so ^Z Rijki^k A wj = 0, thus, if Aj / Aj we have

(3.20) iiy« - 0.

From(3.20) and the Guass equation (2.8) we have 1 + AjAj = 0 for Aj ^ Xj, that is

(3.21) . 1 + Xn = 0.

From (2.9) we have

(322) , - ^ . s ^

Hence from (3.21),(3.22) we get A2 = (n(r - 1) + 2)/(n - 2) and /z2 = ( n - 2 ) /
(n(r - 1) + 2). Thus we get that M is isoparametric. Therefore, M is isometric to the
Riemannian prodnct 5X(\/1 — c2) x S""1^) , where c2 = (n — 2)/(nr). The Theorem is
proved. D
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