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EXPONENTIAL ESTIMATES FOR THE CONJUGATE
FUNCTION ON LOCALLY COMPACT
ABELIAN GROUPS

BY
NAKHLE HABIB ASMAR

ABSTRACT. Let G be a locally compact Abelian group, with character
group X. Suppose that X contains a measurable order P. For f € £,(G),
the conjugate function of f is the function f whose Fourier transform sat-
isfies the identity f(x) = —isgnp(x)f(x), for almost all x in X, where
sgnp(x) = —1, 0, 1, according as x € (—P)\{0}, x =0, or x € P\{0}.
We prove that, when f is bounded with compact support, the conju-
gate function satisfies some weak type inequalities similar to those of
the Hilbert transform of a bounded function with compact support in R.
As a consequence of these inequalities, we prove that f possesses strong
integrability properties, whenever f is bounded and G is compact. In par-
ticular, we show that, when G is compact and f is continuous on G, the
function exp(| pf |) is integrable for all p > 0.

1. Introduction.

The Hilbert transform on R. (1.1). In this essay we investigate some properties of
the conjugate function of a bounded function on a locally compact Abelian group G.
It is well-known that the conjugate function f of a function f in £,(T) may fail to be
bounded. For example, the conjugate function of

sin nx

1 [e.¢]
foy=sr—0=73"

n=1

n

is the function
o0

= cos nx
=— = log (2 sin 1x),
f) ; . og (2 sin 5x)
for 0 < x < 2m. See [11], Vol. 1, p. 253, 2.2. Nevertheless, the conjugate function
f continues to have strong integrability properties. We have the following result: if
|| =1, then

2T
/ exp (A| f )dx < Cy
0

for0 <A < %7?, where C) is a constant independent of f. See [11], Vol. 1, p. 254,
Theorem (2.11). While this property obviously fails for the Hilbert transform on R,
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an equivalent property of the conjugate function on T holds for the Hilbert transform
on R. We state it and other related properties below.

Let f be in £,(R), where p € [1,00[, and let o > 0. The truncated Hilbert
transform, the Hilbert transform, and the maximal Hilbert transform, are defined,
respectively, by:

Hof@ == [ fa—otdr
T Jas)| !

Hf(x) = li?g Hg f(x);

and
MHf (x) = sup [He f(x)].
<a

We will establish analogues of the following properties of the Hilbert transform.
Suppose that f is in L,(R) with support contained in an interval of length A. Then
there are constants ¢y, c3, ¢3, and ¢4, independent of f and A, such that:

Al f |loo
@) AMxeR:Hf@)| >y} = cluexp (—cz Y ) ;
y | £ lloo
and
(i) AM{x € R:|MHf(x)| >y} = C3A”’; loo exp (—c4 ”—fy-n—) ,

where )\ denotes Lebesgue measure on R. See [7], Section 4.4, (4.4.1), (4.4.2), p. 119.

In Section 2, we will introduce the ergodic Hilbert transform and establish the
exponential estimates for this transform. In Section 3, we will use a separation theorem
for measurable orders to approximate the conjugate function by a sequence of ergodic
Hilbert transforms. We then obtain our main results as a consequence of the properties
of the ergodic Hilbert transform.

The modified Hilbert transform on R. (1.2). For the sake of the transference meth-
ods used in Section 2, we need to modify the definition of the truncated Hilbert
transform and use kernels with compact support. For f in £,(R), 1 = p < oo, let

1 1
T, f(x) = —/1/ s fx—1) " dt

us

1
=l/ @ dt, n=1,2, ....
T J1/nS|t—x|Sn X —1

Suppose that f is in L, (R) with support contained in an interval of length A, and let

y > 0. Write
Tnf(x)zl/ 1) dt—l/ PACRp

T Ji/nSp—1| X —t T Jnpe—t| X —t

= h](x) + hz(x).
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We have
fx: | Taf0)| 2y} C {x )| 2

C {x - MH £ (x)

{x ()| 2

b

NSRS

}

IV o<
N e

from which follow the inequalities

O adveR: 0 >h s et (<),

and

(i) AM{xeR: slng,,f(x)l >y} = c{% exp (—C‘léﬂ—;_“;)

where ¢3 and ¢4 are as in (1.1.ii).

2. The trahsference result.

The ergodic Hilbert transform. (2.1). In this section we will be dealing with a
locally compact Abelian group G and a fixed, continuous, nonzero homomorphism ¢
from R into G. Denote by u the Haar measure on G. The homomorphism ¢ generates
a one-parameter group of measure-preserving transformations {U, : ¢ € R} on the
group G: for ¢ in R and x in G, let Ux = x — ¢(¢). Let p € [1, oo[, and let f
be in £,(G), we define the ergodic Hilbert transform on L,(G) (with respect to the
homomorphism ¢) by:

H*f(x) = lim HY) f(0);

where

1 1
HY) fx) = = / fUx) - dt.
e<|t|<1/e t

s

In [5], Theorem 2, it is shown that the above limit exists p-almost everywhere on G, for
more general one-parameter groups of measure-preserving transformations acting on a
o-finite measure space . Several properties of the ergodic Hilbert transform which
is defined by the action of R via the homomorphism ¢ are discussed in [3], Section
6. The measure-theoretic problems arising in the application of Fubini’s theorem to
integrals involving the function (s, x) — U, f(x) on the product space R x A are no
longer relevant when Al = G, and U, f(x) = f(x — ¢(s)). (The measurability of the
function (s, x) +— f(x — ¢(s)) on the product space R X G is discussed in Lemma
(2.2) below.) Hence the restriction to o-compact measure spaces is not needed in
our discussion, and we may use the results [5] on arbitrary locally compact Abelian
groups.
Denote by H the operator given by:

1 1
H (o) = / For = o) a.
1/n<|1|Sn t

us
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Whenever the integral expression for H? £(x) is written, it will be assumed that x
belongs to a subset of G whose complement has measure O, such that the integral is
finite foralln =1, 2, ....

We will investigate properties of the operator H* restricted to functions in Lo(G).

LeEMMA (2.2). Let ¢ be a continuous nonzero homomorphism from R into G. Let 1
be a bounded interval in R. Suppose that f is in L,o(G). Then for pu-almost all x in
G, the function s +— 1;(s)f(x — @)s)) is in Loo(R); and

@) 1O f & = dDlloor = | f Nloo-

Proor. The function (s, x) — 1;(s)f(x — ¢)s)) is A X u-measurable. This fact
follows easily from [9], Lemma (20.6), p. 287. Assume that (i) fails. Then there is a
subset A of G with 0 < p(A) < 00, and such that, for every x € A, we have

I1C)f = SDloor > I f [looc-
Thus for every x € A, there is a subset A(x) of R such that, A\(A(x)) > 0, and
[1:5)f & = ()] > || f lloo
for all s in A(x). The set
{00 ERXG 2 [1()f(x = D] > || f looc }

contains B = {(s,x) ER X G : x € A, s € A(x)}. We have,
Axu) = [ MBI
G

where B, is an x-section of B: B, = {s € R: (s, x) € B}. Note that B, D A(x); so
A(By) > 0 for every x in A, and hence A\ X u(B) > 0, since p(A) > 0. Therefore, there
is an s in R such that the set BS = {x € G : (s, x) € B} has positive p-measure.
Consequently, we have

p{x € G: [11()f & = BN > [ f llooc}) > O,
which implies that
px € G: [f@>f o} >0
This is plainly a contradiction. a

Note that the inequalities (1.2., ii) depend on the measure of an interval containing
the support of f and not on the measure of the support of f itself. The following
discussion is aimed at finding a substitute for the notion of an interval on the group
G.

https://doi.org/10.4153/CMB-1990-006-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1990-006-9

38 N. H. ASMAR [March

Let C denote the component of the identity in G: C is a connected subset containing
0 and properly contained in no other connected subsets of G. In fact, C is a closed
subgroup of G topologically isomorphic with R? X E, where E is a compact connected
subgroup, and the number a is the largest possible dimension of a subgroup of G
topologically isomorphic with R" for a nonnegative integer n. See [9], Theorems
(7.1) and (9.14), pp. 60, and 95.

LEMMA (2.3). Let A be a nonvoid compact subset of G. There is a compact subset
B of G such that, A C B, and ¢~ '(x — B) is an interval in R (possibly unbounded or
void) for all x in G and any continuous homomorphism ¢ from R into G.

Proor. The group G is topologically isomorphic with R? x €, where a is a non-
negative integer, and Q contains a compact open subgroup J. See [9], Theorem
(24.30), p. 389. The component of the identity C is therefore topologically isomor-
phic with R x E where E is a compact connected subgroup of G. Since ¢(R) is
connected, it is contained in C. The subgroup R? x J is both open and closed,
hence it must contain the component of the identity R* x E. Since A is compact,
it can be covered by finitely many disjoint cosets x; + (R* x J), j = 1,...n. Write
A= U;'=|(A N+ (R x J))) = Uj'.':lAj, where the A;’s are compact and mutually
disjoint. If a is 0, take B = U;l:I(Xj +J). Otherwise enlarge each A; to a set of the
form x; + (C; X J), where C; is a compact and connected subset of R“, and take
B = UJ'.':l(xj +(Cj x J)). We can always represent B by the latter formula by agreeing
to take C; = {0}, for all j = 1, 2, ..., n, in case a = 0. Then B is clearly compact
and contains A. Let x be an arbitrary element of G, and let ¢ be any continuous ho-
momorphism from R into G. Consider the set x — B = U;:l(x —x; — (Cj x J)). Each
x —xj—(C;j xJ) belongs to a coset of R? xJ. Since ¢(R) is connected, it can intersect
at most one coset of R? x J. Hence either ¢(R) N (x — B) is void or it is equal to
d(R)N(x—xj,—(Cj, xJ)) for exactly one jo € {1, ..., n}.In the first case, ' (x—B) is
void. In the second case, the nonvoid set ¢(R)N(x —B) = ¢(R)N(x —xj, — (Cj, X E)),
is clearly connected. We will show that the set ¢~ '(¢(R) N (x — xj, — (Cj, X E)))
is connected, from which it will follow that it is an interval in R. Note that if ¢
were a homeomorphism of R onto ¢(R), then we would be done. But according
to [9], Theorem (9.1), p. 84, we need only consider one other case: ¢(R)™ is a
compact subgroup of G. In this case, ¢(R) is necessarily contained in E. Hence,
H(R)N(x —xj, — (Cj, X E)) is equal to ¢(R), since we are assuming that it is not void.
Hence ¢~ " (¢(R)N(x — xj, — (Cj, X E))) = R, and this completes the proof. ]

REMARK (2.4). Suppose that f is in L,(G) with compact support A. Let B be a
compact subset of G containing A and such that ¢~'(x — B) is an interval in R for all
x in G. Fix x in G, and let I denote an arbitrary interval in R. Consider the function
s +— 1;(s)1p(x—(s)), and let J denote its support. We clearly have J = Iﬂd)"(x—B).
Since ¢~!(x — B) is an interval in R, it follows that J is an interval in R. We also
have

AJ) =/ 1(s)1g(x — ¢(s))ds.
R
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We are now in a position to establish our transference result. The argument presented
in the first half of Theorem (2.5) below is the transference argument of Calderén [5].
For the sake of completeness, we will supply all the details of the proof.

THEOREM (2.5). Let G be a locally compact Abelian group. Suppose that f is in
Loo(G) with compact support A. Let B be as in Lemma (2. 3), and let ¢ be a continuous
homomorphism of R into G. Then, for all y > 0, we have

(@) p({x € G: [Hi f0)| >y S c3uB) ——= llf”°° exp (—64 2“fy“ )

and

@) pdx€G: slule#f(x)| >y} < epB) e ”f llo exp (—04 2H;” )

where c3 and c4 are as in (1. 1.100).

Proor. Clearly, we need only establish (ii). For y > 0, define

Sy ={x €G: sup[H; f)| >y},
1=n

and
N #
= G: m H ;
{x € max [H! f(x)| >y}

then S 1S,, as N — oo. Therefore it is enough to show that

N £ lloo (_, y )
)] u(Sy) = c3u(B) ;o 64—2”“'00 .

Let I, = [—n,—1/n]U[1/n, n], and let V be an arbitrary nonvoid open subset of
R with compact closure such that V — [, is an interval in R. For an arbitrary real
number s in V, we have from the translation invariance of the measure y

7))

?2) u(S;V):,u({xeG: max l// ' f(x—d)(t))%dt
1/nS|t)=En

I1ShEN | T

=u({X~¢(S) max = [ fe— o ; d >y})
1ZnEN | T J ) fn<r)<n t
:u({xeG max 1[ f(x+¢(s—t))1dt >y})
1=n=N /n<|e|<n t
({xEG: max l./ fa+os—0) Ly, (s—1)
1=nEN | T [n<|t|Sn
><l dt >y}) .
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The last inequality follows trivially from the one that preceeds it, since for s € V,
and r € I,, we have 1y_;, (s — 1) = 1. Let

. 1 1
€5, x) = 1 if 1rgnnang —7;/] fx+es—0D)ly_,(s—1) 7 dt| > y;
0 otherwise;
and
1 if 1/f( + o( )l ( t)1 dt| >
sup |— X s — s —=1- ;
£,(s, x) = o | I v e t Y

0 otherwise.

It is clear from the last equality in (2) that, for any s in V', we have

3) sy = / &y(s, x)dp(x)
G

1

= W/v/(;gy(s’ x)dp(x)ds
1

= W/R/Gﬁy(& x)dp(x)ds

1 /
m/{}/ﬂ{ﬁy(& x)dp(x)ds.

The penultimate inequality holds because we have enlarged the limits of integration
of a nonnegative integrand. The last inequality follows from the relation g;(s, x) 2
&, (s, x) which holds for A x p-almost all (s, x), and Fubini’s theorem. Now note that

IIA

@) /R €(s, s = {s € R 2 Sup[Ty fx + 96Ny, )] >3}

where T, is as in (1.2). The support of the function s +— f(x + ¢(s))ly_1,(s) is
contained in (V —Iy)N¢ ™ (x — suppf) C(V —Iy)N ¢~ (B —x) which is an interval
in R by the choice of V and B. Denote this interval by J. Using (1.2.ii), Lemma (2.2),
and Remark (2.4) we get i

, AT
) [ €05, s S s S £+ 6Oy Ol

X exp <— Cay )
2| fex+ d(Ny 1y Olloor /7

AU) cay )
< 7 -
= (3 y ”f “OO,G exp < 2“f ”oo,G
<3 @y
= y “f ”OO,G exp ( 2“f ”oo,G) /R IVVIN(S)IB(X-"QS(S))ds-
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Now use Fubini’s theorem, (3), (5), and the translation invariance of y to obtain

1 c c
sy L / o (_ 4_Y>
’J’( y) /\(V) Gy ”f” G €Xp 2“f”oo,G

X fR Ly ()15 (x + ¢(s))ds dp(x)

_ Lo o )
vy y I g exp ( M7 e

X / / ly—1y ($)1p(x + ¢(s))ds dp(x)
R JG

AV —1y)

BB L f g exp (= 52— ).

C —_————
y 2/ f Moo

Choose V so that A(V — Iy) / A(V) approaches 1. This implies (1) and completes the
proof of (ii) (]

The following theorem is a consequence of inequality (2.3.i), and the fact that H* f
converges to H*f in the L,(G)-norm, and hence in measure, whenever f is in £,(G),
for p € 11, oo[. See [3], Theorem (6.5).

THEOREM (2.6). Notation is as in (2.1) and (2.5). Let y > 0; then

() pdx €G: [HF )| >y} = c3uB) ——”fy”m exp (“"‘ 2H; ||oo)’

where c3 and c4 are as in (1. 1.1i).

As noted in [6], Section 2, Calderdn’s argument extends easily to the set- up where
R is replaced by an arbitrary amenable group, and in particular, a locally compact
Abelian group. Several extensions in this direction are taken-up in [6]. However,
Theorem (2.5) doesn’t follow directly from any of these generalizations.

3. The conjugate function on locally compact Abelian groups. Throughout
this section, G will denote a locally compact Abelian group, with character group
X. We suppose that X contains a measurable subset P with the following properties:
PN(—P) = {O};PU(—P) = X; P+P = P. The set P is called an order on X. Define
the function sgnp on X by: sgnp(x) = —1, 0, or 1, according as x € (—P)\{0}, x =
0, or x € P\{0}. For f € Lp(G), the conjugate function of f, (with respect to the
order P) is the function f € L,(G) such that: f x) =—i sgnp(x)f(x) for almost all
x € X. For 1 < p < oo, a generalized version of M. Riesz’s theorem asserts that
there is a constant M,, such that || 7 ||, £ M,|| f ||, for all f in £,(G) N L,(G). The
constant M, is the same as the constant appearing in M. Riesz’s theorem on the circle
T. See [3], Theorem (7.2). We will show that, for f in Lo(G), f possesses properties
identical to the ones given by Theorem (2.6) for the ergodic Hilbert transform.
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The following characterization of orders will be crucial in establishing a link be-
tween the ergodic Hilbert transform and the conjugate function.

THEOREM (3.1). Let K be a compact non-void subset of X. There is a real-valued
homomorphism ) on X such that, v is positive on (KNP)\(N U{0}), and v is negative
on (KN (=P)\(N U {0}), where N is a subset of X with measure zero.

See [3], Theorem (5.14).

LemMa (3.2). Let x be a real-valued homomorphism on X, and let ¢ be its adjoint
homomorphism. (See [9], Definition (24.37), p. 392.) For fin L,(G), 1 < p = oo,
let H*f be the ergodic Hilbert transform of f (with respect to the homomorphism ¢).
Then

Q) (Hf )" (x) = —i sgn(@()f ()

for almost all x in X.
The proof is a straightforward computation. For details, see [3], Theorem (6.7).

A consTRuUCTION (3.3). Suppose that g is in £,(G). Its Fourier transform ¢ vanishes
off of a o-compact subgroup X, of X. Write Xo = |J2, K, where each K, is a
compact subset of X, with nonvoid interior, and such that K, C K,, when n = m.
Apply Theorem (3.1) to each K, and obtain a real-valued homomorphism 1,, and a
null subset N of X (N is the union of all the null sets given by Theorem (3.1) for all
the positive integers n) such that 1, is positive on (P N K,)\(N U {0}), and negative
on ((—P)NK,)\(N U{0}). Let ¢, denote the adjoint homomorphism of v,. Denote by
H" the ergodic Hilbert transform corresponding to the homomorphism ¢, as in (2.1).
The following theorem is a particular case of [3], Theorem (7.8). We present it here
together with a simple proof.

THEOREM (3.4). Notation is borrowed from (3.3). Suppose that f is in L,(G) with
Fourier transform vanishing off of Xo. Then the function H'f converges in the L,-
norm, and hence in measure, to the conjugate function f of f.

PROOF. Suppose first that f has a compact support K which is contained in Xj.
Choose an integer n such that K,, 2 K, for all m 2 n. From the construction (3.3),
Lemma (3.2), and the definition of the conjugate function, it is easy to verify that the
equalities

FO0 = —i sgnp(0F (0 = —i sen@)F ) = H'F) ()

hold for all m 2 n, and almost all x in X. The uniqueness of the Fourier transform
implies that H” = f , for all m 2 n. Thus the conclusion of the theorem is true for
all functions in £,(G) with compactly supported Fourier transforms. Now let f be
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an arbitrary function in £,(G) with Fourier transform supported in Xy. Given € > 0,
choose g in £,(G) with compactly supported g, such that || f — g||» < ¢/3. We have

[Hf —Fll2 = IH'(f —&)+H'g =g+ @ —)ll2
S |H(f =2+ Hg =gl + 118 =1 |I2
€ €
S -+||H'g -8+ =.
3 T IH'g —&ll2+ 5
As n— oo, ||H"g — |2 — 0; which completes the proof of the theorem. O
As a consequence of Theorem (3.4), and Theorem (2.6), we obtain our main result.

THEOREM (3.5). Let G be a locally compact Abelian group. Suppose that f is in
Loo(G) with compact support A. Let B be as in Lemma (2.3). Then for all y > 0, we
have

() p{x €G: | F(0)| >y} < c3u(B) “fy”oo xp ('c“ 2||J): Iloo)’

where c3 and c4 are as in (1. 1.1ii).

For the remaining part of this section, we will suppose that G is compact.

In view of what is known about the constant M,, appearing in M. Riesz’s theorem
[M, ~ p as p T oo}, the strong integrability property of f, for f in Loo(G), follows
from an extrapolation theorem of S. Yano. See [11], Vol. II, Theorem (4.41), p. 119.
However, we can obtain this result as a consequence of inequality (3.5.7).

THEOREM (3.6). Notation is borrowed from (3.5). Let p be such that

® Pl <5

then

(ii) / exp (p| F(x)Ddpx) < oo.
G

Proor. From (3.5.i), we have
- - 1
ux G exp (plfeoh >yh=u({x e e 1ol > 222}
< Pl f lloo exp (_C4 log y )

log y 2p1 £ lloo
oy Pl lloo —ccopapi e
log y

Using [10], Corollary (21.72.i), p. 422, and some obvious estimates, we obtain

/G exp (p| FOdu(x) = /0 p({x € G : exp (p| f)]) > y}dy

pllf Nl /2l £ o)
d c4/2p o0 d
/ y+/ log g
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Clearly, the last integral is finite if p satisfies (i). O

We end this essay by establishing on G yet another well-known property of the
conjugate function on T. The proof uses Theorem (3.5) and is exactly like the one on
T. For details, see [11], Vol. 1, theorem (2.11.ii), p. 253.

THEOREM (3.7). Suppose that f is continuous on G, then exp («f f |) is integrable
for all real numbers a.

HistoricaL NOTEs. (3.8). Several properties of the conjugate function on T have
been successfully established for the conjugate function on various abstract set-ups.
Theorem (3.5) above is an example of such extensions. The property that attracted
the most attention is the £,-boundedness of the conjugate function operator, for p in
11, oo[. On T or R, the result is M. Riesz’s celebrated theorem. A fairly extensive
history of this result appears in [3]. Recent abstract versions of M. Riesz’s theorem
appeared in [2], and [4]. Less complete are the results on the pointwise convergence
related to the conjugate function on groups other than T or R. We refer the interested
reader to [1], [3] Section 7, and [8].
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