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Lightness of Induced Maps and
Homeomorphisms

Javier Camargo

Abstract. An example is given of a map f defined between arcwise connected continua such that C(f)
is light and 2/ is not light, giving a negative answer to a question of Charatonik and Charatonik.
Furthermore, given a positive integer 1, we study when the lightness of the induced map 2/ or C,,(f)
implies that f is a homeomorphism. Finally, we show a result in relation with the lightness of C(C(f)).

1 Introduction

Let f: X — Y be a map between continua. J. J. Charatonik and W. J. Charatonik [2]
studied the relations between the following three statements:

(i)  f islight;

(i) C(f) is light;

(iii) 2/ is light.

They proved that (iii) implies (ii) and (ii) implies (i) and showed examples where the
other implications do not hold. Also, they asked the following question.

Question 1.1 ([2,5.1]) Let f: X — Y be a map between arcwise connected continua.
Are lightness of the induced maps C(f) and 2/ equivalent conditions?

In the Section 3, we give a map f: X — Y such that X is an arcwise connected
continuum, C( f) is light, but 2/ is not light, giving a negative answer to Question[L.1l

We study the lightness of the induced map C,(f) for any n € N, and the interre-
lation with the lightness of 2/ and f. We show that if C,(f) is a surjective and light
map for some n > 2, then f is a homeomorphism.

Finally, in the Section 4, we show that if f is a confluent map such that C(C(f)) is
light, then f is a homeomorphism.

2 Definitions

If (X, d) is a metric space, then given A C X the closure of A is denoted by Clx(A).
The cardinality of A is denoted by |A|. The symbol N denotes the set of positive
integer. A continuum is a nonempty, compact, connected and metric space. A map
is assumed to be a continuous function. The symbol A & B means that A C B and
A # B. Given a continuum X, we consider the following hyperspaces of X:
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(i) 2% ={A C X:Aisclosed and nonempty};
(i) C,(X)={A¢€ 2% : A has at most n components}, n € N.

Here, 2% is topologized with the Vietoris topology [6} p. 3], which is generated by the
collection of sets (U, Us, . .., U;), where U, U,, . .., U, are open sets in X and

1
(U, Uy, ...,U)={Ae€2X:Ac |JU;and ANU; # & for each i}.
i=1

The set C,(X) is a subspace of 2X. The reader may see [6}[7] for general informa-
tion about hyperspaces.

Let f: X — Y be a map between continua. Then the function 2/ : 2X — 2¥ given
by 2/(A) = f(A) for each A € 2%, is called the induced map between 2 and 2Y.
The function 27|, (x) is denoted by C,(f) and it is called the induced map between
the hyperspaces C,,(X) and C,(Y). In [6, p. 106], it was shown that 21 is a map. Since
21(C (X)) € C,(Y), C,(f) is a map between C,,(X) and C,(Y), for each n € N.

Definition 2.1 Let f: X — Y be a map between continua. Then f is said to be

(i) lightif f~'(f(x)) is totally disconnected for each x € X;

(ii) monotone if the inverse image of any point in Y is connected;

(iii) confluent if for each subcontinuum Q of Y, each component of f~1(Q) is
mapped onto Q by f;

(iv) weakly confluent if for each subcontinuum Q of Y, there exists a component P

of f71(Q) such that f(P) = Q.

Notice that by definition every monotone map is confluent, every confluent map
is weakly confluent, and every weakly confluent map is surjective. Moreover, it is easy
to prove that f is a weakly confluent map if and only if C,(f) is surjective, for any
n € N [3} Proposition 1].

3 Lightness of the Induced Map C,(f)
The next proposition is a generalization of [11} (1.212.3) p. 158].

Proposition 3.1 Let f: X — Y be a map between continua and let n € N. Then
C.(f) is light if and only if for each two points A and B of C,,(X) such that A & B and
each component of B intersects A, we have that f(A) & f(B).

Proof Suppose first that there are two points A and B in C,(X) such that A & B,
each component of B intersects A, and f(A) = f(B). Hence, there is an order arc o
from A to B in C,(X) [7, Theorem 1.8.20]. Clearly, C,(f)(c) = {f(A)}. Therefore,
C,(f) is not light.

Now we assume that C,(f) is not light. Thus, there is a nondegenerate sub-
continuum A of C,(X) such that C,(f)(A) = {D} for some D € C,(Y). By [Z,
Lemma 6.1.1], YA € C,(X). Since A is nondegenerate, there is A € A such that
A # |JA. Moreover, each component of UA intersects A, by [5, Lemma 3.1]. There-
fore, A ¢ |JA and f(A) = f(UA) =D. [ |
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We use the following simple two facts.

Fact 3.2 1If f: X — Y is a light map and A is a proper subcontinuum of X, then
f)a is also light.

Fact 3.3 Let f: X — Y be a map between continua such that there exists a point
y € Y where f~!(y) is not connected. If P and Q are two different components of
= (), then there is an open subset W of Y such that y € W and, P and Q belong
to different components of f~1(W).

Remark 3.4 Notice that since C,(f) = 2/|c,(x), we have that if 2 is light, then
C,(f) is light, by Fact 3.2l Let m < n. It is not difficult to prove that C,,(f) =
Cu(Nlc,co- Thus, if C,(f) is light, then C,,( f) is light.

The next theorem shows a necessary and sufficient condition for the lightness of
C,(f) forany n > 2.

Theorem 3.5 Let f: X — Y be a map between continua and let n > 2. The following
are equivalent conditions:

(i)  For every two nondegenerate and disjoint subcontinua P and Q of X, we have that
fP)\ f(Q) # @ and f(Q) \ f(P) # ;
(i) C,(f) is light.

Proof Suppose that f satisfies (i). We show that C,(f) is light. Let A and B be points
of C,(X) such that A & B and each component of B intersects A. Let A;, A, ..., Ap
be disjoint subcontinua of X such that A = A; UA,U---UA,, for some m < n. Since
A ¢ B, without loss of generality, we may suppose that A; & B; for some component
By of B. We prove that f(B;) \ f(A) # &.

First, we show that f(B;) \ f(A;) # @. Since A; & By, there is a nondegenerate
subcontinuum L; in B; \ A; by [9} Corollary 5.5]. Clearly, L; N A; = &. Since f
satisfies (i), f(L1) \ f(A1) # &. Therefore, f(B)) \ f(A)) # @.

Now we suppose that f(By) \ f(A; UA, U---UAg) # &, for some
ke{1,2,....,m—1}.

We prove that f(By) \ f(A; UAy U+ UAUAk) # 2.
We show first that

(3.1) B\ (f '(f(ALUA U+ UAR)) UAk) # .

Suppose that B; C f'(f(A; UA, U -+ UAg)) U Agyy. Since Ay & By, By
is a continuum, and A; is a component of A for each i € {1,2,...,k + 1}, we
have that B; \ (Aj U A, U -+ U A1) # . Hence, by [9, Corollary 5.5], there
exists a nondegenerate subcontinuum K of By \ (A; U Ay U -+ U Agyq). Since
B C fTH(f(ATUA U UAL)) UAp,

(3.2) KCf ' (flAlUA U---UAD))\ (AL UA, U---UA).
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Thus, it is easy to show that
(33) K= (fA)NK U (fA))NK) U U(f (f(A)) NK).

Claim 3.6 Ifi € {1,2,... k}, then f~1(f(A;))NK is closed and totally disconnected.

Let j € {1,2,...,k}. Clearly, f~'(f(A;)) N K is closed. Suppose that
f71(f(A;)) N K has a nondegenerate component R. Notice that RN A; = &, by
(B:2). But, R and A; contradict condition (i). Therefore, f~'(f(A;)) N K is totally
disconnected and Claim [3.6lis proved.

Notice that f~!(f(A;)) N K is 0-dimensional for each i € {1,2,...,k}, by [10,
Theorem 4.7]. Since K is a finite union of 0-dimensional and closed sets, K is
0-dimensional by [10, Theorem 5.2] (see (3.3)). But this contradicts the fact that
K is a nondegenerate continuum. Therefore, we have that (3.1)) is true.

Let L; be a nondegenerate subcontinuum of By \ (f 1 (f(A; UA,U- - -UAg))UAgs1)
[, Corollary 5.5]. Clearly, f(Ly) N f(A; UA,U---UAg) = &. Thus, Ly and Ay, are
nondegenerate subcontinua of X such that Ly N Ax; = &. Hence, f(Li) \ f(Ags1) #
@ by condition (i).Since f(Ly) C f(By), f(B1) \ f(AJ UAy U+ U Ap) # 2.
Thus, f(By) \ f(A) # @. Since f(B)) C f(B), f(B) \ f(4) # @ and f(A) & f(B).
Therefore, C,,( f) is a light map, by Proposition 3.11

Conversely, we suppose that condition (i) does not hold. Let A and B be nonde-
generate subcontinua of X, such that AN B = @ and f(A) C f(B). Leta € A and
n > 2. We define Pand Q in C,(X) by P = {a} UBand Q = AU B. Clearly, P & Q,
each component of Q intersects P and f(P) = f(Q). Therefore, C,(f) is not light by
Proposition[3.1] [ |

The next corollary follows from Theorem [3.5]

Corollary 3.7 Let f: X — Y be a map between continua and let n and m be positive
integers greater than 1. Then C,(f) is light if and only if C,,(f) is light.

By Theorem[3.5and [2, Corollary 5.5], we have the following proposition.

Proposition 3.8 Let f: X — Y be a map between continua. Consider the following
conditions:

(G) 2/ is light;

(ii) C,(f) is light for every n > 2;

(iil) C(f) is light;

(iv) f is light.

Then (i) implies (i), (ii) implies (iii), and (iii) implies (iv).

The reader can find examples where the other implications are not true in [2].
Regarding the implications: (ii) implies (i) and (iii) implies (ii) the reader needs to
use Theorem[3.5]to find the appropriate examples.

Theorem 3.9 Let f: X — Y be a weakly confluent map between continua and let
n > 2. If C,(f) is light, then f is a homeomorphism.
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Proof We prove that f is monotone. Suppose that there are two points p; and p, of
X such that f(p;) = f(p2). Since C,(f) is light, f is light by Proposition[3.8 Thus,
{p1} and {p,} are components of f~1(f(p;)).

By Fact[3.3] there is an open subset W of Y such that f(p;) € W and both p,
and p; belong to different components of f~!(W). Let P; and P, be nondegenerate
subcontinua of f~!(W) such that p; € P, and p, € P, [9, Corollary 5.5]. Since f is
light, f(P;) and f(P,) are nondegenerate subcontinua of W.

Let K = f(P1) U f(P,). Since f(p1) € f(P1) N f(P,), K is a subcontinuum of
W. Since f is weakly confluent, there exists a component Q of f~!(K) such that
f(Q) = K. Notice that since p; and p, belong to different components of f~*(W),
we have that either QN P, = For QN P, = &. Clearly, f(P;) C f(Q) and
f(Py) C f(Q). But this contradicts the fact that C,(f) is light by Theorem 3.5
Therefore, f is monotone. It is not difficult to show that a monotone and light map
between continua is a homeomorphism and the proof is complete. ]

In [2, Example 4.5], a map f between continua is given such that C(f) is light,
surjective and f is not monotone.

Corollary 3.10 Let f: X — Y be a weakly confluent map between continua. If 21 is
light, then f is a homeomorphism.

Proof Since 2/ is light, C,,(f) is light for each n > 2 by Proposition 3.8l Now the
corollary follows from Theorem[3.9 ]

By Theorem[3.5land [2, Corollary 5.7], we have the following result.

Theorem 3.11 Let X be an arcwise connected continuum, let f: X — Y be a map
between continua and let n > 2. Then C,(f) is light if and only if C(f) is light.

Theorems[B.9and B.11limply the following corollary.

Corollary 3.12 Let X be an arcwise connected continuum and let f: X — Y be a
weakly confluent map. If C(f) is light, then f is a homeomorphism.

A dendroid is an arcwise connected and hereditarily unicoherent continuum. A
point p in a dendroid X is called a ramification point, if X \ {p} has three or more
components. A dendrite is a locally connected dendroid. For general information
about dendroids or dendrites, the reader may see [7,[9].

Proposition 3.13 LetY be a dendrite with only a finite number of ramification points,
and let f: [0,1] — Y be a surjective map. If C(f) is light, then f is a homeomorphism.

Proof We prove that f is monotone. Suppose that there are two different points a
and b in [0, 1] such that f(a) = f(b). Since f is light (see Proposition3.8), {a} and
{b} are components of f~!(f(a)). Suppose that a < b. Observe that f([a, b]) is a
nondegenerate subdendrite of Y [9, Corollary 10.6].

Let ¢ € [a,b] such that f(c) is an end point and different from f(a) = f(b).
Since Y has only a finite number of ramification points, there exists a point y, €
Y such that the arc from y, to f(c), denoted by f, is a free arc in Y. Notice that
B C f(la,c]) N f([c,b]). Letty = max{f(y) N [a,c]}. Itis easy to show that
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f([to,c]) = B. Hence, [c,b] & [to,b] and f([c,b]) = f([xo,b]). Thus, C(f) is not
light by Proposition B.Il Hence, f is monotone and a light map. Therefore, f is a
homeomorphism. ]

Theorem 3.14 Let f: X — Y be a map, where X is an arcwise connected continuum
and Y is a dendroid with only a finite number of ramification points. If C(f) is light,
then f is a homeomorphism.

Proof We prove that f is monotone. Suppose there exist two points a and b in X
such that f(a) = f(b) and a and b belong to different components of f~(f(a)).
Let o be an arc in X, where a and b are the end points of a. Since C(f) is light,
C(f)lc(a) is light by FactB2l It is easy to show that C(f)|cw) = C(f|a)- Hence, fa
is a homeomorphism by Proposition[3.13] This contradicts the fact that f(a) = f(b).
Thus, f is monotone. Since C(f) is light, f is light by Proposition[B.8l Therefore, f
is a homeomorphism. ]

Corollary 3.15 Let f: X — Y be a map, where X is an arcwise connected continuum
andY is a dendroid with only a finite number of ramification points. Then the following
are equivalent:

() 2/ is light;

(ii) Cu(f) is light, for some n > 2;

(iii) C(f) is light;

(iv) f is a homeomorphism.

Proof (i) implies (ii) and (ii) implies (iii) follows from Proposition 3.8l If C(f) is
light, then f is a homeomorphism by Theorem[3.T4l Finally, it is known that since f
is a homeomorphism, 2/ is a homeomorphism. Therefore, 2/ is light and our proof
is complete. ]

The next example shows that the condition Y has only a finite number of ramifi-
cation points may not be removed.

Example 3.16 Thereisamap f: [0,1] — X, where X is a dendrite such that 2/ is
light and f is not a homeomorphism.

Let X; = {(x,0) : =1 < x < 1}. Define fi: [0,1] — X such that:
* £i(0) = fi(1) = (=1,0) and fi(5) = (1,0);

. f1|[0,%] and ]‘1|[%71] are homeomorphisms.

Now let X, = X; U Ji;, where J;; = {(0,y) : —% <y< %}, i.e., J;1 is an arc whose
midpoint divides X; into two equal parts, and the size of Jj; is half of the size of X.
Notice that X, has four maximal free arcs. We divide [0, 1] into 8 equal parts, i.e.,

{[4, %] :i = 0,1,...,7}, and define f: [0,1] — X, an a surjective map, such

that:

* £0) = £(1) = (=1,0)and fo(3) = (1,0).

. f2|[§,%1] is a homeomorphism from [é, ’%] onto a maximal free arc of X,, for
eachi =0,1,...,7. We do this counter clockwise.
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Figure 1 may clarify the definition of f,.

It is important to note that if f,(¢) is an end point of X, different of (—1,0), then
£A0) = {t}.

We do one more step. Let X3 = X; U (o1 U Joo U o3 U Ja), where for each
i € {1,2,3,4} J5; is an arc whose midpoint divides each maximal free arc of X, into
two equal parts, and the size of J,; is half of the size of the arc which it divides. The
continuum X3 has 16 maximal free arcs. We divide [0, 1] into 32 equal parts, i.e.,
{[&,5] i € {0,1,...,31}} and define f;: [0,1] — X; to be a surjective map

327 32
such that:
. f3(§) = fz(é) foreachi € {0,1,.. .,8}; .
* flji i, is a homeomorphism from [%, %] onto a maximal free arc of X, for
l5:5] 327 32

eachi € {0,1,...,31}. We do this counter clockwise (see Figure 2).

X; £
A
I o o e o e e o | f3 /T\ %% /T\\j%(%)
’ 1 oV %i% Vo
(

o

1
4

Figure 2

Inductively, suppose we have defined a dendrite X,,_; and a surjective map
fn—l : [Oa 1] — Xﬂ—h

such that X,_; has 4”2 maximal free arcs and fn_1|[ i i is a homeo-

2@n—2) 2an—2)
morphism from [m, 2(;%32)] onto a maximal free arc of X,,_;, for each i €

{0,1,...,2(4"%) — 1} Let X, = X1 U {Ju—1; = 1 < i < 4"72}, where J,_1;
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is an arc whose midpoint divides each maximal free arc of X,_; into two equal
parts, and the size of J,_;; is half the size of the arc which it divides, for each
i€{1,2,...,4"?}. Wedivide [0, 1] into 2(4" ') equal parts, i.e., {| @ ,2(311)]:
0<i< 2(4" -1} and define f,,: [0, 1] — X,, an a surjective map, such that:

e, 4" 2@=7) = fuo1(zz=n 4ﬂ 5 ), foreach i € {0,1,.. 2(4"*2)}-

A i) isa homeomorphlsm from [57=
z(4n 2@ni—T) @1,

arc oan, for each i=0,1,...,2(4" 1) — 1. We do thls counter clockwise.

It is 1mportant to emphasize that for every interval [ 5=, 41”+11 ], there exists a point

te [4,1 - 4’,,“1 ] such that f,,(t) is an end point of X,, for eachi € {0,1,...,4"" 1 —1}.
Thus, f, '(f.(t)) = {t}. Also, if fi(t) is an end point of X, then f,(t) = fi(¢) for
every m > kand f,,(t) is an end point of X,,.

Let X = £i£1{Xn, on}> where ¢, X, — X, defined by

(b (x) _ {x if x ¢ ],',

) 2(4,, -7y | onto a maximal free

pi ifxe€ J;,, where {p;} = Jo—1i N Xp—1.

Remember that X,, = X, U {J,—1; : i € {1,2,...,4"%}}. Since ¢, is mono-
tone, for each n € N, X is a dendrite [[Z, Corollaries 2.1.14, 2.1.26]. Let I =
gn{[o, 1], ¢n}, where [0,1], = [0,1] and ¢,: [0,1] — [0, 1] is defined such that
o fu = fa—1 0@, for each n € N. It is possible to check that ¢, is monotone, for
each n € N. Thus, I is homeomorphic to [0, 1].
Let f: I — X be defined by f({t.};2,) = {fu(ta)}s2,. Then the map f is a
surjective map by [[7, Theorem 2.1.48]. Clearly, f is not a homeomorphism.

Claim 3.17 Theset{t € I1: f~'(f(t)) = {t}} isdensein L.

Let U be an open subset of I. Then there exists a positive integer #n such that

[4n’;l , %] C U for somei € {0,1,...,4"! — 1}. Hence, there exists a point
t € [z, 41:_11] such that fi(t) = f,(t) and fi(¢) is an end point of X for every

k > n. Furthermore, f ' (fi(t)) = {t} for every k > n. Therefore, f~!(f(t)) = {t}
and the claim is proved.

Finally, we prove that 2/ is light. Let A and B be points in 2 such that A ¢ B
and each component of B intersects A. It is not difficult to show that there is an
open subset U of I such that U C B\ A. By Claim[307] there is t € U such that
f7U(f(t)) = {t}. Thus, f(t) € f(B)\ f(A). Therefore, f(A) & f(B) and 2/ is a
light map, by [12} (3.6) p. 183].

The idea of the next example is similar to [2, Example 5.2]. It gives a map f
defined between arcwise connected continua such that C,,( f) is light for everyn € N
and 2/ is not light, giving a negative answer to [2, Questions 5.1 and 5.9].

Example 3.18 Let C be the Cantor set and let Z = C x [0, 1]. Let p be the Cantor
function from C onto [0, 1] defined in [4} Figure 3-19, p.131]. We define the relation
Ron Zby

(21, y1)R(x2, y>) if and only if(x1, y1) = (x2, 2)
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or

(y1 = y2 = land p(x;) = p(x2)).

Let X = Z/R. Clearly, X is a dendroid (in particular, it is arcwise connected).
Similarly, let Y = Z/R’, where R’ is a relation on Z defined by

(x1, y1)R'(x2, y2) if and only if(x, y1) = (x2, y2)

or

(1,72 € {0, 1} and p(x1) = p(x,)).

Notice that R C R’. Let f be the natural map from X onto Y induced by the

quotient maps gg and gg-, i.e., f 0 gqr = qgr’. Let A and B be the closed subsets of X
defined by

A=(Cx{0o}hu {(i, 1)} and B= (C x {0}) Uqr({(x,1) : x € C}).

Clearly, A & B and each component of B intersects A. Moreover, f(A) = f(B). Let
a be an order arc in 2% from A to B [7} Theorem 1.8.20]. Clearly, 2f () = {f(A)}.
Therefore, 27 is not light.

Let P and Q be disjoint and nondegenerate subcontinua of X. Notice that
flx\@cx{o}) is a bijection. Since P and Q are nondegenerate subcontinua of X,
there are points p € P and q € Q such that {p,q} C X \ (C x {0}). Hence,
f(p) € f(P)\ f(Q)and f(q) € f(Q)\ f(P). Thus, C,(f) is light for n > 2 by
Theorem[3.5 Therefore, C,(f) is light for every n € N, by Theorem[3.11}

A map defined between continua f: X — Y is called of order smaller than or equal
to k,if | f "' (y)| < k for every y € Y. The maps of order smaller than or equal to 2
are said to be simple [T} p. 84]. Notice that Example[3.18|gives a map between arcwise
connected continua f of order smaller than or equal to 3.

The next theorem shows that there is not a simple map f, such that C,(f) is light
for some 1 > 2 and 2/ is not light.

Theorem 3.19 Let f: X — Y be a simple map between continua. Then 27 is light if
and only if C,(f) is light for some n > 2.

Proof If2/ islight, then C,(f) is light, by Proposition[3.8l Let f: X — Y bea simple
map between continua. We assume that 2/ is not light. Thus, there exist two points
A and B in 2¥ such that A ¢ B, each component of B intersects A and f(A) = f(B)
[2} Theorem 3.6].

Let b € B\ A. Let By be the component of B such that b € By. By [9} Corollary
5.5], there is a nondegenerate subcontinuum D of By \ A. Since f is simple, f is
light. Hence, f(D) is a nondegenerate subcontinuum of Y. Notice that f(D) C f(B).
Thus, f(D) C f(A). Let E = f~1(f(D)) N A. Clearly, f(E) = f(D).

We show that E is connected. Suppose that E is not connected. Then there exist
two closed subsets F; and F, of E such that E = F; UF, and F; N F, = &. Observe

https://doi.org/10.4153/CMB-2011-040-9 Published online by Cambridge University Press


https://doi.org/10.4153/CMB-2011-040-9

616 J. Camargo

that F; and F, are closed subsets of X, and f(D) = f(F;) U f(F,). Since f(D) is
connected, f(F;) N f(F,) # . Hence, there are x; € F, and x, € F, such that
f(x1) = f(xz). Since f is simple, either x; € D or x, € D. But this contradicts the
fact that D N A = &. Therefore, E is connected.

Finally, D and E are disjoint and nondegenerate subcontinua of X such that
f(D) = f(E). Therefore, C,(f) is not light by Theorem[3.5 [ |

In [2, Example 4.5] a simple map f is given such that C(f) is light and 2/ is not
light.

A continuum X is decomposable provided that it can be written as the union of
two of its proper subcontinua. We said that X is indecomposable if it is not decom-
posable. We said that X is hereditarily decomposable (hereditarily indecomposable) if
each subcontinuum of X is decomposable (indecomposable, respectively).

Proposition 3.20 Let f: X — Y be a surjective map between continua where Y is
indecomposable. If C(f) is light, then X is indecomposable.

Proof Let f: X — Y be a map between continua where Y is indecomposable. Sup-
pose that X is decomposable. Thus, there are two proper subcontinua A and B of X
such that X = A U B. Clearly, Y = f(A) U f(B). Since Y is indecomposable, either
f(A) =Y or f(B) =Y. Suppose that f(B) = Y. Hence, there exists an order arc « in
C(X) from Bto X [, Theorem 14.6]. It is easy to see that C(f)(«) = {Y }. Therefore,
C(f) is not light. Similarly, if f(A) =Y. ]

A similar argument shows the following proposition.

Proposition 3.21 Let f: X — Y be a map between continua where Y is hereditarily
indecomposable. If C(f) is light, then X is hereditarily indecomposable.

In 2, Example 4.5], a map f between indecomposable continua is given such that
C(f) is light and f is not monotone.

Question 3.22 Let f be a map between hereditarily indecomposable continua. IfC(f)
is light, then does it follow that f is a homeomorphism?

4 Lightness of the Induced Map C(C(f))

The main result in this section is Theorem[4.2] where we show that if f is a confluent
map and C(C(f)) is light, then f is a homeomorphism. The following result may be
found in [5, Lemma 6.1].

Lemma 4.1 Let f: X — Y be a confluent map. If o is an arc in C(Y) and 3 is a
component of C(f)~ (), then C(f)(8) = a.

Theorem 4.2 Let f: X — Y be a confluent map between continua. If C(C(f)) is
light, then f is a homeomorphism.

Proof Let f: X — Y be a confluent map between continua such that C(C(f)) is
light.
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Let A and B be nondegenerate subcontinua of X such that A N B = &. We prove
that f(A)\ f(B) # @. Suppose that f(A) C f(B). Without loss of generality, we may
suppose that f(A) & f(B), because if f(A) = f(B), then there is a nondegenerate
continuum Ay & A and, since C(f) is light by Proposition[3.8] we have that f(Ay) &
f(A) by Proposition B.Il Hence, A N B = @ and f(Ay) & f(B). Therefore, we
assume that f(A) & f(B).

Let D be the component of f~!(f(B)) such that A C D. Since f is confluent,
f(D) = f(B). Observe that if D N B # &, then B & D. But this contradicts the fact
that C(f) is light by Proposition[3.1l Thus, DN B = @.

Let v be an order arc in C(X) from A to D [6, Theorem 14.6]. Since f is light,
it is not difficult to show that C(f)(y) is an arc in C(Y) from f(A) to f(B). Let ¢
be the component of C(f)~*(C(f)(7)) such that B € ¢. By Lemmal&1l C(f)(¢) =
C(f)(~). Since ¢ is a component, we have eithery & (oryN ¢ = 2.

Notice that v & ( contradicts the fact that C(C(f)) is light by Proposition [3.11
Hence, suppose that v N ¢ = @. Notice that v and { are nondegenerate subcontinua
of C(X) and C(f)(¢) = C(f)(7y). Thus, C,(C(f)) is not light by Theorem[B.5] Since
C(X) is arcwise connected, C(C(f)) is not light by Theorem[3.111

Thus, f(A) \ f(B) # <. Similarly, we show that f(B) \ f(A) # @. Hence, C,(f)
is light for some n > 2. Therefore, f is a homeomorphism by Theorem[3.9 ]

Corollary 4.3 Let f: X — Y be a map between continua where Y is hereditarily
indecomposable. If C(C(f)) is light, then f is a homeomorphism.

Proof LetY be a hereditarily indecomposable continuum and let f: X — Y be a
map. By [8, (6.11), p 53], f is confluent. Thus, the corollary follows of Theorem
[4.21 [

Let f(t) = €™ be a map from [0,1] to S'. It is not difficult to show that
C(Nleo\f{oy.{1}} is an injective map. Thus, if A and B are subcontinua of
C([0,1]) such that A & B, then C(f)(A) & C(f)(B). Therefore, C(C(f)) is light
and, clearly, f is not a homeomorphism.

Question 4.4 Let f be a weakly confluent map. If C(C(f)) is light, then does it follow
that f is a homeomorphism?
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