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On 6-Dimensional Nearly Kahler
Manifolds

Yoshiyuki Watanabe and Young Jin Suh

Abstract. In this paper we give a sufficient condition for a complete, simply connected, and strict
nearly Kihler manifold of dimension 6 to be a homogeneous nearly Kdhler manifold. This result was
announced in a previous paper by the first author.

1 Introduction

An almost Hermitian manifold (M,g, ) is said to be nearly Kahler (NK) if
(Vx)(X) = 0 is satisfied for all vector fields X on M, where V denotes the Levi-
Civita connection associated with the metric g. An NK manifold is called strict if
Vx J#0 for any nonvanishing vector field X € TM, where TM denotes the tangent
bundle of M.

Nearly Kéhler manifolds are characterized as almost Hermitian manifolds such
that the canonical Hermitian connection V has parallel torsion tensor.

On the other hand, Nagy proved in [10, 11] that, in the compact case, his study
amounts to that of quaternion-Kahler manifolds with positive scalar curvature (see
Alexandrov, Grantcharov, and Ivanov [1]) and nearly Kdhler manifolds of dimen-
sion 6. Thus our focus on the study of such manifolds of dimension 6 can be justified
by his results.

In dimension 6, the only known examples of compact NK manifolds are the
3-symmetric spaces S°, $* x $%, CP?, and the complex flag manifold

F(1,2) =U(3)/[U(1) x U(1) x U(1)].

Moreover, Butruille [2] proved that there are no other homogeneous examples.
Recently, Moroianu, Nagy, and Semmelmann [9] proved that if a compact NK
manifold (M?®, g, J) admits a Killing vector field of constant length, then, up to a
finite cover, (M®, g, J) is isomeric to §> x S*> endowed with its canonical NK structure.
We also remark that in dimension 6, NK manifolds are related to the existence of a
Killing spinor (see Grunewald [6]).
Motivated by above facts, in this paper we prove the following theorem.
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Main Theorem Let (M, g, ]) be a strict, simply connected, complete nearly Kihler
manifold of dimension 6. If | VR||*> = < ||Z||?, then M is a homogeneous nearly Kiihler
manifold, where R, S, and Z denote the curvature tensor, the scalar curvature, and the
concircular tensor of M respectively.

2 Preliminaries

In this section, we explain our notation and write down some important curvature
identities. Let (M, g, J) be a connected almost Hermitian manifold. Then we have
g(JX,JY) =g(X,Y) forall X, Y € TM. Throughout this paper we shall assume that
(M, g, ]) is nearly Kihler, that is, (Vx J)(X) = 0 forall X € TM.

Let R denote the curvature tensor defined by R(X,Y)Z = Vxy1Z — [Vx, Vy]Z
for any vector fields X and Y in TM. Let R(X,Y,Z, W) = g(R(X,Y)Z, W) denote
the value of the curvature tensor for every X,Y, Z, and W in TM. Then we have the
following identities (see [3,5,12,13,15]):

(2.1) (Vx DY)+ (VixN(JY) = 0;

(2.2) (VxDUY) + J((Vx (X)) = 0;

(2.3) RW,X,Y,Z) = RW, X, JY, JZ) = g(Vw )(X), (Vy ])(2)),
and

(2.4) R(W,X,Y,Z) = RUW, JX, JY, JZ).

We now define linear transformations R; and R;* by

2n
Ric(X,Y) = g(Ri(X),Y) = > R(X,e;,Y,e;) and
i=1
1 2n
Ric* (X, Y) = g(R"(X),Y) = - ;R(K JY, e, Jei)

respectively, where {ej, ..., e, } denotes a local orthonormal frame field on M. We
shall call Ric the Ricci tensor of the metric and Ric* the Ricci* tensor respectively.
Then by using (2.3)), the following formulas are easy to prove :

(2.5) RyJ = JRy, RY] = JRy.

There are two invariants of the curvature tensor of a NK manifold, namely

2n 2n
S=Y s(Ri(e),e),  S*=> gRi(e),e),
i=1 i=1

called the scalar curvature (resp. the scalar * curvature). Here we also write

2n

2n 2n
IRIP =" Rij,  [IRic|® =) Ry, [Ric"|> =Y R, etc,
i=1 i=1

i=1

where R;; = Ric(e;, ¢j) and R}; = Ric*(e;, e;).
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3 Nearly Kahler Geometry
First, note that Ric — Ric" is given by the formula

2n

(3.1) (Ric — Ric")(X,Y) = Zg((vxf)ei,(vy])ei)

i=1

for all vector fields X,Y on M (see [7]). Furthermore, the first author and K. Taka-
matsu [15] proved that

2n
(32) > (Ric—Ric")(ei, e))(R(X, €, Y, ¢;) — 5R(X, ¢, JY, Jej)) = 0
ij=1
(see Gray [5] for another proof).

An object of particular importance is the canonical Hermitian connection defined
by

- 1

It is easy to see (Yano [18]) that V is the unique linear connection on M, satisfying
(3.4) Vg =0, V=0,

from which in particular, we have

(3.5) V(V])=o0.

Therefore, note that the torsion of V given by N(X,Y) = (VxJ)JY satisfies

(3.6) VN =0.

Nagy remarked in [11] that Ric — Ric* has strong geometric properties. To begin
with, we have

(3.7) V(Ric — Ric*) = 0.

By making use of and (3.7)), he proved the following theorem.

Theorem 3.1 Let (M, g, ]) bea complete, strict, nearly Kihler manifold. Then it holds

that

(i) if g is not an Einstein metric, the canonical Hermitian connection has reduced
holonomy;

(ii) the metric g has positive Ricci curvature, hence M is compact with a finite funda-
mental group;

(iii) the scalar curvature S of the metric g is a positive constant.
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4 New Curvature Identities in 6-Dimensional NK Manifolds

In lower dimensions, the nearly Kahler manifolds are widely determined. If M is
nearly Kahlerian with dim M < 4, then M is Kahlerian. If dim M = 6, then we have
the following (see [3,5,8, 17]).

Proposition 4.1 Let (M,g,]) be a 6-dimensional, strict, nearly Kihler manifold.
Then we have

(1) V] has constant type [4]; that is,
S
(4.1) IOV DY P = S5 UIXIPIY I = g(X,Y)* — g UX, )%}

for all vector fields X and Y,
(ii) the first Chern class of (M, ]) vanishes, and
(iii) M is an Einstein manifold;

N N
4.2 Ric = - Ric* = —g.
(4.2) ic=2g  Ric= ¢

Furthermore, from this proposition we can prove the following lemma (see [3, 5,
17]).

Lemma 4.2 For vector fields W, X, Y, and Z, we have
S
4.3) g((VwDX,(Vy])Z) = %{g(W,Y)g(X, Z) —gW,2)g(X,Y)

and
(44) g(VwVzDX,Y) =

%{g(W, 202X, Y) — g(W, X)g(JZ,Y) + g(W, Y)g(JZ, X)}.

On the other hand, it can be easily seen from (4.2]) and the proof of Lemma 3.3 in

[15] that

(45) ijz"lgUei,ej)R(e,-,e,-,X,Y) = 2 UxY)

and |

(46) 55 e(Valles )R(e; €1, Y. 2) = =g(Vx )Y, 2).

i,j=1

Operating V to the last equation and using (4.2]), we have

2n S
(4.7) > 8((Vx))ei,e))(VyR) (e, e, Z, W) = _EZUX’ Y,Z,W),
ij=1

where the concircular tensor Z is defined by

S
(48) Z(X,Y,Z, W) =R(X,Y,Z,W) — %{g(X,Z)g(Y,W) —g(X, W)g(Y, 2)}.
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5 Homogeneity in 6-Dimensional NK Manifolds

In this section, we will use the natural frame as a local frame field and adopt the
so-called Einstein summation convention with respect to repeated indices for a long
computation using the identities from (2.1]) to (4.8).

In the terminology of [14], we shall show that the tensor field T, given by

1
(5.1) T(X,Y) = S(VxDJY,
is a homogeneous structure. Then T has the local components
1

(5.1) T;j* = _E(Vi]js)]sk-

For this purpose, let us consider the tensor field VR, given by

(52) (VwR)(X,Y)Z = (VwR)(X,Y)Z — T(W,R(X,Y)Z)

+R(X,Y)T(W,Z) + R(T(W,X),Y)Z +R(X, TW,Y))Z.

Then VR has the local components

_ 1 1
(5.2')  ViRjin = ViRyjin + Estih(V/{Ika)Ias + ERksih(vé‘]ja)]as

1 1
+ ERkjsh(v(/,Iia)]aS + ERkjis(vé]hu)IaS~

Here we set ¢ = 3—50. Then by using the identities from 2] to (4.8), we have the
following four kinds of formulas ((5.3)—(5.6))):
Making use of the Bianchi’s identities, (2.11), (£.7), and (£.2), we have
(VRiin)RIM(VE T ) I = — (ViRjuin + V jRun) (VT 4) J* RET

1 ;
=5 JV o J*(V R i) R

S )
= — a{stih - %(gjigsh - gjhgsi)}Rsﬂh

~a(im - ).

In a similar way, we have
(VeRjin)RI™ (VT J* = (Ve Rejin) R (V) Jag
= (VeRyjin) RI (V') I
= (VRyjin) R (V! J') I
= —a|z|?,

(5.3)
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Taking into account (3.J) and (£2)), we have
RNV T) JuRejin (Ve k) Ja® = RIPR jin(R™ — R**) Jy Jus
o = 4o R/
Making use of Lemma[d.2) (2.2)), (Z.3), and (£2)) , we have
RisinR 7™ (V] It (Ve J;) Ja* = RIPRS 3V Ju Ve Jjs
= aR™* R (gugin — gngji — Tiljn + JnTii)
= 2a(—||R||* + Sa + 6a?).
By using a similar method, we have
55) RisinR7™ (V' J) Jot (Ve ) Ja* = RiganRI*(V ) I (Ve J™) Jas
= 2a(—||R|* + S + 6a2).
By (Z.3) and (£.3)), we need the following for the proof of formula (5.6,
RIS TF TR = RIM KT Ry + g Tiv — gjiJia + Trigje — Jjighe) }
o %||R||2 + 250
Hence, by using (4.3) again, we have
R Risn(V ) Ju (Ve i) Ja® = RV o Ju (VO Ti) R
= aR"{guigin — gungii — JiJjn + JunJii }RE,
S

1 2 iy
— a(5||R||2 - RIS X Rigns + 607)

SZ
= a(—E +2Sa + 602).

In a similar way, we have the following

RIM R (VT Tt (Vo Ji) Ja® = R Rjio (VT T (V o I a®
= RO Ry (V) (Vo i) T

(5.6) = R Rejis(V ) (Ve I T

SZ
= a(—g +2Sa — 602).
Lemma 5.1 Let M be a strict nearly Kihler manifold with dim M = 6. Then we have

- S
(5.7) IVRI* = [ VR]* — —[|Z|1* > 0.
15
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Thus by (34) and (5.)), the Theorem of Ambrose and Singer (see Tricerri and
Vanhecke [14, page 14]) gives the following theorem.

Theorem 5.2 Let (M,g,]) be a strict nearly Kahler manifold with dimM = 6. If
[VR|* = 2||Z||, then M is locally homogeneous.

Then by using the result of Nagy (see [11, page 500]) we complete the proof of our
Main Theorem in the introduction.
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