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Abstract

Let W = {W,,: n € N} be a sequence of random vectors in ]Rd, d > 1. In this paper we
consider the logarithmic asymptotics of the extremes of W, that is, for any vector ¢ > 0
in R, we find that logP(3n € N: W,, > uq) asu — oo. We follow the approach of
the restricted large deviation principle introduced in Dufty (2003). That is, we assume
that, for every ¢ > 0, and some scalings {a,}, {v,}, (1/v,) loglP(W,/a, > uq) has a,
continuous in ¢, limit Jw (¢q). We allow the scalings {a, } and {v,} to be regularly varying
with a positive index. This approach is general enough to incorporate sequences W, such
that the probability law of W), /a,, satisfies the large deviation principle with continuous,
not necessarily convex, rate functions. The equations for these asymptotics are in
agreement with the literature.
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1. Introduction

Let W = {W,: n € N} be a sequence of random variables taking values in R. Define
Q = sup,~¢ W,. The random variable Q has been extensively studied: if W is time-reversible,
then Q has the same distribution as the steady-state workload distribution in a queue with free
process W (see, e.g. Reich (1958)); Q has also various relations with finance and insurance
risk. It is in general difficult to determine the distribution of Q. One could therefore settle
for the less ambitious goal of identifying the corresponding tail asymptotics, that is, finding a
function f, such that P(Q > u) ~ f(u) as u — oo (i.e. the ratio of the two tends to 1 as
u — 00). This, however, requires us to impose a quite restrictive structure on W, even in the
Gaussian setting. Therefore, one usually resorts to determining the logarithmic asymptotics of
the (right) tail of the distribution of Q. It has been observed that, in great generality,

logP(Q > u) =logP(An e N: W, > u) ~ logsupP(W,, > u) asu — oo. @))
n>0
The heuristic behind this claim is the principle of the largest term: rare events occur in the most
likely way. That is to say, if W is unlikely to ever reach level u, then conditional on W in fact
reaching u, with overwhelming probability this happens near to the most likely epoch.
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Using (1), the tail behavior of Q can be derived from the large deviation behavior of W;
this was originally proposed by Kesidis ez al. (1993) and later made rigorous by Glynn and
Whitt (1994). More formally, let A be the limiting cumulant generating function (CGF)
of W, that is, A(f) = lim,,_, n-! log E exp(6 W,,) when the limit exists, and let A satisfy
the assumptions of the Gértner—Ellis theorem. Then, by its virtue, the sequence of probability
measures {i,: n € N}, where u, is the law of W, /n, satisfies the large deviation principle
(LDP) with rate function A*, the Fenchel-Legendre transform of A (also known as the convex
conjugate of A); see Dembo and Zeitouni (1998) for the background on large deviations theory.
Under these assumptions, Glynn and Whitt (1994) assert that

1
lim —logP(3n € N: W, > u) = —sup{f: A(O9) < 0}. 2)

U—>o0 Y

Owing to its generality, this result is useful in a broad range of applications.

The result in Glynn and Whitt (1994) has been extended in a notable paper by Duffield and
O’Connell (1995) (see also Lelarge (2008)). The authors consider the logarithmic asymptotics
of the tail of Q, by imposing assumptions on random variables W, /a,, where {a,: n € N} is
some (not necessarily linear) scaling. It is assumed that the scaled limiting CGF of W, defined
as A(0) = lim,_ vn_1 log E exp(@v, W, /a,) for some sequence {v,: n € N}, exists as an
extended real number. The considered class of admissible scaling sequences is quite broad. It
includes the case when a € RV(A), v € RV(V) are two regularly varying sequences with
indices A, V > 0; this class is broad enough for most of the applications. Considering nonlinear
scalings allows us to incorporate, for instance, long/short range dependent sequences corre-
sponding to, for example, fractional Brownian motion. Similarly to Glynn and Whitt (1994),
it is assumed that A meets the assumptions of the Gartner—Ellis theorem. Consequently, the
sequence of probability measures {i,: n € N}, where u, is the law of W, /a,, satisfies the
LDP with speed v, and rate function A*. The main result from Duffield and O’Connell (1995)
states that, under some additional assumptions,

u—0o0

. 1 . —V/A A%
lim ——logP(@n e N: W,, > u) = —inf ¢ A (o), 3)
h(u) c>0

where h = v o a1 and a~! denotes the right inverse of a. It can be verified that (2) follows
from (3) in case of the linear scaling: a, = v, = n.

Both Duffield and O’Connell (1995) and Glynn and Whitt (1994) impose additional con-
ditions on W only to infer that the sequence of probability measures {1, : n € N}, whether p, is
the law of W,/n or W, /a,, satisfies the LDP with some well-behaved rate function.
By exploiting the Gértner—Ellis theorem, the considered class of possible rate functions is
limited to convex functions, whereas, in general, it could be any lower semicontinuous function.
Alternatively, therefore, one could assume that the LDP holds without any knowledge of how it
was inferred. Duffy er al. (2003) suggested a variant of this approach that allows us to consider
scaled sequences W with nonconvex rate functions. More formally, the authors proposed the
restricted large deviation principle (RLDP) instead of the classical LDP. That is, they required
that the limit

.1 Wy
lim — 1ogIE”(— > c) = —Jw(c) (@)

n—00 vy, a
exists for every ¢ > 0 and the function Jy is continuous on the interior of the set upon which it is
finite. Thus, if the LDP holds with a continuous (where finite) rate function Iy (and speed vy,),
then the RLDP holds with Jw(c) = infy>. Iw(x). Nevertheless, it is not required that Iy
has been inferred from the Gartner—FEllis theorem, nor, in principle, that the LDP holds at all.
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Observe that Ji does not give any information about the behavior of W for negative values
so that in general the LDP is not even a prerequisite for the RLDP to hold. The main result of
Dufty et al. (2003), under some additional assumptions, reads

1
lim —— logP@En € N: W,, > u) = — inf ¢~/ 4 Uy (c). (5)
u—o0 h(u) c>0

It can be verified that if Jw (c) = infy>. Iw(x) and Iy is convex, then (5) reduces to (3) in the
special case when Iy = A*.

Note that (4) is a statement about the limiting behavior of P(W,, /a, > c) with n growing
large. This condition does not extract any information about W for specific values of n, in
particular the initial values of W. The distribution of Q however, and, hence, the asymptotics
as well, does involve the whole sequence W. It is therefore possible that the asymptotics
of a single W, could dominate those of Q. For instance, one can greatly alter Q by simply
substituting Wy with a properly chosen heavy-tailed random variable Wo. To exclude such a
scenario, Duffy et al. (2003) introduced an additional, novel assumption referred to as the
uniform individual decay rate hypothesis; see Section 2.2. Roughly speaking it prevents
the sequence W from having an ‘unusual’ behavior for a single W,. In fact, Duffy ef al.
(2003, Section 4) points out that this issue was overlooked by Duffield and O’Connell (1995).
Thatis, in order for the results from Duffield and O’Connell (1995) to hold, one actually needs to
impose further conditions. In the light of the generality of the result by Duffy ez al. (2003), their
paper can be treated as the most up to date treatment of the subject of logarithmic asymptotics
for the supremum of a stochastic sequence.

In this paper we generalize and extend the result from Duffy et al. (2003) in multiple ways.
Firstly, in Theorem 4 we show that, under the assumptions of Duffy ef al. (2003), the sequence
of probability measures {11}V : u € R}, where 1)V (A) = P(3n € N: W, € uA), satisfies the
LDP with speed /4 (u) and rate function fW, such that fw (x) = x"/Aforx > 0, and fW (x) =00
for x < 0. In particular, for any A € B(R),

1
lim —— logP(3n € N: W, € uA) = — inf x"/4inf ¢c=V/4 Jw (¢). (6)
u— 00 h(u) XeA c>0

We can see that (6) extends (5) by setting A = (1, oo0). Theorem 4 is presented in Section 3.1.

Furthermore, in Section 3.2 we allow the sequence W to take values in R for anyd > 1,
rather than just R. As it turns out, this multidimensional setting imposes substantial additional
challenges, as compared to the single-dimensional setting. Regarding notation, to explicitly
distinguish the multidimensional case from the one-dimensional counterpart we will make

use of the usual boldface fonts. That is, we write x for the vector x = (xq, ..., x4), where
the dimension d should be clear from the context. All vector relations should be understood
coordinatewise; for instance, we write v > w to mean v; > w; foralli =1, ..., d. With this

notation, we consider a sequence W = {W,,: n € N} of random vectors in R?. The sequence W
is assumed to satisfy multidimensional analogues of the assumptions from Duffy et al. (2003);
see Section 2.2. In particular, it is assumed that the (multidimensional) RLDP holds, that is,
the limit

n—oo Un n

1 W,
lim —10g]P’<—” > q) =—Jw(g)

exists for any ¢ > 0. Our second contribution, Theorem 5, states that, for any vector ¢ > 0,
1
lim ——logP(En e N: W, > uq) = — inf C_V/AJW(cq). @)
n—o00 h(u) c>0

Obviously (7) is a generalization of (5) in the multidimensional sense.
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Another significant contribution is that we also discuss various relations and connections
with the existing literature. In Section 4.1 we present the relation between the RLDP approach,
as undertaken here and in Duffy ef al. (2003), and the approach via the CGFs, as undertaken
in Duffield and O’Connell (1995) and Glynn and Whitt (1994). In Section 4.2 we discuss the
various results of Collamore (1996), who considered a sequence of random vectors {Y,, : n € N}
in R?, such that the sequence of probability measures {1, : n € N}, where u,, corresponds to
the law of Y, /n, satisfies the LDP with a convex rate function. Collamore proved various LDP-
like statements for the sequence of probability measures {,uZ’N :u € R4}, where u,f’N (A) =
P(3n > N: Y, € uA). These results, not referred to in Duffy et al. (2003), coincide with
(5)—(7) in the case of N = 1, linear scaling and convex rate function. We provide a discussion
of these results also in Section 4.2.

We conclude our paper with Section 5, where we present an extension of Theorem 5 from
sequences {W,,: n € N} to stochastic processes {W;: t € R,}. Furthermore, we apply our
results to two examples. In the first example we treat heavy-tailed processes which exhibit
nonconvex rate functions, an example that was not covered by results that were known so far.
In the second example we compare our results with Debicki er al. (2010), which addresses a
similar problem for the case of W being Gaussian.

2. Preliminaries

In this paper we use the following notation. For a function f: RY — R we denote its domain
by Dy = {x: f(x) < 00}. Asalready introduced in Section 1, we shall work with the following
two functions a, v: Ry — R, which throughout the whole paper are assumed to be regularly
varying functions at infinity with positive indices A and V, respectively; we writea € RV (A)
and v € RV (V). It is well known that, for any regularly varying function f € RV(F) with
a positive index F, it is possible to construct a strictly increasing and continuous function f’

such that
po fen L flen L fen g
im = lim = lim =c".
t—oo f/(t) t—oo f(t) t—oo  f(t)
Therefore, without loss of generality, we assume that both a and v are continuous and strictly in-
creasing. We shall also speak about regularly varying sequences a, and v, definedby a,, = a(n)
and v, = v(n). Let a~! denote the inverse of a. Define a new function #: R, — R, by
h =voa~!. The function & belongs to the class RV (V/A). For details on regular variation,
see, e.g. Bingham et al. (1987).
For any subset A of R? we denote its cone by cone(A) = {Ax: x € A, A > 0}, its closure
by A, and interior by A°. For any convex function f on R, we define its Fenchel-Legendre
transform f* as f*(x) = supycpe ({0, X) — f(a)).

2.1. Large deviations theory

We follow the definitions and setup as used in Dembo and Zeitouni (1998). All probability
measures in this paper are assumed to be Borel measures. The function I: RY — [0, oo] is
called a rate function if I is lower semicontinuous and I % co. We say that [ is a good rate
function if, in addition, the level sets £, = {x: I (x) < a} are compact for each a > 0 (which
in fact is equivalent to the level sets being bounded as a function f is lower semicontinuous if
and only if its level sets are closed). A sequence of probability measures {11, : n € N} on R?
is said to satisfy the (LDP) with rate function I if, for all T" B(RY),

1 1
— inf I(x) <liminf —log u,(I") < lim sup — log i, (') < — inf I(x). (8)
xel° n—-oo n I

n—oo N xel
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Consider the empirical mean Z,, = (1/n) ZL] X; of a sequence of independent and identi-
cally distributed (i.i.d.) random vectors {X,,: n € N} in R?. Define Iy, as the law of Z,, and let
Ax = log Ee!®X1) be the (CGF) associated to the law of X . In this case the classical theorem
of Cramér applies.

Theorem 1. (Cramér’s theorem.) Assume that 0 € J)"X, then {iu,: n € N} satisfies the LDP
on R? with good rate function A%.

Now consider a general sequence of random vectors {Z,: n € N} in R¢, and let y, again
denote the law of Z,,. The CGF associated with the law ,, is defined as A, (o) = log Eefe:Zn),
Let A(a) = limsup,_, o, (1/n) A, (ne) be the limiting CGF. With this notation, the following
well-known theorem holds.

Theorem 2. (Girtner—Ellis theorem.) Assume that 0 € D3 and A is an essentially smooth,
lower semicontinuous function. Then {j,: n € N} satisfies the LDP on R? with good rate
function A*.

Note that if Z, = (1/n) Y_7_, X; as in the setting of Cramér’s theorem, then A = Ax and
further regularity conditions are not required.

We can consider LDPs with the so-called speed {s,,: n € N} when 1/n in (8) is replaced by
1/s, — 0. The Girtner—Ellis theorem remains valid if A(a) = limsup,,_, o, (1/5,) Ay (sp),
the scaled limiting CGF, satisfies the assumptions. All results of this subsection carry through
to continuous parameter families {1, : u € Ry }.

2.2. Main assumptions

In this paper we consider sequences W = {W,,: n € N} of random vectors in R4 ,d > 1,
satisfying the following assumptions.

Assumption 1. (Restricted LDP hypothesis.) There exists a function Jyw : Ri — [0, oo] such
that, for every q > 0,

1 W,
lim —loglP(—n > q) = —Jw(q). )]
n—>00 vy, ap

Remark 1. If the sequence of probability measures {u, : n € N}, where p,, denotes the law
of W, /ay,, satisfies the LDP with speed v, and rate function Iw, which is continuous where
it is finite, then it also satisfies the RLDP hypothesis with Jw(q) = infy>4 Iw (x) (hence the
name of the hypothesis). If 7 is not continuous then it is easy to construct an example in which
the restricted LDP does not hold. The opposite implication is also not true in general, that
is, the restricted LDP hypothesis does not imply the LDP: property (9) does not provide any
information about the negative values of W, /a,.

Assumption 2. (Stability and continuity hypothesis.) It holds that Jw (0) > 0 and there exists
y > 0 such that Jw(y) < oo. Furthermore, Jw is assumed to be continuous on !D;W.

In the queueing context, Jw(0) > O is the usual stability condition. If Jw(x) = oo for all
X € R‘i \ {0} then P(3In € N: W, > uq) will have superexponential decay.

The restricted LDP hypothesis refers to the limiting behavior of logP(W,, > ua,q) for
large n, not values for specific n. The asymptotic of a single W, could dominate those of
P(3n € N: W, > uq). The condition below excludes this possibility.
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Condition 1. (Uniform individual decay rate hypothesis.) For a fixed vector q > 0, there exist
constants F = F(q) > V/A and K = K(q) > 0 so that, for alln and all c > K,

ilogP<& > cq) < —cf.
Un an

Remark 2. The restricted LDP hypothesis, the stability and continuity hypothesis, and the
uniform individual decay rate hypothesis were originally introduced in Duffy ef al. (2003) in
the one-dimensional case. That is, if we set d = 1 then all the above hypotheses reduce to
those of Duffy et al. (2003). The hypotheses presented above can therefore be seen as natural
extensions of the hypotheses from Duffy et al. (2003) to the multidimensional setting.

Theorem 3. (One-dimensional case Duffy et al. (2003, Theorem 2.2).) If the sequence W =
{W,, : n € N} of random variables satisfies all the hypotheses of this subsection then

1
lim -—logP(In € N: W, > u) = — inf V1A Tw(0). (10
c>

3. Two extensions

In this section we present two generalizations of Theorem 3. Firstly, we consider families of
measures ,u,ﬁv (A) =P@n € N: W,, € uA) for a general set A; we can easily see that Theorem 3
considers the case of A = (1, 00). Secondly, we consider the situation when the sequence W
takes values in R?, d > 1, rather than just R.

3.1. Extension to the LDP

Define a lower semicontinuous function Iy by

i ) 00 forx <0,
X) =
v kJWxV/A forx >0,

where kj, = inf.-o cVIA Ty (c) is the constant appearing on the right-hand side of (10).
In this subsection we assume that the sequence of random variables W = {W,: n € N} is
such that Wy = 0. This assures that Q = sup,.y W, is a nonnegative random variable.
Let uZV be a probability measure on R defined as [LXV(A) =P@n e N: W, € ul).
The following theorem is the main result of this subsection.

Theorem 4. Under the assumptions of Theorem 3, the family { ,uxv : u € Ry} satisfies the LDP
with speed function h and good rate function I.

Proof. First note that, for any k > 0,

lim —— log s ((k, 00)) = —F (b). (11)
u—o0 h(u)
Indeed,
1 w _ hGku) 1 W

so that (11) follows from Theorem 3 combined with the fact that /1 (ku)/ h(u) tends to k¥/4.
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LetI" beany setin:@(R). Now, if for some y, inf IW(x) = IW(y)then foranyn € (0, y),

the monotonicity of Iy on Ry implies that

xel

Wy < u¥(ly, 00 < 1l (v = n, 00)).
Hence, by (11),
1
lim sup mlogﬂ @) < —Iw(y —mn.

u—00
This combined with the continuity of Iy on R implies the upper bound:

1
lim sup mlog]P’(Eln eN: W, € ull') < — inf Iy (x).

u— 00 xel

If inf Iw(x) = 0 or inf el Iw (x) = oo, then the above bound holds trivially.
Now, if I'° N R+ = & then the lower bound

u—>00

1
11m1nfmlog}P’(Eln eN: W, eull’) > — 1nf Iw(x)

holds immediately. Therefore, let '° C R ands e I'°,n > Obesuchthat (s—n,s+n] C I'°.
Obviously, u, () = /LXV (s =0, s + 1D = py (s =1, 00)) =, ((s 41, 00)). From (11),
for sufficiently large u, u, W(s +1n,00) < uu ((s n, 00))/2. Hence,

1 Wis —n,
lim inf ——— log 1, Wy > lim inf nf o log(M“ ((s . 1, 00))

h()

Now the lower bound follows after optimization over s € I'°.

) =—Iw(s —n) = —Iw(s).

Remark 3. The assumption that Wy = 0 is natural and is fulfilled in many applications. If
it does not hold, however, thel~1 the LDP from Theorem 4 remains true on 8(R4). In both of
these cases, the continuity of Iy on Ry implies that for any set A € B(R),

1 -
lim ——logP(3n € N: W, € uA) = — inf Iy (x).
u—00 h(u) xeA

Hence, Theorem 4 generalizes Theorem 3, which can be seen by taking A = (1, 00).

3.2. Extension to the multidimensional case
In this subsection we generalize Theorem 3 to the multidimensional case. Theorem 3 itself
serves as a building block in the proof of the following theorem.

Theorem 5. (Multidimensional case.) If the sequence W = {W,,: n € N} of random vectors
inRY, d > 1, satisfies the hypotheses of Section 2.2, then, for any q > 0,
: 1 e —V/A
lim ——logP(3n e N: W, > uq) = —inf c Jw(cq).
u—>00 h(u) c>0

Proof. Note that P(W,, > uq) = P(Z, > u), where Z = {Z,: n € N} is a sequence
of random variables such that Z, = min;=1 __4(W,.;/qi). The sequence Z satisfies the
assumptions of Theorem 3 with a function Jz given by Jz(c) = Jw(cq). Indeed, by the
restricted LDP hypothesis, it follows that, for every ¢ > 0,

1 Z 1 W,
lim —logIP’(—n > c) = lim —logIP’(—n > cq> = —Jw(cq).

n—oo Up n n—0o0 Un n
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The stability and continuity hypothesis for Jz easily follows from the stability and continuity
hypothesis for Jy . The same applies to the uniform individual decay rate hypothesis. Therefore,
Theorem 3 yields

u— 00

1
lim ——logP(@n e N: W,, > ugq)
h(u)

1
= lim ——1loglP(3n e N: Z,, > u)
u—o0 h(u)

=0

= —inf ¢ "4 Jw(cq).
c>0
This completes the proof.

4. Connections with existing literature

We have already discussed the relations of our results to Duffy et al. (2003). In this section
we shall discuss our findings in light of already existing results of Collamore (1996), Duffield
and O’Connell (1995), and Glynn and Whitt (1994).

4.1. The CGF approach

The analyses in Duffield and O’Connell (1995) and Glynn and Whitt (1994) are based on the
CGF. They both consider the d = 1 case, but only Duffield and O’Connell (1995) allows for
nonlinear scaling. In this subsection we present conditions under which the main assumptions
of the present paper are fulfilled. Recall that,

Ap(a) = logEexp<<a, %»

is the CGF of the law of W), /a,. Here it is assumed that A, exists as a finite real number for
all @ € R? and all n € N. The hypotheses of our paper have simple expressions in terms of
the CGF. The conditions we specify here for the CGF case, based on their one-dimensional
analogues in Duffy et al. (2003), are intended for easy applicability rather than maximum
generality. Under these assumptions, the large deviation rate function is convex. The CGF
technique is not applicable to models which have nonconvex rate functions.

Assumption 3. (LDP hypothesis, CGF case.) For each o € R4, the scaled limiting CGF
Ale) = limyoo(1/vy) Ay (vye) exists. Furthermore, A is assumed to be continuously
differentiable.

Under the above assumption, by the Girtner—Ellis theorem, the sequence of probability
measures {i,: n € N}, where u, is the law of W,,/a,, satisfies the LDP with rate function
Iw = A* and speed v,,. This implies that Iy is convex and continuous on the set where it is
finite and, therefore, the RLDP holds with Jw(q) = infy>, A*(x), which is also continuous
on !D;W. Hence, in order to assure that the stability and continuity hypothesis holds, we require
the following conditions.

Condition 2. (Stability hypothesis, CGF case.) There exists a* > 0 such that A(a*) < 0.
The above hypothesis implies that Jy (0) > —A (¢*) > 0. Indeed,
Jw(0) = inf0 sup ({at, x) — A(a)) > sup inf (&, x) — A(a)) = — infd Alar) > —A(a™).

> >
Y=V qeRrd acRe x=0 acRy
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Condition 3. (Uniform individual decay rate hypothesis, CGF case.) There exist constants F’
and M such that F' > max{V /A, 1} and (1/v,)Ap(vua) < M|le||F/E =D forall e > 0 and
alln € N,

Under this hypothesis, for each F € (1, F), there exists a constant K = K (q) such that,
forallc > Krandalln € N,

1 W,
—logIP’(—" > cq) < —cF.
Un Qp

That is, the uniform individual decay rate hypothesis certainly holds. Indeed, an elementary
consequence of Chernoff’s inequality is

log P(Wy, > canq) < —vy (c(a, q) — iAn(Un“)>
for any o > 0. It then follows that
log P(W,, > cang) < —va(cla. q) — Mja]| /=),
Choosing & = (c(F' — 1)||q|l/(MF"))¥'~1q, we have
log P(W,, > cang) < —va(cllgI»" (' =F F~F (7' — =, (12)

Since M and F' are constants, for each F € (max{V/A, 1}, F'), there exists Kr = Kr(q)
such that, for all ¢ > KF, the right-hand side of (12) will be less than —v,cf.

4.2. The LDP with a convex rate function

The purpose of this subsection is to discuss the differences between the approach from
Collamore (1996) and the one in our paper.

Collamore (1996) considered a sequence ¥ = {Y,: n € N} of random vectors in R4,
The main assumption of his paper is that the sequence of probability measures {i,: n € N},
where w, is the law of Y, /n, satisfies the LDP with a convex rate function Iy, such that
Loly # @, that is Iy (x) = 0 for some x € R¢. Furthermore, it is assumed that (using the
notation from Collamore (1996)):

(H1°): sup,-y(1/n)logEexp(a, Y,) < oo forall @ € Loly and N greater than or equal to
some Np.

Remark 4. (H1’)is aregularity condition on the sequence Y. Itis satisfied if Y is, for example,
the nth partial sum of an i.i.d. sequence of random vectors satisfying the condition given in
Cramér’s theorem, or the weaker condition given by Ney and Robinson (1995). It also holds
when Y is a Markov-additive process satisfying the uniform recurrence condition (6.2) of
Ney and Nummelin (1987). In both these cases Np can be taken to be 1. Also, Y can be
a general sequence satisfying the conditions of the Girtner—Ellis theorem and (i) A(e) is
finite in the neighborhood of each a € LyA; (ii) the level sets of A are compact; recall that
A(a) = limsup,_, ., (1/n)log Eexp(a, Y,).

Theorem 6. (Collamore (1996, Theorem 2.2).) Suppose A is a general set in R? and (HI’)
and

(H2): for some § > 0, A Ncone(Cs) = &, where Cs = {x: infycpyry X — yll < 8};
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are satisfied. Then, for any N > N,
1 -
liminf —logP(3n > N: Y, € uA) > — inf Iy(x)
u—>00 Y XeA°

and 1
limsup — logP(3n > N: Y, € uA) < — inf Iy(x),

u—oco U xeA
where Iy (x) = SUPye £y 13 (o, x) is the support function of Loly.

Remark 5. Condition (H2) is an admissibility condition on sets A. Recall that LIy is the set
of all the points y for which Iy (y) = 0. Intuitively, these are the points of the typical behavior
of Y. Recall also that in the setting of Cramér’s theorem, when ¥,, = X + --- + X,,, for an
i.i.d. sequence of random vectors {X,,: n € N} in RY, Loly = {EX}. Therefore, the set Cs
can be thought of as the §-neighborhood of all such points of typical behavior of Y, and, thus, A
can be any general set that avoids the ‘central tendency’ cone(Cs) = {Ax: A > 0, x € Cs}
of Y.

The straightforward major differences between the current approach and the one of Col-
lamore (1996) are the following. Collamore (1996) considers the multidimensional case and
sets satisfying (H2), but only allows linear scaling. The sequence Y has to satisfy (H1’) and
the sequence of measures corresponding to Y, /n, the LDP with convex rate function. In our
setup we considered the multidimensional case and regularly varying scalings, general sets in
the d = 1 case, but only quadrants {x € R?: x > ¢}, forany ¢ > 0, in the d > 1 case.
Furthermore, we do not require the LDP to hold, but impose the restricted LDP hypothesis
allowing for continuous rate functions. We have already explained that nonlinear scalings
allow us to incorporate, for instance, long/short range dependent sequences stemming from,
for example, fractional Brownian motion. Also, as explained in Theorem 1, it is possible that
the restricted LDP holds when the LDP does not and vice versa.

Observe that, if Iy is continuous where finite, then the restricted LDP holds with Jy(q) =
infy>4 Iy (x). By Rockafellar (1970, Theorem 13.5), Iy (x) is equal to the closure of L(x) =
inf;og7! Iy (tx), that is, the greatest lower semicontinuous function majorized by L. Fur-
thermore, if A = {x € R?: x > g}, for some ¢ > 0, satisfies (H2) then the upper and the
lower bound in Theorem 6 are equal to

inf Iy (x) = inf inf t~'Iy(zx) = inf ! inf Iy (zx) = inf T~ Jy (zq).
x>q x>q t>0 >0 xX>q >0

Hence, if, in addition, we are allowed to take Ny = 1 then Theorem 6 coincides with Theorem 5
in the case of linear scaling and convex rate functions.

5. Examples

In this section we discuss some of the examples in which the theory of this paper can
be applied. Firstly, we shall consider an example that does not fit in the framework of any
of the previous literature. This is due to its multidimensional nature and the fact that the
rate function appearing there is nonconvex. Secondly, we shall consider a multidimensional
Gaussian example and we shall try to recover some previously known results.

Let us begin by discussing an extension of Theorem 5 from sequences {W,: n € N}
to stochastic processes {W;: t € Ri}. To this end, we formulate an additional necessary
hypothesis.
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Extension hypothesis. It holds that

lim sup loglP(3t € (n,n + 1]: Wy > uq) — lim sup logP(W, > uq)
U= yeN h(u) U= eN h(u)

The above hypothesis was also introduced in Duffy et al. (2003) in the one-dimensional
case. Therein, it is argued that under this hypothesis, for the d = 1 case, Theorem 3 extends
from sequences {W,: n € N} to processes {W;: t € R;}. It is straightforward to conclude
from the proof of Theorem 5 that this is also the case if d > 1.

5.1. Application to heavy-tailed processes

Let us consider processes of the type described in Duffy ef al. (2003, Section 3.2). To this
end, we first introduce the heavy-tailed distribution # by

P(J > x) = [(x)e "™,

where [ is a slowly varying function and v € RV (V) with V € (0, 1).

Now consider a continuous time process {Y;: t € R} taking the values O and 1, with the
times spent in the 0 and 1 states being a sequence of i.i.d. random variables with the same
distribution as ‘W. For ¢ > 0, define a process {Z;: t € R} via

t
Zi = / (Ys — o) ds. 13)
0

It was shown by Duffy and Sapozhnikov (2008) that the family of probability measures {y,: ¢ €
R}, where u, is the law of Z, /¢, satisfies the LDP with speed function v(t) = ¢V and the
(nonconvex!) rate function

(1=2(x+c)" ifxe[—c §—cl
I(x)={Qx+0)— DY ifxel[f—c1—cl (14)
00 otherwise.

Now consider two independent processes {Y’ tl :t € Ry}and (Y, t2 : t € R4} defined as above
and construct the corresponding processes Z! = {z!:t € Ry} and 7’ = {Z,z: t € Ry}
via (13) with constants ¢; > 0 and ¢; > 0, respectively. Now let Z = {Z,: t € R}, where
Z; = (Ztl, th). Note that the rate function Iz corresponding to Z is givenby Iz(x) = I, (x1)+
I, (x2), where I, and I., are given by (14). Finally, define a new process W = {W;: t € R}
via (W], Wtz) =z}, Ztl + Z?). According to the contraction principle Dembo and Zeitouni
(1998, Theorem 4.2.1), the family of probability measures {x : ¢ € Ry} on RR2, where wl is
the law of W, /¢, satisfies the LDP with speed v(¢) = " and rate function Iy given by

Iw(x) = inf ey (1) + 1, (v2) = Iy (x1) + I, (x2 — x1).

veR2:(vy,v2)=(x1,x2—x1)

Hence, W satisfies the restricted LDP hypothesis with rate function Jw(q) = infx>4 Iw(x),
q>0.
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Let g1 = q1 + ¢1 and g2 = g3 + ¢1 + ¢». Elementary calculus reveals that, with ¢ > 0,
Ty (@) Iw(q1, g1+ 5 — ¢2)
T3 (@) Iw(qz +c2— 3.42)
Twigy={"Wd Lo 24
Jiv (@) Iw(1 —c1, q2)
(o) o0
1(4r) if g1 € (c1. 11,42 € (c1 + 2, 3 + 41,
NI@ - if g1 € (c1.11. 42 € [5 + q1. 31,
L+ 1G—1) ifgr € (e, 11,42 €13,2],
00 ifg; > lorgy > 2,
where I = Ij. Recall that c1 c| € (2, 1), thus we do not define Jy (q) for g1 < Z’ g < 1.

Note also that,if¢; + ¢3 € [2, 2),then g > 2, so that the first two cases in the definition of Jyw
do not occur. Finally, we can easily check that Jw is continuous on the interior of the set where
it is finite and that Jw(0) > 0. Hence, the stability and the continuity hypothesis holds. In
Figure 1 we illustrate the definition of the Jw(q); c; + 2 < % case.

When the coordinates of W are bounded above (by 1 — ¢ and 2 — ¢; — ¢2, respectively),
the uniform decay rate hypothesis is satisﬁed Note also that, for every n and t € (n,n + 1],
W, = W, + R,,;, where R, ; = (Rn,, )WltththR f(Yl—cl)ds andR
f (Y, I 4 Y2 — ¢1 — ¢2) ds bounded 1ndependently of t. This 1rnmed1ately implies the extensmn
hypothesis too. Therefore, the extended version of Theorem 5 applies. It gives, forevery g > 0,

1
lim — logH”<3t eRy:

u—oo yV

JW(NI)

inf v

t>0

t
/(Ysl—cl)ds>uq1,/(Ysl—l—Yf—cl—cz)ds>uq2>=
0 0

q;
2_(’.1_02
Ty (@)

3
7_(/1—62

T (@) 1

Jw (@)

l—¢;  q

% case. The rate function is oo for g1, g2 > 0 outside the

shaded regions.

FIGURE 1: Definition of Jw(q); c1 + 2 <
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Leth(r) = JW(tq)/tV, then with self-evident notation, if c; + ¢, € [%, 2),

h3 ﬂ)

. _ qi

tuzl(f)h(t) R PE 2761702)
a2

\%

14 Vv
(4) <1+[2g—§<1—c1>+2(c1+c2)—3] ) /e = 55
) 92 v / 1—¢
2—c1—c2 ’ q1/92 = 3=

and if c; +¢; € (1, 3),

1 1—c
"(5)

v
17v
(]q—lq) ; q1/q2 = Wﬁ’
inf h(t) = =

>0 \%
= 3/2—c1—c2 .
h2 2/£7C176 qQ 1—cy
@ Vrme=a ) 0 1/2 = 3pma—a-

5.2. Application to Gaussian processes

A

In this subsection we consider an example from Debicki et al. (2010, Section 3.2). That
is,let Y = {Y(¢): t € Ry} be a centered Gaussian process in R? with stationary increments
and covariance matrix X, = diag(claz(t), ..., cqo2(1)), so that the coordinates of Y (1) =
(Y1(¢), ..., Y4(t)) are independent and, foreachi =1, ...,d, Var(Y;(¢)) = c;jo (1), for some
¢i > 0,and 6% € RV(y), where y € (0,2); compare these assumptions with assumptions
C1-C3 of Debicki et al. (2010, Section 3.2)

For an invertible matrix S, define a new Gaussian process W = {W(¢): t € R} in R? via
W(r) = SY(t) — i(r), where i : R — R< is such that i () = (¢, ...,1). Seta(t) = t and
v(t) = t20~2(¢) and note that,

w 1/ sx,87
A(a) = logEexp(<rx, ?(tt))» = §<a, [tz oz> —{a, i (1)),

so that the CGF variant of the uniform individual decay rate hypothesis holds with F' = 2.
Furthermore,

Ae) = lim LA,(v(z)a) = Mo, SCSTa) — (o, i (1)),
t—o00 v(t) 2

where C = diag(cy, ..., cq), so that the CGF variant of the LDP hypothesis holds and the
RLDP is satisfied with

Twig) = inf A%(0) = § inf (57 (e +i (1), €IS G i),

where the form of A* follows from Rockafellar (1970, Theorem 12.3). From this equation
it follows that the stability and continuity hypothesis holds. Finally, by the stationarity of
increments of Y, for any ¢ > 0,
PEt e (m,n+1]: W(t) > uq) <P@Et € [0, 1]: W(t) > ueq)
+P(Wmn) > u(l —e)q). (15)
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Now, for any x > 0, define a new Gaussian process via Z(t) = (SY(¢),x)/(x, eq). Using
Borell’s inequality (see, e.g. Adler (1990, Theorem 2.1)),

logP(3r € [0, 1]: W(t) > ueq) < logP@3r € [0,1]: Z(t) > u)
2
- ( — ) ’
- 202
where u = Esup, . 1) Z(¢) and o? = sup;cpo,17 Yar(Z(r)). Combining (15) and (16) we

retrieve the extension hypothesis after proper optimization in ¢ — 0. Hence, the extended
version of Theorem 5 implies that,

o (u)

(16)

lim
U— 00 u2

logP(Er e Ry: W(t) > uq)

ST i), CTIST e i (1))
= ——inf inf

2 c>0x>cq 2y ' (7

From the change of variable ¢ — t~ 1 it follows that

(S1x +i(1), C's T x +i(1)))

inf inf 5
c>0x>cq ceY
U (O C o TG )N G C S T )
= inf inf
c>0x>q cY
ST i), IS T e + (1)
= inf inf .
t>0x>q 124

Therefore, (17) coincides with Debicki et al. (2010, Proposition 2).
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