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CHARACTERISATION OF EMBEDDINGS IN LORENTZ SPACES

A. GOGATISHVILI, M. JOHANSSON, C.A. OKPOTI AND L.-E. PERSSON

Some new integral conditions characterising the embedding AP(v) — TY(w),
0 < p,q < oo are presented, including proofs also for the cases (i) p = 00, 0 < ¢ < o0,
(ii) g = 00, 1 < p < o0 and (iii) p = g = co. Only one condition is necessary for each
case which means that our conditions are different from and simpler than other cor-
responding conditions in the literature. We even prove our results in a more general
frame namely when the space I'?(w) is replaced by the more general space I'4(w). In
our proof we use a technique of discretisation and anti-discretisation developed by A.
Gogatishvili and L. Pick, where they considered the opposite embedding.

1. INTRODUCTION

Let (R, i) be a totally o-finite measure space with a non-atomic measure p, and let
M(R, 1) be the set of all extended complex-valued p-measurable functions on R. For

f € M(R,p), let
f.@&) =u({z eRs|£@)| > t}), te 0,00),

be a distribution function of f. The non-increasing rearrangement f* of f is defined by

() =inf{z > 0; f.(z) < t}, t € (0, 00).

We shall assume that u(R) = co. Everywhere in this paper, we assume that u, v,
and w are weights, that is, locally integrable non-negative functions on (0,00) and we
denote s

V(s) = /0 " u(t)dt and U(s) = /0 u(t)dt.

We assume that u is such that U(t) > 0 for every t € (0,00) and denote

£ = —Ut—t) /0 £*(s)u(s)ds.
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DEFINITION 1.1: Let p € (0,00) and let u and v be weight functions. Then we
define the following four spaces (of Lorentz and Marcinkiewicz type):

0 1/p
AP(v) = {f & MR, w); [ flaoier = ( / f“’(t)v(t)dt) < oo};
A=) = {f € M(R, 1); | fllae(w)

esssup f*(t)u(t) < oo};
te(0,00)

r20) = { £ € MR 0 e ([ ) " < ool

Iew) = {f € MR, p); | flirew = esssup fat@)v(t) < oo}

I

When u = 1 (hence U(t) = t), we shall omit the subscript u. We thus write, in such
a case f**, I'’(v) and I'®°(v) in place of f3*, I'2(v) and I'®°(v), respectively. The spaces
AP(v) and T'P(v) are called classical Lorentz spaces. The spaces AP(v) were introduced
by Lorentz in 1951 in {13]. The spaces I'’(v) were first used by Sawyer in [15] and the
weak classical Lorentz spaces were introduced by Carro and Soria in [4]. Weak Lorentz
spaces were further investigated in {3, 5, 6, 7]. For definitions and a detailed study of
rearrangement-invariant Banach function spaces see for example, [2].

During the last two decades, many authors have spent enormous efforts in order to
find necessary and sufficient conditions on parameters p, ¢ € [0, co] and weights u, w such
that the embeddings A?(v) — I'?(w) hold. Such embeddings proved to be indispensable
in several important areas in analysis, including the theory of interpolation and modern
study of Sobolev spaces. This research brought plenty of deep results, see in for example,
(1, 4, 5, 6, 8, 9, 10, 11, 12, 15, 16, 17, 18, 19, 20, 21]. A summary of results of
embeddings of classical Lorentz spaces known by the end the of 1990’s, as well as some
references, can be found in [7]. In this survey paper there were some cases of parameters
which were not known. In the paper [11] all cases have been established, but the resulting
characterisation were expressed in a difficult way, not very satisfactory from a practical
point of view. ‘

Our main goal in this paper is to give some new necessary and sufficient conditions
on the weight functions u, v and w such that the inequality

(1.1) ' Il fllrg (w) € Clifllae(v)

holds for every f € M(R, u).

Our approach is based on discretisation and anti-discretisation methods developed
in {9, 10]. Let as outline the structure of the paper. In Section 2 we give some pre-
liminaries including some definitions and basic facts concerning discretisation and anti-
disctertisation from the papers [9, 10]. In Section 3 we present the main results and
finally in Section 4 we give the proofs.
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(3] Characterisation of embeddings in Lorentz spaces 71

Throughout this paper a < b, (b 2 a), means that a < Ab, where A > 0 depends on
inessential parameters. If b < a < b, then we write a = b.

2. PRELIMINARIES

Let us now recall some definitions and basic facts concerning discretisation and anti-
discretisation which can be found in [9, 10].

DEFINITION 2.1: Let {ac} be a sequence of positive real numbers. We say that
{ax} is strongly increasing or strongly decreasing and write a; 11 or a; | when

f—-—— >1or sup L < 1,
kez ax kez Gk

respectively.

DEFINITION 2.2: Let U be a continuous strictly increasing function on [0, co) such
that U(0) = 0 and tl_i’m U(t) = oco. Then we say that U is admissible.
o0

Let U be an admissible function. We say that a function ¢ is U-quasiconcave if ¢
is equivalent to an increasing function on [0,00) and ¢/U is equivalent to a decreasing
function on (0, 00). We say that U-quasiconcave function ¢ is non-degenerate if

. (1) . Ut)
tl—lvr(ﬁ-‘p( )= tl—l»oo<p(t) tl—»oo U() t—lb%?i- w(t) =0.
The family of non-degenerate U-quasiconcave functions will be denoted by Q. We say
that ¢ is quasiconcave when ¢ € Qp with U(t) = t.
DEFINITION 2.3: Assume that U is admissible and ¢ € Qy. We say that {z;}rez
is a discretising sequence for p with respect to U if
(i) zp=1and U(zy) 1T;
(ii) o(zx) 17 and (p(zx)/(U(zx)) U;
(iii) there is a decomposition Z = Z,UZ, such that Z,NZ, = @ and for every
te [zh xk-i—l]

w(ze) = o(t) if k € Z4,

plze) o)

Ulzy) ~ U()

Let us recall [9, Lemma 2.7] that if ¢ € Q, then there always exists a discretising
sequence for ¢ with respect to U.

ifk €Z,.

DEFINITION 2.4: Let U be an admissible function and let v be a non-negative
Borel measure on [0, 00). We say that the function ¢ defined by

dv(s)

p(t) = U(t) 00y U3) + U0’

t € (0,00),
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is the fundamental function of the measure v with respect to U. We shall also say that
v is a representation measure of ¢ with respect to U.

We say that v is non-degenerate if the following conditions are satisfied for every
t € (0,00):
dv(s)
0,00) U(8) +U(2)

We recall from {9, Remark 2.10] that

W) [
oy Uls) — -/[l,oo)d () =

< oo, te€(0,m:),

ot) ~ /[0 AU [ UG tavts), e (0,00).

{tioo)
We shall further assume that v is non-degenerate.

LEMMA 2.1. Let v be a weight function. Then

*(v) = A%(ess sup v(s)),

o<t

with identical norms.

The proof follows from the following simple observation: If F and G are non-negative
functions on {0, o0) and F is non-increasing, then

esssup F(t)G(t) = esssup F(t) esssup G(s).
0<t<oo O<t<oo 0<a<t
LEMMA 2.2. ([10, Lemma 1.5]) Let u, v be weights and let ¢ be defined by

(2.1) p(t) = esssup U(s) esssup —— or)

, t€(0,00).
€(0,8) r€(s,00) U(T) (0, 00)

Then ¢ is the least U-quasiconcave majorant of v and

L) =T(9),

with identical norms. Further, fort € (0 o0);

o(t) = esssup v(7) mm{ 1, } U(t) ess sup — esssup v(7),

T€(0,00) 3€(t,00) U(S) 7€(0,8)
v(s)U(t)
t) =~ esssup ——~— -
) o T+ U®
THEOREM 2.1. ([9, Theorem 2.11)]) Let p,q,r € (0,00). Assume that U is an ad-
missible function, let v be a non-negative non-degenerate Borel measure on [0, c0) and

let ¢ be the fundamental function of v with respect to U9. Moreover, let 0 € Qy and let
{zx} be a discretising sequence for ¢ with respect to U?. Then

/ p(t)r/a-1 dv(t) ~ Z‘P(Zk )/e
o) () o)y o(zi)/P

keZ
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9] Characterisation of embeddings in Lorentz spaces 73

LEMMA 2.3. ([9, Corollary 2.13]) Let g € (0,00), let U be an admissible function,
let f € Qu, let v be a positive non-degenerate Borel measure on [0,c0) and let ¢ be the
fundamental function of v with respect to U?. Moreover, assume that {z;} is a discretising
sequence for ¢ with respect to U?. Then

(Aoo)(é((?)) dv (t))l/q ~ (kezz(%)q‘ﬁ(l'k))l/q.

LEMMA 2.4. ([9, Lemma 3.5]) Let U be an admissible function, let f,¢ € Qy
and let {z} be a discretising sequence for ¢ with respect to U. Then

f® f(=zx)

esssu
> kGZ U( k)

t
0<t<oo U(t) (P( )
By using Lemma 3.1 and Lemma 3.2 from [9] we get following

o(Tk)-

LEMMA 2.5. If7 |, then, for any ¢ > 0,

LU =g ()
)

z
h
1
Tk q Tk
sup(/ h) Tkzsup(/ h
kez \Jo keZ \Jz,_,
00 q The1 q
()=
k€Z Y Tk kez YTk

00 q Thk41 q
sup(/ h) Tk‘lzsup(/ h) k.
keZ E k€eZ F1Y

LEMMA 2.6. ([9, Lemma 3.6]) Let ¢ € (0,00), let U be an admissible function,
let v be a positive non-degenerate Borel measure on [0, 00) and let ¢ be the fundamental
function of v with respect to U?. Assume that {z\} is a discretising sequence for ¢ with
respect to U9. Then

([ wwsim)

- ldt  \?
Z( A U(t)+U(zT)) ola)

Tk,

keZ
=X (ven [ ks [T 1@l ) oten
~ 2 (/z £ W)U (w)e( y)""dy)
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LEMMA 2.7. ([9, Lemma 3.7]) Let ¢ € (0,00), let U be an admissible function
and let v be a non-degenerate positive Borel measure. Moreover, let ¢ be the fundamental
function of v with respect to U? and let f be a measurable function on [0, 00). If {zx} is
a discretising sequence for ¢ with respect to U9, then

f) e
Jooo 22, 7 4 ) 9

N |f(¥)]
- keZ (yes(%go) Ulzx) + U(y)) #la)

~Y (U7 e) sup [+ s [f@UG)T) o)

keZ Tp—1SY<ZTi TeSY<Ti41

~Y . sup |f@)|'U@W) ).

kez T SY<Ti41

LEMMA 2.8. ([9, Lemma 3.8]) Letv bea Weigh—t function, let U be an admissible

function and ¢ be defined by (2.1). Moreover, let {z,} be a discretising sequence for
with respect to U. Then

|f(¢)|dt
essoup [~ I Yo

- ® __|f@)lat
~s(/] 7w+ 0w 7
ziléxz)(U"l(Ik) z’: | £(y)|dy + /z. +l|f(y)iU_l(y)dy>¢($k)

~ag(/, VO wetin)

LEMMA 2.9. ([9, Lemma 3.9]) Let U be an admissible function and let ¢ € .
Let {zx} be a discretising sequence for ¢ with respect to U. Then

|f ()l
zes(%f:o) vl@) s o<;1<°° U(z) + U(y)

~swpole) sup i
~i‘éIZ)W(xk)U(xk) ! sup If(y)l+iugtp(xk) sup  |f(IU(y)™

T 1 <Y<ZT € Te<Y<Ti41

~sup sup |f(®)|U(y) ().

k€Z 2 LY<zTi+1

PROPOSITION 2.1. ([9, Proposition 4.1]) Let {wi} and {v}, k € Z, be two
sequences of positive real numbers. Let p,q € (0,00) and assume that the inequality

1/q p
(Z a;’cvk> <C (Z aiwk)

k€Z keZ
is satisfied for every sequence {ax} of positive real numbers.
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7 Characterisation of embeddings in Lorentz spaces 75

(i) Ifp<gq, then

supwy WPy, < 0.

keZ
(i) Ifp>qandr=(pg)/(p—q), then

1/r
(Z w;"/’)v;/") < oo,

keZ

LEMMA 2.10. ({14] and (19]) We have the following Hardy type inequalities:
(a) Forthecase0<p<1,

(22) ( / ( / - h(z)dz) Upu(s)ds)p < C( / k h(s)V(s)ds);

t P
the best constant C =  sup ( / u(s)ds) V(t)~! and the equivalent constant is
Tk—1

Tp-1<t<Tk
independent of xj.

(b) Forl < p< oo,

(2.3) ( / k ( / - h(z)dz) l/pu(s)ds)p < c( : h(s)V(s)ds);

T t v/ p/v
the best constant C = ( / ( / u(s)ds) V()™ /”u(t)dt) and the equivalent
Tk—1 Tr—1

constant is independent of z.

We shall also use the following trivial inequality

(2.4) f ™ h2)dz < OV () / ™ hs)V(s)ds.

3. THE MAIN RESULT

Our main result reads:

THEOREM 3.1. Letp,q € (0,00] and let u, v, w be weights. Assume that u is
such that U? is admissible and the measure w(t) dt is non-degenerate with respect to U9.
Then the inequality (1.1) holds for every f € M(R,p) if and only if :

() 0<pgl,pLg<@

o= [ () o) Ve <o

Moreover, the best constant C in (1.1) satisfies C ~ A;.
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(ii) 0<g<pgl1

a=( ([ (Wq:%)]—(—x—))qw(t)dt)(r-q)/qW(I)U(-T)—'

1/r
x ( sup U(t)V(t)“””)'dz) < o0.

0<t<z
Moreover, the best constant C in (1.1) satisfies C = A,.
(iii) 1<p<gg<oo,

Aj = SII;IS (/ﬂCm (W@%ﬁ)qw(ﬂ“) qu

°° U v /v
</o (U(t) -f?/’(z)) x;)pgt()t)dt> < co.

Moreover, the best constant C in (1.1) satisfies C = Aj;.
(iv) 1<p<o0,0<g<p,r=(pg)/p—4q)

Ay = (/:o (/:o(mﬂU—_f_z()}E)qw(t)dtth)/qw(z)
® e\ Ur
g (/o (U(t)U -&(—?J(:c))ﬁ;/(:')(‘z) dz) < co.

Moreover, the best constant C in (1.1) satisfies C = A,.
(v) 0<p<gl,g=o0

s = sop e (g ) ) V70 <o

Moreover, the best constant C in (1.1) satisfies C = As.
(vi) 1<p<oo,g=00
w(t)U(z) ( /°° Ul)  \* u(t) )W
Ag :=suple —_— dt .
s =sp(emew g Uy (Tort@) wat) <
Moreover, the best constant C in (1.1) satisfies C = As.
(vii) p=g=o00

w(z) * u(t)dt
A; :=esssu
" o U@) Jo esssupu(s)
0<s<t

Moreover, the best constant C in (1.1) satisfies C = A;.
(vili) p=o00,0<g< 0

v ([ e(s;g;é??(s))q"”‘z)d’”) e

Moreover, the best constant C in (1.1) satisfies C = As.
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Our next goal is to formulate Theorem 3.1 in a more compact and nice form. We
need the following definition of the associate space (also called the Kéthe dual) AP(v)),
of AP(v).

DEFINITION 3.1: Let 0 < p < oo and let u, v be weight functions. The u-associate
or Kothe dual space AP(v),, of AP(v) is defined by

/ " F (g Oudt

(3.1) fllaewy, =: sup =2 < oo.
Wi ™ err) 9lare)

In the classical situation (that is when u = 1) the associate norm AP(v)’ was characterised
by Sawyer [15] for 1 < p < oo and by Stepanov [20] for 0 < p < 1. In the case p = 0o it
was considered in [7] (see also [8]). In fact we can describe A?(v)’ in the following way:

o t
r (——V(t)w), 0<pgl
’ t""v t
(32) AP(v) = { T? (T()(t)”)’ 1<p<o
1
1 ————————t e =
A (esssup v(s))’ p =00
0<s<t

REMARK 3.1. By letting t — U~!(t) (where U~! is the inverse function of U) in (3.1)
and after using (3.2) we can obtain the following characterisation of AP(v),.

(oo _U()
Fu(m)’ O<p<l

Ut)P u(t

(3.3) AP(v)! = ﬁ Iy (-T;);(-Z), l<p<oo
1 u(t _

A (W)’ p=co

Using I'?! (w) and AP(v)!, we can now formulate Theorem 3.1 in the following compact
form:

THEOREM 3.2. Let p,q € (0,00] and let u, v, w be weights. When g € (0, 00)
we assume that u is such that U? is admissible and the measure w(t) dt is non-degenerate
with respect to U9. Then the inequality (1.1) holds for every f € M(R, ) if and only if

(i) 0<pg<g<goo

supllx(0.lIrscw IX@a) s, U ()" < o

(i) 0<g<p<oo,r=(pqg)/(p—2q)

00 l/r
([ Ixealiztw@U e txealiv ) <oo
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REMARK 3.2. Theorem 3.1 and Theorem 3.2 are in fact equivalent, the only difference
is that Theorem 3.2 is stated in a more compact form. All the eight conditions 4, — Ag
in Theorem 3.1 can be obtained from the two conditions in Theorem 3.2.

4. PROOFS

PROOF OF THEOREM 3.1. We start with the upper bounds (sufficiency).

Let 0 < p < oo. First we use the fact that f is non-increasing if and only if f?
is non-increasing and a standard argument shows that it is enough to prove (1.1) for f
satisfying

sy = [ hs)ds,

where h is some positive measurable function on (0, 0c). That is, when 0 < ¢ < oo we
only have to prove that

(4.1) (/:O(U(t / (/ h(z) dz) 1/pu(s ) t)dt) v
< c( /0 ” ( /t ” h(s)ds)v(t)dt) "

holds for every non-negative function h, and for ¢ = oo, by the Lemma 2.2 we have to
prove that the inequality

(42 swp o ot ([ haras) s < © ([ h(s)ds) v(t)dt) ”

holds for every non-negative function h, where the function ¢ is defined by (2.1).
According to Fubini’s theorem the inequalities (4.1) and (4.2) are equivalent to

TACTATACD) Tuo) wow) < o( ["maveoa) "’
and

(4.3) tes(g&) % ot(/:o h(z)dz) u(s)ds < (/ h(t)V t)dt) ”

respectively.
Assume first that 0 < ¢ < 0o. Define

w(s)ds

(4.9) p(z) = U%(z) . TE + 0@
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(11] Characterisation of embeddings in Lorentz spaces 79

Then ¢ € 2y and therefore there exists a discretising sequence for ¢ with respect to
U9. Let {zx} be one such sequence. Then o(zx) 11 and (¢(zx))/(U%zx)) U. Further-
more, there is a decomposition Z = Z,UZ,, Z,NZ, = @ such that for every k € Z; and
t € [k, Te41); w(zx) = @(t) and for every k € Z, and

©(zk) ~£(_t_)_
Us(ze) ~ U9(t)

For the left-hand side of (4.1), using Lemma 2.3 with dv(t) = w(t)dt and
t 00 1/p
f@®)= / (/ h(z)dz) u(s)ds we get that
0 s

(/Ow <Uit—) /0‘ (/:O h(z)dz) l/pu(s)ds) qw(t)dt) 1/q

~ (kezz (/0”‘ (/800 h(Z)dz) l/pu(s)ds) q[}p((;z:))q ) 1/q
[using Lemma 2.5]

(kez (/ (/w h(Z)dz) ””u(s)ds)q;;((;:_))a) 1/q
- (UL (7 e [T rere) Pwore) 25) "
(k z</ (/ i h(z)dz) l/lpu(s)dS)‘IILJP((;:::C))" )1/"
<"€Z (lk- (/ h(z)dz ) u(S)ds)qUi((f:_))q)l/”
(B 0w o) )"
(kez (/ h(z)dz)q p(/zk_ U(s)ds)qg((xi:))_q) /4

t € [z, Ta1),

[using the fact that /z '= u(s)ds = U(zk) — U(zx-1) =~ U(zs)]
~ (Z; (/z:.jl (/’zk h(z)dz) lmu(.sr)ds)q(;p_((;gf))_q)1/:1

( o~ ( / h(z)dz) q/pw(zk)) e
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[using Lemma 2.5 on the second term]

09 = (S ([ o) "wos) )"

+ (Z ( / jm h(Z)dz> q/pw(zk)) " I+1I.

k€Z

Now we shall distinguish several cases. Starting with the case 0 < p < 1. Using
(2.2) for I and (2.4) for I we find that

1= (UL o) ”’u(s)ds)qé’(‘i:?«)“
(S (o ([ woe)rome)

(/z,: h(S)V(s)ds) "’") 1a

48 < (Z [}p(( :))., sup  U(H)7V (1)) ( / k h(s)V(s)ds)Q/p)l/q

N

keZ Zp_1<t<z}

and
Tht1 a/p l/q
= (Z ( / h(z)dz) (p(:tk))
kez Tk
Tl q/p\ l/q
(4.7 < (Z o(zk)V (zx) /P (/ h(s)V(s)ds) ) .
ke Tk
(i) Inthecase 0 < p<1,p<q<oo(thatis g/p > 1) we have according to (4.6)

that

I<s upgi k)) l/qz sup U@V ()~ /m» (‘/m h(s)V(s)ds) 1/p,

and, similarly, if ¢/p > 1 we have according to (4.7) that

. o0 1/p
IT < supyp(z) 9V (z,)~0/P) (/ h(s)V(s)ds)
k 0

and, finally, according to (4.4) and Lemma 2.9, we get that

I+1Ig sup(p[(jzz §) e " ( sup U@R)V(t)~VP) (/oo h(s)V(s)ds) "
0

= A ( /0 h(s)V;;)ds) .
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[13] Characterisation of embeddings in Lorentz spaces 81

(ii) For thecase 0 < ¢ < p <1, r = (pg)/(p — 9), by applying Holder’s inequality
for sums to the right-hand side of (4.6) and the right hand side of (4.7) with exponents
p/q and r/q, we find that

w r/q . r 00 1/p
( sup U(t)V(t)‘(‘/"))) ( / h(s)V(s)ds)
keZ zk 1<t<zy 0

s (Z w(xk)'/qV(a:k)‘('/")) v ( /0 ” h(s)V(s)ds) ”

keZ

Therefore, we get that

48) I+II< ( oz ™ U(t)V(t)‘“””)')l/r x ( / ” h(s)V(s)ds)q/p.
0

keZ U(xk)r Tp—1 <t<z}

By using the Lemma 2.7 we obtain from (4.8) that

I+II< A (/:o h(s)V(s)ds) l/P.

Now let us assume that 1 < p < oo. Using (2.3) for I and (2.4) for II, we get

©(Tx) Ut PV (£) 7 /Pu(t)dt
( Z e (/ )q/p'

(4.9) - x ( / h(s)V(s)ds) w) v
(4.10) s (kz; o)V (z)~9" ( / o h(s)V(s)ds) m) "
€ Tk

(iii) Suppose that 1 < p € ¢ < co. Then, according to (4.9) and (4.10), we obtain
that

I< Sup—ﬁ(},,— <f Uty /pV(t)-P'/Pu(t)dt) l/p‘ (/000 h(s)V(s)ds) I/P,

k>0
1/p
IT < supp(zi) 9V (z)) /P (/ h(s)V(s)ds) .
k 0
Hence, using integration by part and Lemma 2.8, we get that

l/q
I+11 sup—(’ﬁ)—

" vy RS
k>0 U(zi) ( /: - V()P PU () /Pu(t)dt + U(zi)” V (k) )

x (/om h(s)V(s)ds) "
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<p(1: )l/q zp _ - /p » 1/p’
SouphZd ( / " VU o)+ V) U ) )

X (/w h(s)V(s)ds) v

1/q ® Uty V(t) P u(t)dt 17 1/p
< i‘;g‘P(zk) / ( o (UQ) +U(ze)) ) (/ h( S)V(s)ds)

= 4, ( /0 = h(s)V(s)ds) "

(iv) Next we consider the case 1 < p <00,0< ¢ < p, r = (pg)/(p — q). By using
the Hélder’s inequality for sums to the right-hand side of (4.9) and the right hand side
of (4.10) with exponents p/q and r/q, we find that

I< (kez %%(:)—’;) ( /: i Uy /”V(zk)‘(”'/")u(t)dt) W)”r ( /0 ” h(s)V(s)ds) v

and

15 (Seteaviar ) ([“rovios)”

keZ
Therefore, using integration by part and Lemma 2.6, we see that

(@) ([ 0 _ A\
I+IIS ( Ulan) (/=~-1 V(t)~PU ) Pult)dt + V(zk) /P (z) ) )

keZ
x ( /0 = h(s)V(s)ds) v

‘_’lq(:_zk_) Ty - P',v —(p’/p) . riy 1/r
S (kez U(zi) (/%_l V()P U@ v(t)dt + V(zx) U(zi) ) )

x ( fo ” h(s)V(s)ds) v

< (e[S ) ()

keZ

< Aq ( /0 ” h(s)V(s)ds) v

Let now ¢ = co. In the same way, by using Lemma 2.2, Lemma 2.4 and Lemma 2.5
we obtain for the left-hand side of (4.3) that

o) o Ve
zes(l(:oo) U(t) (a h(z)dZ) u(s)ds
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(15] Characterisation of embeddings in Lorentz spaces 83

= &zk/ (w2 "o
<t [ ([ o) e

Tr41 1p
(4.11) + sup ©(zk) (/ h(z)dz) =11T+ 1V,
keZ z

k

where ¢ is defined by (2.1).
(v) Let 0 < p <1, q=oco. By using the inequality (2.2) for III and (2.4) for IV,
we arrive at

Th 1 1/p
III,SSI;p%( sup U(t)V(t)'(l/"))(/n h(s)V(s)ds) ,

Tp—1 <t<z

IAS Slipw(z::)V(xk)-q/p (/z"“ h(s)V(S)ds) 1/p

Tk

and, finally, by using Lemma 2.9 we get that

Tk oo 1/p
HHI+1V < sgpg-(——)( sup U(t)V(t)~'7) (/0 h(s)V(s)ds)

(Tk) “zpoy<t<zs
< 4 ( /0 ” h(s)V(s)ds) "

(vi) Let now 1 < p < 00, ¢ = o©. By using (2.3) for III and (2.4) for IV, we
obtain that

I < (i‘ég e ( / U(t)P'/PV(t)""'/Pu(t)dt) x ( /z : h(S)V(S)ds) 1,,>

v < (Z o(ze)V (z)~ VP (/z:k+l h(s)V(s)ds) 1/1').

keZ

and

Using integration by part and Lemma 2.8, we find that

HI+1V S sup ¢(2x) ( / V(&) DU Pu(t)dt + V (zx) " DU () )W

Ul(ze)
x ( /0 h(s)V(s)ds) v

1
< sup2(®) ( / V(&) P U o(t)dt + V(ze) DU (2, )" )

~ o U(z)
X (/Ooo h(s)V(s)ds) ”
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o0 I'd -y /v o0 1/p
O

= As h(3)V(s)ds llp.
([ oo

(vii) For the case p = ¢ = oo, we use Lemma 2.1 and get that

I fllrew) = ess sup Zg; / ) F*(Hu(t)dt

(z) / .
< esssu ess su T)esssup vis
T€(0, oo;)) U(I esssup 'U(S) :E(O,ooI))f ( ) 0<a<f ( )
S A7”f“A°°(u)'

(viii) Finally, for p = 00, 0 < g < oo, by Lemma 2.1 we obtain that

Il fllrgw) < (/0 (U(x)/ es;;fltgd; )qw(z)dz)l/qesssupf‘(z)esssupv(s)

z€(0,00) 0<s<z
< sl fllaso (-

Next we prove the lower bounds (Necessity).

Let 0 < ¢ < oo and let {zx} be a discretising sequence for ¢ from (4.4). Then by
(4.5) we have that

o ([ (o) ") )™

+(2( / .+ h(z)dz) (:u))lq (Z h(t)V(t)dt)l/p.

kez keZ Y Tr-1

Let 0 < p < 1. For k € Z, let h; be functions that satisfy the Hardy inequality (2.2)
and the Hoélder inequality (2.4), that is, functions hy satisfying
Tk

supp hi C [Zi-1, 74}, hy(s)V(s)ds =1,

Te—1

T "*‘”"‘)W"‘s’ds)pi sup  (U(8) = Ulan))"V (D)™,

e — Tp1<i<z;
EN
hk(s)ds Z V(.’Ek_l)_l .

Tk~1

Now we define the test function

(4.13) h(s) = Eakhk(s),

keZ
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(17) Characterisation of embeddings in Lorentz spaces 85

where {ax} is a sequence of positive real numbers. Then, by using this test function in
(4.12), we get that

(4.14) (Za‘m’_‘p(ﬁ‘l sup (U(t)-U(xk_l))qv(t)-q/z’)l/q

keZ k U(zk)qu_1<t<:k
1/q 1/p
+ ( E az/p(p(.’l:k_l)V(:L‘k-l)_(Q/p)) < ( E a.k) .

keZ k€Z
Now, by using Proposition 2.1 for the case 0 < p € 1, p £ ¢, we find that
t/q
supp(ze) V7V (2) ™7 +sup( sup  (U(H) — Ulme-)) V) /7) B2 o
keZ kEZ \zp_y<t<zp U(zx)

Moreover, according to Lemma 2.9, we see that

Ay Ssup sup  V(t)"VPyp(t)!/e
k€Z Tp_1 <t<z}

q
S supilan) 1 (ax) +sup(_sup UV () ~r) B ozs).
k€EZ zp_1<t<zy U(xk)

SSUP<P(-’CI¢)1MV($I=) e
keZ
1/q
+ su su U(t) — Ulzi— Vt'l/"M—<oo.
keg(:k_m?(:,,( () ( k 1)) () ) U(.’Ek)
Let 0 < ¢ < p € 1. We obtain from (4.14) and Proposition 2.1 that

% ‘”(“”*)""V(xk)-wp))l/f

kEZ

N (Z( sup (U(t) ~ Ulze)) V(O ") g?;Z)/q)l <

keZ Tr-1<t<Tp

Therefore, in view of Theorem 2.1, Lemma 2.5 and Lemma 2.7, we have that

4 S (Z( sup Ut V(t)"/")“”‘*)"q)

kez Tp.1<t<TH U(.'L' )r

< (S verr)

kezZ

Th- 1 <t<Tp (

+(E ( sup (U(t) U(zg- 1)) V(t)"'/P) (p(xk))r )l/r
keZ
< 00.

Let 1 < p < 0o. For k € Z, let hy be functions that satisfy the Hardy inequality (2.3)
and the Holder inequality (2.4), that is, functions hy satisfying

Th
supp hi C [Zk-1, Zk], / he(s)V(8)ds =1,

Downloaded from https://www.cambridge.org/core. IP address: 54.167.196.208, on 23 Apr 2018 at 05:55:09, subject to the Cambridge Core terms of use,
available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/50004972700039484


https://www.cambridge.org/core/terms
https://doi.org/10.1017/S0004972700039484
https://www.cambridge.org/core

86 A. Gogatishvili, M. Johansson, C.A. Okpoti and L.-E. Persson [18]

( / zﬁ ( / B hk(t)dt> l’pu(s)ds)p 2 ( f k (U() - U(zr-1))” "’V(t)—(p'/mu(t)dt)""’
/: hi(s)ds > V(ze-1) 7t

Now we define the test function

(4.15) h(s) =Y arhi(s)

kel

where {a:} is a sequence of positive real numbers. Then, by using this test function in
(4.12) we get

7

/P )I/q

+ (Zﬂwp‘P(xk DV (@e-1)” (q/p)) /qf, (Zak) 1/P'

keZ keZ

(4.16) (Z aﬂ”% ( /x t: (U - U(z,,_l))"' /pV(t)“(’"/")u(t)dt)q

keZ

Now, by using Proposition 2.1 for the case 1 < p < ¢ < 00, we find that

o —Ulz vy -Flp, yp p(ze) 9
igzp( /: ., 1(U(t) U(ze-1))? PV ()7 Pu(t)dt) Ton)

+ supV (zi) " MPo(z) /9 < oo.
kezZ

Hence, by Lemma 2.4 and Lemma 2.8 and performing integration by part, we have that

1/ /v
o spp gy (L, VOTU0) g Ve e
1/ /9
sy (L, VO 00 - Vlarn)s) ™+ supatan oV
(p( )l/q _ v/ /9
ST (V0700 - Ve )

+ supp(ze) YV (z) P < oo.
reZ

Let now 1 < p < 00, 0 < ¢ < p. Then, by using (4.16) and Proposition 2.1 we obtain
that

@) (™ oI (U — 7 )
(kez Ulze) (lg_l Ve (U(t) - Ulze-1)) " u()at) )

1/r
+ (Z w"q(zk)V:nk"/”) < 00.

keZ
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[19] Characterisation of embeddings in Lorentz spaces 87

Therefore, by using Theorem 2.1 and Lemma 2.6 and integration by part, we get that

acs (T2 ([ viorrver s i) " + (Setwrv )"

keZ kezZ

(SOU(‘/ (L ver 06 - U)o )

+(Zso(zk)'/qvm)-'/?) "

keZ

* (& %(2 (/ V() - Ulee) Pult)ar) W) "’

xeZ
1/r
+ (Zw(xk)'/"V(zk)"/”) < 0.

keZ

Let ¢ = oo and let {z;} be a discretising sequence for ¢ defined by (2.1). Then, according
o (4.11) we have that

@it a2 [ (" h)az) "utoas + supotan :“'h(z)dz)lp

(Z A( t)V(t)dt) 1/,.

keZ ¥ Tk-1

Let 0 < p < 1. If we use in (4.17) the test function defined by (4.13) we obtain that

1/p £(2k) U@t -U V(e) Ve
supa . Sfi‘:’ak( (t) — Ulzer))V (1)

1p
+sup /P o(zi)V (zi) "7 S (Z “k) :
keZ keZ

Therefore, by Proposition 2.1 we have that

sup 22 qup  (U(t) = Ulaio)) V()W) + sup p(a)V ()P < co.
xez U(Zk) zuoi<t<zs keZ

Thus, by Lemma 2.9, we find that

As Ssup sup  V(E)TVPo(t)
k€EZ Tp- 1 <t<z}

< Sup‘P(l'k)V(xk) /p) 4 sup( sup U(t)V(t)—l/p) w(z)
k€Z \zp- 1 <t<zp U(J:k)

< supw(zk)V(xk) /el
k€eZ

+ilélz> (zk_slli?<1k (v -u (zk-1))V(t)‘1/P) [“J’((z"; 00.
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Now let 1 < p < co. Using in (4.17) the test function defined by (4.15) we obtain that
Zi R 1774
sup al/® (‘/}(-’Bk) (/ (U@®) - U(ze-1))? pV(t)'(”'/")u(t)dt)
Z ( ) Tr—1
Y /p
+supa Po(zi)V (ze) ") (Z ak) .

keZ

Moreover, using Proposition 2.1 we get that

Ti 1/p'
ilép (/k_l(U(t) - U(zk_1))"’/"V(t)""/pu(t)dt) g(( z)) +supV(zk) UPp(zk) < 0.

Hence, by using Lemma 2.4, Lemma 2.8 and performing integration by part, we get that

1/
4s S sup ) ( / V()T U@ v(t)dt) + supp(ze)V (z4) -4
rezU (Ik keZ

1/p'
Tk

)

z 1y

= kGZ ((‘J?((:r:)) (/ V™ (U(t) zk—l))p'”(t)dt) + i‘é}z)‘P(xk)V(zk)'(I/p)
)

i‘é‘z’v(zk)

(/ V()PP (U(R) ~ Ulzer))” ult) dt)
+supp(zx)V (zx)"MP < 0.
keZ
The corresponding estimates for A7 and Ag are trivial, by using Lemma 2.1 and taking
the test function f(t) = (esssup v(s))-l. The proof is complete. 0
0<s<t

PROOF OF THEOREM 3.2. It is easy to see that

U@

(4.18) (X(o’g));. (8) ~ m

Using (4.18) we calculate the following norms in Theorem 3.2:

[+

1/q
(419) ol ~ (| Gaga )
and |
U
(4.20) "(X(o,c))”rao(w) ~ esssup 'UTt(Tt')J%(;(lsS

in each of the eight cases considered in Theorem 3.1.
1. Forthecasel < p < 00,0 < p<g< oo, by using (3.3) and (4.19) we find that

| o)l as ey, = |
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[21] Characterisation of embeddings in Lorentz spaces 89

- 5\
(4.21) ~ U(t) ( /0 (U(t)U isg](s))# ‘;,((s))# ds) .

Thus, using (4.19) and (4.21)

Stl;g”X(o,t)“rz(w)“X(o,t)“AP(u):, U@

~ sup< (U(tU—{(—tU( ~w(s) ds) ! (Z U(s)U(t) + U(s))p’ VU((:))# ds) v

t>0
= A3.

2. For the case 1 < p < 00, ¢ = 00, by using (3.3) and (4.20) we have that

Stl;OPHX(o,t) llree wy X0, lapcoy, U (2) !

oo

U ) ,\"”
“i‘i&’(‘iﬁ?ﬁi‘? U(t (0/ 7o) +3U(s) vor )
= Ag.

For the case 0 < p < 1, by using (3.3) and (4.18) we obtain that

U(s)
4.22 ' 00 ~ U t SS IR —l/p.
( ) lix, t)“AP(v) ||X(0 t)||r (U@)/v(t)/e) ( )?E(OS,:? UGs) + Ut V(s)

3. Forthecase, 0 <p <1, p<q< oo, by using Lemma 2.2 and (4.22) we get that

SthHX(o.z) oy X0l arey, U(£)

~ supllxoa s lixoslleeyummveumU© ™

N T/ Ul o Ve U(s) ~ip
~ ([ (e o) %) s om0

~22(/ (g =) G
= A;.

4. For the case 0 < p < 1, ¢ = 0o, by using (4.20), (4.22) and Lemma 2.2 we find
that

fl;gllX(o,:) lreew) X0 llary, U(8)™!

~ Stl;opllx(o,t)||F;,'°(w)”X(o,t)“r;,-o((U(z))/(V(z)llv)U (t)—l
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~ stgg st(os:;)) WS()_)“‘—%%E €5S88UPte(o, w)—U()-(i-—)U(t)V(s)—l/p

N U(s)w(s) \oyn
~ sup(esssup 7o )V (0

= A5.

5. Now consider the case 1 < p < 00,0 < g < p, r = (pg}/(p — q). By using (3.3)
(4.19), and (4.21), we have that

1/r
( [ 600 gt OV Ixas oot

1/r
(/” X(O t))”pq (w) t)U t) r”X(O l)”FP’(U(t)p v(t)/V(t)P )d )

x (0/ (7 ; )U(s)),, e ) N‘”) "’

6. For the case 0 < g < p < 1, by using (3.3), (4.19) and (4.22), we obtain that

= A4

* 1/r
([ 1xeoligtyw OV O Ixao e womomt)
0

(/ ( (U( t)U-l(-tZJ s))q (3)d3>(r_q)/qw(t)U(t)-r

U@)U(s)V (s)~ /e yr YT
(esame SO ) @)

([(]__u@r (r=a)/a . i
~ ([(0 mw(s)ds) ‘lU(t)U(t (s}lp U S)V(s) (1/, )) dt)

= Ag.

7. For the case p = ¢ = 00, by using (3.3), (4.20) and Lemma 2.2, we have that

54D || (x(0.0) oy X 00 o

~ -1
~ st‘;g’ 1.0 llrgew) ” (xt04) “A‘(u(‘r)/esssup,e(o‘,) v(s))U(t)
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U(t)w
= sup| esssu dr
.>£’(,e<o,°§)’ U(t)+Us) U(t) esssup,e(o,) o(s)

¢
w(s) u(T) ir
s€(0,00) U(S) ) €SS 5UP, ¢ (o,r) ¥(5)

= A;.

8. For the case 0 < g < p = oo, we have that r = g and by using (3.3), we have

that
(f l/r
| (xe) 3ty OUO " Ixanl )
—~ - q
~ ([ wOUO 000 e mmpoin
0
[=°] t
1 /' u(r) )1/ !
= dr Jw(t)dt
(o/(U(t) ) €sS SUpP,¢(o,r) V() ) (t)
= Ag.
The proof is complete. 0
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