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ON VMOA FOR RIEMANN SURFACES

RAUNO AULASKARI

1. Introduction. Let A = {z| |z|] < 1} be the unit disk and f an
analytic function in A. The Dirichlet integral Dy(f) of f on A is defined
by

1
Dy(/) = - f /A |f"(2) Pdxdy,

and we denote by AD(A) the space of all functions f analytic on A for
which Dy(f) < oco. We denote by BMOA(A) the space of analytic
functions f in A for which

sup 2 f [{177) P 108

and by VMOA(A) the space of those analytic functions f in BMOA(A)
satisfying the condition

e f A f(2) 12 log

Other equivalent ways to define these spaces can be found in ( [2], [4], [12]
e.g.). The following inclusion chain

(1) AD(A) ¢ VMOA(A) C 4,

dxdy < oo

1 — a

z
a

4

1

z

— % dxdy = 0.
— da

is well-known where
By = {fl / analytic in A and him A= 1zP1f) ] = O}.
' |z]—1
The first inclusion is proved by Yamashita in [14, Remark, p. 366] and the
second one (e.g. [11, p. 200] ).
Let R be an open Riemann surface which possesses a Green’s function,

i.e., R & Og and let F be an analytic function defined on R. The space
AD(R) is defined as above,

AD(R) = {Fl F analytic on R and

1
Dyp(F) = - fﬁ |F'(z2) |dxdy < oo}.
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Following Metzger [9] we define BMOA for Riemann surfaces in the
following way: We denote by BMOA(R) the space of functions F analytic
on R for which

2
Bp(F) = sup = f ﬁ |F'(z) I*g(z, a)dxdy < oo
asR T

where g(z, a) denotes a Green’s function of R with logarithmic singularity
at a. Further, for analytic functions F on R, we define VMOA(R) as
follows: Let OR be an ideal boundary of R and F an analytic function on
R. Then F € VMOAC(R) if and only if

lim f f |F'(z) I*g(z, a)dxdy = 0.
a—0R R

In Section 3 we will state the definition of VMOA(R) as “pulled back” to
the universal covering surface A and point out the connection between
VMOA(R) and BMOA(A) N {automorphic functions}. In [9] Metzger
proved the inclusion relation AD(R) € BMOA(R) using the theory of
covering surfaces. Kobayashi [7] showed that

Br(F) = Dg(F),

which implies Metzger’s result, using calculation technique on Riemann
surfaces.

The author wishes to thank Professors I. Laine and T. Metzger for many
helpful remarks on the first draft of this paper and the referee for several
useful comments.

2. The spaces AD(R) and VMOA(R). In the BMO-seminar in Joensuu
(1987) Metzger asked if it is true

(2) AD(R) C VMOA(R)

(cf. also [15, (VII) p. 481]). In this paper we will show that the inclusion
relation (2) does not necessarily hold. However, in some special cases it
will be valid. In proving we will exploit the technique of Kobayashi.
However, before proving our main results we will discuss some
preliminary proposition and lemmas. Since we have defined the space
VMOA(R) in the above-mentioned way, we must prove the relation
between VMOA(R) and BMOA(R). This result we will need in proving
Theorem 2.

PROPOSITION. For any open Riemann surface R which possesses a Green’s
Sfunction

VMOA(R) € BMOA(R).
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Proof. Let F € VMOA(R) and u,(z) = |F(z) — F(a) I>. We denote by
h,(z) the least harmonic majorant of u,(z) on R where, for convention, we
set h,(z) = oo if u, admits no harmonic majorants. By the assumption,

lim f / |F'(z) ’g(z, a)dxdy = 0.
a—0R R

Using Kobayashi’s lemma [7, Lemma 1]

2
3)  hy(a) = - f ﬁ |F'(z) |*g(z, a)dxdy, a € R,

we find a compact set Ry C R such that
@) ha) <1

for all a € R\R,,.
Suppose, on the contrary, that F ¢ BMOA(R). Then, by (3) and (4),

(5) sup h,(a) = co.

a€R,

Now we have the following alternatives:
1) At least for one a, € R, the condition

hy(ag) = 00
holds. We choose a point a; € R\R,. Let
L={{0] 0=1=1%0) = ay 1) = a}

be a path connecting the points a, and a,. Let Y(z;) € L, 0 = ¢, < 1,
correspond to the largest value #, of ¢ for which

hyy((tg) ) = oo.
We take a parametric disk U 2 Y(ty) such that
Uy (2) = IF(z) = F(te)) > < 1 forall z € Uy

Further, we choose 1), 0 = 1, < t; = 1, Y(1)) € Uy, for which the least
harmonic majorant hy,, , of the subharmonic function

Uy (2) = |F(z) — F(t)) PP

satisfies
hyy (1)) < oo
Thus h¢(t.)(z) < oo on R. Now
Uugi(2) = [F(z) — Flt)) P = 22(IF(z) — F(¥(t)) I
+ [F(1)) — F(tg) ) 1) = Auy (2) + 1)
= Ahy ) (2) + 1) < oo
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on R. Hence 4(hy;)(z) + 1) is a harmonic majorant of the subharmonic
function wuy()(z). Therefore there exists the finite least harmonic majorant
h\p(to)(z) and it satisfies

hwo)(z) = 4(h¢(,l)(z) + 1) < oo
on R. This implies that
hyp(Wtp) ) < oo

which is a contradiction.
2) We suppose that, for all a €R,,

hy(a) < oo.

By (5) there exists a sequence of points (a,) C R, a, — a5 € R (since R,
is compact) such that

h,(a,) —> oo
as n — oo. By the assumption,
hao(ao) < oo.
Hence h, (z) < co on R. We take a parametric disk U, > a, such that
|F(z) — F()? <1 forallz, 2/ € Uy,
Further, we may suppose that (a,) C U,y Then
u, (2) = IF(z) — F(a,) " = 2°(|F(z) — F(ap) I
+ |Fag) — Fla,) ) = 4u,(z) + 1) = 4(h, (2) + 1).
Hence the least harmonic majorant satisfies
h,(z) = 4(h,(z) + 1)
Thus
©)  hy(a,) = d(h,(a,) + 1)
for each n. Since we may choose U, to be a compact set,
hao(z) =K<
for all z € Uuo' Therefore, by (6),
h,(a,) = 4K + 1) < oo

which is a contradiction. Thus the antithesis is incorrect and the proposi-
tion is proved.

For our first theorem we need the following lemmas:

LEMMA 1. [7, Lemma 2]. For any Riemann surface R,
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1 1 —20(z
M n@ =t [ [ rera - e,
2 T R
where h, is the least harmonic majorant of the subharmonic function
IF(z) = F(a) "
Remark. Kobayashi’s lemma has been applied by the value k = 1.
LEMMa 2. If
lim g(z,a) =0 forallz € R,
a—0R
then for given compact set Ry C R and any € > 0 there exists a compact set
So C R such that a € R\S, implies
g(z,a) < e forallz € R,

Lemma 2 is well-known and its proof may be left for the reader.
The Riemann surface R is called regular if

lim g(z,a) = 0 foreachz € R.
a—0dR

The set of constant functions on R will be denoted by C.

THEOREM 1. Let R be any open Riemann surface possessing a Green’s
Sfunction. Then we have the following possibilities:
(a) If R is regular, then

AD(R) C VMOA(R).
(b) If R is not regular, then
VMOA(R) = C.

Proof. (a) Let F € AD(R) and let ¢ > 0. We may choose a compact set
R, C R such that

, em
®) //I;\R( |F'(z) |2dxdy < 5

By Lemma 2 there exists a compact set S; C R such that a € R\S,
implies
€
2Dg(F)
for all z € R,.. Let a € R\S,,. Then, by (7), (8) and (9),

(9) 1 — e %D <

1 1 —9g(s
(10) Shy(a) = - f L F/(2) (1 = e %) dxdy
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1 ff ’ 2 __—2g(z,a)
+ - R\R [F’(z) |°(1 e Ydxdy

2DR(F) ff |F'(z) [Pdxdy + — /L\R \F/(z) Pdxdy

€ €
< —Dg(F) + =
2D (F) RE) + 5

= €.
Hence, by [7, Lemma 1] and (10), we have
2
Iim A (a) = — lim // F(z) z, a)dxdy = 0.
JNimh,(a) = — lim o |F'(2) |°8(z2, a)dxdy

Thus F € VMOA(R) and (a) is proved.

(b) Let F be a non-constant analytic function on R. Since R is not
regular, there exist a sequence of points (a,) C R converging to OR and a
point z; € R such that

lim g(zy, a,) = ¢ > 0.

h—00

We will consider the integral

f L IF'(2) I’8(z, a,)dxdy.
Let us take a parametric disk
={z| |z =zl <r}
on R and an annulus
Vi, = {2zl r <lz =zl <r)}

where 0 = r; < r, = r. Since g(z, a,) is a harmonic function in U, (for
sufficiently large n), we have

1 2 .
g(zg, a,) = > fo g(zg + t€'%, a,)dy, 0 <1t <r.
Thus, by integrating
1 2 2 "2
—g(z()’ an)(r2 - rl) = g(Zo, an)tdt
2 n

1 p]

2T )
( / =0 g(zy + t€'%, an)dq))tdt

277- t=r|

and

(1D ffn g(z, a,)dxdy = mg(zy, a )(r2 - r]) — 7rc(r2 - r,)
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as n — oo. Now

(12) lim inf f ﬁ |F'(z) Pg(z, a,)dxdy

n—o00
= lim inf f L |F'(z) Pg(z, a,)dxdy.

Since F is a non-constant analytic function, we find r,, r, such that
O0=ri<rn=rand|F'(z)| Za>0forallz € V,I,Z. Hence, by (11), (12)
and the inclusion V. C U,

lim inf f A |F'(z) Pg(z, a,)dxdy

= lim inf f /V |F'(z) P’g(z, a,)dxdy
= o lim f’/‘y g(z, a,)dxdy

I

mxzc(r% - r%) > 0.
By definition F ¢ VMOA(R) and thus VMOA(R) = C.

The existence of (a). The simplest regular Riemann surface is the unit
disk. For other Riemann surfaces satisfying the assumption of (a)
(cf. [3, Folgesatz 13.3, p. 141]).

The existence of (b). Let R be a bounded, connected, open set in the
complex plane with a Green’s function. If R has irregular boundary
points, then the assumption of (b) is satisfied (cf. [6, Satz 8.34, p. 200] ).
Further, on these Riemann surfaces R there exist non-constant functions
F € AD(R) but as we showed the space VMOA(R) consists only of
constant functions. Thus AD(R) ¢ VMOA(R).

3. The spaces VMOA(R) and %(R). In this section we want to consider
if in the formula (1) the latter corresponding inclusion is valid on Riemann
surfaces. Since there is a Green’s function on R, the universal covering
surface of R is A and if IT:A — R denotes the universal covering map then
the group of deck transformations is a Fuchsian group I'. Let © be the
Ford fundamental polygon for I' so that I1:Q — R is a (1 — 1) into map
and IT1:Q — R is onto and the area measure of 0% is zero.

The space

ByR) = [Fl F analytic on R and lim IF'G) | 1dz] = 0],
z—9dR do(z)

where do(z) is the Poincaré metric of R, corresponds to %, on R. We want
to prove the inclusion
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VMOA(R) C %,(R).

The proof of the inclusion is based on the fact that F can be “pulled back”
to a function f acting on A by the following method: if F is analytic on R,
define f(z) by f(z) = F(II(z) ) for all z in A. It follows immediately that f
is an analytic function on A which satisfies

(13) f(y(z)) = f(z) forallyinT and z in A.

Functions satisfying (13) are called automorphic functions with respect to T
Define the spaces AD(A/T"), BMOA(A/T), VMOA(A/T) and %,(A/T’) as
the pull backs of the spaces AD(R), BMOA(R), VMOA(R) and %y(R),
respectively. We note that the space BMOA(A/I') corresponding to
BMOA(R) could be defined as

BMOA(A) N {automorphic functions with respect to I'}.

However, in the case of VMOA(R) the corresponding space VMOA(A/T’)
is in general different from

VMOA(A) N {automorphic functions with respect to I'}.

In fact, the latter space consists only of constant functions. Instead the
space VMOA(A/T) includes those functions f of BMOA(A) N {auto-
morphic functions with respect to I'} which satisfy in one fundamental
polygon 2 (in all fundamental polygons) the condition

lim f L f'(z) Pg(z, ©; T)dxdy = 0
-1
ea
where g(z, w; T') is a Green’s function of the Riemann surface A/T.
Now

ByA/T) = ‘fl f automorphic with respect to I and

lim (1= 2P 1) | - o]
ze

(cf. [1, Definition 1] where we denoted %,(A/T") by %,(I') ).

In [1, Example (a)] we proved AD(A/T) C %y(A/T’). Further, in
[1, Theorem 1] we gave some equivalent conditions implying an analytic
automorphic function to belong to %,(A/T’). In Section 2 we showed that
AD(A/T) ¢ VMOA(A/T) in some cases. However, the following is
valid:

THEOREM 2. VMOA(A/T) C %y (A/T).
Proof. 1t is well-known that (cf. Proposition)

VMOA(A/T) € BMOA(A/T) € BMOA(A) C B,
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where the inclusion BMOA(A/T) € BMOA(A) has been proved by
Metzger [9, Proposition 2] and

B = {gl g analyticin A and sup (1 — [z 1g(z) | < oo}
z€A
is the space of Bloch functions. Let f € VMOA(A/T). Suppose, on the
contrary, that
| € B\By(A/T).
Then there exists a sequence of points (w,) C £, |w,| — 1, such that

lim (1 = |w,[>) |f"(w,)| = ¢ > 0.

Hn—>00
Set

{+ w,

1+ 5,,{) ~ Sl

JAC9) :f(

Since f € %, we may suppose that

lim £,¢€) = fo(§)

n—o0

uniformly in compact sets of A where f(¢) is an analytic function in A. It
follows that

70y = (1 = o, [f(w,)]| = ¢ asn— oco.

Since
J§(©) = lim £/(0),

Jo(§) is a non-constant function.
If ga(z, w) = log( |1 — @z]/|z — w]) is a Green’s function of A, then by
a Myrberg’s theorem [13, p. 522]

gz, ;1) = 2 gz (@)
yel

is a Green’s function of the Riemann surface A/T. By a calculation

f ﬁ, 1f(2) Pg(z, w; Ddxdy = f A (@) Pea(z, w)dxdy.

Further, by the assumption

(14)  lim f A |/"(2) IPga(z, w,)dxdy

= lim f A If"(z) Pg(z, w,; Ddxdy = 0.

H—00
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Choose the pseudohyperbolic disks

z — w,

1 — @,z

U(w,, R) = [zl < R} (R < 1).

Then, by (14),
(15) lim f L(w & @) Paalz, @, )dxdy = 0.

By the change of variable

{1+ o, . .
Z:Tn(§)271+6"},Z:X+Iy,§=£+m,
0 = lim // ") ) z, w, )dxd

H00 U(me) lf( ) | gA( ;1) y

—tim [ [ U Pett. O

n—o00

= f L(O,R) 1f5 (0 ga(€, 0)dtdn

v

1
log f L(O.R) f5 ) Pdédn > 0

since fy({) is non-constant. But this is a contradiction and thus f € Z,(A/T).
Hence VMOA(A/T) C %, (A/T).

4. The space BMOH(R). Let U be a real-valued harmonic function on
the Riemann surface R. We denote by HD(R) the space of all harmonic
functions U on R with finite Dirichlet integral, that is,

HD(R) = {UI U harmonic on R and

fﬁ lgrad U(z) |Pdxdy < OO}.

Further we denote
BMOH(R) = {Ul U harmonic on R and
sup _/‘A lgrad U(z) °g(z, a)dxdy < oo},
a€R

(All the time we suppose that R admits Green’s functions.)

Kusunoki and Taniguchi [8] showed that a harmonic function U in
HD(R) belongs to BMOH(R) in some special cases. Gotoh [5] constructed
an infinitely connected plane domain R and a harmonic function U such

https://doi.org/10.4153/CJM-1988-049-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-049-9

1184 RAUNO AULASKARI

that U € HD(R) but U ¢ BMOH(R). The meaning of this section is to
show that Pommerenke [10, Theorem 2] has implicitly constructed a
harmonic function U € HD(R) but not belonging to BMOH(R).

We proceed by pulling back functions to the universal covering surface
A. Pommerenke constructed an analytic non-Bloch function f satisfying

f L |f'(z) |*dxdy < oo.
The function f satisfies the equality
J((@)) = f2) + r(y)

where y € T (I' of convergence type) and r(y) is a real number. If we
set

g(z) = —if(z) = u(z) + iv(2),

then u is a harmonic automorphic function with respect to I' for which

/‘L lgrad u(z) |*dxdy = /ﬁz |f'(2) Pdxdy < oo.
Since BMOA(A) € #and g & 4, we have

(16) sup f fA lg'(2) Pga(z, w)dxdy = oo.

weA
The equality (16) is equivalent to (we may suppose that w € Q)
(17)  sup f ﬁz 8'(2) IPg(z, w; Dydxdy = oo

we

where

gz, ;) = X gz v(w)).

yel'

As transferred to the surface R the expression (17) is same as
sup ff lgrad U(z) |’g(z, a)dxdy = oo
a€R R
where [I(w) = a and u(z) = U(II(z) ). By the definition U € BMOH(R).
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