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Entire functions mapping

countable dense subsets of the reals

onto each other monotonically

Daihaohiro Sato and Stuart Rankin

It is shown that for arbitrary countable dense subsets A and

B of the real line, there exists a transcendental entire

function whose restriction to the real line is a real-valued

strictly monotone increasing surjection taking A onto B .

The technique used is a modification of the procedure Maurer

used to show that for countable dense subsets A and B of the

plane, there exists a transcendental entire function whose

restriction to ^ is a bijection from A to B .

1. Introduction

The following problem was posed by Erdb's [2 ; p. 297, Problem 2k] in

1957=

Does there exist an entire function f not of the form

a + (2 2 , such that the nunber / («) is rational or irrational

according ae x ie rational or irrational? More generally, if

A and B are tuo denumerable dense sets, does there exist an

entire function which maps A onto B ?

A solution to the f i r s t part of the problem is to be found in Neumann

and Rado [ 4 ] , while i f one in terpre ts the second part of the problem to

mean countable dense subsets A and B of the plane, then a solution to

this part i s given by Maurer [ 3 ] , who establishes the existence of a
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transcendental entire function whose restriction to A is a bijection from

A to B . In fact, the authors [5] have shown that such a function can be

constructed so that each of i ts derivatives has this property as well.

On the other hand, if A and B are considered to be countable dense

subsets of the real line, then the following theorem, due to Bar+h and

Schneider [1], solves the problem:

THEOREM. Let A and B be iwo countable dense subsets of the Teal

line. Then there exists an entire transcendental function f such that

f(z) € B iff 3 € A .

I t is s t i l l unresolved whether such a statement holds if A and B

are countable dense subsets pf the plane. By the Picard Theorem, the

function Maurer constructs cannot possible satisfy this condition. The

purpose of this paper is to show that a modification of Maurer's technique

gives a straightforward proof of the theorem that Barth and Schneider

actually proved.

2. Monotone generalized interpolation

THEOREM 1. Let A and B be countable dense subsets of the real

Vine. Then there exists a transcendental entire function f such that f

restricted to the real line is a Teal homeomovphism, and f(A) - B .

Proof. Suppose that we have both A and B enumerated. Choose the

f i r s t element in the enumeration of A and of B , say a. and b

respect ively. Define fQ(z) = [z-aj + Z^ , and AQ = {a.^ , BQ = {b^ .

Suppose at the nth stage we have sets A = {a , a^, . . . , a^ } c A

and B = {i> , b , . . . , & „ } c B and a monotone increasing polynomial

/ such tha t / (a.) = b. for i = 1, 2, . . . , 2n-l . Construct A ,

B and f as follows:n Jn

2n-l
( i ) Let h (z) = 1 f (2~a0 a n d choose the f i r s t element remaining

n i=l

in the enumeration of A after 4 is removed. Denote this element by

a . Let C be the intersection of all closed intervals containing
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A u {̂ pwJ • There exists a real 6 > 0 such that for each real k

satisfying 0 < k < 6 , the polynomial / , (x) + kh (x) i s monotone

increasing on (?„ , and hence on the whole l i ne . Since B ^ B , i s2n n-X

dense, we may choose such a k , say k , as small as we l ike so that
n

( i i ) Now choose the f i r s t element remaining in the enumeration of B

after B ^ u {i>g } is removed. Denote th i s element by b . Let

C. , . be the intersection of a l l closed intervals containing

C2n

F(z, w) = gn(z) + wlz-a^^h^z) - b2n+1 . Since the restriction of £M

to the reals is a surjective real-valued function, there is a real xQ

such that gn{xQ) = b^^ . Ihus F[xQ, o) = 0 , while | J (*0, o) * 0 ,gn{xQ) = b^^ . Ihus F[xQ, o) = 0 , while | J (*0

and so the implicit function theorem asserts that for arbitrarily small

£ > 0 , there exists a real Z , satisfying 0 < I < E , aid
n n

Bn = Bn-1 U ^fc2n' b2n+Xi ' T h e n ^n'^n i s a b iJection from An to B̂  .

As in case ( i ) , f can be made monotone increasing on C. by choosing

1 sufficiently small and thus f can be made monotone increasing on the

whole line. Moreover, at each stage we need only consider a finite number

of conditions to obtain an upper bound for k and I so that

f(z) = 1 f (z) converges to a transcendental entire function. By the
n

construction of each / , the restriction of / to the reals is a

monotone increasing surjective real-valued function taking A onto B .
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