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Extension of multipliers
by periodicity

Michael G. Cowling

A theorem proved by de Leeuw for [ = R? and later generalized

by Lohoué and Saeki states that if T is an LCA group, FO

a closed subgroup thereof, T the canonical mapping from T
onto l"/F0 and ¢ a Fourier multiplier of type (p, p) on
F/FO , then ¢ o T is a Fourier multiplier of type (p, p) on
I' . We show here that if 1 =p < g =« | FO is a compact
subgroup of I and ¢ 1is a Fourier multiplier of type (p, q)
on F/FO , then ¢ o T is a Fourier multiplier of type (p, q)

on T ; andif FO is a non-compact subgroup of I and ¢ o T

is a Fourier multiplier of type (p, q) on T for some p and
q satisfying 1 <p <qg <« , then ¢ is zero. We prove also

that if ¢ is a Fourier multiplier of type (P, q) on F/FO s

where 1 <g <p =« and T is discrete, then ¢ o T is a

Fourier multiplier of type (p, q) on T .

1. Introduction

Before stating our results formally, we introduce some notation. For
a topological space X , C((X) denotes the space of continuous

complex-valued functions on X , and CC(X) is the subspace of C(X)

consisting of the functions with compact supports. We shall denote by G
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and T dual ICA (locally compact abelian) groups with Haar measures dzx
and dX respectively. Haar measures on dual groups will be assumed to be
normalised so that the inversion theorem holds. Throughout this paper, p
and q are used to denote extended real numbers satisfying 1 =p = and
1 =g =% in Sections 2 and 3 we assume further that p < ¢ , and in
Section 4, we shall take p > g . The conjugate indices p' and q' are
defined by the equations p'_l + p—l = q"l + q_l =1. IP(G) ana I9(G)
are the usual Lebesgue spaces on G ; Mbd(G) is the space of bounded
Radon measures on G . The Fourier transform of a function f 1is denoted

by ? ;3 A(G) 1is the space of Fourier transforms of elements of Ll(F) .

A Fourier multiplier of type (p, q) , hereinafter called a multiplier
of type (p, q) , is defined to be a locally integrable function ¢ on T

such that, for some constant C ,

(1) [ sooreazooa = cist ot

r prq
for all f, g € CC(G) . It is assumed that the function ¢?§ is
integrable for all f, g ¢ CC(G) . The space of multipliers of type

(p, q) 1is called Mq(r) ; MZ(F) is a normed vector space if the norm of

¢ , written H¢“p q° is defined to be the least admissible value of C in
3

the inequality (1), and we identify functions which are equal locally

almost everywhere.
If ¢ is a multiplier of type (p, q) , then, for fixed f € CC(G) s

the linear functional

0. g [F 00008 (X)dx

, :
is defined on the dense subspace C.(¢) of IL? (G) if # 1 , and on the
q

c
dense subspace CC(G) of CO(G) if g=1 (CO(G) is the space of
continuous functions on G which vanish at infinity), and satisfies

|¢’f(g)| = H¢Ilp,q|lfllpllgllq. .

Therefore there exists an element t¢f of L9(G) if q #1 , and of
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Mbd(G) if ¢ =1 so that

2) fr BP0 = £f * g(0) .

One may show quite easily that t¢f is actually in Ll(G) if g=1,

using the fact that the only bounded measures for which translation is a
(norm) continuous operation are those generated by integrable functions.

Evidently, the operator t¢ is linear and

Il = 1ol I,

so t¢ may be extended to a continuous operator from P6) (or CO(G)
if p==) to t9(¢) of norm ”¢”p q- If p=o, t¢ is in fact

H]
continuous from CO(G) to L9(¢) with the weak topology on CO(G)

induced by Ll(G) , and so may be extended to a continuous operator from
o O
L (6) to I%(G) in this case, as Co(G) is demse in L (G) with this

weak topology. Now for h, k € LE(G) , Plancherel's formula may be

written in the form

ho* k(0) = fr AOOR(X)dX -

Consequently, the formula (2) leads us to believe that, in some sense
(3) (t¢f)" = ¢f .

This formula can be shown to be correct provided a general notion of
Fourier transform, involving distributional methods, is used. We have no
use for the formula (3), so shall avoid this complication; the interested

reader is referred to Gaudry [2] and Gluck [3] for details of
distributional Fourier transforms. Our definition of MZ(F) differs

somevhat from the conventional definition, which involves these methods -
see for example, Gaudry [2] and Hormander [5]: however., our space is a
vector subspace of the usual space, with the same norm, provided that we

identify functions which are equal locally almost everywhere.
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Let FO be a closed subgroup of the LCA group I , and let T be
the canonical mapping of ' onto I'/_I‘O . Associated naturally with 7 is
the induced mapping w* , which maps the measurable function ¢ on I‘/I‘0
to the measurable function ¢ om on T , effectively "extending ¢ by
periodicity". As mentioned above, de Leeuw [I] showed that, for T = R" ,

m* is a continuous mapping of M?(F/FO) into Mg(P) , and Lohoué [6] and

- Saeki [8] extended this result independently to general LCA groups. We

prove the following theorems.

THEOREM 1. If T, s a compact subgroup of I'and 1 sp<qg <=,
then T* maps MZ[F/FO) continuously into MZ(F) , and for any Y € Mg(r)

which is constant on cosets of T, in T , there exists ¢ ¢ MZ(F/FO)
such that 1% = ¢ .

THEOREM 2. If FO 18 a non-compact closed subgroup of T and, for

some locally integrable function ¢ on F/Fo , TP € MZ(F) for some p
and q satisfying 1 <p <qg =%, then ¢ =0 Llocally almost everywhere.

THEOREM 3. If FO is a subgroup of the discrete LCA group T ,

and 1 2q <p =, then 7w* maps MZ(F/FO) continuously into Mg(r) R
and for any Y € MZ(F) which 18 constant on cosets of FO in T , there

exists ¢ € MZ(F/FO) such that m*¢ = y .

2. Extension over compact subgroups (Theorem 1)
The subgroup PO is assumed to be compact, and so Go , its
annihilator in G , is an open subgroup of & . The Haar measure dxo of
GO may therefore be taken to be that of (G restricted to Go . If we

assign to G/Go the natural measure dz ascribing unit mass to each point

of G/G then for any f € CC(G) .

o L]
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JG flz)dz = IG/GO [IGO f(x+x0)dx0]dé .

Our assumption that the inversion theorem holds for dual pairs of groups

implies that PO has total Haar measure one, and for any Y € CC(F) ,

fr Y(x)dx = fI‘/Fo Uro Y(x+x0}dxo]d>°< ,

(with the obvious notation). It is well-known that if f ¢ CC(G) is
supported in GO , then % = ﬂ*?b . fb denoting the function f

restricted to G, (whose dual is F/FO }.

Let f and g be in CC(G) . Since GO is an open subgroup of G ,

the supports of f and g have non-void intersection with only a finite

number of cosets of GO in G . Therefore there exist an integer n ,

points Tys Tps covs &, in G and functionms

f.

Fio For woes T s Goo ves g, in CC(G) such that f = T

J

o

n
g = kZl gy » f; 1is supported in @;+ Gy s g 1is supported in -z + G,

and the sets xj + GO (j=1,2, ..., n) are pairwise disjoint. Then,

denoting by Tx the translation operator Txf(y) = f(y-z) , we see that

fr o (x)F(X)g (X)dX

|| w007, 005, 00ax

ﬂ*¢(x)x_j(x)(T_xjfj]“(x)xk(x) [Txkgk]“(x)dx

|
. fr ﬂ*¢(x)ijﬂ*(T_xjfj]8(x)xk(x)ﬂ*(Txkgk]g(x)dx
f

o0 (T_xjfj}go'o ARl B (x+xg) g% -
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It is known that, if K 1is a compact LCA group, & a character of X ,

and dy its Haar measure, then f E(y)dy = 0 unless &(y) =1 for all
X

y € K . Thus

[ e

W | w007005 00ax = L fmo ¢(x)(T_xjfj]gm[ijgj]gmdx

and so

A

Hr n*¢(X)%(X)§(X)dX) jzl Ur/ro ¢().()(T_xjfj]a().()(ijgj]a().()d).(i

n

< 1wl g |(T_xjf,,-]01lpil [ijgai]ouql
< Il¢llp,q[jzl ”(T—xjfj]O”:]l/p[jzl "ijg.j“l:.]l/p

p

'
by Holder's inequality. The space Al is contained continuously in U

/ '11/q'
|1¢llp,q[jgl ”T_xjfjugl p[jril Ilijgj“Z,] ’

since ¢' <p' , and so

A

(5) ”r Tr*¢(x)f°(x)§(x)dx\

el N1 Nl
if p >1 . A similar argument applies if p =1 , and so, as claimed,
T4} € Mq(F) and ||w* < .
o € MUT) , ana iwtoll, = ol
To conclude the proof of the theorem, suppose that ¢ is a function
= * 1

on T/FO such that Y = w#¢ € MZ(F) . Let fo and g, be in CC(GO)
and denote by f and g the functions in CC(G) which are supported in

Gy and agree with GO and fo on Go . Then
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(6) ”r/ro 807, (005, (0

‘IF/FO [fro “*¢(X+Xo)n*?o(X+X°)n*§°(x+xo)dX0]di|

IIF “*¢(x)?(x)§(x)dx|

1A

oy, Al Nl
ol oMol llgglge

completing the proof of the theorem.
It is perhaps worthy of note that m* is an isometry from M?(F/Fo)

to Mg(F) regardless of the normalisations of the Haar measures concerned.
However, if p < q , the norm of T*¢$ is dependent on the choice of Haar

measure on FO . This is little more than a restatement of the fact that

if T 1is a continuous linear operator from IF(G) to L9(G) and the Haar

measure of (G 1is changed from dx to Cdx , then the norm of T changes

from |7l to 4Py .

3. Extension over non-compact subgroups {Theorem 2)

Theorem 2 is proved by contradiction. Estimates akin to those for the
Dirichlet kernel are used to invalidate inequality (8) below. We prove the

theorem first for continuous functions ¢ , and then generalize our result.

LEMMA. Suppose that ¢ € C(F/Fo) and T*¢ € MZ(F) s where T, isa
non-compact subgroup of T , and p<q . Then ¢ =0 .

Proof. Suppose that ¢ # O . Evidently, without any loss of

generality, we may suppose that

(a) $(0) # 0 since T.m*¢ = T*Td € Mg(r) if T € MZ(F) ;

(b) ¢(0) =1, since Mg(r) is stable under scalar multiplication;
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(c) ¢ is real-valued, since if T*$ € MZ(F) s ™9 € MZ(F) and so

ﬁ"%’ﬁ—‘keﬂﬂ’(r)

Because ¢ is continuous, there exists a neighbourhood V of 6 in P/Fo
such that ¢(X) >0 for any X €V . Let v € A(F/FO) be a non-negative
function which is supported in V , does not vanish at 6 » and satisfies
= 1 . Therefore [7, 4.1.3], 7* 1is the Fourier transform of a

”v”A(F/FO)

bounded measure ¥ on G , and f [dul =21 . 1 F¢ c.(6) ,
G ,

f *xuc¢ Ll n C(G) , and so, for some real constant Cl depending only on

¢,

1A

||| me0ft0fuoreoa = eyl st

1A

CyIF IfM 0

by an obvious extension of the inequality (1).

Let f € CC(G) be such that ? is non-negative and non~vanishing at

+
0 . Given a Fo—valued sequence (Xj) + (Z is the set of positive
jez

integers), define the CC(G)—valued sequence (fn) +
nez

(1) (Zx],

=1 Y

the summation being a sum of functions and not the group-theoretic sum.
N n
Then fh = -Z TX-? » SO

n ~
mo00mw (0 17, F0 I 7 Foodx

||| 70007, 008007, 008 = [ PES G
f

v

n N 2
()T (X) 1. [Tx f(x)] dx
T J=1 7]

. fr ()T (x) [F(x) 12dx
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since T*$ and T4 are constant on cosets of FO in T . This last

integral is non-zero, so for some constant 02 independent of =n ,
<
(8) n < ol I IF o -
We show first that FO cannot contain a discrete subgroup isomorphic

to the integers Z . Suppose that FO contains a discrete subgroup

isomorphic to Z ; let EO be a generator of this subgroup, and set

X; = gg’l for § € z° . Then, with the notation (7),

fp = (jgl xj]f

_ (ngl gg]f

j=0

unless Eo(x) =1, in which case fh(x) = nf(x) . It transpires that
the kernel kerEO of EO is of measure zero, so we may neglect this
possibility. If the Haar measures dt and dz of kerEO and G/kerE0
are appropriately normalised,

[ l—Eg(x) p

1kt = | [T b as

1-8%(z)|P
f G/xerE, 1-g(:(5c) U k

| f(x+t) Ipdt:|d:2 }
erEO

Now |F|P ¢ Cp(G) and so the function F : z + f |flz+t)|Pdt is
ker&

continuous and has compact support [4, 15.21] and is therefore bounded. So

for some 03 depending on f and p but not on n ,
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1-50()|P
—)| dx .

p <
(9) 7,8 = e,

fG/kerEO l-EO (a‘c)

The annihilator in G of the subgroup generated by EO is just
kerEO , and so G/ker&0 is isomorphic (topologically and algebraically) to

the dual group of Z , namely, the circle group. Therefore

—exp[int]|?
l-ex 'mtldt

P 2T
”fn”p = 6'3 fO l-explit]

- o {‘n l-exp!intllpdt
T3 0 l-explZt] :

The following estimates are readily obtained:

‘————E————l'ex Lintl) <) for ¢ ¢ (o, 2—"] ,

l-exp[Zt] n
and
l-explint]| _ 2 il 2an
‘l-exp[it] = Ssin(e/2) ¢ for ¢t e'[n g “J
Hence
p-1
P -1 n/2 -1 . o
15,8 = 2cafod o LS i 3 <p
and
If,ll, = 2csmle+logln/2)] 4
that is,
(10) ”fn”p = 0(logn) as n > if p=1,
and
= ofnt/P' ;
(11) ”fn"p =0{n } as n=+e if p>1.
- - - -1
since p<q, p'TTrql=1-p g <1, 50 lfllif,l, = o) as
n > © , contradicting the inequality (8). Thus T, cannot contain a

0

discrete subgroup isomorphic to 2 .
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By a well-known structure theorem [4, 9.8], PO contains an open

subgroup of the form R" + K , where X is compact. Since PO cannot
contain a discrete subgroup isomorphic to Z2 , n = 0 , that is, TO
contains a compact open subgroup. Denote TI'/K and FO/K by ' and Té
respectively; FO/K is discrete because K is an open subgroup of rO N
and because T is not compact, FO/K is infinite. Topologically and

0

algebraically, T/T_ is isomorphic to F'/Fé , so any continuous function

0

¢ on T/TO naturally defines a continuous function ¢' on F’/Fé .
Further, m*¢ is in Mg(r) and is constant on cosets in I of the
compact subgroup X , so by Theorem 1, ¢' o m' € MZ(F') , where w' is

the canonical mapping of I'' onto P'/Fé . Thus, if 0 # T*$ € Mg(r) .

there exists a group I'' with an infinite discrete subgroup Té and

o' € C(T'/Té) such that ¢' o m' € Mg(r') . Every element of Fé must be
of finite order (since Fé cannot contain a subgroup isomorphic to 2 );

thus we may, without loss of generality, assume that 0 # ¢ € C(F/PO) >

T € Mg(F) , and FO is an infinite discrete subgroup, every element of
which is of finite order.

Since FO is infinite, there exists a sequence (Ej) + of elements
Jez

of FO so that £k+l is not a member of the finite group Ak of order

m(k) generated by the elements El, 52, veey Ek . Denote by A the group

@

U A , and let (x.) be an emumeration of the elements of A so
k G .

k=1 Jjez

that

{xj t1=g=mk)} =1y : xc¢ Ak} .

"Let H be the annihilator of A in G ; A is discrete, so G/H is
compact. Then, as argued for (9)
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p n . |P .
(12) 17,08 = ¢, fG/H L x| &
in particular, taking n = m(k) ,
m(k) . 1P .
ol =ey [ |1 x| a .
m(k)'p 4 e/ ljey 9 l

We assume that the Haar measure of G/H is normalised so that G/H
has measure one. It is easily checked that the Fourier transform of the
function Fk on G/H defined to be m(k) times the characteristic
function of Hk/H , where Hk is the annihilator of Ak in G , is just

.oomk)
the characteristic function of Ak ; that is, Fk(x) = Z xj(x) . It
J=1

follows immediately that
- o
gl <y [ 11T
= C'hm(k)p"l s
that is,
(13) iyl = 02"

But from (8),

m(k)

1A

ofm(k)) as m(k) »e

so we have produced the desired contradiction, and the lemma is proved.
Proof of Theorem 2. Suppose that ¢ 1is a locally integrable function

such that T* € MZ(I‘) . Then if f, g € C,(G) end Hf”p = Ilgllq. =1,

||| 700700300 = I, , -

Since Mg(r) is stable under translation, for any & € F/Fo .
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| fr m10(0F008 (Xax| = el

SO

A

.5, 6B, eoxitoxdace

* N
r, moll,

whence

1A

|fF/F0 ¢(X‘€)Y(E)[JFO f(X+Xo}g[x+X0)dxo]dX “"*¢“p,qlY(€)l

for any Y € CC(F/FO) and £ ¢ F/FO . Integrating with respect to §

over F/FO and applying Fubini's Theorem, we see that

” ¢ * YGOUF 7 (x+x0)5(x+x0)dxo]d>'<

< |im*¢ s
o I llp ’qIIYlll

that is,

[, 76 « 00Re0go0ax| = el i,

Thus T*(¢ * y) € MZ(F) for any ¢ € CC(F/FO} . Furthermore, ¢ *#Y is a
continuous function for any Yy € CC(F/FO) ,and so ¢ * Y is zero by the

lemma. Hence ¢ = 0 locally almost everywhere, completing the theorem.

4. Extension in discrete groups (Theorem 3)
The proof of Theorem 3 is similar to that of Theorem 1.
Let FO be a subgroup of the discrete group T , and Go its
annihilator in G . We may assume that the Haar measures dX, dxo and di

of T, FO and P/FO respectively assign unit mass to each point of these

groups; then, for any Y € CC(F) .

fr v(x)dx = fr/r Ur Y(x+x0)dx0]d>'< :
0

Our assumption that the inversion theorem holds for dual pairs of groups

0

implies that the Haar measures of G , G/G. and GO are normalised so

o]
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that each group has unit measure. Further, for any f € c(G) ,

fG flx)ds = fG/GO UG EENEN R

0
Because (G is compact, the set of trigonometric polynomials on G ,
denoted by T(G) , is dense in C(G) . Thus ¢ € MZ(F) if and only if

there exists a constant (¢ such that
(14) | voofeosooa = sl
T q

for all f, g € 7(G) , and the least possible value of C in the

inequality is Hw”p q" An analogous criterion, to decide whether a
E]
function ¢ on I‘/FO belongs to MZ(F/FO} , will also be used.

Let h € A(G) and z, € Go . By the inversion theorem,

h(zy) = f o, Uro Oerx,) (xo)ﬁ(x*ronde]d)'c
- fr/ro X (@) Uro ?z(x+xo)dxo}d>'< :

The function ho , defined to be &

since PO annihilates GO .

restricted to G therefore satisfies

0 s

ry(x) = fl‘o h(x+xo)dxO .

In particular, if f, g € C(G) , then f *x g € A(G) , so

(15) (F * g)5(x) fr F O3 g (xrxg ) dxg -
0

Therefore, if f, g € T(G) , the orthogonality relations show that

(F + 913000 = fr Ii fG Plxexg) 3 0cv,) Tormg) (7 (x65) () dudy |
0

Ty

= L;' UI‘ %(X+X0} (X+xoi (y)dXO:' U §(x+io) [X+go) (y)dgo] dy
0

Ty

- [ e 50t g560a -
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So, using Fubini's Theorem,

Ur ()08 (x)dX

fF/F
i fI‘/I‘

-/ fr/ro 030 2,) 560 (1) 05|

: ¢(>'<)Ur0 ?(X+XO)§(x+x0)dxo]df<,
o 00| 0560 050044

1A

fG ”F/Fo $(x) (7, ) 5 (x) (T_yg)a(;()dildy
[ ot

“q’“p,qUG ” (Tyf)ouzdy}l/pﬂc ” (T-yg)on::dy]l/p' :

!
by Holder's inequality. Since G is compact and p' < gq' , P (¢) is

1A

Y

IA

!
contained continuously in L (G) , so, if p <® and q' <o ,

(16) Ur To(X0F 003 00d]

o, [ N (Tyf)()“:dy] e / N (T_yg)o})Z:dy] He

l/p ' l/p
- |Pax q
el ol fco 17 legos) 1Pazs] UG [ laleg) | ang]

0

tA

II¢Hp’qllfllpllg|Iq. ,

by Fubini's Theorem, the translation and reflection invariance of Haar

measures, and the normalisation of the Haar measure of GO . If p=% or
q' =® , a similar argument will give the appropriate estimate. The first
half of the theorem is now proved.
We show now that if m*p € Mg(r) , then ¢ € MZ(F/FO) , and
< fjm* . Since we have just shown that |[m*¢]] = ¢l it
“q’"p,q L ¥ll5 p.q p.q’

will follow that 7* is an isometry (with the normalisation we have

assumed). An inductive argument is employed.

Suppose that FO is a finite group of order n ; then G/G0 is a
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finite group of order n . Let {xl, Ty vees xn] be any subset of G
containing exactly one element of each coset of Go in 6. If fb is
any member of C[GO) » we shall write f for the function on G which is
supported in Go and coincides there with fo ; also, if A is any
member of C(G) , we shall denote by ho its restriction to Go . We note
that dxo , the Haar measure on GO ,» is just 7n times the restriction to

G, of the Haar measure on G . Consequently, for fo, 90 € C(GO) s

0
_ 1/

(17) I5oll, = 7Pt
and

(18) n(f *g)y = Fo * 9g -
Then

n n
fr ﬂ*¢(x)[jzl [ijf] (x)] [kzl (T_xkg] (x)]dx

[}

jgl kzl fr/ro ¢(i)[fro (ijflA(X+Xo)(T_ku]A(X+XO)dXQ]di

n n

!

I
J=1 k=1 ‘T/T,

¢(x)(ijf * T_mjg]a(x)dx ,

by (15). [T f*rT g] =0 unless J=k,and T Ff*T g=Ff=*xg,
T x . -z

] J J

SO

f "11*¢(x)[j§l (ijf]“(x)] L1 (. g)00]ex J_gl fr/ro S * 9)3(X)a

[ sGonts + g)500dk
T/Ty

= S0P (X)F(X)dX >
fr/ro folXg,

by (18). Therefore
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(20) PO Fp(X)gn (X)dx
T 0 0

/To
[ wooo £ (e ool 1, (e g]oo)ed

tA

T*
sl

ErA Ll mol

J=1

1/p l/q
Iln*¢lip,qn Ilfllpn Ilgllq.
*
flm ¢|Ip,qllfollpllgollq. s

the penultimate step because the functions Tx f (Gd=1,2, ..., n) have
J

pairwise disjoint supports, and the last step by (17). This establishes

the second half of the theorem if FO is a finite group.

Assume now that FO = Z (the integers), and hence that G/G0 =7,

the circle group, which we view as the unit circle in the complex plane.

For any positive integer =7 , let S = {xl, Ty wees xn} be a subset of

G such that

= 2nik = .. .
xk—e@['i], k=1,2, .o n

Define the subintervals In and Jn of the real line:
i

I=[—-
n n2

L
n n°-n

and set Kn = exp[tI%J and Un = exp[an] . Then Kn is a compact subset

n_x)
n_ 2

NE)

-

of T containing the identity and contained in the open set Un . Let

v

' be a continuous function supported in Un satisfying 0 =< wn <=1 and

wn(Kn) = {1} . Denote by w; the periodic extension of Y  to G ; this

is constant on cosets of G, . If h € ¢(G) , then

n | dpemtars < fG/GO wnu)UGO b aweg) day | a5
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The integral inside the brackets is a continuous function of x , and

1-1/n 5nf wn(é)d?csl
G/Go

s0, as n * « , the limit 1lim nf V' (x)h(x)dxr exists, and
o Jg T

(21) vin e [ W = | nlgs, -
G

n e GO
Let fo, 90 € T(GO) , and let f and g be trigonometric polynomials

on G which agree with fo and 95 respectively on G0 . Put

n n
f,o=4f, g,=Vg, F, = Z r, f, eand G”=z<§1T‘x

" - g, - Let

k
) U | oo
(hl) Jer, be an approximate identity in I (Go) so that “hlnl <1 and

hz € CC[F/FO) . Tiicu

[ m00meh, 008,008, 00X

n n

)

»y
j=l k=l F/I'o
n n
|
J=1 k=1 ‘T/T

by (15). [ijfn * T_xkgn]o =0 unless J =k , and so

$(0B, (0 Uro (ijfn] (o) (T-xkgn] " beng)ax

¢(>’<>fzz<§<>(fx Fy* T, gn]5<$<)d§< :
0 J k

(2) [ wo00mh; 008,008, 00d = = fr/r PGB, (O, + 6,)5(0dK -
0

- By an obvious analogue of (21), if z, € GO ,

Lin n{f, *g,) (z,) = L;O flzg-yy)9 v dy,

fo * go(xo) >

and
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Inlr, *g,) (=) = nlf, * gl
< lif,ll g,
I lllgl 5

1A

so by Lebesgue's Dominated Convergence Theorem, n(fn * gn)O converges in
1 ~ ; :
L (GO] to fo * gy - Consequently n[fn * gn)o converges pointwise to

?050 . The group G is compact and so T*$ € MZ(F) implies that 7*¢

(and hence ¢ ) is bounded. Further, 2 has finite support, whence

l

s [ wa00wh, 008, (08, (0dx

13 ()R, (X)n(F ~(x)d
ppae ni:n"fr/l"o an(n*gn)ox X

o007, (OF . (X)g (X)X -
fr/ro AREIARCL AR

Therefore

|fr/ro ¢<i)zz(i)%o(k>§0(i>di\ < lim inf fr (0 (0F, (0G (x0dx

fmand

IA

1i

o

B

: *
inf|im ¢llp’qlluZ * FanHGan. ,

where UZ denotes the measure whose Fourier transform is N*hz and whose

norm is ”hlnl (7, 4L.1.3]. Then

1i

Fimad

B

1A

‘fr/ro D00R; (0700500 inglimoll, Mgy IE I NG, I,

1A

vim snlnol, /U7 Nl

b a’d

Hﬂ*¢np,quoHpHgOHq. ,

. . 1 . . .
since iiz n /p”fhﬂp = Hfoﬂp by (21). The net (hZ)ZcL is an approximate

~

identity, so hl converges pointwise to 1 . ?O has finite support, and

SO
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(23) ”r/ro 8075 (050 (X0 = 1im; ”r/ro $(0, (0 (05, (X

1A

Imoll, MFollliggh e

completing the proof in the case TO =27 .

Suppose now that whenever FO is finitely generated by at most m

elements (m = 1) and 7*¢p ¢ MZ(F) , then ¢ € MZ(F/FO) and
”¢”p,q = Hﬂ*¢“p’q . Let FO be a group generated by (m+l) elements

Xl’ x2, e xw+1 .  The inductive hypothesis shows that, if Fl is the

group generated by Xps Xps vovs X the function ¢ on F/Fl , obtained

in the natural way from T7*¢ , belongs to MZ(F/Tl) and that
ol < im*el) , provided that, as usual, the discrete groups [/T. and
pPsq p,q 1

I' are taken with counting measure. The Second Isomorphism Theorem [4,

2.2] states that F/FO is isomorphic to (F/Fl)/(FO/Fl) . Since FO/Pl

is generated by one element and Y 1is constant on the cosets of FO/Fl in

T/T. , it follows that ¢ € MZ(F/FO) and that ”¢”p,q = ”ﬂ*¢”p,q . The

1

theorem is now established whenever FO is finitely generated.

To demonstrate the general result enunciated, we need another lemma.

its annihilator in G , and T the

Let Pl be any subgroup of T , G 1

1

canonical mapping G ~ G/Gl . We shall assume that the Haar measures dxl

and dél of G and G/Gl are such that each group has unit mass; the

1

Haar measure on Fl must therefore be that on I restricted to Pl .
LEMMA. If ¢ € MZ(I‘) , then w[rl € MZ(I‘I] , and

oy I, o = I, -

Proof. Let f € C(G/Gl) . It is well known that

(24) (F o m)(x) = F(x) if x €T,
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and
(f o nl)A(x) = 0 otherwise.
Further,
1/p
[o] = o] p
(25) If o myly = [ 17 o (@) 1P
1/p
) - .
oo, VG [ dmaty]
- sl
and so
) |[ w0re0ston = || w0l e 1) 00l o 1) 00|
r, r

1A

Wl 7 o mlllg o ml,,
ol lifi ol

for any f, g € C(G/Gl) , broving the lemma.

Suppose that fo, go € T(GO) . Let {Xl’ x2, e Xn} be a finite
subset of I containing elements of each coset of PO in T on which %O
or 50 is non-zero, and define Fl to be the group generated by
Xl’ x2, ey Xn . A subgroup of a finitely generated abelian group is also

finitely generated [9, II.3.k], so Fl n FO is finitely generated. By the

lema, wo|p € Mg(rl) s and mHolp N, s I, oo Since ™HO[p - is

constant on cosets of the finitely generated group Fl nT ¢' , defined

0 3

to be the function on Fl/(rlnro) whose periodic extension to rl is

W satisfies ¢' € Mq(r Tl } and ! = |in*d . The
olr, > o' ¢ Milr /(0T ) o'l o = ol

First Isomorphism Theorem [4, 2.1] states that the group (rl+r0)/r0 is

isomorphic to the group Fl/(FlnFO) ; the natural isomorphism © maps the

coset X + To of (F1+T0)/FO (x € rl) to the coset X + Pl n rO of

Fl/(PlnFO) . We have (implicitly) normslised the Haar measure of
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Fl/(FlnFO so that each point has unit mass; if we also normalise

(F1+F0)/F0 so that each point has unit mass, the mapping 6% : Y + ¢ o ©
must be an isometric isomorphism of MZ(FI/(FlnFO)} onto MZ[(F1+PO)/FO]

- — ¥
In particular, ¢I(F1+F0)/P0 =¢' o 0 ¢ MZ((F1+TO)/FO] and
< |iw# . r
”¢|(F1+F0)/F0“P,q i ¢“p,q Let T, be the group (F1+FO) ,» G, the
annihilator in GO of F2/FO , and n2 the canonical projection
Gy > GO/GE . The dual group of F2/FO is GO/G2 , so, for any

h, k € 0(00/02} R

Uhrompmmuma < Il I Ikl

In particular, considering h, k € T(GO/G2) such that

h= 3| and &= 5| ,

I'y /T 0 Iy /Ty

”FZ/FO o0 (g ()dx| = lImoll, iRl ikl s

However, Fl was defined so that fb and 50 were both supported in

(F1+PO)/FO . Consequently, as in (2L), fo

ho m, and g, = kom

ih d
linl,,  an

o

The normalisations are such that jj& © ﬂ2np

ik © ﬂ2“q’ = Hqu. , as in (25). Thus
UF/I‘O S0 (X)go00ax| = lim*oll, IFqll lggllr s

which, since fo and gy vere arbitrary trigonometric polynomials on

G proves the theorem.

0 b ]
Finally, we should note that, if G is not compact (that is, if T
is not discrete) then Mg(r) = {0} if 1 =<q <p =» . Hormander [5]

demonstrates this if G = R , and the generalisation of his proof to

arbitrary non-compact groups is obvious. So when p > g , the only case of
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interest in connection with periodic extensions of multipliers is that

where I 1is discrete.
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