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Extension of multipliers

by periodicity

Michael G. Cowling

A theorem proved by de Leeuw for V = R and later generalized

by Lohoue and Saeki states that if F is an LCA group, F

a closed subgroup thereof, IT the canonical mapping from V

onto T/r and <j> a Fourier multiplier of type (p, p) on

F/r , then <f> o T\ is a Fourier multiplier of type (p, p) on

T . We show here that if 1 5 p < q 5 "> , F is a compact

subgroup of F and <J> is a Fourier multiplier of type (p, q)

on r/F , then <j> o IT is a Fourier multiplier of type (p, q)

on F ; and if F is a non-compact subgroup of T and if o n

is a Fourier multiplier of type (p, q) on F for some p and

<7 satisfying 1 5 p < q £ °° , then <(> is zero. We prove also

that if <J> is a Fourier multiplier of type (p, q) on ^/F ,

where 1 5<| < p 5 " and F is discrete, then <j> ° IT is a

Fourier multiplier of type (p, q) on F .

1. Introduction

Before stating our results formally, we introduce some notation. For

a topological space X , C(X) denotes the space of continuous

complex-valued functions on X , and c
c(

x) i s t h e subspace of C{X)

consisting of the functions with compact supports. We shall denote by G
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264 Michael G. Cowl ing

and F dual LCA (locally compact abelian) groups with Haar measures dx

and dx respectively. Haar measures on dual groups will be assumed to be

normalised so that the inversion theorem holds. Throughout this paper, p

and q are used to denote extended real numbers satisfying 1 - p - "> and

1 5 q 5 °° ; in Sections 2 and 3 we assume further that p < q , and in

Section 4, we shall take p > q . The conjugate indices p1 and q' are

defined by the equations p 1 " 1 + p" 1 = q''1 + q'1 = 1 . lP(G) and L4(G)

are the usual Lebesgue spaces on G ; M-.AG) is the space of bounded

Radon measures on G . The Fourier transform of a function / is denoted

by f ; A(G) is the space of Fourier transforms of elements of L (T) .

A Fourier multiplier of type (p, q) , hereinafter called a multiplier

of type (p, q) , is defined to be a locally integrable function <J> on T

such that, for some constant C ,

(i) |f Ux)f(x)g(x)dx5 C\\f\\ \\g\\ ,
p q

for all /, g € CAG) . It is assumed that the function <$>fg is

integrable for all f,g£ CC{G) . The space of multipliers of type

(p, q) is called /r(F) ; lfi{V) is a normed vector space if the norm of

<J> , written ||<j>|| , is defined to be the least admissible value of C in

the inequality (l), and we identify functions which are equal locally

almost everywhere.

If <j> is a multiplier of type (p, q) , then, for fixed / Z ^r^G^ '

the linear functional

$« : o ~

is defined on the dense subspace C
C(G)

 o f ^ (<?) if q t 1 , and on the

dense subspace C (G) of C^G) if q = 1 [C (G) is the space of

continuous functions on G which vanish at infinity), and satisfies

Therefore there exists an element tif of if*(G) if q + 1 , and of
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i f q = 1 so that

(2) | <Kx)?(x)?(x)«c =

One may show quite easily that trf is actually in L (G) if <j = 1 ,

using the fact that the only bounded measures for which translation is a

(norm) continuous operation are those generated by integrable functions.

Evidently, the operator t. is linear and

so t, may be extended to a continuous operator from if'(G) (or C Q ( G )

if p = °° ) to Lq(G) of norm j|<|>|| . If p = °° , t, is in fact

continuous from CQ(G) to Lq(G) with the weak topology on CAG)

induced by L (G) , and so may be extended to a continuous operator from

L {G) to Lq(G) in this case, as C (G) is dense in L (G) with this

weak topology. Now for fc, k € L (G) , Plancherel's formula may be

written in the form

h * k(0) = f h(x)k(x)dX •

Consequently, the formula (2) leads us to believe that, in some sense

= ff •

This formula can be shown to be correct provided a general notion of

Fourier transform, involving distributional methods, is used. We have no

use for the formula (3), so shall avoid this complication; the interested

reader is referred to Gaudry [2] and Gluck [3] for details of

distributional Fourier transforms. Our definition of A/^(F) differs

P

somewhat from the conventional definition, which involves these methods -

see for example, Gaudry [2] and Hormander [5]; however, our space is a

vector subspace of the usual space, with the same norm, provided that we

identify functions which are equal locally almost everywhere.
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266 Mi chaeI G. Cow I i ng

Let FQ be a closed subgroup of the LCA group F , and le t TT be

the canonical mapping of F onto F/F . Associated naturally with TT is

the induced mapping TT* , which maps the measurable function (|> on F/F

to the measurable function <j> ° TT on F , effectively "extending 4> toy

periodici ty" . As mentioned above, de Leeuw [J] showed tha t , for F = Rn ,

•n* i s a continuous mapping of lf(Y/Y ) into ff(.T) , and Lohoue [6] and

Saeki [£] extended th is resul t independently to general LCA groups. We

prove the following theorems.

THEOREM 1. If Y is a compact subgroup of Y and 1 S p < g 5" 1 ,

then TT* maps ffi{?/Y ) continuously into bfi{Y) , and for any \\> € lfl{T)

which is constant on cosets of F in Y 3 there exists <j) £ ifl {Y/Y )

such that TT*<}> = ty .

THEOREM 2. If Y is a non-oompaat closed subgroup of Y and, for

some locally integrable function <p on F/F , T\*§ d AP(F) for some p

and q satisfying l<p<q<a>, then <$> = 0 locally almost everywhere.

THEOREM 3. If Y is a subgroup of the discrete LCA group F }

and 1 S i ; < p < » , then TT-* maps lfl[Y/Y ) continuously into tfl{Y) ,

and for any IJJ i AP(F) which is constant on cosets of Y in Y , there

exists (f> € M^(r/r )

2. Extension over compact subgroups (Theorem 1)

The subgroup F is assumed to be compact, and so G , its

annihilator in G , is an open subgroup of G . The Haar measure dxQ of

G- may therefore be taken to be that of G restricted to G. . If we

assign to £/£>> the natural measure dx ascribing unit mass to each point

of G/GQ , then for any / €
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Extension of m u l t i p l i e r s 267

f f(x)dx = f [f f{x+x )dx ]dx .
}G >G/G0 l'G0 ° °J

Our assumption that the inversion theorem holds for dual pairs of groups

implies that F has to t a l Haar measure one, and for any y f C~(T) ,

f Y(XWX = f [ f
Jr Jr /r0 Ur/r0

(with the obvious notation). It is well-known that if / Z CAG) is

supported in GQ , then / = "n*fn > / n denoting the function /

restricted to G (whose dual is T/F } .

Let / and g be in C^{G) . Since GQ is an open subgroup of G ,

the supports of / and g have non-void intersection with only a finite

number of cosets of G in G . Therefore t

points x. , Xp, ... , x in G and functions

number of cosets of G in G . Therefore there exist an integer n ,

n
fx, f2, • • • ' / „ > !?i> i?2> •••'gn i n C C ( G ) S U c h t h a t f = J- fj '

J ~* -'-

n

9 = I 9v » f A i s supported in x . + G , g, is supported in -x. + G^
, _. «• J J U /C K U

and the sets x. + G (j = 1, 2, ..., n) are pairwise disjoint. Then,

denoting by T^ the translation operator T^iy) = f(y-x) , we see that

= I f

= | f
J j/C—-I-

= I f
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268 Michael G, Cowling

It is known t h a t , if K is a compact LCA group, £ a character of K ,

and dy i t s Haar measure, then I £,(y)dy = 0 unless E,{y) = 1 for a l l
>K

y € K . Thus

W f = I f *(x)f2I,/,|o(x)f2I, ff,|o(x)dX

and so

n

.7=1

' 3 ^

by Holder's inequality. The space l" is contained continuously in l"

since q' < p' , and so

(5)
p-,l/prn

• J = l ,'J

if p > 1 . A similar argument applies if p = 1 , and so, as claimed,

« ( r ) , a n d ||Tr*4>|| _ £ II*IL o •
V P >H P'9

To conclude the proof of the theorem, suppose that (j) is a function

on r/rQ such that i|> = -n*<t> € lfl(T) . Let fQ and grQ be in CC(GO)

and denote by / and g the functions in C
C(G) which are supported in

G and agree with G and /. on G. . Then
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(6) I f 4>(x)?0(x)ff0(xWx
IJr/r0 ° °

r/r0
[f

-I/,

completing the proof of the theorem.

It is perhaps worthy of note that it* is an isometry from

to AF(F) regardless of the normalisations of the Haar measures concerned.

However, if p < q , the norm of TT*CJ> is dependent on the choice of Haar

measure on TQ . This is little more than a restatement of the fact that

if T is a continuous linear operator from if' (G) to lfl{G) and the Haar

measure of G is changed from dx to Cdx , then the norm of T changes

from H2-II to (p-^'^WTW .

3. Extension over non-compact subgroups (Theorem 2)

Theorem 2 is proved by contradiction. Estimates akin to those for the

Dirichlet kernel are used to invalidate inequality (8) below. We prove the

theorem first for continuous functions <j> , and then generalize our result.

LEMMA. Suppose that cj> € c{T/TQ) and TT** € lfl(T) , where rQ is a

non-compact subgroup of T , and p < q . Then $ = 0 .

Proof. Suppose that § ? 0 . Evidently, without any loss of

generality, we may suppose that

( a ) (J>(0) * 0 s i n c e 1 TT*<j> = ir*:Z"<j> 6 tfiij) i f TT*<f> 6 tfi(V) ;
A. A tr P

(b) <t>(0) = 1 j since Az*(r) is stable under scalar multiplication;
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(c) <j> is real-valued, since if TT*<(> i tfl(T) , TT*^ $ tfllj) and so

Because <(> is continuous, there exists a neighbourhood V of 0 in F/r

such that <|)(x) > 0 for any X « V . Let U € ̂  (r/rQ) be a non-negative

function which is supported in V , does not vanish at 0 , and satisfies

"y'U(r/r ) = •*• " Therefore C7» U.1.3D, v*v is the Fourier transform of a

bounded measure u on G , and |du| = 1 . If / € C (G) ,

/ * y € L n C(G) , and so, for some real constant C. depending only on

ir**(x)?(x)w(x)?(x)dx

by an obvious extension of the inequality (l).

Let f d CAG) be such that f is non-negative and non-vanishing at

0 . Given a T -valued sequence (x •) + (z is the set of positive

integers) , define the Cr(G)-valued sequence (f )

(T) fn'i^W*

the summation being a sum of functions and not the group-theoretic sum.

n

Then fn = I T^f , so
3"^- 3

• I- /• n n

v*<P(x)fJxMx)fJx)dx = TT*C|>(X)TT*U(X) I T fix) I T Hx)dx
\'T n n h j=l X3 fe=l Xk

n r -
I k v /(X)

j=i L Xj
= n f ir*c|>(x)TrMx)[/(x)]2<2x '

Jr
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and Tf*v are constant on cosets of T in T . This last

integral is non-zero, so for some constant C? independent of n ,

(8) » 5 C2BfBllpy/nllq. •

We show first that T cannot contain a discrete subgroup isomorphic

to the integers 2 . Suppose that T contains a discrete subgroup

isomorphic to Z ; let £Q be a generator of this subgroup, and set

xj = % for j ( Z . Then, with the notation (7),

f«= (jl 4
m-1 .\

- LL 4
l"?n • / ,

unless = 1 , in which case / (x) = nf(x) . It transpires that

the kernel kerCQ of £„ is of measure zero, so we may neglect this

possibility. If the Haar measures dt and dx of kerfj. and G/ker£L

are appropriately normalised,

P

>GVJt" \

-I
\f(x)\Pdx

C/kerCn

[| \nx+t)\Pdt^dx .

Now | / | P i c
c(°) and so the function F : x + j |/(ar+t

continuous and has compact support [4, 15.21] and is therefore bounded. So

for some C- depending on f and p but not on n ,
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(9)
1-Co(x

The annihilator in G of the subgroup generated by £Q is just

£Q , and so G/ker£Q is isomorphic (topologically and algebraically) to

the dual group of Z , namely, the circle group. Therefore

l-exp[int]

= 2C.

l-exp[it]

l-exp[int]
l-exp[it]

' dt

' dt .

The following estimates are readily obtained:

l-exp[int]
l-exp[it] < n for t ( [0, —[ ,

and

Hence

and

that i s ,

(10)

and

(11)

l-exp[it]

H/- \f 1 < p

fj± S 2C37r[2+log(n/2)] ;

= 0(log«) as n •* « if p = 1 ,

II/
n"p

as n -*• °° i f p > 1 .

Since p < ̂  » P ' " 1 + ?~1 = , = o{n) as

n •*• °° , c o n t r a d i c t i n g t he i n e q u a l i t y (8 ) . Thus T cannot con ta in a

d i s c r e t e subgroup isomorphic t o Z .
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By a well-known structure theorem C4, 9.8D, F contains an open

subgroup of the form if + K , where K is compact. Since F cannot

contain a discrete subgroup isomorphic to Z , n = 0 , that is, F

contains a compact open subgroup. Denote F/X and ^ /X by F' and F'

respectively; FQ/X is discrete because K is an open subgroup of T ,

and because FQ is not compact, ^ / X is infinite. Topologically and

algebraically, I"/I" is isomorphic to r' /r' , so any continuous function

<j> on F/F naturally defines a continuous function $' on V /Y' .

Further, TT*<)> is in AJ"(F) and is constant on cosets in F of the

compact subgroup X , so by Theorem 1, <)>' ° TT1 i AP(F' ) , where IT1 is

the canonical mapping of V onto *"/T'Q • Thus, if 0 * ir*<t> € W?

there exists a group T' with an infinite discrete subgroup T' and

<j>' t C(T'/T'O) such that <(>' o IT1 € ̂ ( r 1 ) . Every element of T'Q must be

of finite order (since T' cannot contain a subgroup isomorphic to Z };

thus we may, without loss of generality, assume that 0 i- <J> € C(F/r ) ,

ir*(() 6 AP(r) , and F is an infinite discrete subgroup, every element of

which is of finite order.

Since F is infinite, there exists a sequence [E,.) of elements
3 jeZ

of F so that ?T.+1 is not a member of the finite group A, of order

m{k) generated by the elements £•,, £o» •••» ^v • Denote by A the group

CD

U A, , and let (x.) be an enumeration of the elements of A so

that

{Xj. : 1 < 3 < m(fe)} = { X : X « Afe} .

Let H be the annihilator of A in G ; A is discrete, so G/B is

compact. Then, as argued for (9)
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(12) ll/nll
P 5

in particular, taking n = m(k) ,

\\fm(k)\\p - Ck\

! n

L XJ\x,
'G/H j=l 3

P .
dx ;

x,U)
P .

We assume that the Haar measure of G/H is normalised so that G/H
has measure one. It is easily checked that the Fourier transform of the
function F. on G/H defined to be rn{k) times the characteristic

function of > where H-, is the annihilator of A, in G , is just

the characteristic function of A, ; that is,

follows immediately that

m(k)

5.=1
X-(^) •

that is,

(13)

But from (8),

= o[m{k)) as m(k) •* °° ,

so we have produced the desired contradiction, and the lemma i s proved.

Proof of Theorem 2. Suppose that <j> is a locally integrable function

such that TT*<(> € fifl(T) . Then i f / , g i CC{G) and \\f\\ = \\g\\ , = 1 ,

I {
P'H

Since is stable under translation, for any C
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'P.*

so

whence

I /r0

T/r0 ur0

for any Y € Cc^^c) a n d ^ * ^ O * I n t e g r a t i n g w it h respect to k

over T/r and applying Fubini's Theorem, we see that

If <t»*Y(x)i"f
Ur/r0 Ur

that is,

Thus ir*(4> * Y ) € M?(r) for any <J> € Cn(T/T ) . Furthermore, <t> * Y is a
p o u

continuous function for any Y £ ^ c ^ ^ O ^ ' an<^ s o $ * Y is zero by the

lemma. Hence <J> = 0 locally almost everywhere, completing the theorem.

4. Extension in discrete groups (Theorem 3)

The proof of Theorem 3 is similar to that of Theorem 1.

Let T be a subgroup of the discrete group T , and GQ its

annihilator in G . We may assume that the Haar measures dx, dx* and dx

of F, F and r/r respectively assign unit mass to each point of these

groups; then, for any Y € ^ c ^ ) ,

f Y(x)dX = f ff
Our assumption that the inversion theorem holds for dual pairs of groups

Gimplies that the Haar measures of G , G/G and G are normalised so
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that each group has unit measure. Further, for any / € C{G) ,

• L.
Because G is compact, the set of trigonometric polynomials on G ,

denoted by T(G) , is dense in C(G) . Thus \j) € ̂ ( F ) if and only if

there exists a constant C such that

\\ Mx)f(x)g(x)dx\ * c\\f\\p\\g\\

for all f,g$ T{G) , and the least possible value of C in the

inequality is ||IJJ|| . An analogous criterion, to decide whether a

function <f> on T/F belongs to tfl (T/T } , will also be used.

Let h i A(G) and xQ i G . By the inversion theorem,

r/r0 Ur0Ur0

since F annihilates CQ . The function hQ , defined to be h

restricted to G. , therefore satisfies

In p a r t i c u l a r , i f f,g(. C(G) , then / * g 6 A(G) , so

(15) ( / * <7)n(x) :

Therefore, if f,gt T(G) , the orthogonality relations show that

[7
[f

0) lx+x0) (2/) (x+C0) (y)dydddx0
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So, using Fubini's Theorem,

|J = |J <Kx)[[ Hx+xo)g[x

r/r0

r/r0

' ii/p1

by Holder's inequality. Since G is compact and p' < q' , iP (G) is

contained continuously in L (G) , so, if p < °° and <?' < °° ,

(16)

11*11

by Fubini's Theorem, the translation and reflection invariance of Haar

measures, and the normalisation of the Haar measure of GQ . If p = °° or

q' = °° , a similar argument will give the appropriate estimate. The first

half of the theorem is now proved.

We show now t h a t i f TT*<j> d tfi{Y) , t h e n <f> € , and

2 hr* Since we have j u s t shown t h a t ||xr•*<f>|l S ||<J>|| , i t
"P,q ~ p,q ' " """ p,i ' p,q

will follow that TT* is an isometry (with the normalisation we have

assumed). An inductive argument is employed.

Suppose that T is a finite group of order n ; then G/G. is a
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finite group of order n . Let {a^ , x?, ..., x } be any subset of G

containing exactly one element of each coset of GQ in G . If /. is

any member of ^(^0) > we shall write / for the function on G which is

supported in G- and coincides there with /Q ; also, if h is any

member of C(G) , we shall denote by /i. its restriction to G~ . We note

that dxQ , the Haar measure on G_ , is just n times the restriction to

G of the Haar measure on G . Consequently, for /0, g € C(GQ) ,

(17) ||/ollp = n1/pll/llp

and

(18) n(f * g)Q = fQ * gQ .

Then

- i l l +(x) I b
n n r , t

= 1 I I ^(x) (r / * T
j=i fe=i Jr/r0 *• xj

b y ( 1 5 ) . 2 1 / * 2 1 g - = 0 u n l e s s j = fe , a n d T f * T g = f * g ,

f 'ir**(x)[ I IT fVu)] \ I [T gV(x)]dx = I f *(x)(/ * 9ro(x)dx

= f
/r0

= f •(X)£,(x)ffn(x)dx '
Jr/r0

by (18). Therefore
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(20) IfIJr/r0

= I f ir**(x)[ I [T / ] - ( X ) 1 \ l [T gYix)]dx

ii n ii ii n ii

y y f y r &

= \\***\\ptqn
1/p\\f\\pn

1/el'\\g\\q,

the penultimate step because the functions T f (j = 1, 2, ... , n) have

pairwise disjoint supports, and the last step by (17). This establishes

the second half of the theorem if T is a finite group.

Assume now that F = Z (the integers), and hence that G/GQ = T ,

the circle group, which we view as the unit circle in the complex plane.

For any positive integer n , let S = {x., x ?, ..., x } be a subset of

G such that

'2-nik
xv = exp , k = 1, 2, . . . , n

Define the subintervals J and J of the real line:
n n

["IT IT V_ _ j n j
n = U2 " »' n ~ 2J '

and set K = exp[iJ1 and V = exp[iJ J . Then .K is a compact subset

of T containing the identity and contained in the open set U . Let

i|> be a continuous function supported in U satisfying 0 < ty S I and

\J; [K ) = {l} . Denote by 4>' the periodic extension of i|> to C ; this

is constant on cosets of GQ . If h t C(G) , then

n f *;(a:)^(x)dx = n f •„<*)[{
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The integral inside the brackets is a continuous function of x , and

! . .
1 - 1/n < n \ ty (x)dx 5 1

>G/G0
 n

so, as n •*• °° , the limit lim n I ty' (x)h(x)dx exists, and
rr*=° 'G n

(21) lim n | Vn(x)h(x)dx = j fcfc0)<&0 •

Let /"_, g~ € TIG.) , and let / and g be trigonometric polynomials

on G which agree with /_ and g respectively on G . Put

jfn = ̂ / , gn = V j , Fn = I T• f and G = j T g . Let
J=l J fe=l fefe

(̂ 7) 7 C£
 t e a n aPPr o xi m a't e identity in L (G ) so that 11̂ ; IL - 1 a n d

f (X)dx

f
r/r0

f
r/r0

= 1 I f
j=i fe=i J r

= ? I f
j=i fc=i J r

by (15). \T fy. * T g\ =0 unless j = k , and so
*• xj k >0

(22) f ir*«|.(x)ir*h7(X)P (x)C (x)dx = « f *(x)S7(x) (fM

1 By an obvious analogue of (21), if xQ € G ,

lim n ( / n * ff } (xQ) = | f[xo-yo)g{yQ)dyo
n+°° JG

and
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\n[fn*gn)i*0)\ * »||/B . *nI

£ n\\fnh±\\gn\

so by Lebesgue's Dominated Convergence Theorem, n(f * g J_ converges in

L (<?_) to f * g . Consequently n[f * g )t converges pointwise to

/Q S Q • Tne group G is compact and so TT*<J> 5 AP(F) implies that ir*<()

(and hence ({i ) is bounded. Further, ?z, has finite support, whence

f Tr**Cx)T*ft;(x)^(x)CM(x)dx = lim flim f Tr**Cx)T*ft;(x)^(x)CM(x)dx = lim f •(x)ft7(x)«(/-, * O o
J Z n n J I n n 0

= f •(x)Mx)?n(x)£n(x)dx •Jr/r0 ^ ° °
Therefore

If Hx)hAx)fJx)gAx)dx S l i m i n f l f
1J r/r0

 l ° ° „*» Ur

where V-, denotes the measure whose Fourier transform is v*hj and whose

norm is Wh^ [7 , U.I. 3 ] . Then

2 lim

S lim

since lim n1 / p | | / n l i = ||fo|| ty (2 l ) . The net (hj) leL i s an approximate
P Pfo

identity, so h, converges pointwise to 1 . fQ has finite support, and
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(23) If *(x)?0(x)ffn(x)dx = limr If
lJr/r0 o o L lJr/r0

f
r /r

<7
r 9

completing the proof i n t h e case T = Z .

Suppose now t h a t whenever T i s f i n i t e l y generated by a t most m

elements (m > 1) and TT*<() t lfl(T) , then <)> € lfl(T/T ) and

II<I>IL - l|ir*<J>ll • Let T be a group generated by (m+l) elements

X,, X2» •••> ^ + 1 • T t l e inductive hypothesis shows t h a t , i f T is the

group generated by Xii Xo X^ > "the function IJJ on T/T , obtained

in the natural way from ir*(J> , belongs to Ar (T/T ) and tha t

Ĥ ll S ||Tr*<|)|| , provided tha t , as usual , the discrete groups T/T and
P >H P >H -L

F are taken with counting measure. The Second Isomorphism Theorem L4,

2.2] s ta tes that T/T i s isomorphic to ( r / r ) / ( r /I" ) . Since r / r

i s generated by one element and i|> is constant on the cosets of T/T i n

The, i t f o l l o w s t h a t <(> d tfl(T/T ) and t h a t ||(j>|| < \\-n*<f>\\
± p u P><7 PJ?

theorem is now established whenever F is finitely generated.

To demonstrate the general result enunciated, we need another lemma.

Let F be any subgroup of T , G its annihilator in G , and TT the

canonical mapping G -*• G/G . We shall assume that the Haar measures dx

and dx of G and G/G are such that each group has unit mass; the

Haar measure on T must therefore be that on T restricted to T .

LEMMA. If ty € tf(T) , then \I>\T € ^ ( r
x ) > and

Proof. Let / € c[G/G ) . I t is well known that

(2U) (f ° ^)^(x) = Hx) if x € r 1
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and

Further,

(25)

(f o ir )"(x) = 0 otherwise.

and so

(26) <Kx)/(x)g-(xWx =

= M\vJ\np\\g\\q,
for any f, g ^ c{plG-\) » proving the lemma.

Suppose that fQ, gQ € r(G0) . Let {X-^ X2 xj be a finite

subset of F containing elements of each coset of F in F on which /

or g. is non-zero, and define F to be the group generated by

Xis Xp> •••» X • A subgroup of a finitely generated abelian group is also

finitely generated [9, II.3.k], so F n F is finitely generated. By the

lemma, TT*<|>|r £ ifi (F ) , and ||ir*<|)|r || S p*$\\ . Since TT*(J)| r is

constant on cosets of the finitely generated group F n F , <J>' , defined

to be the function on F /(F nF ) whose periodic extension to F is

ir̂ifilj, , satisfies 4>' € ̂ (^i/^-|n^n)
 an<^ ll̂ 'II - II1T''()1II • The

First Isomorphism Theorem [4, 2.1] states that the group ft-\+^ry^n ^s

isomorphic to the group F / (F-,nF ) ; the natural isomorphism 6 maps the

coset X + r 0 °f (ri+rr0/'ro ^ € ri^ t O t h e C o s e t X + T\ n rn o f

F /(F nF ) . We have (implicitly) normalised the Haar measure of
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F / (F nF } so that each point has unit mass; if we also normalise

[F +F J /F so that each point has unit mass, the mapping 6* : ty -*• ty ° 6

must be an isometric isomorphism of ffl F / (F nF ) onto tfi (F +F ) /F

In particular, 4»| ( r i + r Q ) / r Q = *' o 6 € ̂ ( ( i ^ ) /rj and

q •
 L e t r

2 ^e the group ( r ^ r j , the

annihilator in G~ of ^-/F , and u the canonical projection

GQ •* GQ/G2 . The

h, k € C[GQ/G2) ,

GQ •* GQ/G2 . The dual group of is GQ/G2 , so, for any

In particular, considering h, k t T(_GQ/G ) such that

h = and = 9r

r2/r0

Ux)fn(x)gJx)dx s ||ir**|L

However, F was defined so that f. and g~ were both supported in

(F 1 + F O ) / F O . Consequently, as in (2U), fQ = h°-n2 and gQ = k o TI^

The normalisations are such that

feli^. » as in (25). Thus

° ir2|| = \\h\\ and

° TT2 I I .

If •(X)?o(x)ffo(x)dx

which, since /_ and g were arbitrary trigonometric polynomials on

G. , proves the theorem.

Finally, we should note that, if G is not compact (that is, if F

is not discrete) then = {0} i f 1 2 q < p 5 °° . Hormander [ 5 ]

demonstrates this if G = R , and the generalisation of his proof to

arbitrary non-compact groups is obvious. So when p > q , the only case of
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interest in connection with periodic extensions of multipliers is that

where T is discrete.
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