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M i k u s i n s k i [ l ] has extended the o p e r a t i o n a l ca l cu lus by-
m e t h o d s which a r e e s s e n t i a l l y a l g e b r a i c . He c o n s i d e r s the 
fami ly C of cont inuous c o m p l e x valued funct ions on the 
ha l f - l ine [0,oo). Under addi t ion and convolut ion C b e c o m e s a 
c o m m u t a t i v e r i n g . T i t c h m a r s h ' s t h e o r e m [2] shows that the 
r ing h a s no d i v i s o r s of z e r o and, hence , that it m a y be imbedded 
in i t s quot ient field Q whose e l e m e n t s a r e then cal led o p e r a t o r s . 
Included in the field a r e the i n t e g r a l , d i f fe ren t i a l and t r a n s l a t i o n a l 
o p e r a t o r s of a n a l y s i s as wel l as c e r t a i n g e n e r a l i z e d funct ions , 
such a s the D i r a c de l ta funct ion. An a l t e r n a t e a p p r o a c h [3] y i e lds 
a r a t h e r i n t e r e s t i n g r e s u l t which we sha l l now d e s c r i b e b r i e f l y . 

Cons ide r the fami ly R of inf ini tely d i f fe ren t iab le funct ions 
whose suppo r t s a r e bounded on the left. Under addi t ion and 
convolut ion this f ami ly a l so b e c o m e s a c o m m u t a t i v e r ing without 
z e r o d i v i s o r s . It m a y be imbedded in the family E(R) of a l l 
m a x i m a l h o m o m o r p h i c m a p p i n g s of n o n z e r o i d e a l s of R into R 
(the extended c e n t r a l i z e r of R over the r e g u l a r R - m o d u l e R 
[4]). Under addi t ion and compos i t i on the fami ly E(R) b e c o m e s 
a field which i s i s o m o r p h i c to the quot ient field of R. It i s 
e a s y to s ee that E(R) i s a l so i s o m o r p h i c to the Mikus insk i 
o p e r a t o r f ie ld. Indeed, if R deno tes the r ing of inf ini tely 

differ en t iab le funct ions , whose s u p p o r t s a r e in the half l ine 
[0, oo), under addi t ion and convolut ion, then for each 
à e R t h e r e e x i s t s a JjeR such that the convolut ion <±> # \b e R . 

o o 
It fol lows f rom this that E(R ) and E(R) a r e i s o m o r p h i c 

o 
[5; P r o p o s i t i o n 5. 81. M o r e o v e r , R is an idea l in C and, 

o 
thus , E(R) and Q a r e i s o m o r p h i c . 
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Now c o n s i d e r the f ami ly D ' of a l l S c h w a r t z d i s t r i b u t i o n s 
whose s u p p o r t s a r e bounded on the left [6] . Under addi t ion 
and convolu t ion th i s fami ly b e c o m e s a c o m m u t a t i v e r ing wi thout 
z e r o d i v i s o r s . F u r t h e r m o r e , the r ing R m a y be c o n s i d e r e d 
an i d e a l in D ' and, t h e r e f o r e , D1 i t self i s i s o m o r p h i c a l l y 
conta ined in the field E(R) . (Of c o u r s e , the quot ient field of D ' 
i s i s o m o r p h i c to E ( R ) . ) In p a r t i c u l a r , D ' C Horn (R, R), which 

R 
i s the s u b a l g e b r a of h o m o m o r p h i c m a p p i n g s defined on a l l of R 
(the c e n t r a l i z e r of R ove r the r e g u l a r R - m o d u l e R) . The 
i n t e r e s t i n g r e s u l t a l luded to i s the fact that Horn (R, R) is 

R 
p r e c i s e l y the f ami ly of d i s t r i b u t i o n s D 1 . To e s t a b l i s h th i s 
r e s u l t we c o n s i d e r the topo log ica l s t r u c t u r e of R. 

A s e q u e n c e {cj) } of e l e m e n t s of the r i n g R i s said to 

c o n v e r g e in R if the s u p p o r t s of the funct ions a r e un i fo rmly 
bounded on the left and if {cj) } , as we l l as a l l s e q u e n c e s of 

r ( k ) 

d e r i v a t i v e s {cj) } , c o n v e r g e s un i fo rmly on c o m p a c t s e t s . 
The o r d i n a r y l i m i t funct ion cj) is an e l e m e n t of R and we sha l l 
u se the o r d i n a r y nota t ion , cj) -> cj), to i nd i ca t e tha t the s e q u e n c e 

{cj) } c o n v e r g e s to cj) in R. Using th i s c o n v e r g e n c e concep t 

we m a y c o n s i d e r R to be the space of t e s t func t ions for the 
d i s t r i b u t i o n s in D ' . Thus if cj) e R and f e D* , we le t 
<f(t),cj)(-1)> denote the va lue of the funct ional f at cj). The 
convolu t ion of f and cj) i s the funct ion \\> whose va lue at x 
i s LJJ(T ) - <f( t ) , <\)(T - t) >. The function \\t i s an e l e m e n t of the 
r ing R and the mapp ing which s ends cj) to \\i c h a r a c t e r i z e s 
f a s an e l e m e n t of Horn (R, R) . 

T H E O R E M . The fami ly D' of Schwar t z d i s t r i b u t i o n s 
whose s u p p o r t s a r e bounded on the left m a y be identif ied both 
a l g e b r a i c a l l y and topo log ica l ly with the s u b a l g e b r a Horn ( R , R ) . 

P roof . As ind ica ted above, t h e r e i s a n a t u r a l imbedd ing 
of D' in Horn ( R , R ) . We sha l l e s t a b l i s h the i n v e r s e i m b e d d i n g . 

R 
Let f e Horn (R, R) and let f(cj)) denote the i m a g e of cj) for some 

R 
(|)£R. Then f(cj)) i s an e l e m e n t of R whose va lue at r we s h a l l 
denote by f(cf>)(r )• As a h o m o m o r p h i s m , f i s a weak l imi t in 
R, that i s , t h e r e e x i s t s a s e q u e n c e {cj) } in R such that 
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<j> (cj>) = (j> * <\> -* f(cf)) for a l l C|>ER. In fact, if {6 } i s any 
n n n 

"del ta funct ion" s equence in R, then f i s the weak l imi t of the 
sequence {f(ô )} s ince ô * f(cj)) = f(6 )* $ for a l l cj)£R. In 

p a r t i c u l a r , this i m p l i e s that f i s t r a n s l a t i o n i n v a r i a n t in a s 
m u c h as convolut ion by a fixed e l e m e n t of R is t r a n s l a t i o n 
i n v a r i a n t . Thus f i s uniquely defined, as a l i nea r funct ional , 
t h rough the convolut ion equat ion <f(t), <\>(x - t)> = f((j))(r). 
M o r e o v e r , i t fol lows that the funct ional f i s a weak l im i t in R 
in the d i s t r i b u t i o n a l s e n s e , that i s , t h e r e ex i s t s a sequence 
{<\> } in R (for e x a m p l e , the above sequence {f(ô )}) such 

that <§ (t), cj)(- t)> -> <f(t), cj)(-t)>, as a n u m b e r s equence , for 

a l l C))ER. It is a we l l -known r e s u l t of Schwar tz [7] that such 
weak l i m i t s a r e indeed d i s t r i b u t i o n s and, f u r t h e r m o r e , tha t 
e v e r y d i s t r i b u t i o n is such a weak l im i t . Th is not only 
e s t a b l i s h e s the d e s i r e d imbedding of Horn (R, R) in D' 

R 
but a l so jus t i f i e s the i r ident i f ica t ion topolog ica l ly . 

Recen t ly N o r r i s [8] r ecogn ized the o v e r r i d i n g i m p o r t a n c e 
of the s u b a l g e b r a Horn (R, R) in the o p e r a t i o n a l ca l cu lus and 

R 
in t roduced the weak topology for it, but did not a t t e m p t to 
identify it f u r t h e r . Since this i s p r e c i s e l y the fami ly of 
( r i g h t - s i d e d ) d i s t r i b u t i o n s it i s not s u r p r i s i n g to find that it 
con ta ins e s s e n t i a l l y a l l of the o p e r a t o r s which a r e ac tua l ly 
used in the o p e r a t i o n a l c a l c u l u s . It is i n t e r e s t i n g to note that 
a l though the e l e m e n t s of the s u b a l g e b r a Horn (R, R) a r e 

R 
cont inuous in an a p p r o p r i a t e weak s e n s e and that t h e r e i s a su i t ab le 
topology for them, they m a y be obtained without topologica l 
c o n s i d e r a t i o n s . It fol lows f rom the above t h e o r e m that the 
( r i g h t - s i d e d ) d i s t r i b u t i o n s a l so m a y be obtained without 
topo log ica l c o n s i d e r a t i o n s . 
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