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NORMS OF POWERS IN THE VOLTERRA ALGEBRA

MICHEL SOLOVEJ

We prove a conjecture of Willis saying that for each / in the Volterra algebra the
sequence (||/"||)n is a weight sequence which is regulated at 1.

Let (f}n)n&-No be a sequence of reals with the following property:

(i) wn>0 ( n e N 0 ) ,
(ii) wo-l,

(iii) wn+

(iv) wjn —» 0 as oo.

Such, a sequence is called a weight (sequence). For a weight w = (wn)neN we denote by
/1(tu) the Banach space

Then ^(w) is a radical Banach algebra with adjoint unit under the usual convolution.
Let V be the Volterra algebra (£i([0,l]),*). For / £ V we set a(f) =

inf supp(/) > 0. Let V° be given by {/ £ V \ a(f) = 0} and let V% be given
by {h £ V° | h ^ 0 almost everywhere}.

For / 6 V, we construct a sequence wf = (u>n)neNo by u»o = 1; wn = ||/"||
(n £ N). Clearly Wf satisfies (ii)-(iv) for all / £ V, and by Titchmarsh's convolution
theorem vif satisfies (i) if and only if a(f) = 0.

DEFINITION: A weight sequence w - (wn)n€y is called star shaped if ||ion||1''n \
0 monotonically. The sequence w — (t«n)ngN is said *o be regulated at p £ N if

n —> 0 as n —+ oo.

The star shaped weights are essentially the class of weights such that all closed
ideals in /1(io) are standard [4].

In this note we investigate the rate of decrease for the sequence Wf for / 6 V0.
In [1] Allan showed that Wf is star shaped for each / G V+. It is easy to see that if w
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is star shaped then w is regulated at 1; and if w is regulated at some p G N then w

is regulated at every q ^ p. Thus Wf is regulated at 1 for each / G V+. In [2] Willis
proved that for every / G V° either

(i) Wf regulated at 1 or
(ii) Wf is not regulated at any p ^ 1.

It was conjectured in [2] that Wf is regulated at 1 for every / G V°; that is, condition
(ii) above never occurs. We prove that this is indeed true.

P R O P O S I T I O N . T i e weight wf = ( ton) n e N

-i ifn =

is regulated at 1 for all f G V° .

PROOF: For every / G V the multiplication operator Tf : V —> V given by
Tf(g) = / * g is a compact operator. Consider the bounded sequence xn = / " / ||/"|| •
Since Tf is compact we only have to prove that every convergent subsequence of

tends to zero.
Let {ynk) be a subsequence of (yn) converging to g G V, say. Consider the map

D : V —> V given by D(h)(t) = th(t). It is easily seen that D is a bounded derivation,
and hence for every n G N we have D(fn) = njn~x * D(f). So for each fc G N

= (nk + l)ynk*D(f).

Since D is bounded

(n* + l)»ni * •£>(/) -> / * D{g)

and we also have

It follows that ynjt * D(f) —> 0 as Jfc —> oo, and hence g * D(f) = 0. Since ct(D(f)) =
a ( / ) = 0 we conclude by Titchmarsh's convolution theorem that g = 0. This completes
the proof. D
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