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Notes

99.27 A relationship between Pell numbers and triangular
square numbers

It was shown in [1] that the  triangular square number isn th

un =
1
32

[(17 + 12 2)n
+ (17 − 12 2)n

− 2] (1)

for . The first six triangular square numbers are 0, 1, 36, 1225, 41616,
1413721. The Pell numbers are defined recursively by ,  and

 for all . The first ten Pell numbers are 0, 1, 2, 5,
12, 29, 70, 169, 408, 985. The purpose of this note is to show a relationship
between the Pell numbers and the triangular square numbers.

n ≥ 0
P0 = 0 P1 = 1

Pn + 2 = 2Pn + 1 + Pn n ≥ 0

The Binet formula for  isPn

Pn =
1

2 2
[(1 + 2)n

− (1 − 2)n]
for .  Since  and ,
equation (1) can be written as

n ≥ 0 (1 + 2)4 = 17 + 12 2 (1 − 2)4 = 17 − 12 2

un =
1
32

[(1 + 2)4n
+ (1 − 2)4n

− 2]

=
1
4 (1

8) [(1 + 2)2n
− (1 − 2)2n]2

=
1
4 { 1

2 2
[(1 + 2)2n

− (1 − 2)2n]}2

=
1
4

P2
2n.
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99.28 A generalisation of an intriguing ratio

It is interesting to note how a subtle interplay between numbers can lead
to visually appealing results. In [1], the following pattern is studied, in
various bases:

987654312

123456789
= 8, in base 10;

54312

12345
= 4, in base 6.
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