
COMPLETENESS OF ORDER STATISTICS 

D. A. S. FRASER 

1. Introduction. Under the non-parametric assumption that a set of 
observations is a sample from an absolutely continuous distribution, the order 
statistics are known to form a complete sufficient statistic. It is proved in this 
note that it suffices to have the class of uniform distributions over finite numbers 
of intervals or the class of uniform distributions over sets of a ring which is a 
basis for the <r-algebra of Borel sets. This result is derived as a particular case 
of that of several samples from more general distributions. 

2. Formulation and statement of results. Let £, 21 stand for a measurable 
space : 3É is an arbitrary space and SI is a c-algebra of subsets A C 3E. A class 
33 = {B) of subsets of H will be called a basis of 2Ï and written 93 = ^(21) if 
93 is a ring and if 21 is the cr-ring generated by 93. 

Distributions over the space 36 will be given in terms of a finite measure /i 
over 2Ï by means of a density function f(x) ; that is, 

and we are thus restricted to distributions which are absolutely continuous 
with respect to /*(#)• 

To describe a sample of n from a distribution P „ we envisage the product 
space Hn with the cr-algebra generated by 2T and the power product measure 
jj,n. Then, for C a measurable subset of 3EW, 

(2.i) P:{O = f r ï / , (*or t <*/*(*<) 
« / C l 1 

and the distributions are given by {ILfv(Xi)\. 
A statistic based on a sample of n is a measurable function g(xi, . . . , xn). 

A statistic of interest will be 0(xi, . . . , xn) = {x\, . . . , xn], that is, the set of 
x's without regard for the order in which the x's occur in the function 0(xx, . . . , 
xn). Thus 0(xi, . . . , xn) is invariant under the group of permutations of the 
x's and is in fact the maximal invariant function under such transformations. 
Any statistic g(xi, . . . , xn) which can be written as a function of 0(xi, . . . , xn) 
is a symmetric function of the x's, and conversely. 

We define a complete class of measures. {V^(C)|T? 6 0} is a complete class if 

(2.2) fg(y) dvv(y) s 0 
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implies that g(y) = 0 almost everywhere with respect to the measures vr In this 
note we prove that the class of distributions of 0(xi, . . . , # „ ) induced by the 
distributions {P^lv Ç 12} is complete subject to conditions on 12. 

3. Derivation of results. 

THEOREM. The distributions of 0(xi, . . . , xn) induced by the distributions 
{P^lrj Ç 12} over TLn form a complete class if n(x) is non-atomic and if [f^lrj G 12} 
consists of uniform distributions over the sets B of a basis &(%). 

Proof. The density function fv(x) of a uniform distribution will have the 
simple form 
(3.1) / ,(*) = c{yi) «,(*), 

where <j>v(x) is the characteristic function of a set Bv £ &(W) and c(ri) is a 
normalizing constant such that 

1 =c(v) jBd»(x) = c(v) »(Bn). 

To show that the distributions of 0(xi, . . . , # „ ) form a complete class, we show 
that any measurable function of 0(x\, . . . , xn) satisfying (2.2) is zero almost 
everywhere jun. However, such a function is necessarily a symmetric function 
h(xi, . . . , xn) of the x's and hence (2.2) gives 

J' n n 

r h(xU • • • , Xn) I J fnfri) I I dv(Xt) = 0. 
Since c(rj) ^ 0, we have 

J» n 

^n h(xU . . . , Xn) f i dn(xt) = 0. 
Let JBI, . . . , #w be any w disjoint sets belonging to ^(21). Since 3S^S) is a 

ring, any sum of B's will belong to « (̂21) and therefore 
(* n 

^ ' ^ J(B U U B )nh(Xu • - >X*)T[ d^(xi) = 0. 
If we define 

J* _TC_ 
B X X S h^Xl} ' ' ' ' ^ n <*/*(*<). 

then the symmetry of h implies that I is symmetric. From (3.4) with r = 1 
we obtain 

7 ( 1 , . . . , 1) = 0 , 7 ( 2 , . . . , 2) = 0 ; 

and with r = 2, 

£ . . . Z / (J I , . . . , J ; ) = o. 

Then by subtraction, 
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X) I(ji> • • • Jn) = 0 
«(1.2) 

where a(1,2) is all w-tuples (ji, . . . , jn) containing both and only l's and 2's. 
Proceeding inductively, we obtain finally 

«(1 n) 

where a ( l , . . . , n) is the set of permutations of (1, . . . , n). From the symmetry 
of / it follows that 

J ( l , . . . , n ) = 0 , 

that is, 

J* _n_ 
BiX X S»*(X1' * * * ' Xw) I J <*/*(*<) = 0. 

Since y. is non-atomic it follows from Halmos (1) that 3E can be divided into 
a finite number of disjoint sets \Si\ each of which has /z-measure less than or 
equal to €. Consequently the diagonal space of 36w, 

D{T) = {(xi, . . . ,x n ) |3 i , j d xt = xhi 7* j} 

can for any positive ô be enclosed in a set Es (36n) having ^-measure less than 
or equal to 5. For example, 

EÔ(T) = U {S , 'X 5/X3E*"2}, 
i. P 

where € is chosen sufficiently small ( = e(5)) and where the union is taken 
over i and over the image sets under permutations P of the coordinates. 

Since the sets &(W) form a basis for 2Ï, the sets {Bx X . . . X Bn) with dis
joint JB'S belonging to <̂ ?(2l) form a basis for the <r-algebra 

By extending the signed measure (3.4), we obtain 

JI TO 

* h(xu . . . , xn) I I d/i(x0 = 0, 
where C* Ç 31/. The Radon-Nikodym theorem then establishes that h = 0 
almost everywhere yn in 36n — E$(!£n). Since 5 can be arbitrarily small, the 
theorem follows. 

COROLLARY. The distributions of 0(xu . . . , xn), . . . , 0(yi, . . . , ym) in-
duced by the distributions {Pv

n X . . . X P™\ (17, . . . , (•) G 12 X . . . X S} over 
P X . . . X ^ n /orra a complete class if P„, . . . , P% satisfy the conditions in 
the Theorem. 

The proof is a straight extension of that for the Theorem. 

Example. Consider the space X = {(z,y)} = ] — °°, 0[ X ]0, <» [ and take 
as a basis for the c-algebra of Borel sets the class of sets consisting of finite 
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unions of rectangles. If we take as probability measures the uniform distributions 
over sets of the basis above, then for a sample of n the theorem gives the com
pleteness of the probability measures of the statistic 

{(21,3/1), . . . , (zn,yn)}. 
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