Proceedings of the Edinburgh Mathematical Society (2010) 53, 419-445 ©
DOI:10.1017/S0013091508000904 Printed in the United Kingdom

TOWARDS A COMBINATORIAL REPRESENTATION THEORY FOR
THE RATIONAL CHEREDNIK ALGEBRA OF TYPE G(r,p,n)

STEPHEN GRIFFETH

Department of Mathematics, University of Minnesota,
Minneapolis, MN 55455, USA (griffeth@math.umn.edu)

(Received 4 September 2008)

Abstract  This paper aims to lay the foundations for a combinatorial study, via orthogonal functions
and intertwining operators, of category O for the rational Cherednik algebra of type G(r,p,n). As a first
application, a self-contained and elementary proof of the analogue for the groups G(r,p,n), with r > 1,
of Gordon’s Theorem (previously Haiman’s Conjecture) on the diagonal co-invariant ring is given. No
restriction is imposed on p; the result for p # r has been proved by Vale using a technique analogous
to Gordon’s. Because of the combinatorial application to Haiman’s Conjecture, the paper is logically
self-contained except for standard facts about complex reflection groups. The main results should be
accessible to mathematicians working in algebraic combinatorics who are unfamiliar with the impressive
range of ideas used in Gordon’s proof of his theorem.
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1. Introduction

The aim of this paper is twofold. First, we introduce intertwining operators for the
rational Cherednik algebra (RCA) H of type G(r, p, n) and carry out sufficient calculation
of the relations they satisfy to be useful for a combinatorial study of the representation
theory of H. This work forms the basis for the sequels [15, 16], where we study the
combinatorics of the ordinary co-invariant ring and begin the combinatorial study of the
lattice of submodules of each standard module for the rational Cherednik algebra. Our
goal is the construction of canonical bases for the standard modules M (V') and their
composition factors, including the irreducible quotients L(V).

Second, we use the intertwining operators to give a new and self-contained (modulo
standard facts about complex reflection groups) proof of the analogue of Gordon’s The-
orem [12,25] on the diagonal co-invariant ring for G(r, p,n). The proof here works only
when r > 1 but does not place any restriction on p; Vale [25] establishes the result for
p # r. We use neither the KZ functor and cyclotomic Hecke algebras (as in [12, 25])
nor degeneration from the double affine Hecke algebra (as in [5]) as there is no double
affine Hecke algebra available for the groups G(r,p,n) with r > 2, although we found
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the ideas of those papers inspirational. The existence of this paper also owes much to the
foundational papers [9,11].

One of our goals being self-containment, we begin in § 2 with definitions and a sketch of
the proof of the Poincaré-Birkhoff-Witt Theorem for rational Cherednik algebras. In §3
we explain the formalism that connects the rational Cherednik algebra to quotients of the
diagonal co-invariant ring of the type conjectured by Haiman [17]. In §4 we specialize to
the case of the groups G(r, p,n) and review the construction given in [9] of an important
commutative subalgebra of the rational Cherednik algebra H. We study the intertwining
operators and their basic properties in §5 and study their action on a particular basis
of the polynomial representation in §6. We determine the submodule structure of the
polynomial representation of G(r,p,n) in the cases that we will use for the study of the
diagonal co-invariant ring in § 7. The results of § 7 are similar to, but more detailed than,
those contained in [6]. The extra detail is crucial for the material of § 8, where we study
the H-modules fulfilling the requirements of § 3 and relevant to the diagonal co-invariant
ring.

2. Definitions and the Poincaré—Birkhoff-Witt Theorem

Let V be a finite-dimensional vector space over a field k, and let W C GL(V') be a finite
subgroup. Let TV be the tensor algebra of V' and let kW be the group algebra of W
over k, with basis t,, for w € W and multiplication t,,t, = t,. The semi-direct product
TV x W is TV ®; kW with multiplication

(fRty)(g®ty) = f(wg) @ty for f,g €TV and w,v € W. (2.1)

From now on we will drop the tensor signs when it will not cause confusion. Fix a
collection of skew-symmetric forms indexed by the elements of W:

() )w: VXV =k forweW. (2.2)

The Drinfel’ d-Hecke algebra H corresponding to these data is the quotient of the algebra
TV ® kW by the relations

Ty —yr = Z (,y)wtw for x,y e V. (2.3)
weW

Now let b be a finite-dimensional k-vector space. A reflection is an element s € GL(b)
such that codim(fix(s)) = 1. A reflection group is a finite subgroup W C GL(f) that is
generated by the set of reflections it contains. Assume now that W is a reflection group,
let T be the set of reflections it contains, and put V' = h* & . Write (z,y) = z(y) for
x € h* and y € h. For each s € T, fix a5 € h* and oY € b with

st =x— (x,a))a, for all x € h*, (2.4)

and define skew symmetric bilinear forms (-, -)s on V by the requirements

(2.5)

0 ifx,yehora,yebh*
<‘ray>$: Vi . *
cs{as,y)(z,a)) ifz€bh*and y€bh,
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where c; € k satisfy ¢y g,-1 = ¢s for all s € T and w € W. It is straightforward to check
that (-,-)s does not depend on the choice of oy and o satisfying (2.4). We extend the
pairing (-,-) between h and h* to a symplectic form on V by requiring that h and h* be
isotropic.

The rational Cherednik algebra corresponding to a reflection group W is the quotient
of the semi-direct product TV x W by the relations

ya —ay = kle,y) — S (@ y)ts fora,y eV, (2.6)
seT

where k € k. It is thus a special case of the Drinfel’d-Hecke algebra. Note that by the
definitions of (-,-) and (-, )5, we have

yr—xy=0 ifx,yehoraxych” (2.7)

and hence there are canonical maps S(h) — H and S(h*) — H.

Now assume that H is the Drinfel’d-Hecke algebra associated to a collection (-, -),, of
skew symmetric forms as above. We say that the PBW Theorem holds for H if, for any
basis x1,...,7, of V, the collection {z;, @, -ty | 1 i1 <idp < -+ <dp <n, wE
W} is a basis for H. The following theorem was stated in [8] and many proofs have now
appeared (see, for example, [2,10,11,18,23]). Our proof has the virtue of working in
arbitrary characteristic; more importantly, it is conceptually extremely simple.

Theorem 2.1 (the Poincaré-Birkhoff-Witt Theorem for Drinfel’d—Hecke
algebras). The Poincaré-Birkhoff-Witt (PBW) Theorem holds for H if and only if the
following two conditions hold:

(a) (v, VY)pwo—1 = (T, Y)w for all x,y € V and v,w € W, and

(b) (z,y)w(wz — 2) + (Y, 2)w(wr — ) + (z,2)w(wy —y) = 0 for all z,y,z € V and
weW.

Proof. First assume that the PBW Theorem holds for H. Let z,y € V and v € W.
Equating coefficients on both sides of

Z (V2 VY)Yt = [T, vy] = o[z, ylt; !t = Z (@, Y) whowo—1 (2.8)

weWw weWw

implies that (a) holds. Let z,y, z € V. By the Jacobi identity,

= [[z, 9], 2] + [ly, 2], 2] + [[2, 2], ]
[ XV:V ] + L;V@,z)wtw,x] + [W;V<Z,w>wtw,y]
W(< Y)w(wz = 2) +{y, 2)w(wz — z) + (2, 2) 0 (wy — y))tw

Now, equating coefficients of t,, on both sides implies that (b) holds.
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Conversely, assume that (a) and (b) hold. The defining relations for H evidently imply
that, given any basis x1,22,...,z, of V, the set {x; x;, -~ i,y | 1 < iy <ig < -+ <
ip < n, w € W} spans H. We will show that these elements are also linearly independent
by mimicking the standard proof of the PBW Theorem for universal enveloping algebras
of Lie algebras: we construct the module that ought to be the left regular representation
of H. Let M be the vector space with basis consisting of the words {z; @i, - -~ 2;,tw |
1< <ip < -+ <ip < n, we W} Define operators [, and I, on M for € V and
v € W inductively as follows:

Iy -t = xty, ly - tw = tow, (2.9)
and, for p > 1,
TiTigy ** 'xiptw if 4 < il,
lp, @i, oo Xy by = e - .
z; i1 iplw lril . lz;, Ty, "'miptw + Z <$i7$i1>vlv “ T, "'xiptw if 7 > i1,
veW
(2.10)
and
lv cLgy vt Iiptw = lvfil . lv 7P ‘$¢ptw. (211)

A straightforward but lengthy calculation shows that these operators satisfy the defining
relations for H. It follows that M is an H-module, with = acting by [, and t,, acting by
lw- Suppose that there is a relation in H of the form

E iy ey iy ** Tiylw = 0,

weW,
1< < <ip <

with a;,...; . € k. Applying both sides of this relation to the element 1 = ¢; € M implies

"ip7
that all the coefficients a;,...;, . are zero, and the proof is complete. O

Corollary 2.2. Let H be the rational Cherednik algebra corresponding to the reflec-
tion group W. Then the multiplication map S(h*)®y S(h)®, kW — H is an isomorphism.

Proof. The result follows from the previous theorem once we check that conditions (a)
and (b) of that theorem hold. Condition (a) is straightforward to verify. Condition (b)
holds trivially for w ¢ T. If s € T and z € fixy (s), then the definitions (2.4) and (2.5)
imply (z,z)s = 0 for all x € V. Therefore, the radical of (-, -)s has codimension at most 2.
If (-,-)s # 0, then we may choose z,y € V with (z,y)s = 1, and for any z € V we have

z=(x,2)sy — (Y, 2)sx+ [ with f € fixy(s). (2.12)

Applying s — 1 to both sides and rearranging terms shows that the identity (b) holds
for x, y and arbitrary z. In general, identity (b) holds trivially if every two of z, y, z
are linearly dependent modulo the radical of (-,-)s, so we are reduced to the case just
treated. d
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There is an important filtration of H defined by
HS™ = k-span{z;, - @ity | | <m, w € W and z;, € h* & h}. (2.13)

By the PBW Theorem for H, the associated graded algebra of H with respect to this
filtration is the semidirect product S(h* @ bh) x W.

Our next proposition is a fundamental computation. It expresses some commutators
in H as linear combinations of derivatives and divided differences of elements of S(h*)
and S(h). For y € b, we write 0, for the derivation of S(h*) determined by

Oy(z) = (z,y) forxz € h*, (2.14)
and we define a derivation 9, of S(h) analogously.

Proposition 2.3. Let y € h and f € S(b*). Then

uf = fy=r0yf =Y cilas,y)

seT

f—sf

A

ts. (2.15)

Similarly, for © € b* and g € S(h), we have
g—s'g
ay

9T — 29 = KO0z — ch(:c,awts (2.16)

seT

Remark 2.4. Note the placement of ¢, in the second formula. In practice, it is some-
times convenient to rewrite it as

59 —9
gr — g = KOzg — Z es(z,al) o ts. (2.17)
seT S
Proof. Observe that if f =z € h*, the first formula to be proved is
T — sz
vy = ) = Sl
S

and the right-hand side may be rewritten as
I€<Z‘, y> - Z Cs <0¢s, y> <'7;7 O‘}s~/>t87
seT

so that the formula to be proved is one of the defining relations for H. We proceed by
induction on the degree of f. Assume we have proved the result for A € S¢(h*) and all
d < m. For f,g € SS™(h*) and y € b we have

ly, fg] = v, flg + fly, 9]

S

s€T seT
= 5(0y(Ng + f3y(0) = 3 extarn1) (f = Sg)ts
seT s s
= k0, (fg) =) cs<as,y>fg—+<f9>t&
seT s
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by using the inductive hypothesis in the second equality and the Leibniz rule for 9, and
a skew Leibniz rule for the divided differences in the fourth equality. This proves the first
commutator formula, and the proof of the second one is exactly analogous. O

Let V be a kW-module and define an S(h) x kW action on V' by
fro=f(0)v and t,-v=wv forweW, feS). (2.18)
The standard module corresponding to V' is
M (V) = Indg gy spmw V- (2.19)

The PBW Theorem shows that H is a free S(h) x kW-module, so that the additive
functor V — M(V) is exact and, as a k-vector space,

M(V) ~ S(h*) @y V. (2.20)

In particular, when V' = 1 is the trivial kW -module, we obtain from Proposition 2.3 that

MQ@)~S(h*) withy- f=r0,f— ch<as,y>f —s/

(6]
seT 8

(2.21)

for y € h and f € S(h*). These are the famous Dunkl operators. From our point of
view, the fact that they commute is a consequence of the PBW Theorem, though it is
possible to prove the commutativity independently (see, for example, [9]) and then use
it to establish the PBW Theorem.

The definition (2.19) implies that the module M (V') has the following universal prop-
erty: given an H-module M and a W-stable subspace U C M such that V = U as
W modules and y - U = 0 for all y € b, there is a unique H-module homomorphism
M(V) — M which restricts to the given isomorphism V = U.

Define the element h € H by

h:ixiyi—i—ch(l—ts), (2.22)
i=1

seT

where z; is a basis of h* and y; is the dual basis of . Calculations using the defining
relations for H show that

[h,2] = kx, [h,y]=—ky and [h,t,]=0 (2.23)

for x € h*, y € h and w € W. Thus, if K = 1 and V is an irreducible W-module, the h
action on the Verma module M (V) is given by

h- fv=(deg(f)+cy)fv for f € S(h*) homogeneous and v € V, (2.24)

where cy is the scalar by which ) ;. cs(1 —t,) acts on V.

When k = 1 the formula (2.24) implies that each standard module M (V') has a unique
irreducible quotient L(V'). This paper is primarily concerned with the module L(1) in
those cases related to diagonal co-invariants, but the techniques developed will be applied
in the sequel, [16], to obtain detailed information on the submodule structure of M (V)
for more general representations V.
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3. Diagonal co-invariants

We now describe a situation in which we can relate L(1) to the diagonal co-invariant
ring

R=S(b* @h)/I, where I =S(h" 5"V S(h" @) (3.1)

Recall the filtration (2.13) of H with h* @ in degree 1 and CW in degree 0. By (2.6) and
the PBW Theorem, the associated graded algebra of H with respect to this filtration is
S(h* @h) x W. It is this fact that was used in [12] (and that we will use in Theorem 3.2)
to make the connection to diagonal co-invariants.

In this section, we assume that we are working with an irreducible complex reflection
group W of rank n. When A is a graded vector space, we write A; for the ith graded
piece.

Lemma 3.1. Assume that there is an irreducible module V' of dimension n such that
there is an exact sequence M (V) — M(1) — L(1) — 0 with L(1) finite dimensional.
Then the Koszul complex

0= SH)RA"V = = SOH*) @AV = S(h*) = L(1) =0
is exact and the maps are maps of H-modules. The graded W -character of L(1) is

- det(l — tkwv)

Ztr(w,L(l)i)ti ~ det(1 — twy+)

i>0

where the image of V' in M (1) lies in degree k and wy and wy- denote w regarded as an
endomorphism of V' and b*, respectively.

Proof. Since V is n-dimensional and L(1) is finite dimensional, the image of V' under
the map M (V) — M (1) is spanned by a regular sequence. Hence, the Koszul complex
is exact. As a vector space M(A'V) = S(h*) ® A"V and, using this identification, the
vector spaces in the Koszul complex are H-modules. By assumption, the first map is a
map of H-modules; its kernel is therefore an H-submodule. The kernel is generated as an
S(h*)-submodule by A2V and it follows that the second map in the Koszul complex is a
map of H-modules. One proves in the same way, by induction on i, that the ¢th map in
the Koszul complex is a map of H-modules. That the graded W-character of L(1) is as
asserted is a routine calculation using the Koszul resolution. O

If V' is an irreducible W-module of dimension [, its exponents are the integers e; <
es < -+ - < ¢ defined by the equation

LSO/ VIE = 3 ee,

i>0

where J is the ideal generated by the positive degree elements of the invariant ring
S(5*)W and (S(h*)/J); denotes the ith graded piece. Since W is a complex reflection
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group, the invariant ring S(h*)" is generated by n algebraically independent polynomials
f1,-. .y fn with degrees dy < ds < -+ < d,,.

An irreducible representation V is free if (S(h*) @ A*V*)W is a free exterior algebra
over S(h*)W. By [21, Theorem 3.1], V is free if e; +- - -+¢; is the (unique) exponent of A'V.
By the proof of [21, Theorem 3.3], the Galois conjugates of the reflection representation
h are all free. In Lemma 8.1 we will give some other examples of free representations of
the group G(r,p,n) that will be relevant to the diagonal co-invariant ring.

Theorem 3.2. With assumptions as in Lemma 3.1, assume moreover that V is free
and the image of V in M (1) lies in degree k for an integer k such that the multisets
{k—e;}, and {d; } * , are equal. Then there is a unique occurrence of A"V in L(1),
lying in degree ey + --- + ey,. Let v € L(1) span this occurrence of A"V, and filter L(1)

by

LS =HS -y
Then the map grH — grL(1) restricts to a surjection R — grL(1), which has
W -character given by Lemma 3.1. Finally, the image in gr L(1) of S(h*) is isomorphic to
the ordinary co-invariant ring S(b*)/J.

Proof. Inlight of Lemma 3.1, the occurrences of A™V in L(1) are given by the formula

S OIL(1); : AVIE = (1) [S(h)j -k @ ATV APV,
and we compute the occurrences of A"V in S(h*) @ A*V by use of the W-equivariant
isomorphism AV @ A"V* = A"~1V*, Thus,

[S(b*)j QAV : A"V] = dimC(S(h*)j ® Anfiv*)W

On the other hand, the assumption that (S(h*) ® A*V*)W is a free exterior algebra over
S(5*)W implies that

14 gt*
di AVt = | —1
Z ime(S(h*); ® ) Zl_[l 1= (i

Thus,
DL ATVIE = 3 (=1)[S (") @ AV ATV
= Z -1) dlm(c ("), @A"—iv*)Wtj-Hk
= Z —1)" " dime (S (h); @ ATVF)W IOk

)k [Z dime(S(h*); @ A V*)Wgitd
1— ek

nynk

"t H 1— td

k—e;
— tertten H LA
i L i

— t61+"'+€n.

g=—t—F
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Upon filtering L(1) and taking the corresponding associated graded module as in the
statement of the theorem, it follows that there is a unique copy of A™V in gr L(1). Since
L(1) is an irreducible H-module, the map

grH — grL(l),} (3.2)

f_>f'va

is surjective. By the PBW-theorem, gr H = S(h* @ h) @ CW, and the above map remains
surjective upon restriction to S(h* @ h). Since v is the unique occurrence of A"V in
grL(1), we have S(h* @ h)¥¥ - v = 0 and it follows that gr L(1) is a quotient of the
diagonal co-invariant ring.

Let N = |T'| be the number of reflections in W3 it is a standard fact that the socle of
the ordinary co-invariant ring S(h*)/J is spanned by [, as and hence lies in degree N.
The equation N =d; —14+ds — 14 ---+d, — 1 is also well known. By Lemma 3.1 and
the hypotheses of the theorem, the top degree piece of L(1) lies in degree

nk—1)=e+---+e,+di+---+dy—n=e+---+e, +N.

Since L(1) is irreducible the map

S(h*) @ S(h) — grL(l)v} (3.3)

f_>f'v7

is surjective. It follows that the socle of S(h*)/J is not in the kernel of the induced map,
and hence the co-invariant ring is the image of S(h*). a

If in addition to the hypotheses of Lemma 3.1 we assume that V* is free, then an
analogous calculation shows that

W T l—tte

. i

> dime L)}t = H g (3.4)
=1

where €, ..., e} are the exponents of V*. This fact establishes a connection to the con-

jectural t-analogue of the W-Catalan number discovered by Bessis and Reiner [4]: if, with
the assumptions of Lemma 3.1, W is a complex reflection group that can be generated
by n reflections, k = h+ 1, where h = d,, is the largest degree (i.e. Cozeter number), and
V =b*, then

D1 — htd

> dime L)}t = H g (3.5)
i=1
It does not seem unreasonable to expect that, for most of the exceptional complex reflec-
tion groups W and appropriate values of the parameters in the definition of H, the module
L(1) gives rise to both a nice quotient of the diagonal co-invariant ring and a t-analogue
of the W-Catalan number.
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4. The rational Cherednik algebra for G(r, p,n)

Let G(r,1,n) be the group of n X n monomial matrices whose entries are rth roots of 1.
Let

¢=¢e?™" and ¢! =diag(l,...,¢! ..., 1) for 1 <i < n. (4.1)

Let
Si = S; 41, Wwhere s;; = (ij) for 1 <i<j<n, (4.2)

is the transposition interchanging ¢ and j. There are r conjugacy classes of reflections in
G(r,1,n):

(a) the reflections of order 2,
(st for1<i<j<n, 0<I<r—1, (4.3)
and
(b) the remaining r — 1 classes, consisting of diagonal matrices

¢t ofor1<ig<n, 1<I<r—1, (4.4)

where ¢! and C]’? are conjugate if and only if k = [.

Let
yi=(0,...,1,...,0)" and x;=(0,...,1,...,0)

have 1s in the ith position and Os elsewhere, so that yi,...,y, is the standard basis of
h=C" and z1,...,z, is the dual basis in h*. If

as=C ey, oY = (M =y for s = (!
and
as=mi— oy, ol =yi—Cly; for s = (st
then, with (-,-) denoting the canonical pairing between h* and b,
st =z — (r,a))as and s (y) =y — (o, y)ay,
for s € T, x € h* and y € h. We relabel the parameters defining H by letting

co=cs; and ¢ =cg for1<i<r—1 (4.5)

Proposition 4.1. The rational Cherednik algebra for W = G(r,1,n) with parameters
K, C0,C1,...,Cr_1, Is the algebra generated by Clzy,...,z,], Cly1,...,ys] and t,, for
w € W with relations

twty = twy, twZ = (WE)ty, and tyy = (WY)ty,
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forw,ve W, xebh* andy € b,

r—1
Yij = TjY; + Co Z Ciltdsi](i—l (46)
=0
for 1 <i+# j <n, and
r—1 r—1
Yili = T;Y; + K — Z Cl(l — C_l)tff — Cp Z Z thSijC;L (47)
=1 j#i 1=0

for1 <i<n.

Proof. This is just a matter of rewriting formula (2.6) using our G(r, 1, n)-specific
notation. For 1 <17 < j < n,

vty = y; + K{T5, i)

r—1
—Co Z Z<zk - Clxmv yi><zj7 Yk — Cilymﬁcllcskmckfl

1<k<m<n [=0

n r—1
— Z Cz<C7171Ik,yi><ny" (¢ - C)ykﬁci.,
k=1 1=1
r—1
= a5yi+ k0= co Y (=C ety -1 =0
g 3G
r—1
= Z;Y; + Co Zciltgs”g"
1=0

The calculation for 1 < j < i < n is similar. For i = j,

Vit = T3y + 5T, Ys)

r—1
—co (e = ('@ i) (i Y — C_lymﬁgi,skmc,;‘
1<k<m<n =0 '
n r—1
- Z al¢™ e, yi) (@, (CF = Qui)ta
k=1 =1

r—1
=x;y; + K —Co Z thsunci—l

1<i<m<n =0

r—1 r—1
-1
—0 D D et — 2 all=¢ie:
1<k<ig<n =0 =1
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Most of the equations that occur later on are simpler in terms of a certain repara-
metrization. For j € Z define

r—1
dj =Y (Ve (4.8)
=1

It follows that dy +d; + -+ +d,_1 = 0 and that, for 1 <I<r—1,

r—1
— 1 —lj
= Zg d;. (4.9)
7=0
The defining relation (4.7) becomes
r—1 r—1
Yil; = T;Y; + K — Z(d] — djfl)ﬁij — C Z Z tcfsijci—L, (410)
§=0 j#i 1=0

where, for 0 < j < r — 1, the primitive idempotents for the cyclic reflection subgroup of
W generated by (; are

1 r—1 o
=0

The complex reflection group G(r, p,n) is the subgroup of G(r, 1,n) consisting of those
matrices so that the product of the non-zero entries is an r/pth root of 1. The reflections
in G(r,p,n) are

(a) Cfs,-j@_lf0r1<i<j§nand0<l<r—1,and
(b) dpforlgignandoglgr/pfl.

When n > 3, the rational Cherednik algebra for G(r, p, n) is the subalgebra of the rational
Cherednik algebra H for G(r,1,n) with parameters

¢y =0 if p does not divide I,

generated by Clz1,...,z,], Cly1,...,ys) and CG(r,p,n). Although this is not strictly
speaking true for n = 2, our results on the diagonal co-invariant ring still hold in that
case except when p =1 = 2.

Although not strictly necessary for the results of this paper, it seems worthwhile to
mention here that when ¢; = 0 for [ not divisible by p there is a cyclic group of automor-
phisms, generated by

T x, Yy, S s, Lo e (T/ptgj, (4.12)

forxebh*,yeh 1 <i<n-—1,and 1 < j < n, of the rational Cherednik algebra H
for G(r,1,n) so that the rational Cherednik algebra for G(r, p,n) is the fixed subalgebra.
The version of Clifford theory given in [22] therefore applies to deduce representation
theoretic results for the G(r,p,n) RCA from those for the G(r,1,n) RCA.
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From now on, p dividing r will be fixed and we work with the rational Cherednik
algebra H for G(r,p,n). Note that, with the parameters ¢; = 0 for [ not divisible by p,
we have d; = dj, if j = kmodr/p.

Our first goal is identify a certain commutative subalgebra t of H. Later on we will use
the subalgebra t to diagonalize the standard module M(1) (as in [9]), a result which is
generalized in the paper [16]. For 1 < i < n define

r—1
z; = Y;x; + cops, Where ¢; = Z Ztgsij_gl. (4.13)
1<G<i 1=0

The following proposition is proved in [9].
Proposition 4.2. The elements z1,...,z, of H are pairwise commutative:
2iz; = zjz; for 1 <1i,5 < n.
Proof. We begin by computing

[yiﬂcmyﬂ?ﬂ = YiZiYjTj — YjT5YiLs
= yi(xiyj - iji)xj + Z/j(yixj - l”jyi)xi

r—1 r—1
SA M EEEA COM
=0

=0

r—1 r—1
w0 ) + (0 Dt Jon
=0 =0
r—1
= — |:yl.13“ Co Z tCisijC¢I:| .

=0

Thus,

r—1
|:yi33i7yj33j +co Ztcfsucl} =0 (4.14)
1=0 '
Let
r—1
bi=drtooti= > Dty

1< <k<i 1=0

Then 1; is a conjugacy class sum and therefore a central element of the group algebra
of G(r,1,4). It follows that 1; commutes with 1,...,;. Therefore, 11,2,...,1, are
pairwise commutative and hence ¢, ..., ¢, are pairwise commutative.
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Using the commutativity of the ¢;, the commutator formula (4.14), and the fact that
y;T; commutes with ¢; for 7 < j, we assume that ¢ < j and compute

2, 2] = [yizi + codi, yj25 + cody]
= [yizi, y;jr; + cody]
r—1 r—1
= {yixi,ijj +e0) taa it D Ztcj-sjkcjl}
1=0 1<k#i<j 1=0
=0.
O
As observed in [7, Proposition 1.1], the relations in the following lemma imply that
the subalgebra of H generated by G(r,p,n) and z1,..., 2, is isomorphic to the graded

Hecke algebra for G(r, p,n) defined in [23, §5] (the elements z1, ..., 2z, are algebraically
independent over C by the PBW Theorem).

Proposition 4.3. Working in the rational Cherednik algebra H for G(r,1,n), we have

zite, = t¢,; 2 forl1 <i,57 <n, (4.15)
r—1

zits, = ts,zit1 — Co Zt(f@fl for1 <i<n, (4.16)
1=0

Zits, = ts,2; forl<i<mnandj#ii+]1. (4.17)

Proof. First we observe that the elements t;, and ¢; commute for all 1 < 7,5 < n.
This is clear if ¢ > j; if i = j, then

r—1 r—1
-1 _ -1 _ — Ao
th¢thj =1, E E th-Sjkalth = E E tcjlj»lsjkcj—l—l = ¢j;
1<k<j 1=0 1<k<j =0

a similar computation handles the case i < j. Then (4.15) follows from
teyiwi = Cyite,ws = (¢ yamite, = yawite,  for 1<, j < n.
For (4.16),

r—1
Zits; = (yfﬂ +eo D Ztcfsncf l)“i

1<j<i 1=0

r—1
=t <yi+1xi+1 + co Z Zt(fﬂsul,jﬁih)
1<j<i 1=0
r—1
= tsizi+1 - tsi Co Z t(f+1si+1,iff+l1
=0
r—1

= tsi Zi+1 — Co Z thC;jl
=0
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Finally, we observe that if j # 4,7 + 1, then f,, commutes with ¢; and with y;z;, and
hence with z; = y;x; + cod;- O

Let
t= C[Zl7 ey ZTL’tClC;l’ N ’tCn—lcgl’th’ N ’tC‘rIw)} (418)
By Proposition 4.2 and Lemma 4.3, the subalgebra t is a commutative subalgebra of H.

Our goal is to use t in much the same way as a Cartan subalgebra of a semisimple Lie
algebra.

5. Intertwiners

In this section we will prove many formulae using elements of G(r,1,n) that are not
in G(r,p,n); since the rational Cherednik algebra for G(r,p,n) is a subalgebra of a
specialization of that for G(r,1,n), these formulae have consequences in the rational
Cherednik algebra for G(r,p, n).

The following lemma is a generalization of (4.16) and (4.17). Let

r—1
m=) tact. (5.1)
=0

Lemma 5.1. Let f be a rational function of z1,...,z,. Then

J—sif

ts, f = (sif)ts, — comi
Zi — Zi+1

for1<i<n—1. (5.2)

Proof. Observe that if f is z;, z;41 or z; for 7 # 4,7 + 1, then the relation to be
proved follows from (4.16) and (4.17). Assume that the relation (5.2) is true for rational
functions f and g. Then it is evidently true for f + g and af for all @ € C, and we
compute

tsifg = (tSif - (Sif)tSi)g + (Szf) (tsig - (sig)tsi) + (Sifg)tsi
—(eam I D)ok (- om 222 ) 4 it
z zZ zZ

Zi — Zi+1 i T Ri+1
Jg—sifg
= (sifg)ts, — comy———=,
Zi — Zi+1

so (5.2) is true for fg. Assuming it is true for the rational function f, we compute

(ts1/f = (V/sif)ts) f(sif) = ts,;sif — 1/Sif<(sif)t5i - Coﬁig)sif
) i+1
_ _ f—sif
=0T
Zi T Zi41

and dividing by f(s;f) proves that the relation holds for 1/ f. Since it holds for z1, ..., z,,
it is true for all rational functions in z1, ..., z,. O
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The intertwining operators o; for 1 <i < n—1 are

r—1
€o
=ty + ————m;, wherem; =Y t.,- .
oy =ts, + e ZHlm, where ; ; cleity (5.3)
and we define intertwining operators @ and ¥ by
D =uwpts, s, o5y ad ¥ =yits s s, .- (5.4)

The intertwiner @ was first defined in [19, §4], where it is used for the symmetric group
case. The other intertwiners were defined for the first time in the author’s thesis [14],
where some of the results that follow were also recorded.

The intertwiner o; is well defined when m; = 0 or z; — z;41 # 0. The intertwiners are
important because, as Lemma 5.3 shows, they permute the z;s from (4.13). Our first
task is to compute the squares o of the intertwiners and the products ®¥ and ¥®. Since
these compositions all lie in t, this calculation is useful for deciding when the intertwiners
applied to a t-eigenvector (or generalized eigenvector) are non-zero.

Lemma 5.2.

(a) For1<i<n-—1,
2
CoT;
03:1_<“>.
Zi 7 Zi41

r—1
UP =2z and OV =z,—r+» (dj—dj_1)en;.
§=0

Proof. Using Lemma 5.1,

Zi T Zi41 Zi T Zi41 — Zi+1
CoT; CoT; CoTy CoT;
=1+ ts, — —
Zi4l — % Zi T Zi41 \Ri T Rit1 Zi4l — Zi

2
1 (m)
i — Zi41

This proves (a), and (b) follows from the definition (5.4) and the relation (4.10). O
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We define a symmetric group action on t by letting S, simultaneously permute

21,%2,...,%n and t¢,, ..., t¢, . We also define an automorphism ¢ of t by
P(te,) =te,, forl<i<n—1,  ot,)=C "t (5.5)
and
r—1
(725(21) = Zi4+1 for 1 < 7 g n—1 and ¢(Zn) =21+K— Z(dj_l — dj_Q)Elj, (56)
§=0

where, as in (4.11), €;; are the primitive idempotents for the cyclic reflection sub-
group generated by (;. There are corresponding operators on the space of homomor-
phisms Homc_,1(t, C). Identify such an algebra homomorphism a with the sequence
(a(z1), ..., a(zn),a((1),...,a(C,)). Then S, acts by permutations, and the operators ¢
and v are as follows:

qs'(a17"'7an7cﬂla"'7<6n>
= (ag,...,Qn, 1 + K — dg, -1 —|—d51_2,Cﬁ2,...,Cﬁ",gﬁl_l). (5.7)
Let ¢ = ¢!, so that
11[}.(a17"'7an7<ﬁ17"'7cﬁn>
= (an — K +dg, —dg, 1,01, .. 01, O Pty (5.8)
Lemma 5.3.

(a) For1<i<n-—1and f €t
sz:(szf)az

(b) For f € t,
fe=0(¢-f) and f¥=w(""-f).

Proof. The commutation relation (4.16) for z; and t,, gives

CoTg
01 = 2\ b+
1 7

r—1

Z CoTiZq
= tsizi+1 — Cp tdC_—l + —
L 2= Zi4
1=0
COTiZi+1 COT32;
=0iZi41 — ———— —CoTy + —————
Zi T Zi41 Zi T Zi41

= 0;Zi+1-

The proof that z;410; = 0,2 is exactly analogous, and the fact that o; and z; commute
if 7 #14,1+ 1 is obvious.
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Using the relation t¢,m; = mite,, .,

CoTg CoTr4

tCiO—i = tgi <t5i —+ > = tsitCH—l —+ tCi+1 = Uit(i-u'
1

Zi T Zi41 Zi T Zi4

The proof that t¢,, o; = ot¢, is the same, and the fact that o; and t;;, commute if
j # 14,1+ 1 is obvious. This proves (a).

Using the commutation formula (4.10) for y, and z,,

r—1
YnTnP = <1'nyn + K= Z(dj - dj—l)enj - COQZ)n)iEntsnl el
7=0
r—1

= Py171 + kP — @Z(da — dj_1)€17j+1 — Co¢n¢.
=0

Hence,

r—1
2n® = (YnTn + Codn)P = @<Zl + K- Z(dj_l — dj_2)€1j>.
j=0

Let 1 <4 < n. Since

Yi%i® = YiTiTnls, sy

r—1
= (xnyi +co Z C_ltqsingil>xitsnlmsl

=0
r—1
= Py 1241 + Do Z t¢g+ls,-+1,1<;’1
1=0

and

r—1
pd= > th&jg,xntsnfl...sl

1<5<i 1=0

r—1
= Tnls, 151 Z ZtC§+1Si+1,j+1C;}1

1<<i 1=0

r—1
=@ (¢i+1 - Z th+1Si+1,1<i_+l1> ;
=0
it follows that

2P = (yix; + codi)P

r—1 r—1
= Py 1241 + Peo lz: bt s T Dcy <¢i+1 - lz: tc£+1si+1,l<i+l1>
- -0

= @ZiJ’,l .

https://doi.org/10.1017/50013091508000904 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091508000904

Combinatorial representation theory of rational Cherednik algebras 437

Finally,
t(z‘gp =1l Tnts, q.sy = :Entsn—l"'sltci+1 = ¢t<i+1
and
te, @ =te, Tnts, 1oy = Tnts, 1.5, Ttey = D(CHe,)

for 1 < ¢ < n. This proves the formula involving . The formula for ¥ follows from that
for @ by using the relations in part (b) of Lemma 5.2. O

6. An eigenbasis of M (1)

Let Clz1,22,...,2,] = M(1) be the polynomial representation of H. We will show that,
for generic choices of the parameters x and ¢;, the ring C[xy,...,x,] has an t-eigenbasis
indexed by the set Z%, and we will describe how the intertwining operators act on this
basis.

For pi € Z%,, let w;, be the maximal length permutation such that

wy - 4= p—, where p_ is the non-decreasing (anti-partition) rearrangement of p.
(6.1)
We write p4 for the partition rearrangement of 4, and define a partial order on Z%, by

A<p = Ap<qpgor Ay =py and wy < wy, (6.2)

where we use the Bruhat order on S,,, and <4 denotes dominance order on ng given

by
n—1
ALgp ifu—Ae ZZ%)(Q—QH). (6.3)
i=1
If py > piq1, then
w> s+ k(e —ep1) for 0 <k < py — fhivr. (6.4)

The next theorem is the analogue of [20, Theorem 2.6] in our setting. It shows that the
z;s are upper triangular as operators on Clz1, ..., z,] with respect to the order on VA
defined in (6.2). Equivalent results are proved [9] by reduction to the symmetric group
case. The proof we give below is generalized to the modules M (V') for all irreducible
CW-modules V in [16].

Theorem 6.1.
(a) The actions of t¢, te-1c,,,» and z; on M(1) are given by
-l‘“ — C#i—ﬂi+1xﬂ7

D DR
te, alt =Ml e

and, with d; as in (4.8),

22t = (8 +1) — (do — d—py—1) = (w0, (6) = Deo)a" + 3 e a”.

v<p
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b) Assuming that the parameters are generic, so k = C(k,cg,d1,...,d/,—1), for each
/p
p € L%, there exists a unique t-eigenvector fu € M(1) such that

fur = 2" + lower terms.
The t-eigenvalue of f,, is determined by the formulae in part (a).

Proof. The statements about the action of ¢ and ¢, Gy follow from the com-
mutation relation in the definition of the rational Cherednik algebra and the defini-
tion of the representation M (1). Using the commutation formula in Proposition 2.3 for
f € Clzy,...,x,) and y € b and the geometric series formula to evaluate the divided
differences, we obtain the following formula for the action of y;x; on x*:

) —1 )
phte le_sjij phte

zj — (lay

yi - 2P = k(g + Dt — e Z Z = (', i)

1<j<k<n 1=0

r/p—1 $u+el _ Clpxﬂf“rei
- 2 > elwy)
1<j<n =1 T
xu+e7 —CIS C xu+e7
PRSI ) Dt
j#i 1=0 v T
r/p—1
= 3 (1 - IR
=1
r/p—1
_ (Ii(,ui + 1) _ Z Clp(l _ glp(HiJrl)))x#
=1
— ¢ Z (z" + Clx/H-(Ej—Eqi) et Cl(l"i_.“'j)xsijl")
J#Z,
i Z
pj—ps—1
+ o Z Z C*lkle“k(Gi*Ej).
£, k=1
B> Hi

Using this equation and (6.4) to identify lower terms,

z; - xt = (yzxz + ¢o Z Z t{ﬁsq:_jgl)gc”

1<j<i 0<i<r—1

r—1
=q; - M e Z thsﬁgz -zt

1<j<i 1=0
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r/p—1
= (“(Mi +1) — Z ap(l — C_lp(”’+1))>x“ — ¢ Z CUrimpg) gsism

=1 1< <i,
g SHis
o<i<r—1
— o g z — ¢ g " + ¢ E Cl(“"’f“j)ms”’j“ + lower terms
1< <i, i<j<n, 1< <i,
g <phi, My S, o0<isr—1
0<I<r—1 0<I<r—1

r/p—1
= </~$(,uz- +1)— Z cip(1 — ¢TIPWADY —cor(w, (i) — 1))x“ + lower terms,
=1

where to obtain the last line we used the formula
wu(i) = {3 <i|py <padl+Hi>ilp; <pd|+1
Now, rewriting in terms of the d;s from (4.8) proves part (a) of the theorem.

For part (b), simply observe that the coefficient of k in the formula for the action of
z; on x* is p;y1; it follows that the t-eigenspaces are all one dimensional, and hence a
simultaneous eigenbasis exists. |

Define the weight wt(u) of u € Z% to be the t-homomorphism mapping z; to
(ot +1) = (do — d_p,—1) — (i) — e

and (; to ("#i. Let S, act on ZY, by permuting coordinates, and define operators ¢ and
1 as follows:

¢' (,LLl,...,,LLn) = (/1’27#37"'7/1‘77,7#1 + l)a
(6.5)
¢ . (/Jq,. ’/J/’Vl) = (/.Ln - 1aula"'7/’&n—1)'
Lemma 6.2. The action of the intertwiners on the basis f,, is given by
Jsin if pi < pigr or py # i1 modr,
oi fu= 0 if pi = prig1, (6.6)
6 —1rco)(d + re .
( O();g O)fsi.# if p; = i1 modr and p; > pit1,
where
5 = R — pist) — cor(w, (i) = w, (i + 1)),
@ fu= fou, (6.7)
and
0 if p, =0,
Ve fu= . (6.8)
(Kptn — (do — d—un) - COr(wu(n) - 1))f¢~u if py, # 0.
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Proof. We will establish the formulae for ¢;; the formulae for ¢ and ¥ are proved in
an analogous fashion. If u; < p;41, then for all ¥ < p one has s; - v < s; - p and it follows
that the leading term of o; - f, is **. Since o; - f, is a t-eigenvector by Lemma 5.3, we
have o; - f, = fo;.p- If i > priy1 then by Lemma 5.2 one has

2
0i* fu=107 " fsin

(2i — zig1 — comi)(2i — Zig1 + comi)

— (zi — Zi+1)2 fs,,-/t
fsion if p1; # pip1 modr,
6 — 0
( rco()sg +reo) Forpe if jti = pies modr.

O

Corollary 6.3. Suppose that x = 1. Then the t-eigenspaces of M (1) are all one
dimensional provided that cq ¢ U?Zl(l/j)Zw,

Proof. We assume there is a two-dimensional t-eigenspace and prove that ¢y €
U?Zl(l/j)Z>0. Let p,v € Z%, be distinct and assume that wt(u) = wt(v); since
wt(w - p) = w - wt(p) for all w € S, we may assume that 4 = p4 is a partition.
Write w = w,,. Thus, u; — pi+1 = v; — vy modr for 1 <i<n—1 and

i —vi=r(n—i+1—w(i))ey (6.9)

for 1 < ¢ < n. Since pu # v, ¢g € Q is a rational number. Let ¢ be minimal with
w(i) #n —i+ 1. Then w(i) <n —i+ 1 and there is some k > ¢ with w(k) =n —i+ 1.
Therefore, if ¢y < 0, then

wi—vi=r(n—i+1—w(i))ey <0, }

) (6.10)
pur —vg=r(n—k+1—(n—i+1))co >0,

whence p; < v; and pg > vg. But pp > v > v; > p; contradicts o = p4, and it follows
that cg > 0. Now for 1 < i < n — 1 we have

Hi — Vi — (Mz‘+1 - Vi+1)

=mn—i+1—w(i)—(n—i—w(i+1)))c

,

=1 +wi@+1)—w())eo (6.11)
and the corollary follows unless w(i + 1) —w(i) = —1 for 1 < < n — 1. But in that case
w = wy and p = v, which is a contradiction. O

In fact, the preceding corollary can be sharpened somewhat: provided that either p = 1
or n does not divide r, the t-eigenspaces are one dimensional as long as

co ¢ O (1/5)Z>o.
j=1

We will not need this fact in this paper.
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7. Koszul resolutions of some finite-dimensional H-modules

We assume for the rest of the paper that » > 1. For 1 < k < n and j € Z- with
j # 0modr define (affine) hyperplanes

Hj = {(co.dr,....drjp 1) | do —d_j +rco(n — k) = j} C C/P (7.1)
and, for z € (1/n)Zso,
H, = {(COadlv"'7dT/p71) | Co :x} (72)

The hyperplane H; ; was introduced (modulo different conventions for the parameters)
in [6], where it was called E;. Chmutova and Etingof [6, Theorems 4.2 and 4.3] have
proved that there is a finite-dimensional quotient of M (1) when the parameter lies on
Hj 1 for j # 0modr, and that if p = 1, this quotient is irreducible for generic choices of
the parameters. Also, Dunkl and Opdam have proved [9, §3.4] that M (1) is reducible
exactly if the parameter is on some Hj for some positive j # 0 and 1 < k < nmodr
or H, for some x € (1/j)Z~o — Z with 2 < j < n. The following theorem describes the
structure of the module M (1) in the case in which gr L(1) is the quotient of the diagonal
co-invariant ring predicted by Haiman. It has the advantage of working for arbitrary
divisors p or r: this is what makes our strengthening of Vale’s result possible.

Theorem 7.1. Suppose that k = 1, that k € Zsq with k # Omodr, that
(co,di,...,dr/p—1) € Hy and that the parameters do not lie on any other hyperplane
H;;or Hy for 1 <1< n,j€ Zsoandx € (1/n)Z~g. Then the unique proper submodule
of M(1) is

C{fx | A has at least one part of size at least k}.

Proof. By Corollary 6.3 the t-eigenspaces of M (1) are all one dimensional, and hence
the Jack polynomials f,, are all well defined. Suppose that M is a proper non-zero sub-
module of M(1). Then M contains f, for some u € Z%,. By our assumption on the
parameters and Lemma 6.2, o; - f,, is a non-zero multiple of f,., whenever p; # piy1,
and it follows that M also contains fs,., for all 1 <4 < n — 1. Hence, M contains f,_,
where pi_ is the non-decreasing rearrangement of x. By Lemma 6.2, we have ¥ - f,, = 0
exactly if p, =0 or

pn =do —d_,, +1(w,(n) —1)co. (7.3)
The latter equation holds exactly if u, = k and w,(n) = n or, equivalently, exactly
if p, = k is strictly larger than all other parts of u. It follows that if all the parts of
u are of size less than k, then M contains fy = 1, contradicting the fact that M is a
proper submodule. On the other hand, if u has at least one part of size k, it follows from
the preceding discussion that by applying an appropriate sequence of intertwiners to f,
we may obtain a non-zero multiple of f,, where v = (k,0,...,0). Since f, generates
C{fx | A has at least one part of size at least k} as an H-module the result follows. O

In [16, Theorem 7.5] the author generalizes Theorem 7.1 to the case of a Verma
module M (V) with one-dimensional t-eigenspaces, giving a combinatorial description
of the submodule structure (which can be much more intricate than the situation we
study in this paper).
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8. Diagonal co-invariants for G(r, p,n)

We continue to assume that r > 1. The Cozeter number of G(r,p,n) is

b {r(n—1)+r/p itp <, (8.1)

r(n—1) ifp=r.

This agrees with the usual definition of the Coxeter number (the largest degree of a basic
invariant) when r» > 1 and p = 1 or p = r. The following theorem constructs an analogue
for the groups G(r,p,n) of the quotient of the diagonal co-invariant ring discovered by
Gordon in [12]. For p < r, a very similar theorem is proved in [25]. Our techniques
(which are conceptually very similar to those of [5], but work directly in H) allow us to
handle the case p = r in the same way as p < 7.

Lemma 8.1. Let m be a positive integer not divisible by r and let V be the repre-
sentation C{z7*,...,x"}. ThenV is free. f m = h+ 1 and ey, ..., e, are the exponents
of V', then the multisets {h +1 —e;}? , and {d;}}'_, are equal.

Proof. Let m and m’ be the integers determined by
o<m<r, 0<m'<r/p, m=mmodr and m =mmodr/p. (8.2)

Observe that the representation A"V is ed~™, where ¢ and § are the one-dimensional
G(r, 1, n)-representations determined by €(Cls;5¢;") = —1, e(¢}) = 1, 6(¢lsi5¢;") = 1 and
§(¢!) = ¢!. This is carried by the non-zero element

(@)™ ] (af —af)

1<i<j<n
of the ordinary co-invariant ring.
For 1 <i,5 < n, let
i—1 — & ’ ’ & ’
fij= x? )T and put vj =TT g T (8.3)

When p = 1, the functions f; ; for 1 < j < n span a copy of V, and, when p > 1,

V1,...,0, span a copy of V. One computes
det(fi)fjmr = (@1-2)™ [ (aF -2} (8.4)
1<i<j<n
and if A is the matrix whose nth row is vy, vs, ..., v, and whose ith row for 1 < i < n is

fi,lafi,Qa .. '7fi7n7 then

det(A) = (—=1)"(z1 - 2)™ ] (af —a). (8.5)

1<i<j<n
It follows by [21, Theorem 3.1] that V is free and the exponents of V' are

e(VMy=m+@—-1)rforl<i<n ifp=1, (8.6)
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and
e(V)y=m+(@{—-1Dr forlgign—l,} 8.7)

en(V)=(mn—1)(r—m)+nm' ifp>1.

The degrees of G(r,p,n) are r,2r,...,(n—1)r,n(r/p) if p < rand r,2r,...,(n—1)r,n if
p=r. When m = h+ 1 it is straightforward to verify the last claim. O

Theorem 8.2. Suppose that G(r,p,n) acts irreducibly on C*. With h as in (8.1) and
V= (C{:c’f“, ..., a1 “there is a W-equivariant quotient L of the diagonal co-invariant
ring R of G(r,p,n) such that, for each w € W,

- det(1 — th*tlwy)
LAVt = ————
Ztr(w, (L A™V);)t det(1 — twg)

where wy and wy- denote w regarded as an endomorphism of V and b*, respectively.
The image of S(h*) in L is isomorphic to the ordinary co-invariant ring.

Proof. The theorem will follow from Theorem 3.2, with L = gr L(1) ® A"V*, once we
verify its hypotheses. Let p; € Z% have an h + 1 in the ith position and Os elsewhere.
Then one checks that with ¢; = (h+1)/h for all reflections s € G(r,p,n) the hypotheses
as in Theorem 7.1 are satisfied for k = h + 1. Thus, the radical of M (1) is generated by
C{fu., -, fu,}- Lemma 6.2 shows that, as W-modules,

Cl{furs e fun ) 2V =C{ah T gl (8.8)

Thus, the hypotheses of Lemma 3.1 hold, with £ = h 4+ 1. Lemma 8.1 shows that the
remaining hypotheses of Theorem 3.2 hold. |

For an arbitrary irreducible complex reflection group W we define the ‘Coxeter’ number

of W to be
N+ N*
p= A (8.9)
n

where n is the dimension of the reflection representation of W, N is the number of reflec-
tions in W and N* is the number of reflecting hyperplanes for W. This definition agrees
with (8.1) for the groups G(r,p,n) whenever they are irreducible. By a straightforward
modification of [3, Proposition 2.3], when ¢ = 1/h there is a one-dimensional H-module
with a Bernstein—Gelfand—Gelfand (BGG) resolution.

Question 8.3. Is it possible that, for every complex reflection group W and every
integer m coprime to the ‘Coxeter’ number h, when ¢ = (m/h) the H-module L(1) is m™
dimensional with BGG resolution

0— M(A"V) = -+ = M(A'V) - M(1) = L(1) — 0, (8.10)

where V is an irreducible CW-module of dimension n?
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This question is related to [4, Conjecture 4.3]: Bessis and Reiner conjecture that for an
irreducible complex reflection group of dimension n that can be generated by n reflections,
there is a homogeneous system of parameters in each degree =1 mod h that carries either
the reflection representation or its dual. The existence of such a homogeneous system of
parameters implies an interpretation of the g-Fuss/Catalan numbers as Hilbert series
(see [1] for a survey of ‘Catalan phenomena’ and non-crossing partitions). We expect
that, at parameters ¢, = 14 1/h, if W can be generated by n reflections, then L(1) gives
rise to a nice quotient of the diagonal co-invariant ring; the results of [24, § 5] are sure
to be relevant here.

Note added in proof

Question 8.3 is answered in [13], assuming that the Hecke algebra of W is free of rank
(W.
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