BuULL. AUSTRAL. MATH. SocC. 20r18, 03¢65, 20A15
(1988) [61-68]

ELEMENTARY EQUIVALENCE AND GENUS
OF FINITELY GENERATED NILPOTENT GROUPS

Francis OGER

We show that, if two finitely generated nilpotent groups are elementarily equivalent, and
more generally if they satisfy the same sentences with one alternation of quantifiers, then,
they are quite similar, though not necessarily isomorphic. For instance, each of them is
isomorphic to a subgroup of finite index of the other and they have the same finite images,
the same Mislin genus and the same Pickel genus.

1. DEFINITIONS AND MAIN RESULT

The notion of nilpotent group is defined, for instance, in [1] and [6]. We say that
a group G is finite-by-abelian (respectively finite-by-nilpotent) if there exists a finite
normal subgroup H of G such that G/H is abelian (respectively nilpotent).

The reader can find in {8, Theorem 8.5, p. 63| the definition of the = -localisation
G, of a nilpotent group G for a set 7 of prime numbers. We denote by G, and
G, respectively the w-localisation of G for # = 0 and = = {p}, where p is a prime
number.

If § is a subset of a group G, we denote by (S) the subgroup of G which is
generated by S. :

The notions of formula, sentence {or formula without free variable) and elementary
equivalence are defined in [2]. A formula with one alternation of quantifiers is written
o = (Fz1...32,)(Vys ... Vyp)d or ¢ = (Vz1...V2,)(Jy1...Fyp)0 with 0 a formula
without quantifiers.

The following “similarity criteria” are often considered for two finitely generated
nilpotent groups G, H:

a) Commensurability 1, p. 9]: G and H are commensurable if they contain
subgroups of finite index G, H with G >~ H;

b) There exist injective homomorphisms from G to H and from H to G;

c) G and H have the same finite images if, for each finite group F, the
existence of a surjective homomorphism from G to F' is equivalent to the
existence of a surjective homomorphism from H to F;

d) Pickel Genus [7, p. 125]: G and H have the same Pickel genus if they
have the same finite images and satisfy G, = H,;
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62 F. Oger (2]

e) Mislin Genus [7, p. 125]: G and H have the same Mislin genus if they
satisfy G, = H, for each prime number p;
f) G and H satisfy G, = H, for each finite set = of prime numbers;

g) For each integer n > 1, there exists an integer d which is prime to n, a
subgroup G of G such that G C G and G = H, and a subgroup H of
H such that HYC H and H = G.

Each of the properties a), b), c), d), ) and f) is a consequence of g). The implica-
tions g)=> b)=> a) and f)= e)=> d)=> c) are easily proved.

In order to prove g) = f), Lemma 8.7 of [6] allows us to restrict ourselves to sets =
which contain the prime divisors of the cardinal of the torsion subgroup of G. If « is
such a set, the canonical homomorphism from G to G is injective by Theorem 8.9 of
(8]. According to g), there exists an integer d which is prime to the elements of 7 and
a subgroup G of G such that G4 C G and G = H. For each = € G, there exists an
integer k which is prime to the elements of 7 and such that z*¥ € G; we have z*¥ ¢ G
and kd is prime to the elements of =. This implies G = G, whence G, = H, since
G is isomorphic to H .

This proof remains valid if we replace g) by the following property:

g’) For each integer n > 1, there exists an integer d which is prime to n and
a subgroup G of G suchthat G*C G and G > H.

It follows from the Theorem below that two finitely generated nilpotent groups G,
H satisfy a), b), ¢), d), e), ), g) if they are elementarily equivalent.

Two finitely generated nilpotent groups can be elementarily equivalent without
being isomorphic, even if they are finite-by-abelian ([4, Corollary 5.6]) or torsion-free
([5, Section 2)).

THEOREM. If G and H are finitely generated finite-by-nilpotent groups which
satisfy the same sentences with one alternation of quantifiers, then, for each integer
m > 1, there exists an integer d which is prime to m, a subgroup G of G such that
G4 C G and G H, and a subgroup H of H such that H*C H and H = G.

The following “similarity criterion” has been considered, in particular, by Hirshon

and Warfield (see [3] and [7]):
h) GxZ=HxLI.

It implies elementary equivalence for any groups G, H , according to [5].

In the case of finitely generated finite-by-abelian groups, elementary equivalence is
equivalent to both the properties ¢), h) by [4, Theorem 5.5, p. 473].

So far, we have not obtained such characterisations of elementary equivalence for
finitely generated finite-by-nilpotent groups. In particular, we do not know whether,
for such groups, elementary equivalence is equivalent to h).
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The following question also seems open: Is the problem of knowing whether two
finite presentations of finite-by-nilpotent groups define elementarily equivalent groups

recursively soluble?

2. PROOF OF THE THEOREM

As the hypotheses concerning G and H are symmetrical, it suffices to prove that,
for each integer m > 1, there exists an integer d which is prime to m and an injective
homomorphism f: G — H such that H? C f(G).

The set {(G) of all torsion elements of G is a finite normal subgroup of G and
G/t(G) is a torsion-free nilpotent group. We define the subgroups Ti(G) by T,(G) =
t(G) and, for each integer ¢ 2 1, Ti(G) = {z € G | for each y € G,[z,y] € T;_1(G)}.
For each integer ¢ > 1, we have T;(G)/#(G) = Z,(G/t(G)), where (Zj(G/t(G)))jeN'
is the upper central series of G/t(G); so, Qi(G) = T;(G)/T;.1(G) is abelian and
torsion-free.

We define similarly t(H) and, for each integer 7, T;(H) and Q;(H). These groups
satisfy the properties stated above for ¢(G) and the subgroups T;(G) and Q(G).

We consider an integer ¢ > 1 such that {(G)? = {1} and #(H)? = {1}; we define
universal formulae without parameters 8;(z) by 0,(z) = “c? = 1” and, for each integer
121, 0i(z) = “(Vy)bi-1([=,v])”. For each integer i, the formula 8;(z) characterises
Ti(G) in G and Ti(H) in H.

We denote by s the smallest integer ¢ such that the universal sentence (Vz)8;(z)
is true in G (or, equivalently, in H ). The groups G/t(G) and H/t(H) are nilpotent
of class s and s is the smallest integer ¢ such that T3(G) = G (or, equivalently,

T.(H) = H).
We denote by wu;,...,u, the elements of ¢{(G) and we consider a family
(%i5)1ci<s 1<j<e(iy Of elements of G such that, for each i € {1,...,s}, the images of

Ui, - -5 U yi) Modulo T;_;(G) form a basis of the Z-module T;(G)/T;_;(G). Eachel-

ement of G can be written in a unique way z = u, [[_, (H;(_')l u‘:(]"J)) with 1<axr
and a(¢,7) € Z for 1 £ ¢ < s and 1 < 7 < £(¢). Moreover, the structure of G is com-

pletely determined by the relations:

uaub=uk(ab) for 1 ST and 1 bS‘l‘,
[a, ub,c] = Uk(ap,e) for 1 <a<r, 1<b<s and 1 < c<H(b);

i,j,a,b, ’
[YaprUed] = Uk(apied) [Lim1 ( '“luf(, ’ "")) for 1 <a<s, g
b<ta),1 <c<sandl <dg i) with k(:,5,a,b,¢,d) = 0 for

1 2 inf (a,¢).
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We denote by R¢g (:cl, ey Ty (z;,j)lgisugj@(i)) the formula

1<b<r 1<egt(b)
( A Lalp = zk(a,b)) A /\ /\ [zaazb,c] = ZTk(a,b,c)

1€agr 1€agr 1<K
1€b€t(a) [1<€d<t(c) s t()
_ k(i,j,a,b,c,d)
ALA N (Zapzedl = 2rapen [T | T 205"
1€age 1€cKs i=1 \ j=1

By Proposition 2.1 of [4], for each integer m, there exists an integer k(n) such
that each element of G™ can be written yp' ...y;c‘(n) with y1,...,Yk(n) € G and each
element of H™ can be written YT -+ Yi(n) with y1,...,ykn) € H. We denote by

¥n(y) the existential formula without parameters (Jy;...3yx(n)) (y =yT-. .y;‘(n)) ,
which characterises G™ in G and H” in H.

For each integer n > 2, we denote by E(n) the (finite) set which consists of the
elements (a,(a(i,j))lst.g"lsjst(i)), with 1 < a <7 and 0 < a(i,j) < n—1 for
1<i<s and 1 <j<i(i),such that u, []]_, (H;(;)l u?’(J-i’j)) does not belong to G™.

We consider the sentence:

0, = (3’51 ---amra(‘”i,j)lgig.,lgjgt(i))‘a"n(“’1’ e 7mr,("?i,j)lgeg,,lgjgt(i))

where ¢,, is the formula

1<5< (i)
Rg (wl""’w"’(wiyj)ISisa,lstt(i)) A /\ 8i(=i,5)
1<i<s
] (i) .
A A | e [T T =557
E(n) i=1 \j=1

The formula ¢,, is equivalent to a universal formula since it is a conjunction of universal
formulas. So, the sentence @,, is equivalent to a 3V sentence.

For each integer n > 2, as the sentence §,, is true in G, it is also true in H, and
the formula ¢, is satisfied by a sequence v,,...,v,, (v‘vi)1<i<a.1<j<t(i) of elements of
H ; we define an homomorphism f,, : G — H by writing fo(up) = vp for 1 < h <7

“and fn(uij)=vi; for 1 <1< s and 1<5 < #(3).

We have f,(T,(G)) C T,(H) since f,,(T,{G)) is a finite subgroup of H. We also
have fno(Ti(G)) € Ti(H) for each integer i > 1 because, for each integer 1 such that
1 <4< s, the formula 6; is satisfied by each of the elements v;,1,...,v; ) -
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The homomorphism f,, induces an injective homomorphism from G/G™ to H/H™.
In fact, we have f,(G") = (fa(G))” € H™ and we prove that f,'(H") is contained in
G" as follows:

For each sequence ( (i, 5))1<i<s 1<]<t(i)) ,with 1 < ¢ < r and a(i,j) €

for1<ig<sand 1< t(z) we consider the sequence (c’(c(i’j))lsismsjsz(i))
defined by the condltlons c=a, ¢(i,j) — a(¢,7) € nZ and 0 < ¢(¢,j) < n—1 for
1< 1< s and 1< 7 <#i). The elements

- ﬁ(i‘i’wm))”( Afft)) -

respectively belong to G” and H"™ since G™ (respectively H") is a normal subgroup of
G (respectively H ) which contains the n-th powers of the elements of G (respectively
).

If fn (ua | P (H;(_')l "f:’j))) =, []i, (H;(_')l v:'(;")) belongs to H™, then, the

same property is true for v, [];_, (H;(;)l vf’(;’j)) and (C’(C(i7j))1<i<a,1<j<t(i)) does

not belong to E(n) since the sequence vy,...,v., (vij), <<, <<y Satisfies the for-

mula ¢, in H. So, u.[];_, (H;(_') uc(w)) belongs to G™ and the same property is

true for ug [[_; (H;(') uay(;”))

For each integer ¢ such that 1 < i < s, the restriction of f,, to T;(G) is an
homomorphism from T;(G) to T;(H) which induces an injective homomorphism from
Ti(G)/(Ti(G)NG™) to Ti(H)/(T:(H)n H™). It follows that |T;(G)/(T:(G)NG™)|
|T:(H)/(T;(H)N H™)|, whence, since the hypotheses concerning G and H are sym-
metrical, |T3{G)/(T{(G)NG™)| = |Ty(H)/(T:(H)N H")|. So, the restriction of f, to
T:(G) induces an isomorphism from T;(G)/(Ti(G)NG™) to Ty(H)/(T:(H)N H™). In

particular, f,, induces an isomorphism from G/G" to H/H™.

Consequently, for each integer i such that 1 < i < s, the restriction of f,
to Ty(G) induces a surjective homomorphism from Ti(G)/(Ti_1(G), T:(G) N G™) to
T:(H)/(Ti-1(H), T{(H) n H™). It follows that |Ti(G)/(Ti_1(G), T(G) n G™)| >
|T:(H)/(T;—1(H), T:{(H)NH™)|, whence, since the hypotheses concerning G and H are
symmetrical, |T3(G)/(Ti—1(G), Ti(G)NG™)| = |Ti(H)/(T;i—1(H), T;(H)NH"™)|. So, the
restriction of fn to Ti(G) induces an isomorphism from T(G)/(Ti_1(G), T:(G) N G™)
to Ty(H)/(Ti-1(H), T(H) N H").
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By Proposition 2.5 of [4], for each integer m > 2, there exists an integer n > 2
such that each element of H™ is the m-th power of an element of H. We associate
with n the sequence ”‘17""“"’(ui,i)lsig.,lsjg:(i) of elements of G, the sequence
v1,. .. ,v,,(v;',‘)lgismgst(i) of elements of H, the sentence 9, and the homomor-
phism f, defined above.

For each integer ¢ such that 1 < ¢ < s, T;(H) is generated by T;_1(H), T;(H)NH"
and f,(Ti(G)). It follows from the definition of n that any element y € T;(H)N H™
is the m-th power of an element z which necessarily belongs to T;(H) like y since
H/Ti(H) is torsion-free. So, T;(H) is generated by T;_1(H), T:(H)™ and f.(Ti(@®)).
The torsion-free abelian group Q:(H) = Ti(H)/Ti_1(H) is therefore generated by
Q:(H)™ and theimages 2;,1,..., 2 ) of the elements v; 1,...,v; ;) modulo T;_,(H).

This implies that there exists an integer d which is prime to m and such that
Q;(H)d is contained in (z;1,..., Zi i) -

In fact, for any basis {wj,...,w;} of the free Z-module Q;(H), we have

ma(l,1 ma(1,t
wy =w @ ¢ (’)w

ma(t,l ma(t,t
W ’lUl (’) t ('):c

with z3,...,2¢ € (2i,1,-.., 2ig)) and a(i,j) € Z for 1 < 4,5 < s. It follows from the

equalities

1—-ma(1,1 -ma(1,2 —ma(l,t
T = wy (’)‘U)zl(’) w, (1.6)

—ma(2,1 1-ma(2,2 —ma(2,t
T2 = Wy (’)wz (2,2) w, (2.4

..........................................

that the subgroup of Q,(H) which is generated by z,,...,z, contains w?,... ,wi for

1—ma(1,1) -ma(1,2) @ —ma(l,t)

d=| —ma(2,1) 1-ma(2,2) : -—-ma(2,t)

So, the rank of the free Z-module Q;(H) is at most equal to the rank #(z) of
the free Z-module Q;(G) = Ti(G)/Ti_1(G). As a matter of fact, as the hypotheses
concerning G and H are symmetrical, Q;(G) and Q;(H) have same rank.

Therefore, z;,..., 2, form a free subset of Q;(H) and the restriction of f, to
Ti(G) induces an injective homomorphism from Q;(G) to Q;(H). As this property is
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true for each integer ¢ such that 1 < 7 < s and the restriction of f, to To(G) is an
isomorphism from T,(G) to T,(H), it follows that f, is an injective homomorphism.

We can suppose for the remainder of the proof that m > 2 and that m is divisible
by all prime numbers p < s, because the theorem is true for each integer m > 1 if we
show that it is true for each integer m > 2 which is divisible by s!.

According to the result that we proved above, there exists an integer d which is
prime to m and such that T;(H)? is contained in {fn(Ti(G)), Ti—1(H)) for each integer
i such that 1 << < s.

The integer d has no prime divisor p < s, in view of our hypothesis concerning m.
It is easy to show, by adapting the proof of Corollary 2.31 of [1], that, in the nilpotent
group H/T,(H), for each integer 7 > 1, each product of d*-th powersis a d*-th power.
So, any element of H? can be written z = y¥z with ye H and z € T, (H).

We show by induction on the integer ¢ § s that T;(H ) ' s contained in fo(Ti(G)).
This result is true for ¢ = 0 since the restriction of f, to 7,(G) is an isomorphism
from T,(G) to T,(H). So, we can suppose ¢ > 1.

According to the definition of d, for each z € T(H ) there exists an element
y € fa(Ti(G)) such that z¢ € yTi_y(H). We have z¢ € y¢ ‘T,_I(H) since T;_1(H)

i—1y "1 i - im
is normal in H . The element (yd l) z? € Ti_l(H)ﬂHd can be written z% ' w

with z € H and w € T,(H). We have LIS T;_1(H) since w and Ay belong
to T;_1(H). As H/T;_,(H) is torsion-free, z also belongs to T;_;(H). So, 24

belongs to T,-_I(H)di_x and therefore to f,(Ti;_1(G)) by the 1nduct10n assumption.
Consequently, z% = yd'_lzd' w belongs to f.(T:(G)) since y< 1, 471 and w
respectively belong to fa(Ti(G)), fn(Ti-1(G)) and T,(H) = fa(Tu(G)).

It follows that H?' is contained in fn(G).
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