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INEQUALITIES WITH WEIGHTS FOR POWERS
OF GENERALISED INVERSES

B. MoND AND J.E. PECARIG

Recently the authors extended to positive semi-definite matrices converses of ma-
trix inequalities corresponding to ratios and differences of means and of Holder’s
inequality. Here, further generalisations are given to the case of several vectors
with appropriate weights.

INTRODUCTION

Generalisations of some well-known converses of means inequalities involving pow-
ers of generalised inverses were given in [3]. Here we give further generalisations in the

case of several vectors.

NOTATION AND PREVIOUS RESULTS.
Given any matrix A with complex entries, there exists a unique matrix A% satis-
fying
AAY A=A, AYAAT = A%, AAY = (AAYF)", AT A= (AT4)

where * denotes conjugate transpose. A7 is called the (Moore-Penrose) generalised
inverse of A.

Let A be a positive semi-definite Hermitian matrix of order n and rank k. Let
those roots of A which are strictly positive be ordered as Ay 2 A2 > ... 2 Ax > 0.
For simplicity of notation, if » < 0, we shall use A(") for (A*)™". Note that, with
r<0,(AN) T =(4")". Alsoif k=n, At = A~1 and A = A",

In our proofs we need the following result from [3].

LEMMA 1. Let r and s be real numbers, r < 0,3 > 0. Let A be a positive
semi-definite Hermitian matrix of order n and rank k. Let those roots of A which are
strictly positive be ordered as A1 > A3 2> ... 2 A >0, Ap < A;. Set

AT — AT ASAT — ATAZ
1 a= 7%y MAT AN
M YT YRS

Let B be a Hermitian matrix that satisfies
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ATTBATT=A"", ATTB=BA™T
and has n — k pon-positive roots. Then for any z such that z*z =1
(2) z*Bz —az*A’z - b < 0.

Strict equality holds if and only if z = u; + ux where Au; = Aju; and Aup = A\pu.

RESULTS FOR MEANS.

First we state a theorem that is equivalent to Lemma 1.

THEOREM 1. Let r, s, A and B be defined as in Lemma 1. Further, let w;, j =

m
1, ..., m be positive numbers with ij =1 and let zj,j =1, ..., m, be such that

j=1
zjzj =1,j=1,..., m. Then
m m
(3) E’LDJ':B;BEJ' - GZ ij;A'Zj —b S 0.
=1 j=1

Strict equality holds if and only if z; = uj; + ujr where Auji = Auj; and Aujp =
AgUjk .

PROOF: By (2) we have
z;B:cj - az;A':vj -b<0.
Multiplying this inequality by w;, and adding, we get (3). 0
THEOREM 2. Let r, s, A, B,wj,zj,j=1,..., m be as in Theorem 1 and v =

At/Ae. If Y wiz}Bz; > 0, then
j=1

-1/r

m 1/s m
(4) (Z wj:c;A‘zJ) (E w,-z;Bz,-) £9Q,
i=1 =1

where

(5) Q:{%}I/'{%}—I/r.

Strict equality holds if and only if ; = wji+ujr where Aujy = Auj1 and Aujr = Aeujx
and

(6) Yo wiuhiun = [r/(7-1) = s/(v" = D)/(s = 7).

i=1
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ProoF: By Theorem 1, with a and b defined by (1),

—-1/r

m l/' m
(Z w,-z;-‘A':cj) (Z wjz;sz)
j=1 j=1
m 1/s m -1/r m
< (Z wjz;A'zj) l:aij:c;A'a:,- +b] = g(ijz;A'zj)
i=1

i=1 =1

where g(t) = t'/*[at + b]~1/". Here g(t) is easily seen to have a maximum at ¢t =
rbla(s — 7)]~! which gives the upper bound of (6).
Strict equality holds if and only if it holds in (4) at

(N Z wjz; A’z; = rbla(s —r)) 7.

=1

Given the condition for strict equality in (3), strict equality in (7) is easily seen to hold
if and only if it holds in (6). a

Note that the above proof is similar to the proof of Theorem 2 from [3]. In a similar
manner to the proof of Theorem 3 in [3], we can prove the following.

THEOREM 3. Letr, s, A, B,a, b, w;, z;,1=1, ..., m be defined as in Theorem

1. I ) wiz}Bz;i >0, then

=1

m 1/s m 1/r
(8) (E w.-z:A'z.-) - (Z w.-z:Bz.-) <A,
=1 i=1
where
(9) A = [02] + (1 — 0)A3]Y* — [6A] + (1 — B)A)/".
8 is defined as follows. Let
h(y) = y*/* — (ay +b)'/".

Let J denote the open interval joining A{ to A}. Let J be the closure of J. There is
a unique y* € J where h(y) attains its maximum in J. This y* lies in J. Set

_YyY A

§= "k
PYRY]

Strict equality holds if and only if z; = uj; + ujz where Auj; = Muji, Aujr = Apuji

m
and ) wjujujy =0. If s > 1, then y* is the unique solution of h'(y) =0 in J.
=1
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Since A(™ satisfies the conditions for B in Lemma 1, (3), (4) and (8) yield

10) ijz;A(’):c,- - aija:;A‘z,- -b<0,
j=1 j=1
where a and b are defined by (1);
—-1/r

m s fm
(11) (Z wj:c;A':c,-) (E wjz;A(")zJ-) £9Q,
j=1 j=1

where 2 is given by (5}, and
1/r

m 1/s m
(12) (Z wja:;A'zj) - (ij:v;/l(r)m,-) <A,
=1 i=1

where A is given by (9).

m m
REMARK: (8) required ij:c;Bz,- > 0. Since Zw,-z;A(')zj >0 for all z;, we

j=1 i=1

m
may regard (12) as being satisfied with strict inequality when Z'w,-:c;fA(r):cj =0. (A
i=1

m
similar remark will be applicable to Zsz;A+zj = 0 in equation (18).)
=1

SpPECIAL CASES
Our results generalise a number of well-known inequalities. Thus, if ¥ = n, that is,
A is positive definite, AT = A~! and B = A{") = A", and our results yield well-known

inequalities for positive definite matrices.

Interesting special cases are, for r = -1,s=1,
(13) ija:;A:c,- + A1 A ijz;-‘Bz,- <AL+ Ay
j=1 i=1

(14) (i wj:z:;-‘Az,-) (i sz;sz) S (Al + Ak)z/(4A1Ak);
i=1 j=1

(15) (iwjz;Azj) - (iw,'z;B:;j)_ < (\/E_\/:\':)z

REMARK: In our results for (4) we have the condition

m
Z wjz; Bz; > 0.
i=1
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It is obvious that (14) is valid without this condition and thus is a generalisation of a
result from [2].

Note that (14) as well as Theorem 3 are generalisations of an inequality of Ky Fan
{1}.

Of special interest is the case where B is the generalised inverse of A. In this case
(13), (14) and (15) become

(16) E'wjz;A:cj + A1 ija:;A+a:j < A1+ Ag;
i=1 i=1

(17) (Z w,-z;Az,-) (Z w,-z;:A+z,-) < (A1 + A)?/4A1 Ay
j=1 j:l

(18) (i wjz;Aa:,'> - (i w,-:c;-‘A"':c,-) < (\/)‘_1— \/E)z

As noted (18) may be regarded as being satisfied with a strict inequality when
m
Zw,-z;fA"':c_; =0.
j=1

HOLDER’S INEQUALITY.

The following result proved in {3] will be used to establish a generalisation of the
converse of a matrix form of Hdlder’s inequality.

LEMMA 2. [3] Let r, s, p and q be real numberssuchthatr > 0,5>0,0<p<1
and p~! + ¢!

Hermitian matrix that satisfies

=1, a = ps — qr. Let A be defined as in Lemma 1 and let C be a

ATTICA™I = A", A MIC =CA™
and has n — k non-positive roots. Then for any z, we have
(19) z\;“/q (v*/7 —1)z* A"Pz + z\f/p (v*/1 - 1)z*Cz > (v* - 1)z* A"z
where v = A1/ Ak
In a manner similar to the proof of Theorem 1, Lemma 2 yields the following:

THEOREM 4. Let r,s,p,q,,v, A and C be as defined in Lemma 2 and let
wj, zj,j =1, ..., m be defined as in Theorem 1. Then

m m
2.2 —1) Y wjzj A + AZ/P(yole — 1) Y wjzjCz; >
j=1 i=1

(20) (1*-1) Y w;zjA ;.
i=1

=
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Analogous to the proof of Theorem 5 in [3], we can establish the following:
THEOREM 5. Let r,s,p,q, A, C, a,wj, zj,j=1,..., m be defined as in The-

orem 4. If ijz,-C:c,- >0, then

j=1
m m 1/p m 1/q
(21) ija:;A'+'zj < K(Z w_,-z;A"’:cj) (Z wjz:;fC'z,-) )
=1 j=1 j=1
where
(22) K = pl/p Iqll/q ,ya/(pq) (70/}) _ 1)1/1’(1 _ ,Ya/q)l/Q/(,Ya - 1)

Since A("® satisfies the conditions for C in Lemma 2, (19), (20) and (21) give

ATl (ol — 1) AP X7 (3710~ 1) AP

(23) > (y* —1)z* A"z,
/\—a/q( a/p _ 1) Z"’J TA"Pz; + ,\"‘/" alq _ Zw :c*A("’)
i=1
m
(24) > (1%~ 1)) wzjA™ 23
i=1
m m l/p m 1/9
(25) Z'wiz;Ar+'2j S K (Z wj:z:;'-‘A"’zj) (Z w_,-:c;A("’):c,-) )
=1 =1 j=1

where K is given by (22).
REFERENCES

(1] K. Fan, ‘Some matrix inequalities’, Abh. Math. Sem. Univ. Hamburg 29 314 (1966),
185-196.

[2] J.Z. Hearon, ‘A generalized matrix version of Rennie’s inequality’, J. Res. Nat. Bur.
Standard (Math. and Math. Phys.) 71B (1967), 61-64.

[3] B. Mond and J.E. Petarié, ‘Inequalities involving powers of generalized inverses’, Linear
Algebra Appl. (to appear).

Department of Mathematics Faculty of Textile Technology
La Trobe University University of Zagreb
Bundoora Vic 3083 Zagreb
Australia Croatia

and

Department of Mathematics
La Trobe University
Bundoora Vic 3083
Australia

https://doi.org/10.1017/50004972700015392 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700015392

