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Abstract

For a wide class of sine trigonometric series we obtain an estimate for the integral modulus of
continuity.

1980 Mathematics subject classification (Amer. Math. Soc): 42 A 32.

1. Introduction

Let F(x) be a function of period 2w in Lp (1 < p < oo). Then the integral
modulus of continuity of order k of F in Lp is defined by

uk
p(h;F)= sup | |A*F(*)| |V

0

where

«=o

and || • || t denotes the norm in Lp.
Concerning the integral modulus of continuity of order 1 of a sine series whose

coefficients form a quasiconvex null sequence, Izumi [2] and Teljakovskii [5] have
obtained some interesting estimates. The class of quasiconvex null sequence has
further been extended by Teljakovskii [6] in the following form.
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Let

00

(1.1) 52 oksinkx
* = 1

be a sine series satisfying ak = o(l), k -* 00. If there exists a sequence (Ak) such
that

(1.2) Aki0, k^oo,

(1.3) I4t<«>,

(1.4) \ak - ak+1\ = \&ak\ < Ak for all A:,

then we say that (1.1) belongs to the class S.
Setting Ak = E^_^|A2am|, we observe that every quasiconvex null sequence

satisfies the condition S.
Let g(x) be the sum of the sine series (1.1) belonging to the class S.

Teljakovskii [6] showed that the condition

(1.5) £nr < 0 °
K

is sufficient for the integration of the series (1.1) belonging to the class S.
The aim of this paper is to find an estimate for the integral modulus of

continuity of order k of the series (1.1) belonging to the class S.

2. Results

We establish the following

THEOREM. / / (1.1) belongs to the class S and (1.5) holds, then

«*(£; g) < Bkn-klogn f (v + l)k+lAAv
* ' v=l

y-n+l

where Bk is a constant depending upon k and not necessarily the same at each
occurrence.
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Letting Av = E™_JA2aJ, the case k = 1 of our theorem yields

COROLLARY. If {ak) is quasiconuex mull sequence satisfying (1.5), Cfien

ZJv

This result corresponds to a theorem of Izumi [2] as stated in Teljakovsku [5].

3. Proof of the theorem

Under the assumed hypothesis, g is integrable. Since the symmetry of the
function implies |A*g(-jc)| = |A*,g(x)|, therefore

/•ff J»7T fit

\ A*g(x) \dx = \ \Ak_,g(x)\dx + / |A*g(x) | i/x.

Hence, to prove the theorem, it is sufficient to evaluate

f \Ak
±lg(x)\dx, forO <tmr/n.Jo

We write

(3.1) f \&k
±lg(x)\dx= flk+1)

= Ix + I2, say.

We first estimate Iv Denoting by Dv(x) the kernel conjugate to the Dirichlet
kernel, the use of partial summation yields

g(x) = L AaB2)0(Ac)

= E

,=0 '
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Then
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o - l

i - 0

= 'll + 'l2-

If bfk)(x) denotes the fcth derivative of i>,(x), then to estimate In we use the
equahty (Aljandic [1], Ram [3])

(3.2)

and obtain

°0VV
0 < x < w

D - l

± ^ ) | | dx
i = 0

(0 < 0, <

To estimate In, we use the inequality (Timan [7])

— (C " \£>v(x)\dx < -log - + o(l), c > 0, v > «,

and obtain

It follows therefore that

(3.3) / x <

E (o
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/ '
JlL-

- '» + 'a -

E Ad A*, ,£) (

00

*±, E Afl

dx

We now write
n - l

' -

(k + Vfn/m
dx.

By virtue of ? < TT/H and x ^ (k + \)ir/{m + 1), it follows that

k+ 1
w

IT
n m + 1

•n , I 1 1
+ kir\ n j m + 1

Therefore in the subinterval [(£ + Y)"n/(m + 1), (A: + l)ir/m], using (3.2), we
have

max

1 ^
"A,, x - £/ I

"A,,

But

i 0 - E
( = 0

and

E V"AO= E
i = 0

E (̂
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Therefore

In < Bkn-kYj: m-4 £ («, + l)k+24 £ («, + l)k+2AAv +
\f=l

L m - l \v=m+l

n — 1 m n — 1

" i
The first term in the square bracket is

"E (0 + I)*+2A^( "E m-2) < "E («+ i r W £

the second term is

n — 1 n — 1 m n

m = l m = l ( = 0 j -0

n-1

< E mk+lAA + nk+1A

and the third term is
- i

n - l

0 = 1

Therefore
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Lastly, making use of Abel's transformation and Fomin's Lemma (Ram [4],
Lemma 1), we have

< E OP"'
o = 0 J(k + V)m/n±at

+ kir/n

ir/n v=n+l

• / «

00

E
.v=n + \

00

vn + l

dx

dx

E «,A(*)

E «,A(*)

dx

1 = 0

Aa,
a, =

E «A(

Hence

(3-4)
o—l o = n + l

The conclusion of the Theorem follows from (3.1), (3.3), and (3.4).

References

[1] S. Aljandic, 'Sur le module des series de Fourier particulieres et sur le module des series de
Fourier transformees par des types divers', Bull. Acad. Serbe Sci. Arts 30 (6) (1967), 13-38.

[2] M. Izumi, and S. Izumi, 'Modulus of continuity of functions defined by trigonometric series,' / .
Math. Anal. Appl. 24 (1968), 564-581.

[3] B. Ram, 'On the integral modulus of continuity of Fourier series', / . Analyse Math. 28 (1975),
78-85.

[4] B. Ram, 'Convergence of certain cosine sums in the metric space L\ Proc. Amer. Math. Soc.
66 (1977), 258-260.

https://doi.org/10.1017/S1446788700029748 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700029748


158 Babu Ram and Suresh Kumari [8]

[5] S. A. Teljakovskn, 'The integral modulus of continuity of functions with quasiconvex Fourier
coefficients', Sibirsk. Mat. Z. 11 (1970), 1140-1145.

[6] S. A. Teljakovskfl, 'A sufficient condition of Sidon for the integrability of trigonometric series',
Mat. Zametki 14 (1973), 317-328.

[7] A. F. Timan, Theory of approximation of functions of ral variables (Hindustan Publishing
Corporation, India, 1966).

Department of Mathematics
Maharshi Dayanand University
Rohtak-124001
India

https://doi.org/10.1017/S1446788700029748 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700029748

