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Let R, n and MM denote the set of real numbers, Lebesgue outer measure and
the class of Lebesgue measurable subsets of R respectively. It is easy to prove that
the complement Ec of E e M^ is a set of Lebesgue measure zero if the inequality
n(E n I) ^ Sfi(I) holds for some S > 0 and all intervals / of R. However, in
[1 ], Hewitt raised a problem whether the result is still true if E is not a priori
measurable set. In this paper, a negative answer to this question is given through
a counter-example. Also, it is proved that for a given set E e M^ with n(E) > 0
there is a non-measurable subset A of E satisfying ii{A) = /J.(E).

LEMMA 1. Let Ee MM with n{E) < oo and A c E. Then A e M^ if and only

For the proof, the reader is referred to [2].

LEMMA 2. If {E(} is a sequence of pairwise disjoint sets of M^ each having
positive measure and {At} is a sequence of non-measurable sets such that At c Et

for each i, then \J?L tAt is non-measurable and fi([j?Ll At) = Xi=i^(^0-

PROOF. The non-measurability for [jfLi^i is obvious. We need only prove

for every n, from which H l J ^ i ^ i ) = YT=iK^i) follows, and the conclusion is
obtained in view of subadditivity of /i. By monotoneity of n,

K 0 ^) ̂  K 0 ^)
i = l i = l

for all n. We shall show that n(\JU i A,) = Y2= I ^(Ad by induction. The equality
is trivial for n = 1. Assume that it holds for n = k. Since Ak+i c Ek + l and
[]*=! Aj <z E£+l, measurability of Ek + l implies that

fc+l k fc+l

Vi U Ad = K\J Ad + t*(Ak+1) = E i^A,).
i = l i = l i = l

The last equality follows by inductive hypothesis. The proof is now completed.
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LEMMA 3. If Ee M^ with n(E) > 0, then there is a non-measurable subset
A of E such that n(A) ^ in(E).

PROOF. The existence of a non-measurable subset Q of E is well-known.
If 0 < n(E) < oo, then by lemma 1, /x(E) < n(Q) + n(E-Q). Thus we have

M2) > ±H(E) or n(E-Q) > in(E). Since Q £ M,,, E-QiM^. The conclusion
follows.

If n{E) = oo, then by cr-finiteness of n, there is a sequence of pairwise disjoint
sets {£",} of M^ such that E = \jT=1Et and n(E^) < oo for each i (we may as-
sume 0 < fi(Ei) < oo). By what we have just shown, there is a non-measurable

; o? E^ot raetai %udv\.\tti\. \i{A^ > \]a{^i). \J& A - \J>T= i At.
,, and

i = l

THEOREM. If Ee M^ with fi(E) > 0, then there is a non-measurable subset A
of E such that fi(A) = n(E).

PROOF. Case 1. 0 < n(E) < oo. We define r0 = n{E) and Bo = 0.
By lemma 3, there is At <=. E such that Ax $ M^ and n(Ax) ^ ro/2. Also,

there is Bl e M^ such that E—Bo => Bt => At and ^(5t) = /*(-<4i). Let rt =
niE-Bi). Clearly 0 ^ rt g ro/2.

If rt = 0, then we are through. Assume rt > 0. By the same reason, there are
A2 i M^ and B2 e M^ such that A2 <= B2 <= E-\Jl=0Bk and n(B2) = fi(A2) ^
rJ2. Letr2 = fi(E-\J2

k = 0Bk), thenO ^ r2 ^ rJ2 ^ ro/2
2.

Suppose {Aj}n
J=1, {Bj}"J=0 and {ry}"=0 have been denned such that Aj^M^,

B M A B E V i Z l B

n(Bj) = /i(^) ^ rj.,12, rj = (i(E- (j%) ^ ro/2
J for 7 = 1, 2, • • • n.

k = 0

Clearly {Bj}n
J=l is pairwise disjoint. By lemma 2, [J"=lAj^ M^ and

A*( U Aj) = t n(Aj) = t »(Bj) = M U Bj) =

If rn = 0, we may take A = (J"=i4r Otherwise, fi(E-{J"J=0Bj) = /•„ > 0
and there are ^ n + 1 ^ M ^ , Bn+leMll such that ^ n + i c Bn+l c E-\J"k = 0Bk,

n{Bn + l) = n(An+1) ^ rJ2, rn + 1 = n(E- "\J Bk) ^ rol2
n+l.

k = 0

If this process does not terminate, we obtain infinite sequences {At}, {Bt}
and {rj. Let A = ( J ^ i ^ j . By lemma 2 again, A $ M^ and
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Thus

H{E) ± n{A) £ „( 0 B.) =

for all n. It follows that n(A) =

Case 2. n(E) = oo. By cr-finiteness of n, there is a sequence of pairwise disjoint
sets {£•,} of M^ such that E = u Et,0 < n{E{) < oo for each i. The conclusion
follows easily from case 1 and lemma 2.

Finally, we proceed to the construction of a counter-example. Let E = [0, 1 ].
By the above theorem, there is a Q c E such that Q $ Mw and JX{Q) = /;(£) = 1.
Let

A = (-oo, 0 )u Q u (1, oo).

Obviously ^ £ M^, and therefore n(Ac) + 0. We assert that n(A n / ) = /<(/) for
every interval / of R.

Case L i e [0, 1 ] .

1.1. O e / or 1 e / : There is a subinterval / of [0, 1] such that In J = 0,
/ u J = [0, 1 ], where 7 may be empty or a singleton. Thus

If n(Q n /) < /;(/), then we would have

1 = KQ) = M e n I) + n(Q nJ)< n(I) + n(J) = 1.

This leads to a contradiction. Thus fi{Q n / ) = /^(/) and hence ^(.4 n /) =
MG n /) =

1.2. 0^7 and 1 ^ 7: There are two subintervals Jt, J2 of [0, 1 ] such that Jl,
I, J2 are pairwise disjoint and Jt u 7 u J2 = [0, 1 ]. Since / t u 7e Mu, / j e A/,,,
we have

1 = n(Q) = ii{Q n (A u /)) + Ai(e n /2)

= H(Q n -/i) + Me n 7) + M(6 n / 2 ) .

n / ) < n(I), then we would have

1 = fi(Q) < nVJ + iiW + niJt) = 1.

This leads to a contradiction too. Thus (̂̂ 4 n / ) = /i(Q n 7) = /i(7).

2. 7 + [0, 1]. Let 7j = In (-oo,0), 72 = / n [0, 1] and 73 = In
(1, oo) (some of them may be empty). Since It, I2 e Af̂ ,

(72 u 73))

= fi(A n IJ + niA n I2) + n(A n 73)
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By case 1, we have

H(A n / ) = Ii{h) + KA n I2) + n(I3) = M A H M ^ + M^) = /i(/).
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