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Abstract

A characterization of all special atoms in the form of the upper radical generated by the class of all prime
rings outside the smallest special class containing some prime ring is provided and prime rings for which
the above mentioned upper radical coincides with the prime radical are investigated.

1991 Mathematics subject classification (Amer. Math. Soc): 16N80.

All rings to be considered are associative and it will be assumed that any class of
rings contains the one element ring 0 as well as all rings isomorphic to any member of
the class. The fundamental definitions and properties of radicals of associative rings
can be found in [1] and [3].

Atoms of the lattice of all special radicals will be called special atoms. For a ring
R write / < R to mean / is an ideal of R and let R always denote some homomorphic
image of R. For a class ^ of rings as usual let

<% (<jf) = {R : every 0 ^ fl £ tf\,

y (<*?) = {R : for every 0 # / < R we have /£"«?},

^ = [R : R is an essential extension of some I eff].

The prime radical will be denoted by f$ and the smallest special radical containing a
ring A will be denoted by lA. The class of all prime rings will be denoted by n and
the smallest special class containing a prime ring A will be denoted by nA.

A semiprime ring A is called a *-ring if the factor ring A/1 e /? for every 0 ^ / <
A. The class of all *-rings will be denoted by *.

It is known [4] that * is a hereditary class consisting of prime rings and for any
non-zero *-ring R we have 0 ^ R e n implies R ~ R so that R e nR.

© 1998 Australian Mathematical Society 0263-6115/98 $A2.00 + 0.00

302

https://doi.org/10.1017/S1446788700039173 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700039173


[2] On special atoms 303

A prime ring R such that R e nR for every R € n is called a ring with PEI.
Using methods of [5], it was shown in [6] that for every non-zero ring A with PEI

the radical % (TT\KA) is a special atom and % (JI\TTA) = lA. We will now give a
characterization of all special atoms of the form % (ji\nA) where A is a non-zero
prime ring. To do so we will need the following

LEMMA 1. For any non-zero prime ring A and any special class '€, ifn\nA C ^
then 'tf = n.

PROOF. Suppose a non-zero prime ring B <fc c&. Then B e j r \ ? and (as n\€ is
a special class) we have TXB C n\€. Hence ^ c n\nB. On the other hand, (as
B £ <€ and n\nA C <jf) it follows that B £ n\nA. Therefore (as B e n) we have
B € nA which by [5, Proposition 2] implies that itB = itA. Consequently we have
n\nA C "if c 7r\7rB = JT\JT,4 , a contradiction. Thus 7T C <£ and ( as ^ c n) it
follows that n = <£.

We say that a class "^ c n is closed under subdirect sums if any prime ring which
is a subdirect sum of rings from ^ belongs to ^'. It is clear that a special class ^ is
closed under subdirect sums if and only if ¥? — 5? (<% C^)) n jr.

THEOREM 2. For a non-zero prime ring A the following conditions are equival-
ent.

(1) <% (n \nA) is a special atom;
(2) pt<fr(n\nA);
(3) it \nA is closed under subdirect sums;
(4) A is an essential extension of a ring I with PEI.

PROOF. (1) if and only if (2): Clearly if % {n\nA) is a special atom then fi ^
3r (n\nA).

Suppose that /} C ^ (7r\^/1) and let a be a special radical such that /? ^ a Q
fy (n\nA). Then n\jzA Q 5? (a) n 7r ^ 7r and by Lemma 1 it follows that 7r\7r4 =
Sf (a) C\n. Hence (as a is a special radical) we have a = fy (5? (a) Hn) =
^ (TT\TTA). Thus ^ (n\nA) is a special atom.

(2) if and only if (3): Suppose 0 g <% (7r\nA). Since 7r\jrA c &> {<% (jr\jrA)) D
7r c jr, it follows from Lemma 1 that either 5? (fy (n\nA)) D 7T = n or JTXJT^ =
^ ( ^ (JT\JT4)) fl 7r. The first case is impossible since ^ (7r\jrA) is a special radical
strictly containing p. Therefore n \nA = 5? i?U (Ti\nAy)f\ii which means that it\nA

is closed under subdirect sums.
Conversely, let 7r\7rA be closed under subdirect sums and suppose that fi =

<% (n\nA). Then we would have n\nA = y (W (n\nA)) C\n = y{P)nn = n
which is impossible since 0 / A e nA= n\ (JT\JTA).
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(1) if and only if (4): Suppose ^ (Jt\itA) is a special atom. If A e 5? (n\nA)) 
then A is a subdirect sum of rings from it \nA and (as A is prime) it follows from part 
3 that A € 7t\nA. This however is impossible since 0 ^ A e nA. Thus A contains a 
non-zero ideal / e ^ ( 7 r \ 7 r A ) and (as A e it) A is an essential extension of / . We 
will show that / is a ring with PEL Since 0 ^ I <3 A and A € it it follows from [5, 
Proposition 2] that it, = itA. Then % (it\itA) = (jr \7r,) and (as / e ( 7 ^ 7 ^ ) ) 

we have / e ^ (7r \7T/) which implies that every prime homomorphic image of / 
belongs ton,. Thus / is with PEL 

Conversely, let A be an essential extension of some ring / with PEL Then (as 
A e it) we have 0 ^ I < A and / e (n\n,) n T T . But by [5, Proposition 
2] it then follows that nA = it, which implies % (it\itA) = °l/ {it\it,). But (as 

(n\7Ti)r\jt) it follows that ̂ C f (JT\JT,). Hence £ g <% (n\itA) which 
by part 2 implies that ^ ( 7 r \ 7 r A ) is a special atom. 

COROLLARY 3. A special atom a is of the form % (it\itA) for some 0 ^ A € n if 
and only if a = // for some non-zero ring I with PEL 

PROOF. Clearly, if a = // for some non-zero ring / with PEI then by [6, Theorem 
4] a = (7i \n,) and we are done. 

Conversely, suppose a special atom a = (it\itA) for some 0 ^ A e n. Then by 
Theorem 2 it follows that there exists a non-zero ring / with PEI such that 0 ^ / < A. 
Then by [5, Proposition 2] we have it A = it,. Thus ^ (7r \7r ,0 = ^ (it\it,). But 
(as / is with PEI) we have I e & (n\it,). Thus P<^T, (it\it,) = W (it\itA) 
which implies that // = (it\itA) since (it \itA) is a special atom and // is a special 
radical. 

It is now natural to ask the following question: 

Does there exist a prime ring A such that f3 = & (n\itA) and yet lA is a special 
atom? 

A negative answer to this question would mean that special atoms are precisely the 
special radicals generated by individual non-zero rings with PEL 

Although we are unable to construct a prime ring satisfying both conditions spe
cified in the above given question, we provide a plentiful supply of non-zero rings A 
such that P = % (it\itA). 

THEOREM 4. For a prime ring A, fi = <2f (it\itA) if and only if A is a subdirect 
sum of rings from it\itA. 
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PROOF. If fi = & (n\nA) for some A e n then A is a subdirect sum of rings
from n\nA because A e n g y (/3) = ^ (<gf (TTVT,,)) and ^ ( T T \ ^ ) (as a special
radical) has the intersection property with respect to the special class n\7tA.

Conversely, let A be a prime ring such that A is a subdirect sum of rings from
7r\7rA. Then (as n\nA g y (W (n\nA))) it follows that A € y (W (n\nA)) n n.
Since y (fy (n\nA)) D n is a special class we thus have nA f= y (9f (TT\JZA)) D it.
On the other hand, n\nA Q y {W (n\nA)) n it. Thus JT = 7rA U (7r\7rA) Q
y {<% (n\nA)) n n which implies that y (<% (n\itA)) D n = n. Consequently
W (n\nA) = <&(S>(& (7T\nA)) n n) = <% (n) = p.

COROLLARY 5. IfZ is the ring of all integers then p = W (Tt\nz)-

PROOF. It is clear that Z is a subdirect sum of rings isomorphic to Zp, p prime and
each Zp (as a field) is a simple prime ring with identity. If Zp e nz for some prime
p, then by [1, Proposition 5, p. 239] Zp would contain a non-zero ideal / which is
isomorphic to a non-zero accessible subring J of Z. But (as Zp is simple) it follows
that / = Zp. Thus J is isomorphic to Zp which implies that J is a finite ideal of Z,
a contradiction. Thus Zp e 7r\7rz for every prime p and by Theorem 4 it follows that
P = % (ir\jtz).

Beidar [2] constructed a non-zero prime ring A such that nA Dnj — 0 and ^ (nA) —
% (nA) for some Q^ A en.

COROLLARY 6. Let A be a prime ring such that TTA r\7TA = 0 and <% (nA) =
for some 0 ^ A e n. Then $ = <% (n\nA).

PROOF. Since A e nA Q y {<% (TTA)) DTT ^ ^ (<2r (TTJ)) and ^ (TTJ) (as a special
radical) has the intersection property with respect to the special class jtj, it follows
that A is a subdirect sum of rings from nj. Moreover, since nA D nj = 0 we must
have nj Q n\nA. Thus A is a subdirect sum of rings from 7r\7rA which, in view of
Theorem 4, means that /? = *% (jt\nA).

We will now show how to construct prime rings A such that ft = W (n\nA).

COROLLARY 7. Let R be a prime ring with identity 1 ^ 0 and with an infinite
centre. Let X be an infinite set of cardinality \X\ > 2|R| and let R [X] be the ring of
all polynomials in commutative indeterminates X over R. Then fl = <& (n\nR[Xi).

PROOF. Since R is a prime ring with identity 1 ^ 0 and with an infinite centre it
follows from [1, Lemma 5, p. 243] that R [X] e n and R [X] is a subdirect sum of
rings isomorphic to R. If R £ 7r\7tKlx] then (as R e n) we would have R e 7rR[X].This
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in view of [1, Proposition 5, p. 239] implies that R has a non-zero ideal / which is
isomorphic to an accessible subring of R [X], Then it follows from [1, Lemma 3, p.
240] that \R [X]\ ^ 21'1. But clearly | / | ^ \R\. Thus \R [X]\ ^ 21*1. On the other
hand, we have \R [X]| ^ |X| > 2m, a contradiction. Thus R e n\nR[X] which, in
view of Theorem 4, implies that fi = fy (7t\jiR[X])-

In [4, Theorem 6] rings of which some ideal can be homomorphically mapped onto
a non-zero *-ring were discussed. For example, a prime ring with a non-zero centre
is such a ring.

THEOREM 8. If A is a prime ring of which some ideal I can be homomorphically
mapped onto a non-zero *-ring I and such that fi = & (n\nA) then lA is not a special
atom.

PROOF. Clearly, / is a non-zero ideal of A. So A ^ 0. Since lA (as a special
radical) is hereditary and since / < A e lA it follows that / e lA and consequently
/ € IA. Thus lj ^ lA. But since / (as a *-ring) is a ring with PEI it follows
that lj = % (jt\nj) is a special atom and so fi C /7 NOw, if A e nj then by [5,
Proposition 2] it follows that nA = nj which implies that °l/ (7i\nj) — °l/ {n\nA^.
This however, is impossible because fi = °k (n\nA) and fi C q/ (jt\nj). Therefore
A € (Jt\nj) n lA ^ y (jj) D lA. Hence fi C /7 C [A which (as lj is a special radical)
implies that lA is not a special atom.
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