Can. J. Math,, Vol. XXIV, No. 3, 1972, pp. 432-438

CONDITION THAT ALL IRREDUCIBLE
REPRESENTATIONS OF A COMPACT LIE GROUP,
IF RESTRICTED TO A SUBGROUP, CONTAIN NO

REPRESENTATION MORE THAN ONCE

FREDRIC E. GOLDRICH AND EUGENE P. WIGNER

1. One of the results of the theory of the irreducible representations of the
unitary group in # dimensions U, is that these representations, if restricted
to the subgroup U, leaving a vector (let us say the unit vector e, along the
first coordinate axis) invariant, do not contain any irreducible representation
of this U,_1 more than once (see [1, Chapter X and Equation (10.21)]; the
irreducible representations of the unitary group were first determined by
I. Schur in hisdoctoral dissertation (Berlin, 1901)). Some time ago, a criterion
for this situation was derived for finite groups [3] and the purpose of the
present article is to prove the aforementioned result for compact Lie groups,
and to apply it to the theory of the representations of U,.

The physicist’s interest in the question whether a group and a correspond-
ing subgroup satisfy the criterion of the title of this article is motivated by the
phenomenon of ‘“‘symmetry breaking”’. Let us consider a quantum mechanical
operator—usually the Hamiltonian—which is invariant under a group of
operators. When the operators of the group are applied to the characteristic
vectors of a characteristic value of the quantum mechanical operator, these
vectors transform, except for the rare case of ‘‘accidental degeneracy’’, accord-
ing to an irreducible representation of the invariance group. The physicist
says that the characteristic vectors of each characteristic value ‘“‘belong’ to
the different rows of the irreducible representation in question. If the original
quantum mechanical operator is now modified by a small perturbation which
is not invariant under the whole group but only under a subgroup, the original
characteristic value splits up in as many characteristic values as are irreducible
representations of the subgroup contained in the irreducible representation
of the whole group to which this characteristic value belongs. If each irreducible
representation of the subgroup is contained only once in the irreducible
representation of the full group, only one new characteristic value belonging
to any irreducible representation of the subgroup will arise from any character-
istic value of the original quantum mechanical operator. The corresponding
characteristic vectors belong to the irreducible representations of the subgroup
and are completely determined by this criterion. This is not the case if several
characteristic values of the new problem arise from a characteristic value of
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the original problem, i.e., if the irreducible representation of the original, full
group contains any irreducible representation of the subgroup more than once.
The knowledge of the characteristic vectors of the new problem, containing
the small perturbation, reduces the calculation of the characteristic values of
the new problem to the calculation of a matrix element or scalar product. The
calculation of the splitting of the atomic energy levels by a magnetic field
(Zeeman effect) is an example herefor; the original group is R; (or Us) in this
case, the subgroup is R, (or U;). There are, however, also other questions
which can be answered with relative ease if the characteristic vectors of the
new problem are known.

In order to formulate the criterion for the situation given in the title of this
article, one introduces the concept of subclasses. These consist of the elements
of the group (in our case U,) which can be transformed into each other by an
element of the subgroup (in our case U,—1). In the case of finite groups, it was
shown that the criterion for no irreducible representation of the whole group
to contain any representation of the subgroup more than once is that the
subclasses commute. In the case of continuous groups, the subclasses are, as
a rule, manifolds of lower dimensionality than the whole group. As a result,
the commuting nature of the subclasses is less easily defined than in the case
of finite groups. In the case of the latter, the statement that two subclasses C;
and C,; commute means that every element R of the group appears as often in
the complex C;C; as in the complex C;C1. Both these complexes are, naturally,
finite if the whole group is finite. If the group is continuous, the sets C;C, and
CyC, are, as a rule, continuous and infinite manifolds and the frequency of the
occurrence of an element R in them is not defined. Hence, the criterion for
finite groups must be reformulated and this is the principal subject of the
present article, leading to Equation (11). The f in this equation is an arbirtary
numerical function on the group. Naturally, this equation is also an expression
for the identity of all complexes CiC» and C,C; in the case of finite groups, C;
and C, being subclasses, if the invariant integrations over the subgroup—indi-
cated by the fdu and fds symbols—are replaced by summations over the
elements of the subgroup.

In the third part of the article, (11) will be shown to hold for all pairs of
elements R and 7T of U, if the integrations over # and s are the invariant
integrations over the subgroup U,—; which leaves a vector ¢; invariant. Thus,
a proof for the result of the theory of the representations of U,, mentioned
in the first paragraph, will be produced.

Lastly, a sufficient but not necessary property of subgroups is given which
assures that the irreducible representations of the whole group, if restricted to
the subgroup in question, do not contain any representation of the latter
more than once.

2. Let G be a compact Lie group, and let H be a subgroup of G. Consider
now those functions a (R) defined and continuous on the group space, for which
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fa(R)D(R)dR commutes with D(s) for all s in H, and for all irreducible
representations D of G. The dR denotes the invariant integration over the
group. Now suppose that the matrix C® commutes with all D (s) for a single

DO all s in H. Then the matrix C® can be written as ff(R)D(")(R)dR,
where

(1) f(R) — .z_l}lzk Cik(O)Dki(O) (.R_l),

where [ is the dimension of D and v = [dR is the group volume, since

l -
2) o 2 Ca "D ®HD; " (R)dR

l b
= ;ZZ}; Cz‘k(O) Z 5k15ji
= le(O).

It is clear that f(R) is continuous on the group, since it is a linear functional
of the matrix elements of a group representation.
Consider now the matrix C™, defined by

3) Ci™ = [ f(R)D ;" (R)dR
! p
=32 CuDu® (RTHD,™ (R)AR

_ {O, m # 0
o Cij(()), m = 0.

The matrix C™ is equal to either C® or zero, so ff(R)Dij(”” (R)dR certainly
commutes with D™ (s), and so f(R) is contained in the set of «(R) defined
above. Hence, any matrix which commutes with the D (s), for every s but
any single j, is contained in the set fa (R)D(R)dR.

The requirement that fa (R)D(R)dR commute with D(s) for s in the sub-
group H imposes certain conditions on the functions ¢ (R). In particular,

(4) Ja(R)D(R)D(s)dR = [a(R)D(s)D(R)dR;

multiplication of (4) by D(s~!) on the right yields

(4a) fa(R)D(R)dR = [a(R) D(sRs~1)dR

and replacing the variable R on the right by s~!Rs then gives

(5) fa(R)D(R)AR = [a(s~Rs)D (R)dR.

Since this holds for all irreducible representations D, the completeness of the
matrix elements of the irreducible representations requires that

(5a) a(R) = a(s1Rs).

We will call the set of elements of the group which can be written in the
form s™!Rs the subclass containing the element R. Evidently, the product of
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two subclasses contains full subclasses. A subclass either is contained in the
subgroup, in which case it consists of exactly one class of the subgroup, or
contains no elements therein.

According to (5a), then, the functions in our set ¢ are simply the continuous,
subclass-valued functions on G. Any such function can be written in the form

(6) a(R) = fd (s71Rs)ds,

where @ is any continuous function on the group.

Consider now the fa(R)D(R)dR. These matrices commute with all the
D(s). If the representation D(R) is considered as a representation of the
subgroup H, then all the matrices which commute with the D (s) will commute
with each other, if and only if D(s) contains no irreducible representation of
H more than once. Thus, the condition that D (R) restricted to H contain no
irreducible representation of A more than once is equivalent to the condition
that the fa (R)D (R)dR commute with each other.

Writing ¢ (R) as in (6), we have, instead of

(@) (Ja@®DR)R)(fa'(T)D(T)dT) = (fo'(T)D(1)AT)(Ja(R)D(R)dR)

the equation
[fffa(s—Rs)a" (wTu)D (RT)dsdudRAT

® = [[ffa(sRs)@ (u='Twu)D(T'R)dsdudRdT,
or
©) [fffa(R)a’ (I)D (sRs—‘uTu=")dsdudRdT

= [[ffa®)a (I D (uTu~'sRs—)dsdudRdT.
Since @ and @’ are arbitrary functions, this requires that for any D
(10) [[D(sRs—‘uTu")dsdu = [[DuTu 'sRs~)dsdu.

But since the matrix elements of the irreducible representations form a
complete set of functions on group space, (10) says that any function integrated
over the set sRs~! u7u~! is equal to the same function integrated over the
set ulu~! sRs™1:

THEOREM 1. The necessary and sufficient condition for no irreducible represen-
tations of a compact Lie group to contain any representation of a subgroup H
more than once 1is the validity of

(11) fff (SRs~'uTuV)dsdu = fff (uTu1sRsV)dsdu
for all elements R, T of the full group and any continuous function f on this group.

The ds and du in (11) denote the invariant integration over the subgroup H.
Theorem 1 corresponds to the criterion for finite groups that the subclasses
commute.
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3. We want to show next that Equation (11) holds when the group G is U,
and the subgroup H is U,_1.

In order to do this, it will be demonstrated, first, that if a subclass contains
a transformation R, it also contains its transpose R”. In order to demonstrate
this, we transform R to the principal axes

(12) R = ViV,

where w is a diagonal matrix with diagonal elements of modulus 1, 7 is unitary.
The cross denotes hermitean adjoint. The transpose of (12) reads R? = V7wV,
but we may write as well (the bar denotes complex conjugation)

(13) RT = VTwiV,

where 7 is an arbitrary diagonal matrix the diagonal elements of which are
also of modulus 1 so that 7 = 1 and also nwij = w. One can express w by
means of both (12) and (13); equating the two expressions gives

VRV' = VRV
so that

(14) Vi VR(VT V)~ = R”;

i.e., the unitary matrix V73V transforms R into its transpose R? and this is
true for any 7 as defined above. It may be observed, parenthetically, that these
matrices are symmetrical. This observation represents a special case of a more
general theorem due to O. Taussky and H. Zassenhaus [2]. Equation (14)
now leads to Lemma 1.

LemMA 1. Any subclass of U, with respect to U,—1 which contains R also
contains R”.

In order to prove this, it is necessary only to prove that 5 in (14) can be so
chosen that V75V leaves e; invariant. This will be the case if

(15) (V™' V) = éa =12, ..mn),
or
(15a) Zz ViV = 84,

and this will be satisfied if one chooses

(16) nm="Vu/Va

if Vi1 # 0 and arbitrarily, though of modulus 1, if V;; = 0. With these 7,
one has

(17) (VTﬂV)il = Zz: VliVll = 511-

This then proves Lemma 1.

A further lemma concerns the group integral.
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LemMA 2. If H is a compact Lie group, such that for all u in H there exists
an element w of H such that u™ = wuw™!, then, for any function f,

(18) Jf@™)du = [f(@)du.
In order to prove Lemma 2, consider
(19) [[f o uv)dudv = [[[f @ uv)du]dv
= [[[fu)du)dv
= Vg ff (u)du
where Vg is the group volume. But we have also
(19a) fff(v—lu‘v)dudv = f[f(v‘luv)dv]dv.
Choose now a w such that #7 = wuw=1. Then
(20) fff (v'uv)dudy = | U [ w uTwy)dv]du

= f[ff(v‘luTv)dv]du
= f[ff(v‘luTv)du]dv = Vy ff(uT)du,

which proves the lemma.

We wish to show now that (11) holds for U, with respect to the subgroup
U,_1 which leaves a vector ¢; invariant. Replacing # by sq one obtains

(21) [[f(sRs=uTwu1)dsdu = [[f(sRgTg s~ )dsdg.

According to Lemma 1, every element of U, and its transpose are in the same
subclass. In particular, there must be an element 2 of U,_; such that Rg7¢~! =
z(RqT'Q~1)Tz71. The 2 will be a function of ¢ but not of s. Hence, s can be
replaced by sz ! so that

(22) fff(SRs—luTu—l)dsdu = fff(sz (RgTq")7z1s~'dsdq
= [[f(s(RgTg™)"s)dsdg
= [[£(s(g")T"g"Rs~")dsdg.

Because of Lemma 2, ¢7 can be replaced herein by ¢. There is, furthermore,
some x in U,_; such that 77 = x7x~! and some ¥y such that R = yRy™ .
Hence (22) goes over into

(23) f [f(sRs~wuTuV)dsdu = [[f(sq~xTx~'gyRy~1s~1)dsdg.

However, the integral over ¢ remains invariant if one replaces ¢ by xgs. After
that, one can replace s by sy~! and, finally, ¢ by #~'. Hence

(24) [[f(sRs—uTu1)dsdu = [[f(g1TgsyRy='s)dsdg

= [[f(g'TgsRs™")dsdgq
= [[fuTu"'sRs)dsdu.

This verifies (11) for our case leading to the result anticipated:
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THEOREM 2. The trreducible representations of U, do not contain any represen-
tation of U,—_1 more than once.

One easily verifies that the same s true for the subgroup Ui X SU,_;. However,
it is not true for SU,—; alone, no matter whether the original group were U,
or SU,. This is particularly obvious for » = 2: in this case SU; contains only
the identity element, whereas SU; is not commutative and has many dimen-
sional irreducible representations.

4. The preceding demonstration of Theorem 2 may appear complicated.
However, the only essential point is that an anti-isomorphism R — R’ (result-
ing in R’T" = (TR)’) can be generated by the elements s of the subgroup
(R" = sRs™1') on all elements R of the full group. In the case considered, the
anti-isomorphism was R’ = R”. This observation renders it possible to
generalize Theorem 2.

TaECREM 3. If an anti-isomorphism of the full group R — R’ = sRs~! can be
induced on all elements R of the full group by the elements s of the subgroup (s
depending on R), then no irreducible representation of the full group contains
any representation of the subgroup more than once.

Theorem 3, in contrast to (11), gives a condition for its conclusion which
is sufficient but not necessary.
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