ORTHOGONAL POLYNOMIALS AND HYPERGEOMETRIC
SERIES

A. van pEr SLUIS

Introduction. In Part I of this paper we present a theory of Padé-approxi-
mants for Laurent series, and discuss their relation to orthogonal polynomials.
For earlier results in this direction we may refer to (1;7;8). Itisalso indicated
how this theory can be extended, for example, to matrix polynomials.

In order to derive certain special types of orthogonal polynomials we
need explicit expressions for Padé-approximants. In Part II we generalize a
result of Padé (5), giving such expressions in the hypergeometric case. The
resulting polynomials are the classical ones and basic analogues of them.
Concerning these analogues see also Hahn (2).

In the final part it is proved that under a much more natural and apparently
less restrictive condition no more general polynomials result than those
obtained in Part II.

PART 1

1. Orthogonal polynomials. Our definition of orthogonality will be
similar to the generalized definition of Krall (3). Suppose we are given a
sequence 7g, 71, 72, . . . , in a field R, such that each set of equations

(11) ................... m=1,2,3,_,_,
'\Q(ﬂ’m—l + qrn . Galom1 =0

has exactly one solution with ¢, = 1 in R (in that case the sequence {r,} will
be called regular). We then define a moment operator Q operating on polynomials

as follows
(1.2) Q2 pat = 2 put

p=0 u=0
and the set of polynomials Qo(x), Qi(x), Qs(x),..., over R of respective
degrees 0, 1,2, ...,is called orthogonal with respect to the sequence ro, 71,
Yo, « v oy if
(1.3) Q0. (x)x" =0 n < m,
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which is equivalent to
(1.4) Q0 (x)On(x) =0 n #E m.

If R is the field of real numbers it is not true that each regular sequence
{r,} can be obtained as a moment sequence of a non-negative distribution.
Hence this notion of orthogonal polynomials is essentially more general than
the usual one.

If the polynomial

@w=§wi

then from (1.3) it follows that the coefficients g, satisfy the equations (1.1);
from the regularity of the sequence {r,} it follows that, apart from a constant
factor, Qn, is uniquely determined.

If the orthogonal polynomials are considered in their monic form, that is,
the coefficient of the highest power of x is one, then for the norm of Q,, de-
fined as N, = 9Q,.%(x), we find that

(1-5> Np = qotm + @i'mt1 + .+« o + @u?om, m > 0,

where again Q,(x) = Y g.x*.
These norms are not zero, for suppose N, = 0, then the set (1.1) with
m 4+ 1 instead of m would have a non-trivial solution with ¢,+1 = 0.

2. Padé-approximants. Consider the formal Laurent series

D)= 3 pua*

b=
with coefficients in R (in the sequel we will always suppress the limits of the
summation index if these are — « and 4+ «). If » is any integer and m is a
positive integer, the non-zero polynomial V,, ,(x) of degree <m will be called
a (Padé-) denominator of D(x) for the place (m, n), if in the formal product

Vin(x) D(x) the terms containing x"*1, x*+2, . . ., x**t™ have zero coefficients;
any non-zero constant Vy,(x) will be called a denominator of D(x) for the
place (0, =).

For each denominator V,, ,(x) we define a numerator U, ,(x) as the series
obtained from V,, ,(x) D(x) by cancelling all terms after the one containing
x*. Then the pair (Un.(x), Vip..(x)) will be called a (Padé-)approximant of
D(x) for the place (m, n).

We recall that if D(x) is a formal power series over the real numbers, then
Unin(x) Vipn(x)~! is a Padé-fraction for the place (m, n) (cf., for example,
Perron (6, §73)). Hence to any Padé-approximant of a real power series there
corresponds a Padé-fraction.

If & is an arbitrary, but fixed, integer, a sequence of approximants belonging
to the places (m, m 4 k), m = 0, 1, 2, ..., will be called a diagonal of order k,
denoted by D, (the words ‘“‘place” and ‘‘diagonal’”’ are of course derived
from the notion of the Padé-table (6)).
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For each approximant (U, ,(x), V.. (x)) we define an element p,, , (which
may be zero) by means of the relation

(2.1) Vpalx) D(x) — Upn(x) = ppmx™t"*+ 4 higher powers of x.

We remark that for m > 0 the non-zero polynomial V,, ,(x) = gx™ + . ..
Gn-1% + @n 1s a denominator of Y p,x* for the place (m, n) if and only if

GoPn-ms1+ ..+ qupuy1 = 0
22) e

Since the number of equations is always less than the number of unknowns,
each place (m, n) has a Padé-approximant.
For the p, , corresponding to this V,, , we find

(2‘3) Gopnt1 + . o ot Gnbrimir = Pmon

If (U, V) and (U*, V*) are approximants for the same place, their sum,
defined as (U + U*, V + V*), is again an approximant for that place, and a
constant multiple p.(U, V), defined as (pU, pV), is an approximant for each
place for which (U, V) is an approximant, except of course in the trivial case
when this sum or multiple results in (0, 0).

3. Regularity. The Padé-approximant (U, .(x), Va..(x)) of the series
D(x) for the place (m, n) will be called regular if (a) the constant term of
Vian(x) is 1, that is, V,,(0) = 1, and (b) any other approximant for the
place (m, n) is a constant multiple of (U ny Vinon)-

Clearly condition (b) is equivalent to the condition that any other denomin-
ator for the place (m, n) is a constant multiple of V,, ,.

The denominator of a regular approximant will also be called regular. A
set of approximants will be called regular if each of its elements is regular.

For any place (m, n) there exists at most one regular approximant; 1 is a
regular denominator for each place (0, #») and for the corresponding p, ., we
have pon = pp1 if D(x) = 3 puxt.

As an immediate consequence of our definition, we have

THEOREM 3.1. The series D(x) = 3 pux* has a regular approximant for the
place (m, n), m > 0, if and only if the set (2. 2), considered as equations in the
Qu, has exactly one solution with g, = 1.

If (Unn Vi) is an approximant such that the corresponding pn . = 0,
then %(Un.ny Vi), defined as (xUpny XVimy), is an approximant for the
place (m 4+ 1, n + 1), the constant term of the denominator of which is 0;
hence it cannot be a constant multiple of a regular approximant. This proves
the following:

THEOREM 3.2. If D(x) has a regular diagonal Dy, then none of the corres-
ponding pm mix 15 zero.
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If for a place (m, n) there exists no regular approximant, then there is an
approximant for that place in which the denominator has constant term zero.
For suppose that V,, , is a denominator such that V,, ,(0) # 0. Then there is
certainly a V*, , that is no constant multiple of V,,. Then V*,,(x) —
V*n(0) Vi n(0)™! V,, (%) is not zero, is a denominator for the place (m, n)
and has constant term zero. This will be used in proving the following theorem,
which is more or less a converse of Theorem 3.2:

THEOREM 3.3. Let the series D(x) have a diagonal D, consisting of approxi-
mants (Unmiks Vinmtn) SUch that the corresponding pm mir are all different from
zero, and Vi, mix(0) = 1 for all m. Then Dy is regular.

Proof. The approximant (Usy, Vo) has denominator 1, hence is regular.
Suppose that for a certain m the approximant (U, m+k, Vim.m+x) is regular, and
moreover that for the place (m + 1, m + k& + 1) there exists no regular
approximant. Then there is an approximant (U*, V*) for this place such
that V* (0) = 0, hence x~'(U* V*) is an approximant for the place
(m, m + k), and the corresponding p*, m+x is zero. However, since pp myx # 0,
this approximant cannot be a constant multiple of (U mix, Vin.msx), contradict-
ing the assumed regularity of the latter. Hence, if (Un mix, Vimix) 18 regular,
there is a regular approximant for the place (m + 1, m + k& + 1), and
Vit tymir+1 18 its denominator since Vi1 mix+1(0) = 1. Induction completes
the proof.

We remark that the proof of this theorem shows that if a series D(x) has a
diagonal Dj for which the corresponding pu m+x are all # 0, then all the
approximants are constant multiples of regular approximants. Thus the con-
dition V, »m4x(0) = 1 in Theorem 3.3 has only a normalizing effect, and does
not essentially restrict the class of series, which have a regular diagonal
Dy, according to this theorem.

4. Approximants of D(x?). In this section we give a theorem relating
approximants of the series D(x?) to those of the series D(x).

THEOREM 4.1. If the series D(x) = Y px* has regular diagonals Dy and
Dyy1 consisting of approximants (Up (%), Vma(x)), then the series D*(x) =
S pux® has a regular diagonal D1 consisting of approximants (U*p, . (x),
V*n(x)) for which we have
(4.1) V;m,2m+2k+1(x) = Vm.m+k(x2)y V;m+1,2m+zk+2(x) = Vm.m+k+1(x2)y

together with analogous relations for U.
Moreover, if we put

Vin(x) D*(x) — Unoa(x) = pmax™™ 4. .
then

* *
(4.2) Pom,omtok+1 = Pmomtrs  Pomt1,2mt2kt2 = Pmomtrtls
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Proof. Consider any approximant (U(x), V(x)) of D(x?) for the place
@2m + 1, 2m + 2k 4+ 2); then
V(x)D(x") — Ux) = px™ ™ 4 gu*™t%+5 1,

Now V(x) can be written as V,,/(x?) + x V,,”' (x?), where the subscript denotes
the highest power of the polynomial variable. Similarly

Ulx) = Ur,n+k+1(x2) + x U/ng-k(x‘z)-
Then we have

Vr’n(xz)D(x2) - U7,n+k+1(x2) =9p i +...,
xVi(x)D(x%) — xUpn(x®) = g ™70+

or
(4.3) V(%) D(x) — Uppapa(x) = p ™54,
(4.4) Vi) D(x) — Upn(x) = g ™74,

From the regularity of Dy, it follows that, apart from an arbitrary constant
factor, there is exactly one V.’ (x) satisfying (4.3), viz. Vi mirsr1(x) and that
P = Pumirrt if Vi = Vi mazrr.

On the other hand, from Theorem 3.2 and the regularity of D, it follows
that the only V.’ (x) satisfying (4.4) is the zero polynomial. Hence all possible
V (x) are constant multiples of Vi, mirs1(x?). Since, moreover, Vi mix+1(0) = 1,
it follows that V*y,i1.0mi2.2(%) = Vimirer(x2) is regular. It follows also
that p*omit,omezer2 = Pmomirs1. LThe remaining part of the theorem can be
proved in a similar way.

It may be shown that no series D(x"), with #» > 2, can have a regular
diagonal.

5. Recurrence relations for approximants.

THEOREM 5.1. Let the series D(x) have diagonals Dy and Dyi1 consisting of
approximants (Up ny Vi) such that Dy is regular and Vi piz1(0) = 1 for all
m. Then we have

1
(6.1) Unitmier1 = Unmirrr — Pmmtatt PrmikUn,mix
1
(5.2) Vistmirrt = Vamtet1 — Prmmtrtt Pmomtk Vinymorke

Proof. The highest powers in the right-hand members of (5.1) and (5.2)
are at most m + k£ + 1 and m -+ 1 respectively, whereas the right-hand
side of (5.2) cannot be identically zero since it has constant term 1. Finally,
multiplying the right-hand side of (5.2) by D(x) and subtracting the right-
hand side of (5.1) shows that the right-hand members of (5.1) and (5.2)
constitute an approximant for the place (m 4+ 1,m + k 4+ 1). Since Dy is
regular the relations (5.1) and (5.2) must be true.

In a similar way one can prove
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THEOREM 5.2. Let the series D(x) have diagonals Dy and Dyyy consisting of
approximants (Up ny Vinn) such that Dyyq is regular and Vg mix(0) = 1 for all
m. Then we have

—1
(5.3) Vattmiktz = Vartimrt1 — Pmitimirt1 Pmomiit 1 Vinomirsty

logether with an analogous relation for U.
Combining these two theorems we obtain

THEOREM 5.3. Let the series D(x) have regular diagonals Dy and Dyy1 con-
sisting of approximants (Uy ny Vin). Then for all m we have

(54) Vm+1,m+k+1 = (1 - amx) Vm,m+k - bme Vm—l,m+k-—1
where

(55) dm = Pm,m+k P;ll.rrw-k + pm.m+k+1 P;1m+k

(56) b = DPmmt p;il,rrﬁk—lv

An analogous relation for U holds likewise.

6. Orthogonality relations of approximants. Let D(x) = Y p,x* have
a regular diagonal Dy, consisting of approximants (U mtxy Vinmir). If we write
Vimsr = o™ + qx™ 1+ ... 4+ ¢, where the g, of course depend on m,
then the coefficients satisfy the equation (2.2) with » = m + k. By the sub-
stitution

(6.1) Drr1 = Toy, Pry2 =71, Drtz = T2y ...

this system is transformed into (1.1), the condition for orthogonality. Since
D, is regular, it follows that for each m > 0 and » = m + k the set (2.2) has
exactly one solution with ¢, = 1, hence the same is true for the related
system (1.1). Hence the polynomials ¢o + qix + . .. 4+ ¢ux™ = ™V mix(x71)
form a set of orthogonal polynomials with respect to the sequence pi41,
Pr+2, Pr+sy - - - , and are monic by virtue of V, »1x(0) = 1.

The same substitution (6.1) transforms (2.3) into (1.5). Hence the norm
of ¥V mtx(x71Y) 1S Puy mix. Lhis proves

THEOREM 6.1. Let the series D(x) = 3, pux* have a regular diagonal Dy
consisting of approximants (Unpmirs, Vmmir); them the polynomials V,(x)
defined by
(6.2) V(%) = 2™V mux(x7Y), m=20,1,2,...

are monic, form an orthogonal set with respect to the sequence Prii1, Prt2y Pkt3s « « « »
and have norms puy mix-

Since the sequence V,, .4 forms a diagonal, the V,,(x) will be called diagonal
polynomials.

If the sequence D(x) = Y. pux* has regular diagonals D and Dy, then
from Theorem 4.1 it follows that D*(x) = 3 p.x* has a regular diagonal
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D*y41, and from Theorem 6.1 and the relations (4.1) and (4.2) we then have
the following:

THEOREM 6.2. Let the series D(x) = Y pux* have regular diagonals Dy and

Dyyy consisting of approximants (Upyn(x), Viaua.(x)); then the polynomials
Wn(x) defined by

(63) W2m(x) = x?" Vm,m+k(x_2)v W2m+1(x) = x2m+1Vm,m+k+l(x_2)

are monic, form an orthogonal set with respect to the sequence pri1, 0, prra, 0,
Pe+s 0, .. ., and have norms QW) = Pmmiy X Womi1?) = Pmomitrti-

These polynomials will be called stepline polynomials (since the sequence
Vor, Vorrt, Vik, Vigsr, ..., forms a stepline in the Padé-table).
Combination of Theorems 6.1 and 5.3 gives

THEOREM 6.3. Under the conditions of Theorem 6.2 the assertions of Theorem
6.1 hold, and the polynomials V,,(x) satisfy the recurrence relation:

(6.4) Vi1 (x) = (x — ap) Va(x) — by Vi1 (%), m > 1,
where a,, and b, are given by (5.5) and (5.6).
Combination of Theorems 6.2, 5.1, and 5.2 gives

THEOREM 6.4. Under the conditions of Theorem 6.2 the assertions of Theorem
6.2 hold, and the polynomials W, (x) satisfy the recurrence relations

(6.5) Wanir = £ Wan — Promik Proctimik Wen—1, m>1,
(6.6) Wantz = & Wani1 — Promiirt Dromtr W m > 0.

7. Extension to rings. Hitherto it has been assumed that we are working
in a commutative field. It may now be pointed out that a similar theory exists
if R is a not necessarily commutative ring with unit element. This is of im-
portance when we consider matrix polynomials, that is, polynomials having
matrix-coefficients. But in this case the orthogonality according to (1.3) is
not complete since (1.4) is only true for n < m. However, if we take the
matrices 7, hermitian and for any two polynomials P(x) = Y p.x*, Q(x) =
> qux* define an “‘inner product” {P, Q} = X purut»q*» then for any m = n
we have {Qn, 0.} = 0 instead of (1.4). This is quite natural in connection
with complex valued orthogonal functions, where f(x) and g(x) are called
orthogonal with respect to a real non-negative distribution dy(x) if
[ f)dp(x) §(x) = 0.

Returning to the general case where R is an arbitrary ring, we see that all
notions in §§1-6 have a meaning. To render this true, we accept such rules
as: the set of equations (1.1) has exactly one solution with ¢, = 1. However
it is no longer true that to each place there corresponds an approximant. If
we call a quantity & a right zero divisor if there is a ¢ # 0 such that ¢b = 0,
then the norms of a set of orthogonal polynomials are not even right zero
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divisors. In the definition of regularity (§3) a constant left-multiple is re-
quired. Theorem 3.1 remains true; in Theorem 3.2 the p, n4x are not right
zero divisors, and Theorem 3.3 remains true under the additional condition
that the p, m+x should not be right zero divisors. The final remark of §3 is no
longer true. It may be remarked that the conditions of Theorem 3.3, with
Pm.m+x DOt right zero divisors, are much weaker than those in the corresponding
Theorem 6.3 of the author’s thesis.

All the other theorems in Part I remain true, provided only that such
expressions as Puomir Pm.mir—1 ', if present, exist; here ab—! will be said to
exist and be equal to ¢ if b is not a right zero divisor and @ = cb.

PART II

8. General hypergeometric series. Let us compare the definition of the
ordinary hypergeometric series

(8.1) F(a, b;c;x) = ”Z:O ale + I)C&C' ;‘_((i)f .ﬂ. E; :zb“"_' il))“-:_ - 1)ac“
with that of the Heine series
(8.2) Hfa,b;c;x) =
2 1—a)1 —ag)...(1 —agHA —=8)... (1 — bg"”
= -0l -c)...0=cg" N1 =g ...(L=g"

where ¢ is not a root of unity.
We remark that in both cases the coefficient of x” can be represented as

la,0][a, 1] ... [a,n — 1][b,0][b,1]...[b,n — 1]

1
)x,"

(8.3) e, 0lc, 1] ... [c,n — 1][s, 1][e, 2] ... [0, %]

where

(8.4) [s, k] = s + &, =0,

or

(8.5) [s, ] =1 — sq*, a ="1.
In both cases we have

(8.6) [¢,0] =0

(8.7) o, ] = 0 forallh =0

and

(8.8) [s, B + 1] = gi(B)[s, k] + g2(h)

for all &, k and s, where gi(%) and g.(%) are functions of % only.

To obtain a unified treatment of hypergeometric and Heine series we shall
assume that [s, k] is any function with values in a commutative field R which
is defined for all elements s of a set S (that need not consist of elements of R)
and all integers k. Assume also that [s, k] satisfies (8.6) and (8.7) for a certain
element ¢ € S, and satisfies (8.8) for all s € S and all integers % and k.
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By (8.6) and (8.7), the condition (8.8) is equivalent to

1 la, k] la, kB + K]
1[5, 118, I+ h]
1 ¢, m] [c, m + K]

In fact, if (8.8) holds then the columns in (8.9) are linearly dependent.

(8.9) =0 foralla, b c€ Sandall k&, I, m.

Conversely, if in (8.9) we substitute a = s, b =c=0,m=0,l= —h #0
we obtain
(810) [S, k + h] = _[Uy }’L][O’, —h]—l[s) k] + [Uv h]r

which clearly has the form (8.8). It follows that for z % 0 we have
gl(h) = _[0', ]’L][G’, —h]_lv gQ(h) = [‘77 k]1

whereas g,(0) = 1, g2(0) = 0.
To simplify our notation, we define

(8.11) [s, klo =1

for all £ and s,

(8.12) [s, Rln = [s, klls, e+ 1]...[s, B+ h — 1]
forall . > 0, kand s

(8.13) [s,fln=[s, B — 1]7... [s, B — K]!

for all » > 0, k and s for which the right-hand member is defined.
Then we have

(814) [S: k]h = [Sv k]m [sr k + m]h—m
for all %, k, m and s for which the right-hand member is defined.
The series

(8.15) Flla, B, 16 00 [ mls a) = >0 1% Rllb D

p=0 [Cy m]#[o-’ l]/"

which is defined if [¢, m 4+ u] £ 0 for all 4 >0, will be called the general
hypergeometric series.

If [s, k] and ¢ are given by (8.4) or (8.5), the general hypergeometric series
is an ordinary hypergeometric or Heine series, respectively. Since [¢, m + u]
# 0 for all u > 0, we have the formal identity

(8.16) F([a, k], [b,1]; [c, m]; x) — F(la, & + 1], [5,1]; [c, m + 1]; %) +
le, m]o71[b, 1] {[c, m] — [a, k]} F([a, B + 1], (6,1 + 1]; [c, m + 2];x) = 0.

’

For the constant terms cancel, whereas the coefficient of x#, 4 > 0, is equal to

[Cy m];:l [0', 1];1 [(1, k + 1]#—1 [b, l]l-l
{[a, Ellc, m + u] — [a, k + wlle, m] + ([c m] — [a, k][0, p]},
which is zero by virtue of (8.10).
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In a similar way it can be verified that

(817> F([d, k + 1]) [bv l]v [Cr m]vx) - F([a’r k]v [b, l + 1]1 [C, m]vx) +
lc, m]={la, k] — [b, 1]} F(la, B + 1], [6,1 + 1]; [c,m + 1]; %) = O

if [e,m 4+ u] 5 0 for all u > 0.

9. The functions [s, £]. In this section we investigate the functions [s, %]
satisfying equations (8.6) to (8.8).

If we put
(9.1) —[o,1]lo, =1]7' = ¢
then from (8.10) for 2 = 1, s = o, it follows that
9.2) [0, k + 1] = glo, k] + [0, 1].

Hence by induction
9.3) [o,k+hl=¢"o kl+ (@' + ¢+ ...+ ¢+ Do, 1] fork > 0.
Putting 2 = 0 in (9.3) we obtain

94) [o,h]=(@" '+ ¢ 2+ ...q+ Do 1] for b > 0;
putting 2 = —%in (9.3) we obtain
9.5) [0, =kl = =g '+ "+ ...+ ¢+ Do, 1] for b > 0.

Conversely, the relations (9.4) and (9.5) define the function [o, %] if [o, 1]
and ¢ are given. These elements can be chosen quite arbitrarily. We formulate
this as a theorem:

THEOREM 9.1. If [0, 1] and q # O are given elements, then the function (o, k]
defined by (9.4) and (9.5) satisfies (8.6) and (8.8) for s = o, and all h, k. In order
that this function satisfy (8.7) also, (o, 1] should be chosen #= 0 and q should not
be a root of unity different from 1.

Another consequence of (9.4) and (9.5) is that

(9.6) lo, —h] = —q~"[o, k] for all k.
Substituting this result in (8.10) we obtain

9.7) [s, B + h] = ¢"[s, k] + [o, ]
Hence

(9.8) la, e+ k] — lc, 2 + k] = ¢"{la, k] — [c, 1]}.
From (9.7) we have the special case

(9.9) [s, ] = ¢"[s, 0] + [o, K],

hence the function [s, %] is determined as soon as the functions [s, 0] and
[o, k] are known (g being defined by (9.1)). This is formulated in the following
theorem, which is readily verified:
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THEOREM 9.2. If [o, k] is any function satisfying conditions (8.6) to (8.8)
for s = o, and all h, k, and [s, 0] is any function defined for all s in some set S
(of course [a, 0] = 0), then the function [s, h] defined by (9.9) satisfies (8.8)
(and of course (8.6) and (8.7)) for all s, h, k.

This theorem enables us to extend the domain .S of a function [s, %] satisfy-
ing equations (8.6) to (8.8): suppose we add an element a to .S and take for
[, 0] an arbitrary element of R. Then, if we put [a, k] = ¢*[a, 0] + [0, k] in
accordance with (9.9), it follows that the extended function [s, k] still satisfies
equations (8.6) to (8.8).

We shall apply this in particular by first extending the field R, mentioned
in the definition of the function [s, k] (cf. §8), to the field R(y) of rational
functions in the variable y over R. Then we add the element y to S and define
[y, 0] = y, hence
(9.10) [y, k] = ¢*y + [0, k]

(cf. §10). From (9.7) with (¢, m, k) instead of (s, k, k) it follows that, if in
the right-hand member of (9.10) we substitute [¢, m] for y = [y, 0], then
[y, ] is replaced by [¢, 4+ m]. Hence, if in [y, 0],, considered as a polynomial
in y, we substitute [c, m] for v, this expression is transformed into [c, m],.

In later sections we will add y to S, but take [y, 0] = y~1, hence

(9.11) [y, k] = ¢*y7' + [0, k].

From Theorems 9.1 and 9.2 it follows that the class of all possible functions
[s, £] is very limited. Actually (9.4) and (9.5) simplify to

9.12) [0, ] = [0, 1] . & ifg=1,
k
9.13) O ifg = 1.
Hence:

THEOREM 9.3. The function [s, k] satisfies

(9.14) [s, 2] = [5,0] + [0, 1] . & ifg=1,
or
(9.15) s, &] = ¢'[s, 0] + [0, 1] 11~:—9; ifg 1

(in the latter case q cannot be a root of unity).

From this theorem it follows that if ¢ = 1, the series (8.15) always is an
ordinary hypergeometrical series, whereas if ¢ # 1 the series is a Heine
series. However, as we wish to treat the hypergeometric and Heine series
simultaneously, we shall not make use of this theorem in the present part.
It has, however, some importance in connection with Part III.

10. Hypergeometric polynomials. Since [s,0] = 0 it follows that
e, —n], = 0 for u > n > 0. Hence F([o, —n], [, ]; [c, m]; x) is a polynomial
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of degree < n. These polynomials will be called general hypergeometric

polynomials.
In the following we shall consider expressions such as
(10'1) [C) m]n F([O’, —n]) [by l]v [Cy m]v x)) n > 0.

If [¢, m + u] has not an inverse for all u > 0, we can still give a meaning
to (10.1) by extending R to R(y), defining [y, k] by (9.10), and substituting
[¢, m] for y in

[yy O]n F([O’, —n]v [br l]a [yv 0]7 x)

‘This definition is consistent with the usual meaning of (10.1) if [¢, m + u]
has an inverse for all u > 0.
For polynomials of type (10.1) we have the following generalization of

(8.17):
(10.2) [¢, m], F([o, —n + 1], [8, I]; [¢, m]; x)

— le,mly F(lo, —nl, (6,1 + 1]; [¢c, m]; x)

+ ([0-) _n] - [by ZD [C) m + l]n_1F<[0', —-n + 1]1 [b: l + 1]; [C) m + 1];3(3)

= 0Y

which holds for all 8 and ¢, n > 0, m and /.

Let S’ be the subset of S consisting of those elements s, to each of which
‘there corresponds a uniquely determined element s’ € S such that for each &

(103) [sl’ _k] = f(S) q——k[s, k]’
where f(s) does not depend on k.

Then it is only a matter of calculation to show that, if ¢,c€ S, m > 0
and the left-hand member exists,

(10.4) ™ F([o, —m], [a, El; [c, I};57") = [a, klulc, ' g " 0(=)"
X F([o, =m], [¢', =} — m + 1]; [a’, =k — m + 1];2 f(@) f(c) ™" ¢"F7).
The set .S’ is not empty, since (10.3) holds for s = s’ = o, f(s) = —1.

Actually, it is easy to see that under some circumstances S’ may contain
more than one element of S, or may coincide with S.

11. Padé’s theorem. In this section we shall formulate and prove a
generalization of a result of Padé (5). In the following, j denotes an arbitrary
but fixed integer which may be — =,

THEOREM 11.1. Let the series

(11.1) Flx) = “Z:j m{j 8}“ o

be defined. If for 0 < m < n — j + 1 we put

m ) - 1m m(m—1) m
(11.2) Viale) = (-1 B2 L gmcn,

X F([e, —m], [c, n]; [a,n — m + 1];x”1q),
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then Vi .(x) is @ Padé denominator of F(x) for the place (m,n). Moreover, if
we put
[U'y l]m[ay O]n+l

and

(11.4) Fun(x) = F(la,n + 1], [0, m + 1]; [c, m + n + 1]; x),

then there exists a series Uy, ,(x) in which the highest exponent of x 1s < n, such
that

Proof. The existence of the series (11.1) implies the existence of {[c, #],} !
in (11.2), and then from §10 it follows that V,, ,(x) is defined and represents
a polynomial of degree < m. It also follows from the existence of (11.1) that
pmn and F, , are defined. Then (11.5,,) implies that V, ,(x) is a Padé-
denominator of F(x) for the place (m, n). The proof of (11.5, ,) will be per-
formed by induction.

Firstly, (11.5¢,) is true for all # > j — 1.

From (10.2) with (¢,a, m,n — 1,n — m + 1, x~1¢) instead of (b, ¢, n, I, m,
x) it follows after some calculations that

(11.6m,1) Vi (@) = Vie1,a(%) = gnad Vine1,a-1(x).
where ¢nn, = [c,n + m — 2],7! [a, n][c, n — 1]¢g™, and these ¢, , satisfy
(11.75,0) Pm-1n-19mn = Pm—1.n-
From (8.16) it follows after some calculations that
(11.8,.4) Frin1(X) = Fuo1,2(%) — 7mnFma(x)

where, by (9.8),
Yman = [C: m + n — 1];1 [‘71 m] {[Cy m — 1] - [ar 0]} an

and these 7, , satisfy
(llgm,n) pm—l,n Ymmn = pm,w

Now suppose that for certain integers m and #n the relations (11.5,—1,,-1)
and (11.5,_1,) have already been proved. Then using successively (11.6, ),
(A1.5p-1,4), (1.5, 14-1), (11.7,,), (11.8,,) and (11.9,,), and putting
Um,n(x) = Um—l,n(x) = GmnX Um—l,n—l(x) we obtain

Vm.n(x) F(x) Vm—l,n(x) F(x) - n.nX v, —l,n—l(x) F(x)
Um—l.n(x> + pm—l,nxm+n Fmal.n(x) - QMnx U —l.nAl(x)
- gm.npm~l,n—1xm+n Fm—l.n—l(x)
= Um—l.n(x) — Gm,n¥X U, —l,n—l(x)
+ P18 (Fn-1,0(%) — Fne1,01(x))
= Unn(®) 4 bntin Tmn 8™ Frn ()
= Umn(x) + DPmn xm+n+l an(x>

[
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Thus (11.5,,) follows from (11.5,_1,1) and (11.5,_;,). Since (11.5,,) is
satisfied for all # > j — 1, it follows that (11.5,,) istruefor0 < m < n — j
+ 1.

Remarks. 1. From (11.2) it follows that V, ,(0) = 1.
II. Padé’s original theorem (cf. (5)) gives denominators for a certain class
of hypergeometric series. This corresponds to the special case j = 0 of our
theorem: we then have F(x) = F([a, 0], [o, 1]; [¢, 0]; x). For every finite j
we have

(1110) F(x) = [(l, O]f[cy O]f_lxj F([a! ]]r [Jr 1]7 [er]; x)
II1. If a, c € S’ (cf. §10), then from (11.2) and (10.5) it follows that

(11.11) V(%) = F([o, =m], [a/, —n]; [/, =m — n 4 1]; xqf(c)f(a)7Y).

In particular we see that the ordinary hypergeometric polynomial F(—m,
—a —n; —¢c —m — n + 1; x) is a Padé-denominator of the ordinary hyper-
geometric series F(a, 1; ¢; x) for the place (m, n) if m < n + 1. This is Padé’s
original theorem. We also see that the Heine polynomial (for notation cf.
(8.2)) H(g™™, a7'¢g™™; ¢~lg~™"+1; xac~'q) is a Padé-denominator of the Heine
series H(a, ¢; ¢; x) for the place (m, n) it m < n + 1.

12. Confluent series. Consider the rational function field R(y), and, as in
(9.11), let [y,0] = ¥y~ ! and [y, k] = ¢*y~' + [0, k]. This expression has an
inverse in R(y) for every k. Then the coefficient of x* in the series F([a, k],
(6, 7]; [y, O]; xy™") is

la, kL [8, 1u{ (g + [0, 1y) . .. (@' + [0, 1 — 1y)[o, 1L}

The substitution y = 0 in this expression gives a meaningful result. By this
substitution we obtain from the given series the series

oFallo, B, 18, ;) = 35 LBl e e
=0 [a', 1]#
In a similar way we obtain by putting ¥ = 0 in F({a, k], [y, 0]; [¢, m]; xy)

the series

) RN < S (1.2 PR Y
1Fi(la, k]; [c, m]; x) = ;0 e mlio, 10, q x.
The series s Fy and 1 F; will be called confluent series of the first kind. It is also
easily verified that y = 0 in F([e, k], [b,1]; ly, m]; xy~1) gives 2F¢([a, k],
[6,1]; xg=™), and that y = 0 in F([a, k], [y, 1]; [c, m]; xy) gives 1F1([a, k];
[c, m]; xq").

If ¢ 5 1 then for a special value of one of the parameters in F([a, k], [8, 1];
(8, 1]; [c, m]; x) we get series which are intimately connected with these con-
fluent series of the first kind. In fact let [{,0] = [o, 1] (1 — ¢)~. Then
&, v] = [&, 0] for all u; hence

F(la, k], [, 11; [5, m]; x[t, O) = >

p=0 [U: 1]#
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This leads us to the definition of the confluent series of the second kind:

Fa(la, k), (8, 11; %) = F(la, k1, (8, 1; [t, 01; =[¢, 0]),

1Fi(la, B [e, ml; %) = F((a, B, [5, 01; [e, m]; #[, 0]7),

1Fola, k] x) = 1Fa((a, k] [§, 01 218, 01) = 2Fo([a, k), [3, 0]; x3),m0,

1Fo ([a, k1) = 1Fo(le, k], 5, 01; 2[5, 017 = 1Fil[a, &; [y, 0F; 2y umo.

The initial assumption ¢ # 1 can be avoided by considering ¢ as a variable
over R, in which case the defining expressions above for the four types of
confluent series of the second kind certainly have a sense, and allow sub-
stitution of any value for ¢ which satisfies the conditions in Theorem 9.1. If
g = 1 we again obtain the former confluent series.

The close relationship between the series of different kinds arises from
(10.4). In fact, if we apply confluence of any kind to (10.4), then on the left-
and right-hand sides confluent series of opposite kinds appear.

From Theorem 11.1 it is easy to deduce corresponding theorems for the
confluent series. If we replace x by xy~!, take ¢ = y, where [y, u] = ¢*y™!
+ [0, k] and put y = 0, we obtain the following:

THEOREM 12.1. Let the series F'(x) be defined by
F'(x) = 32 [a, Olg " x*
p=j
for some integer 7. If for 0 < m < n — j + 1 we put
Vaa@) = (=1)"[a,n = m + 11ng ™5™ Fi([o, —m]; [a,n — m + 1];57'¢""")
Pr’n,n [‘7: l]m[ay O]n+lq_§<m+n) (mntD
Frln'n(x) = 2F0([a: n + l]y [0', m + 1]; xq—m—n—l)

then there exists a series Uy ' (x) of degree < n such that

V() F'(x) = Upa(®) + prax™ " Fpa(x).

Similar results can be obtained for all the other cases.

13. Generalized classical orthogonal polynomials. I. If the general
hypergeometric series has regular diagonals, then from Theorem 11.1 and
Theorems 6.1 and 6.2 we can derive explicit forms for the corresponding
orthogonal polynomials.

Now, for all m, n such that 0 < m < » — j + 1, the V, , given by (11.2)
have V,,(0) = 1, and hence, by virtue of Theorem 3.3 those V, nix will
constitute a regular diagonal if the corresponding p, n+x are different from
zero; by virtue of Theorem 3.2 this condition is also necessary, and then from
(11.3) it follows that [a, u] and {[c, #] — [a, 0]} should be different from zero
for all u > 0. However, this condition is independent of %, and hence all
diagonals of order k, £ > j — 1, are regular at the same time. Hence Theorems
6.3 and 6.4 are applicable if this condition is satisfied. From Theorem 6.3 we
obtain
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TaEOREM 13.1. Let k be an arbitrary integer; let la, ul, ¢, u] and {[c, u] —
la, 0]} be different from zero for all u > 0 and let the sequence |a, 0]x+1[c, 0]x+172,
la, Olxs2lc, Olxs2™, . . ., be defined. Then the polynomials
Va(®) = (=1)"[a,k + 1lule,m + kI, '¢" " VF ([0, —m], [c,m+]; [a, b+ 1]; 29)
are monic, orthogonal with respect to the sequence and have norms
Pm,m+k = [‘7: l]m[av 0]m+k+l{[6y 0]2m+k+l[cy m + k]m}_l{ [Cy 0] - [a" O]} s

Ale, m — 1] — [a, 0]} gmmt®),
Moreover we have the recurrence relation
Vm+1(x) = (JC - am) Vm(x) - mem_1(:X7),
where

_ lo,mlilec,m — 1] — [a, 01} mix

la,m + k+ 1l[c, m + k]
@m [c,2m + k — 1], q

[C, 2m + k]2

+

and

la, m + kllc, m + & — 1]{[c, m — 1] — [a, O]}
[c, 2m + kB — 2]sc, 2m + B — 1], ’

If [s, k] is given by (8.4), and we take 2 = —1, we obtain for V,,(x):

ala+1)...(a+m—1)
+m—1)...(c+2m—2)

which is easily seen to be a Jacobi polynomial (9), though in a different
notation. For other values of %k we get the same set of polynomials.

Hence, if [s, k] is given by (8.5), we get Heine-analogues of the Jacobi
polynomials.

There is a companion theorem to Theorem 13.1 corresponding to Theorem
6.4. This leads to the stepline polynomials

o
%ﬁnq* mDR([e, —m], [c, m + E; [a, b + 1]; 27¢),

m [Q{Z —k*_—lk:_;'_]_jlﬂ qkm(m—l)xF([o.’ _m], [C, m + k + 1],

[a, k + 2]; x%9),

orthogonal with respect to [a, Olitrilc, 0xt1™Y, O, [a, Olpyalc, Olks2™4, 0, . . .,
which in the case of ordinary hypergeometric series reduce to ultraspherical
polynomials. Recurrence relations and norms can be deduced from Theorems
6.4 and 11.1. The well-known relation between Jacobi and ultraspherical
polynomials actually originates in (6.2) and (6.3): if for k = —1 we denote
Vm(x) by Jn(a, c;x) and W, (x) by P, (a,c;x), then Ps,(a,c;x) = Jn(a,c;x?),
Pomii(a, c;x) = xJy(a + 1, ¢ + 1; x2) (cf., for example, 9, (4.1.5)). The same
is true for the relation between Laguerre and Hermite polynomials (cf. 9,
(5.6.1)).

by = [o, m]

Vi(x) = (=)™ @ F(—m,c+m — 1;a;x),

Won(x) = (=1)"

Wompr(x) = (=1)
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II. In a similar way we obtain from Theorem 12.1 as diagonal polynomials
V() = (=1)"a, k + Ung " "1 Fs([o, —m]; [a, k + 115 2g™),
which are orthogonal with respect to

1 —§(k+1) (k+2) —5 (k+2) (k+3)
[, 0]x+1 q K&+ [q, 0]k+2q : , la, 0]k+3g ! Yoo

if [a, u] 5% 0 for all u > 0 and if the moment sequence is defined. They are
generalized Laguerre polynomials, and the corresponding stepline polynomials
are generalized Hermite polynomials.

IT1. Applying Theorem 6.1 to the theorem resulting from Theorem 11.1 by
substitution of { for ¢, x[{, 0] for x(cf. §12), we obtain the polynomials

V() = (=1)"[a, b + 1],g™ " 1 Fi ([0, —m]; [a, k + 1]; xg),

which are orthogonal with respect to [a,0]ii1, [@, Olite, (@, Oxtsy ..., if
la, u] # 0 for p > 0, @ # ¢ and the moment-sequence is defined. They are
also generalized Laguerre polynomials, and the corresponding stepline poly-
nomials are likewise generalized Hermite polynomials.

IV. If in Theorem 11.1 we replace [a, k] by ¢*y~! + [0, k], x by xy and put
y = 0 we obtain
Vn(x) = (—1)"[c, m + kln'q" "2 Fo([o, —m], [c, m + k]; xg™").
These are orthogonal with respect to

Tk (k+1)] - —1 (k+1) (k+2) -1 3 (k4-2) (k+3) -1
g le, 01}y ¢ [c, O]ve, ¢ [c, Olers, - -

L)

if the moment-sequence is defined. These polynomials are generalizations of
the Bessel polynomials, introduced by Krall and Frink (3).

V. If in Theorem 11.1 we substitute ¢ for a, x[¢, 0]~! for x, we obtain
V(@) = (=1)"[c, m + k"¢ " Fo(lo, —ml, [, m + k]; xg)

orthogonal with respect to [¢, 0]z+17Y, [¢, O)ia™? [6, Oligs™, . . ., if ¢ # ¢ and
the moment sequence is defined. These polynomials are also generalizations of
the Bessel polynomials.

VI. If to the Padé-theorem obtained in III we apply the substitutions
described in IV, or if to the Padé-theorem obtained in IV we apply the sub-
stitutions described in III we obtain in either case

m_mm * —
V() = (=1)"g""™1Fs (o, —m];xq 7).
These polynomials are in fact the Stieltjes-Wigert polynomials, and are

. 1 1 b 1 b .
orthogonal with respect to g:¥®+D gz R+ E2) gz ®REDE+3) - Hif g £ 1,

VII. If to the Padé-theorem obtained in 11 we apply the substitutions des-
cribed in V or if to the Padé-theorem obtained in V we apply the substitutions
described in II, we obtain in each case

Va(x) = (=1)"g ™™ Fy ([0, —m]; xg™ ).
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These are also Stieltjes-Wigert polynomials, and in fact are the same as
those in VI but with ¢! replacing ¢q. Hence they are orthogonal with respect to
q—%k(k+1>, g—%(k+1><k+2>, g—%<k+2>(k+3>, coif g # L

The expressions for the stepline polynomials in cases II to VII can be found
from those for the diagonal polynomials. And also the recurrence relations and
norms in cases II to VII and for the corresponding stepline polynomials can
easily be deduced as in I.

PART III

14. Remarks concerning further generalization. The result of Part II
being a generalization of the classical orthogonal polynomials, we note that
the generalization of the hypergeometric series and consequently that of the
classical orthogonal polynomials is strongly restricted by the rather un-
natural-looking condition (8.8). This condition, it appears, has been intro-
duced mainly to establish the recurrence relations (8.16) and (8.17), which
are consequences of one another, and play an essential role in the proof of
the key theorem 11.1 as they render the induction possible. It would therefore
be much more natural to require, instead of (8.8), the existence of a relation
of type (8.16). In view of (6.3), (11.6), and (11.8) the condition

(14.1)  F([a, k], [0, 1]; [¢c, m]; x) — F(la, k& + 1], [5,1]; [c, m + 1]; x) +
4+ ¥(a, b, ¢c; kI, m)x F(la, B+ 1], [0, + 1]; [c, m 4 2]; x) = O,

where ¢ is a suitably chosen function, looks very natural and general. In the
following sections, however, it will be shown that the class of series satisfying
(8.1), (8.2), and (14.1) is not essentially more general than that considered
in Part II, in the sense that it does not give rise to a more general class of
orthogonal polynomials.

From (14.1) it follows (cf. the proof of (8.16)) that

(14.2) [a, kllc, m + u] — [a, & + u]lc, m]
+ ¥(a, b, c; k, I, m)[c, m][c, m + 1][b, ] [o, u] = O
foru = 1,2,3,.... This can be written as
(14.3) la, & + plle, m] — [a, kllc, m + u] = x(a, ¢; b, m)[o, ul,n = 1,2,3, ...

and hence the first problem is to find the functions [s, k] and x satisfying (14.3).
We shall solve this problem in the next section. To avoid unessential difficul-
ties we shall assume that R is algebraically closed. Since in the following a
and ¢ will be considered constant, we put [a, k] = f(k), [c, k] = g(&), [0, k]
= h(k), x(a, c; k, m) = x(k, m). Then the difference equation (14.3) becomes

(14.4)  f(k + u) glm) — f(k) g(m + n) = x(k, m) h(n) k=123,....

15. Solution of the difference equation. We shall first prove the
following:
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THEOREM 15.1. The functions f(k) and g(k) satisfying (14.4), none of them
being identically zero, satisfy the same trinomial linear recurrence relation with
constant coefficients not all zero, that is,

(15.1) {f(k +2) +gf(k+1) 4+ rf(R) =0
' gk +2) +ggk+1)+rgk) =0

Proof. First consider the case when f and g satisfy the relation
(15.2) fle+1) glm) — f(k) glm+1) =0 for all £ and m

(this occurs, for example, if x(k, m) = 0). There exist ko and m, such that
f(ko) # 0, g(m,) # 0; hence, putting

flko + 1) f(ko)™t = g(mo + 1) g(mo)~! = p,

for all &.

we have
(15.3) flk+1) —pfk) =0 for all &
(15.4) gm+1) —pgim) =0 for all m,

which are identical dimomial linear recurrence relations.

Hence we may confine ourselves to the case when x(k, m) # 0, and without
loss of generality we may assume x (0, 0) = 0.

From (14.4) with 2 = 0, m = 0, we have
(15.5) h(w) = x(0,0)" {f(w) g(0) — f(0) g(w)},

hence
(15.6) f(k + wg(m) — f(k) g(m + w)
= x(k, m) x(0,0)~" {f(x)g(0) —f(0)g(u)}.
Substituting u = 1 resp. p = 2 we obtain

(15.7) f(k+ 1)gim) — f(k)g(m + 1)

= x(k, m) x(0,0)7* {f(1)g(0) —f(0)g(1)},
(15.8) f(k + 2)g(m) — f(k)g(m + 2)

= x(k, m) x(0,0)7" {£(2)g(0)~f(0)g(2)}.
Elimination of x(k, m) x(0, 0)~! from (15.7) and (15.8) gives
(15.9) {f(k + 2g(m) — fk)g(m + 2)} {/(De(0) — FO)e(1))
= {f(k + Dgim) — f(k)g(m + 1)}{£(2)g(0) — f(0)g(2)}.
Substituting m = 0 in (15.9) and rearranging:
(15.10) (& + 2)¢(0)[/()g(0) — FO)g(1)}
— flk+ 1)g(0){f(2)g(0) — f(0)g(2)} + f(k)g(0){g(1)f(2) — g2)f(1)} = 0.
Substituting 2 = 0 in (15.9) and rearranging:

(15.11) g(m + 2)f(0) {f(1)g(0) — f(0)g(1)}
— glm + 1f(0). {(2)g(0) — f(0)g(2)} + g(m)f (0){g(1)f(2) — g(2)f (1)} = 0.
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Without loss of generality we may assume that f(1)g(0) — f(0)g(1) # 0,
since if f(1)g(0) — f(0)g(1) = 0, the formula (15.7) coincides with (15.2), a
case which has already been considered.

We distinguish two possibilities. First suppose f(k)g(m) x(k, m) = 0. Then
we may assume without loss of generality that f(0)g(0) x(0,0) = 0. And
dividing (15.10) and (15.11) by g(0) and f(0) respectively it is clear that
f(k) and g(k) satisfy the same trinomial linear recurrence relation with con-
stant coefficients which are not all zero.

Now suppose f(k) g(m) x(k, m) = 0. We still suppose f(1) g(0) — f(0) g(1)
# 0. Now, if k; and m; are such that f(k;) and g(m,) are not zero, we have
x(k1, m1) = 0 and hence

fllr+ ) gimy) — f(k) glmi + ) =0 foru=1,2,3,....
Hence

g(my 4 u) = g(my) f(k)) ™ fkr + u) foru=1,23,....

From this it follows that g(m) satisfies any linear recurrence relation with
constant coefficients that is satisfied by f(k). However, for m = m; it follows
from (15.9) that f(k) satisfies a trinomial linear recurrence relation with
constant coefficients. This completes the proof of the theorem.

A check of this proof shows that (14.4) has only been used for u = 1 and 2.

With the assumption that R is algebraically closed, it is now easy to derive
from Theorem 15.1 the functions f, g, & and x satisfying (14.4). In fact, from
the theory of linear difference equations, it follows (and it is easy to verify
this directly), that any functions f and g satisfying (15.1) are given by

(15.12) Fk) = wipi + wsph,  glm) = wspT + wip?
whenever the equation x? 4 ¢gx + r = 0 has distinct roots p; and ps. If this
equation has two coincident roots p we have

(15.13) fR) = (wik + w2)p¥, glm) = (wsm + w)p™.

In both cases wy, . . ., ws are arbitrary constants.

Corresponding to (15.12) we find x(k, m) = wiwipiFp2™ — wawspsfp1i™ and
h(uw) = p* — pat.

Corresponding to (15.13) we find

x (&, m) = {wi(wsm + wi) — wz(wik + w5)}p**™ and h(u) = pp .
Recalling the role of the functions f, g, and %,"we obtain the following:

TueOREM 15.2. Every function [s, k] such that the general hypergeometric
series satisfies the functional equation (14.1) 1s given either by

(15.14) [s, k] = wi(s)p} + wa(s)p3, wi(o) = — o) =1
or by
(1515) [S, k] = {k wl(s) —I— COQ(S)}Pk, wl(a) = 1, wz(a) = 0,

where p, p1and p, are not zero, p1 # po.
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16. The nature of the more general series. Let us first consider the
case in which [s, k] is given by (15.14). Put s’ = —ws(s) wi(s)~! if wi(s) # 0,
put ¢ = pep17Y, and put [s', k]’ = 1 — s'¢%. Then, if wi(a), wi(d), wi(c) are all
# 0, we find after some calculations that the series in (8.15) is equal to
F(la', kY, (6, 1) [, m]; xwi(a)wi(B)wi(c) " p*t—™"1), Now consider the
case that not all of wi(a), wi(d), wi(c) are different from zero, for example,
wi(a) = 0. Then the series in (8.15) is equal to F,([?,1]; [¢/, m]’; xws(a)
w1(®)wi(c)~1pofp1—™=1). Similar results are obtained in the other cases
when one or more of wi(a), wi(d), wi(c) are zero. It follows that if (s, k] is given
by (15.14) the general hypergeometric series always coincides with a (possibly
confluent) Heine series in which the variable x may be multiplied by a constant
factor.

Let us now consider the case in which [s, k] is given by (15.15). Put
s = wa(S)wi(s)™! if wi(s) 0 and put [¢', k] = s’ + k. If wi(a), wi(d) and
w1(c) are different from zero, we find that the series in (8.15) is equal to

Fa', B, [0, 175 ¢, ] 3s(@wr (Bon ()70 pH1=m).

Similarly, if one or more of the wi(a), wi(d), wi(c) are zero, we get confluent
series. Investigation of all possible cases finally gives

THEOREM 16.1. If the function [s, k] is such that the series F([a, k], [b,1];
le, m]; x) satisfies the functional equation (14.1), then this series is always a
(possibly confluent) ordinary hypergeometric or Heine series in which the variable
x may be multiplied by a constant factor.

This theorem implies the justification of our assertion in §14, that the
series which satisfy (14.1) instead of (8.8) do not give a more general class of
orthogonal polynomials than those obtained in Part II.
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