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Recurrence without uniform recurrence
T W KORNER

Trinity Hall, University of Cambridge, Cambridge, England

(Received 10 November 1986)

Abstract We construct a minimal homeomorphism of a compact space such that a
sequence of its iterates converges pointwise to the identity but no sequence of its
iterates converges uniformly

1 Introduction
The object of this paper is to construct the system described below

THEOREM 1 1 There exists a compact, complete, metric space (X, d) and a homeo-
morphism T X -> X such that

(l) the set {T"x n >0} is dense in X for each xeX,
(n) supXGXd(Tmx, x)> I for each m > l , yet
(in) there exists a sequence n(l)<n(2)< such that d(Tn{l)x, x)-»0 asj->oo

for each x e X

I should like to thank B Weiss for suggesting this problem and for pointing out a
flaw in my original attack Since, in my opinion, the interest of this paper lies more
in the method of construction than in the result itself I shall begin by indicating
why we might expect such a construction to be fairly complicated The following
result was pointed out to me, again by B Weiss

LEMMA 12 Suppose that (X, d) is a compact metric space and T X - » X is a
homeomorphism such that {T"x «>0} is dense in X for each x e X Suppose further
that we can find a sequence n(\)<n(2)< of integers and a sequence e ( l ) >
e(2)> of positive real numbers such that E(J)->0 asj^oo and such that for each
xeX there exists an integerjo(x) with

d(T"(l)x,x)<e{j) forallj>Jo(x)

Then supxeXd(T"(jrx,x)^0 asj-*oo

Proof Let
E(k) = {xeX d(Tn{j)x, x) < e(j) for all7 > k}

Then each E(k) is closed and, by hypothesis, LJ?=i E(k) = X By the Baire category
theorem we can find a k0 and a non-empty open set U such that U £ E(k0) Since
{T"x n>0} is dense in X, the sets T~"U [ n > 0 ] form an open cover of X and so,
by compactness, we can find an M such that U£f=o T~mU = X, 1 e such that for
each x e X there exists an 0 < m < N with Tmx e U
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N o w l e t w ( e ) b e t h e c o m m o n m o d u l u s o f c o n t i n u i t y o f /, T ', T2, , T~M, 1 e
l e t

o){e)= sup sup {d{Tmu, T~mv) d(u, t>)<e}

We observe that a>(e)-»0as£-»0 and that we can now conclude the proof For if
x£ X then Tmxe U for some 0 < m < M and so, if k> fco

whence
d(Tn(k)x, x) =

Thus supx e Xd(T""c )x ,x)<w(e(k)) for all fc > fco and the lemma follows •

2 Reduction to a semi-combinatorial problem
Let A be a compact subset of R and let Az be the space of two-sided sequences
x Z -» Az Let d be the distance defined on Az by

d(x,y) = sup 2-]k]\xk-yk\

and let T be the shift map T Az -> Az given by

(Tx) = xfc+1 (fceZ)

Then (Az, rf) is a complete, compact, metric space and T a homeomorphism
Furstenberg and his collaborators Katznelson and Weiss have brilliantly exploited
the analytic structure of (Az, d, T) to obtain results on the combinatorial structure
of Az (see [1]) We shall reverse the process by using a combinatorial construction
in Az to obtain the analytic Theorem 1 1 Examples of such constructions are
discussed in [1, Chapter 1, §§ 3, 5] The examples given there take A to be a finite
set but we shall use A = [ - l , 1] The fact that A is then connected is essential for
our construction

From now on T and d will have the meanings assigned to them in the previous
paragraph We intend to deduce Theorem 1 1 from the following lemma which is
not yet completely combinatorial since it mentions metric closure

LEMMA 2 1 There exists a subset X of [—1, l ] z and a sequence «(1)< n(2)<
with the following properties

(l) Ifx, y e X then given k > 1 and e > 0 we can find a n m > l such that \ym+r — xr\ s
e for all \ r\ s k

(n) For each m ^ O there exists an xe Xsuch that \xm — x o | s 1
(in) If xe X and p a fc +1 then, for each i e Z,

x i ~ X i + n(p) -> *• = ? x i ~ x i + n{l)\ — *-

for all /> - 1 > / > fc

(iv) IfxeX then Tx, T'x e X

(v) X is closed in ( [ - 1 , l ] z , d)

Proof of Theorem 1 1 from Lemma 2 1 Condition (v) tells us that (X, d) is complete
and compact and condition (iv) shows us that T (restncted to X) is a homeomorph-
ism Conditions (I) , (n) and (in) yield the corresponding conditions of the theorem
Thus if x, y e X and e > 0 then, choosing k > 1 with 2k > e~l, condition (I) tells us
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that we can find a n m > l such that \ym+r - xr\ < e for all \r\ < k and so

Thus the orbit of each point y is dense and (1) holds Similarly condition (11) tells
us that for each m there exists an xeX with | x m - x 0 | > l and so d ( T m x , x ) > l
Finally we observe that if x e X condition (in) implies that |x, -x , + n ( p ) | s 22~r for at
most one value of p > r + l and so x , -x ,+ n ( p ) -»0 as p-*oo for each l e Z Thus
d(T"ip)x, x)->0 as />->oo for each x£ X as required •
The reader should observe that, although condition (in) of the lemma forces
d(T"ip)x, x)-*0, the convergence can have hiccups These hiccups enable us to
evade the conclusion of Lemma 1 2 From a more combinatorial point of view our
problem has been to find a condition which is weak enough to be compatible with
condition (l) and (n) and yet strong enough to force pointwise convergence

3 Reduction to a purely combinatorial problem
The next step is in an obvious direction We show how Lemma 2 1 can be deduced
from a purely combinatorial lemma

LEMMA 3 1 There exists a sequence of integers m(j)>5 and a collection of subsets
U(J)Q[-1, l ] " 0 ) , where n(j) = m(\)m(2) m(j), with the following properties (we
adopt the convention that ifue U(j) then M,n(j)+r= urfor all / eZ , l < r < n O ) )

(i)J+i //we I/O) andve U(j + l) then we can find an 1,1< /< m(j + l), such that

k - v,nU)+r\ < 2~'~l for all 1 < r < n(j)

(n)j / / 1< |w < nO)~ l w^ can find a ue U(j) and 1< r, s<2nO) •s"c'1 ^ a '
5 - r = m and |u r - uj > 1

( i n ) , IfueU(j) then, for eachj-\>p>k+\ and each teZ

I", - " ,+„( p)|>22"~fc => |M 1 -w I + n ( / ) |<2 2 " ' ,

/or all p - 1 > / > k

(i\)J+i IfveU(j + l)and l < / < m ( ; ) then writing ur = t),nO)+r(l< r < «0)) w e

/iaue u e t/(y)
(v);+1 77iere exwis an e(j)eU(j) such that, if veU(j + l) then ur =

un0+1)_n0)+r = e(j)rfor all 1 < r< n(j)

Thus the 'sentences' of U(j + 2) are composed of'words' from U(j + l) and these
words in turn are composed of 'letters' from U(j) Notice that each 'sentence' in
U{j + 2) begins and ends with the same 'buffer word' e(j + l) Thus if we study a
short sequence of 'letters' in some 'paragraph' or 'chapter' we know that the sequence
either lies well within a single sentence or falls within two successive copies of the
same 'buffer word'

Using Lemma 3 1 it is very easy to prove a lemma from which Lemma 2 1 follows
almost immediately

LEMMA 3 2 There exists a sequence «(1) < n{2) < and a collection of subsets X(j)
of [-1, l ] z with the following properties

(I) Ifxe X(j + l) andyeX(j + 2) then given 1< fc<; we can find an m> 1 such
that \xr-yr+m\<2-]-2 forall | r |< ;
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(n) / / I s m\ < n(j) - 1 we can ./ind an x e X(j) such that \xm - xo| > 1

(in) IfxeX(j) then, for each j — l> /?>fc+ l and each i el.

x — x l>22~ f c => Ix — x l < 2 2 " '

/or a// /? - 1 > / > fc.

(iv) IfxsX(j), then Tx, r 'xeXQ)

(v) X(y) 15 closed in ( [ - 1 , i f , d)

(vi) XO) 3 X 0 + 1)

Proof of Lemma 3 2 from Lemma 3 1 If we replace the 1/(7) of Lemma 3 1 by their

closures (with respect to the usual topology on [ -1 , l]"0 )) the conditions of that

lemma still apply We may therefore take the U(j) to be closed We then define

X(j) to be the collection of all infinite strings of words from U(j) More precisely,

letussaythatxeX(q,7) if and only if whenever / eZ and ur = x,n(j)+q+r(l < r<n(j))

it follows that u G l/(y) We set X(j) = {Jq
(J)

0~* X(q,j) We note that

(iv)' X(q,j) = X(q + n(j),j) for all q£ Z, and

(vi)' X (q , j ) c X(q,j + 1) f o r a l l qeZ

Conditions (iv) and (vi) follow at once Since we have taken U(j) closed in [ -1 ,1]" 0 '

it follows easily that X{q,j) is closed in ( [ - 1 , i f , d) and condition (v) follows

To prove (1) we observe that x e X ( q , j + l) and ye X(p,j + 2) where (using (iv)')

we may suppose \q\^ n(j +1)/2+1 and p > n(j + 2)+ 1 Two cases arise according

as \q\>j or \q\^j If \q\>J then, writing Q = q if q<0 and Q = q-n(j + 1) if qsO,

we know that if us = xQ+s [ l < j < n ( ; + l)] and v,=yp+, [ l < f < n ( ; + 2)] then

M e L/(j +1) and v e V(j + 2) By condition (1) of Lemma 3 1 we can find an 1 < / <

m(j + 2) such that \us- u,nO+1)+s|<2~'~2 for l < 5 < n ( j + l ) Thus taking m =

p + ln(j+ 1 ) - Q we have m a 1 and

r-Q ~ Ur-Q —

for |r|<7

If |q |<j then, observing that yeX(j + 2,p)<X(j + \,p), and using condition

(v) of Lemma 3 2, we know that, writing us = xq+s, vs = yp+, [|s-1 < 2/] we have

«s = e(j)s = tis for 1 < s<2y and us = e(j)nij)^s = v5 for - 2 / < 5<0 Thus xr = ur_, =

Dr_? = yp_?_r for |r|<7 and, setting m= p — q we have w > 1 and |>v,_r_xJ =0<2^-'"2

for | r |< j Thus (l) holds

The proof of (in) involves a similar splitting into cases Using (iv)', we know that

xeX(q,j) with q + 1 s i < q + n(j) If i +n(p)s q +n(j) we set ur = xq+r ( l < r <

n(j)) so that we U(j) Then|x,-x1+n(p) |>22~fc implies \u,_q - u,+n( p)_q\> 22~k which

by Lemma 3 l(m) implies |u,_, -u,+nU)_q\ <22~' and so |x, - v,+n,n |<22"' for all

p - l < / < fc If, on the other hand, i + n(p)> q + n(j) we know from Lemma 3 l(v)

that

xq+no)-n(j-i)+r = e(j-l)r for 1 < r < 2n(y - 1)

(where, by convention e(j - l)n(7-D+s = e(j - l) s (1 < 5 < n(j - 1)) It follows that

Xi = e\J ~ l)i-q~n(j)+n(j~l) = e\J ~ 1 ) i-q-n(j)+2n(j-\) = xi + n{]-\)

Thus if x , - x , ,+n(P) >2 2 k we have j - 2 >/> and

> 2 2
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whence, by Lemma 3 l(in),
C(j~l)i-(j-n(j)+n(7-l)~e(7~"l)i-ij-n(j)+n(j-l)+n(/)| — 2 ,

and so |x, - x,+n(l)\ < 22"' for all p -1 > / > k Thus (in) holds
Finally, to prove (n) observe that by condition (n) of Lemma 3 1 we can find

M 6 U(j) and 1 < r, s < 2n(j) such that s-r=m and |wr - us\ > 1 Setting x,n(j)+,_r = u,
(1< t< 0(7), ZeZ) we have xeX(j) and |xo-xm|> 1 D

Proof of Lemma 2 1 /rom Lemma 3 2 Set X = UJ^i -^0) Then conditions (l), (in),
(IV) and (v) of Lemma 2 1 follow at once from conditions (l), (in), (IV) and (v) of
Lemma 3 2 To prove Lemma 2 l(n) we observe that by Lemma 3 2(n) we can find,
for each J > 1 , an x(j)eX(j) such that |*O)m-*O)ol- 1 Since ([-1, l ] z , d) is
compact the sequence of x(j) must have a limit point x, say By Lemma 3 2(vi)
x(j)eX(k) for alljafc and so, since X{k) is closed, x<=X(k) for all fc>l Thus
x e X and, since d(x(j), x) -> 0, \xm - xo\ > 1 •

Remark. In fact, our construction will be sufficiently explicit to allow us to write
down a specific x without appealing to general results

4 The induction
Although Lemma 3 1 has an inductive form it does not, as it stands, lend itself to
an inductive proof The key step in the paper consists in replacing it with a narrower,
more specific, result which can be obtained by induction

LEMMA4 1 There exists a sequence of integers m(j)> 5 and three sequences of functions

Hj,

where n(j) = m(l)m(2) m(j) with the following properties (we write U(j) =
{a{j,t) te[O, \]}vj{b(j, t) te [0, 1]}U{CO, t) te [0,1]} and adopt the convention
that ifue U(j) then u)n(])+r = urfor all /eZ, 1 < r< n(j))

(i)J+1 Ifue U(j) and ve U{j + l) then we can find an I, 1 < /< m(j +1), such
that

|ur-u,nO)+r |<2";"' for all l < r < n O )
(n), / / l < m < « 0 ) - l w can find u e {a{j, 1), b(j, 1), c(j, 1)}, 1 < r, s < 2n(j)

such that s-r= m and \ur-us\> 1
(in)j If ue U(j) then for each ; - l > p > f c + l and each i e Z

for all p - 1 > I > k
(iv)J+1 7/wet/O + l) and l < / < m ( j ) f/ien wnlmg ur = v,n(j)+r ( l < r < « 0 ) )

we Ziaue u £ 1/(7)
(v)J+1 / / u e t / 0 + 1) then t)r=un(J+1)_nO)+r=cO,0)r/oraH l < r < « 0 )
(vi), flO,0) = &0,0) = cO,0)
(vn)j There exists an N(j), 1< N(j)& n{j), such that a(j, t)NU)= t and
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{vm)j If 1 < / C < 7 - 1 , 1< i< n(j) and te[0,1] then

\a(j,t),-b(j,t),\>22-k =» \a(j, t),+n(n-

for allj-\>l>k

Thus conditions (i)J+i, (in), and (iv)7 come over from Lemma 3 1 unchanged,

conditions (n), and (v)J+1 are strengthened whilst conditions (iv),, (vn), and (vin)j

are new A proof of Lemma 4 1 will thus give a proof of Lemma 3 1 The first step

in the inductive proof of Lemma 4 1 is simple

LEMMA 42 Let n(l) = m(l) = 5, JV(1) = 3 and

a(l,t) = (0,0,t,0,0) ( 0 < ( < l )

b(l,t) = (O,O,-t,O,O) ( 0 < f < l )

c(l,f) = (0,0, 0,0,0) (0<f<l)

Then conditions (n ) , , (in)!, (vi),, (vn)i and (ix)! of Lemma 4 1 are satisfied

Proof Direct inspection (Condition (ix)! is vacuously satisfied ) CH

To complete the induction we use the following lemma (in which an attempt has

been made to simplify the notation)

LEMMA 4 3 Suppose n(j)s:5n(l) for all j —1>/>1 and suppose that the three

functions from [0,1] to [ - 1 , l ] " 0 ) whose values at 0 < f < 1, given by a(t) = a{j, t),

b(t) = b(j, t), c(t) = c(j, t), satisfy conditions (u),, (ui)_,, (v),, (vi)j, (vn)j and (ix), of

Lemma 4 1 Then we can find m(j + \)>5 and three functions from [0,1] to

[ - 1 , l ] " o + n (where n(j +1) = n(j)m(j +1)) whose values at 0 < f < l are given b\

A(t) = a(j + l,t), B(t) = b(j + l,t), C(t) = c(j + l,t) and satisfy all the conditions

(i)J+i to (vin)7+1 of Lemma 4 1

Proof Since a, b, c are continuous on [0,1] they are uniformly continuous We can

therefore find an 17 > 0 such that 17~' is an integer and | a ( f ) r - a ( r ) r | , \b(t)r-b(r)r\,

| c ( 0 r - c ( T ) r | < 2 " J " ' whenever \t-r\<r] and l<r<n(j) We set M = TJ~' + 1,

m(j + l) = lSM + n(j) and define A, B and C as follows

If 0 < / < 1 5 M , 1 < / • < « ( ; ) we set

A(t)lri(j)+r = B(t)in(J)+r= C(t)in(j)+r = Eln{])+r

where

£,n O ) + r = a(/Tj)r (0s/<M)

= a(l)r

= a((5M-/)T?)r

(6M+1</<9M)

ls/<10M)

= c((15M-/)r;)r
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If 15M+1</<16M, l < r < n ( j ) we set

565

B(t)!nU)+r=b((l-\5M-l)Vt)r,

whilst if 16M+1</<17M, l<r<n( j ) we set

A(t)mj)+r=a({nM-l)r,t)r

It is easy to check that conditions (iv)J+1, (v)7+1 and (vi)J+1 are satisfied and to see
that condition (vn)J+1 is satisfied it suffices to take N(j +1) = l6Mn(j) + N(j) We
check the remaining conditions (i)_,+i, (n)J+l, (iii)J+i and (vin)_,+1 one by one
Condition ( i ) J + 1 S u p p o s e w e U{j) a n d ve U{j + l) T h e n ue{a(t), b{t), c{t)} for

some fixed 0< (< 1 Choose 1 < k < M so that |(fc-1)17 - t\< rj By the choice of 17

<2->-\

<2~

1) = ur

then
+ l
and

c{(k-l)v)r-c(t)r\<2~J-\

for all 1 < r< n(j) It follows that

omin^ max \vi5PM+k)nO)+r- ur\<2~J~l

and condition (\)J+l follows

Condition (n),+1 We begin with two simplifying remarks Firstly since ur+n{J

the condition l< r , s<2n{j) may be ignored Secondly if r-s = n,
n{j + l) + s-r= n(j + \)-m and so we need only consider 1< w < n(j-
Even so, we shall distinguish 3 cases according as \<m<Mn{j)
m ̂ 0 mod n(j), 1 < m < Mn(j) and m = 0 mod «(j), or Mn{j) +1 < m

If 1 < m < Mn{j) and w #0mod «(;) then m = kn(j) + /t for some integers 1
M and l < / i < n ( j ) By condition (ii); we know that there exist integers
cr<2n(j) such that

It follows that

We note that

so our discussion of this case is complete
If 1 < m < Mn(j) and m = 0 mod n(j) then m = kn(j) for some 1 < fcs M Thus

setting r = (16M + fc)n(_/) + N(j) and 5 = l6Mn(j) + N(j) we have r — s = m and,
using condition (vn),,

|C ( l ) r -C( l ) , | = 16((M-/c)T7)JVO)-a(l)NO)|

Finally, if Mn(j) + 1 < m< n(i; + l)/2+ 1 then taking r= UMn{j) + N(j) and s =
r-m we have 1 < s < (15M + l)n(j) and so A(\)s = C(l)s whilst A(l)r = 1, C(l) r =
-1 Thus
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and so max (|v4(l)r-A(l)s|, |C ( l ) r -C( l ) s | ) s 1 Combining the 3 cases discussed
we obtain condition (n)J+i

Condition (in)7+1 Observe first that this condition is vacuously satisfied if 7 = 1 We
may therefore suppose j>2 We distinguish 2 cases according as p < ; - 1 or p=j
If p <^ - 1 the argument is exactly the same as that used to establish condition (111)
in the proof of Lemma 3 2 from Lemma 3 1 If p =7 we argue as follows

By the choice of 17 and the definitions of A, B and C

\A(t),-A(t),+n(j)\,\B(t),-B(t)l+nO)\<2-J-1

for all l < i < n O + l) whilst

for all 1 < I < ( 1 6 M - 1 ) « 0 ) and all 16Mn(y) + l < i< n(j + l) ( 0<(< l ) Further,
by (v)J;

C'(0l6MnO)-nO-l)+r= C(j ~ 1, 0)r = C( t) \6Mn{j)+n(j)-n(j- \)+r

for all 1< r< n(j-l) and so

for all 16Af/i(j)-nO-l) + l<i<16AfnO) Thus if 1 < I < n(j + l) and
|"|-"i+n(j)|>22~lc we can conclude that W = C(T) for some 0 < T < 1 and
i = (16M-l)n(7) + ^ for some 1< g< n(j)-n(j-l)

It follows that M, = C{T), = a(r)q and u,+nU)= C{T)1+M))= b{r)q Since
\a(T)q-b(T)q\>22~k we see from (vm), that \a{T)q+nU)\&22~' and so,
since a(T),+n(l)=C(T)1+n(0=wl+Fl(/), that |M,-M,+n())|<22"' for all j - l a / > k
as required

Condition (vni)7+1 As we observed above, |/4(0i-^4(0.+nO)|<2~J~1 for all 1< (<
n(j +1) and all 0< t< 1 Thus we need only check condition (vm)J+, for; - 1 > /> k
since the case l=j is settled automatically Since when j = 1 there are no further
values of / to consider we may suppose j a 2

By construction A(t), = B(t), for all 1 < I S 1 5 M H O ) and, by condition (vi)j,
A(t), = B(t), for all P n O ) - n O - l ) + l s i ^ f t i O ) Thus if \A(t), -B(t),\>22-k it
follows that i = kn(j) + r where 15M<fc<17M-l and 1< r< n ( ; ) - n ( j - l ) , and
so A(0, = a(r)r, B(t), = b(r)r for some 1 > T > 0 We now have \a(r)r - b(r)r\ > 22~k

whence, by condition (viii)j, |a(T),+n(n-a(T)r |s22"' for all j-l>l>k Since
a(r)r+na) = A(t),+nU) t h i s y i e l d s \A(t),+n(l)-A(t),\<22^ fo r al l 7 - l s / s k a s

required •

Lemmas 4 2 and 4 3 together give Lemma 4 1 and so the proof is complete
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