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Abstract

We show that if I is a point group of of order two for some k > 2 and S is a k-pseudomanifold which has a
free automorphism of order two, then either S has a I'-symmetric infinitesimally rigid realisation in R¥*! or k = 2
and I is a half-turn rotation group. This verifies a conjecture made by Klee, Nevo, Novik and Zheng for the case
when I' is a point-inversion group. Our result implies that Stanley’s lower bound theorem for centrally symmetric
polytopes extends to pseudomanifolds with a free simplicial automorphism of order 2, thus verifying (the inequality
part of ) another conjecture of Klee, Nevo, Novik and Zheng. Both results actually apply to a much larger class of
simplicial complexes — namely, the circuits of the simplicial matroid. The proof of our rigidity result adapts earlier
ideas of Fogelsanger to the setting of symmetric simplicial complexes.
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1. Introduction

Let S be an abstract simplicial k-complex with vertex set V(S) and edge set E(S). The lower bound
theorem concerns the quantity g, (S) defined by

(1.1)

§2(8) = [E(S)| - (k+ DIV(S)| + (" +2).

2

Barnette [3] showed that g>(S) > 0 if S is the boundary complex of a (k + 1)-dimensional convex
polytope. This was later generalised to simplicial spheres (Stanley [18]) and pseudomanifolds (Kalai
[10], Tay [20]).

Readers familiar with the rigidity theory of bar-joint frameworks will note that the right-hand side
of (1.1) arises naturally in that theory and indeed is nonnegative if the 1-skeleton of S is a generically
rigid graph in R¥*!. This was proved by Asimov and Roth [2]. This connection between rigidity theory
and polytopal combinatorics, noted by Kalai [10] and Gromov [8], has been fundamental to much of
the work on lower bound theorems for various classes of simplicial complexes.

Around the same time as [ 10], Fogelsanger proved that the 1-skeleton of a minimal homology k-cycle
is generically rigid in R¥*! for k > 2 [7]. It is not difficult to see that a k-pseudomanifold is a minimal
homology k-cycle; see Section 3 for definitions. Thus, Fogelsanger’s result provides a generalisation and
independent proof of the lower bound theorem for pseudomanifolds. Fogelsanger’s proof technique is
different to the previous proofs of the lower bound theorem: it is a direct proof based on a rigidity lemma
of Whiteley for vertex splitting [23], and an ingenious decomposition result (more on this below).

In the present paper we consider Z,-symmetric simplicial complexes (i.e., simplicial complexes
S with a free automorphism of order two). Such complexes were referred to as centrally symmetric
simplicial complexes in [11]. The term Z,-symmetric is more suitable for our purposes since we will
consider realisations of k-dimensional complexes in R¥*! which have an arbitrary symmetry of order
two, not just a point inversion through the origin.

Note that if P is a centrally symmetric simplicial polytope in R**! that is, —P = P, then the boundary
complex of P is a Z,-symmetric simplicial complex of dimension k. Stanley [19] showed, in particular,
that if S is the boundary complex of such a polytope, then

¢2(S) > (k;' 1) —(k+1). (12)

Later, Sanyal, Werner and Ziegler [13] used a rigidity-based approach to obtain further properties
of the f-vector of centrally symmetric polytopes. In particular, their results imply that (1.2) follows
from an earlier rigidity result of Whiteley [22] that the 1-skeleton of every convex (k + 1)-polytope
is infinitesimally rigid in R**!. More recently, Klee, Nevo, Novik and Zheng [11] used techniques
from rigidity theory to characterise the cases for which equality can hold in Stanley’s Theorem. While
centrally symmetric simplicial polytopes have been the topic of much research since Stanley’s paper, the
extension of this theory from simplicial polytopes to more general families of simplicial complexes is
less developed than in the non-symmetric case. One significant result in that direction is the recent proof
by Novik and Zheng of the Z,-symmetric upper bound conjecture for simplicial spheres [12]. In this
paper, we address the lower bound conjecture for a larger class of Z,-symmetric simplicial complexes —
namely, the circuits of the simplicial matroid. Precise definitions will be given in Section 3, but for now,
it suffices to note that a simplicial k-circuit is a minimal homology k-cycle over Z, in Fogelsanger’s
terminology.
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Figure 1. The Bricard octahedron.

Our approach is to extend Fogelsanger’s rigidity theorem and proof techniques to the Z,-symmetric
setting. The extension is not straightforward and, in particular, makes use of a new notion of a framework
with partial symmetry which we have not seen in the rigidity literature. Our extension of Fogelsanger’s
decomposition technique is powerful enough to show that the graph of any Z,-symmetric simplicial
k-circuit can be realised as an infinitesimally rigid framework having a specified point group symmetry
of order two in R**! unless k = 2 and the point group is the half-turn rotation group in R>.

We shall see that when k = 2 and the point group is the half-turn rotation group in R3, every
symmetric realisation of a Z,-symmetric planar graph is infinitesimally flexible. The smallest such
example is the famous Bricard octahedron [4], given in Figure 1. The Bricard octahedron was the
source of inspiration for Connelly’s flexible polytope [5]. More generally, the rigidity of symmetric
and non-convex realisations of 1-skeletons of polytopes has been one of the central topics in rigidity
theory; see, for example, [17, 14]. We believe that our rigidity theorem will have a substantial impact in
rigidity theory because it gives the first extension of rigidity results on symmetric convex polytopes to
a more general family including non-convex symmetric realisations of polytopes and a larger family of
simplicial complexes that includes pseudomanifolds.

The paper is organised as follows. We first give preliminary facts on the infinitesimal rigidity
of frameworks under a point group symmetry in Section 2. In Section 3, we review Fogelsanger’s
decomposition technique for simplicial circuits using an approach from [6]. We then provide an extension
of Fogelsanger’s rigidity theorem to realisations of simplicial k-circuits in which several pairs of vertices
are constrained to lie symmetrically in RF*!. In Section 5, we extend Fogelsanger’s decomposition
result to Zp-symmetric simplicial k-circuits and use this to prove our main theorem on the rigidity of
Zy-symmetric simplicial circuits. The application to the lower bound theorem is given in Section 6. We
close the paper by giving some final remarks and open problems in Section 7.

2. Preliminaries on rigidity and symmetry

In this section, we introduce some basic results on the infinitesimal rigidity of frameworks and their
extensions to the symmetric case.

Throughout the paper, we use the following basic conventions and notation. All graphs considered
will be finite, undirected and simple (i.e., without loops or multiple edges). For X C V(G), let Eg[X] =
{uv € E(G) : u,v € X}. The subgraph of G induced by X is given by G[X] = (X, Eg[X]). For
v € V(G), Ng(v) denotes the set of vertices adjacent to v in G.

2.1. Infinitesimal rigidity

A graph drawn in Euclidean space with straight line edges is called a (bar-joint) framework and denoted
by a pair (G, p) of the graph G and the point configuration p : V(G) — R%. We will also refer to (G, p)
as a realisation of G in RY.

An infinitesimal motion of a framework (G, p) is amap p : V(G) — R satisfying

(p() = p(N))- () -p(j) =0 (ij € E(G)). @.n
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For a skew-symmetric matrix S and ¢ € R?, it is not difficult to check that p defined by p(v) =
Sp(v)+t (v € V(G)) is an infinitesimal motion of (G, p). Such an infinitesimal motion is called trivial.
The framework (G, p) is infinitesimally rigid if every infinitesimal motion of (G, p) is trivial. We say
that the graph G is rigid in R? if G has an infinitesimally rigid realisation in R<.

Since (2.1) is a system of linear equations in p, we can represent it by a matrix of size |E(G) |xd|V (G)]|.
This matrix is called the rigidity matrix R(G, p) of (G, p). The rows of R(G, p) are indexed by edges
of G. In addition, for each vertex v € V(G), we have a corresponding set of d columns. For an edge
uv € E(G), the corresponding row of R(G, p) has the d-dimensional vector p(u#) — p(v) in the column-
set corresponding to u and p(v) — p(u) in the column-set corresponding to u. All other entries of the
rOW are Zero.

When the affine span of p(V(G)) has dimension at least d — 1, the dimension of the space of trivial
motions is (dzl), so (G, p) is infinitesimally rigid if and only if rank R(G, p) = d|V(G)| - (dzl). In
particular, if (G, p) is infinitesimally rigid and G has at least d vertices, then

IE(G)| - d|V(G)| +(d;1) > 0. 2.2)

Kalai [10] and Gromov [8] exploited the close relationship between (1.1) and (2.2) to use rigidity theory
to prove their extensions of the Lower Bound Theorem. We will use a similar approach to obtain our
lower bound theorem for Z,-symmetric simplicial complexes.

2.2. Rigidity under symmetry

A graph with a vertex pairing is a pair (G, =) of a graph G and a free involution * acting on some
X € V(G). (Thus, * : X — X and satisfies *(*(u)) = u and =(u) # u for all u € X.) We will denote
#(u) by u* foreachu € X andput Y* = {u* : u € Y} forall Y C X. In addition, for each W C V(G), we
put

Xw = (XnW)n(XNnW)*.

Then * induces a free involution *w : Xw — Xw . We will simply denote #yw by * when W is clear
from the context. Similarly, for a subgraph H of G, (H, *y () is simply denoted by (H, *).

We will use the free involution * to force a symmetry on the point configuration in a possible
realisation of G. Let I' be a point group of R of order two — that is, a subgroup of O(d) of order two.
A T'-framework is a triple (G, *, p) of a graph G, a free involution * : X — X for some X C V(G), and
a point-configuration p such that p(u*) = y(p(u)) for all u € X, where v is the non-identity element
in I'. By ignoring *, (G, %, p) can be considered as a realisation of G, and hence, we can apply the
terminology from Section 2.1 to (G, *, p). We will sometimes refer to a I'-framework (G, *, p) as a
I-symmetric realisation of (G, *). We say that (G, *) is ["-rigid if (G, %) has an infinitesimally rigid
I'-symmetric realisation.

A T'-framework (G, *, p) is generic if the transcendence degree of the set of coordinates of all the
points in p(V) over Q takes the maximum possible value d(|V| — | X|/2). Thus, (G, *) is I'-rigid if and
only if every (or equivalently, some) generic I'-symmetric realisation of (G, *) is infinitesimally rigid.

Example 2.1. This example illustrates that the I'-rigidity of a fixed (G, *) may depend on the group I.
Consider the case when d = 3. Then there are three different types of point groups of order two
corresponding to point inversion, rotation and reflection. Suppose that G is the graph of the octahedron
and * maps each vertex to its antipodal vertex. If I is a rotation group, then any I'-framework (G, =, p)
is the 1-skeleton of a Bricard octahedron, which is infinitesimally flexible; see Example 2.3 below.
Conversely, we will show that every generic I'-framework (G, *, p) is infinitesimally rigid when I" is a
point inversion or reflection group.

We will concentrate our attention on graphs G with a vertex pairing * : X — X with the property
that xx* ¢ E for all x € X. We will refer to such a vertex pairing as a non-adjacent vertex pairing. Note
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that if * : X — X is a non-adjacent vertex pairing of G, then the induced bijection *w : Xy — Xw is
again a non-adjacent vertex pairing of G[W] for all W C V(G).

We emphasise that a non-adjacent vertex pairing * : X — X need not, in general, induce an involution
on the edge set E[X]. Our main concern, however, is the special case when X = V(G) and = is an
automorphism of G without fixed edges. In this case, (G, *) is said to be aZ,-symmetric graph. Since
 is an automorphism, =(e) is well defined, and we abbreviate «(e) by e* for each edge e. We consider
the more general class of graphs with a non-adjacent vertex pairing because it arises naturally in our
analysis of the Z,-symmetric case.

We next derive a stronger inequality than (2.2) for the number of edges in a I'-rigid Z,-symmetric
graph. For integers d > 1 and 0 < t < d, let I; 4 be the the diagonal matrix of size d whose first ¢
diagonal entries are 1 and remaining d — ¢ diagonal entries are —1. Let I'; 4 be the point group generated
by I; 4. Observe that if T is a point group of order 2 in R¢, then we can always choose a coordinate
system so that ' =T 4 forsome 0 <t < d —1.

Lemma 2.2. Let I"' =Ty g where 0 < t < d — 1. Suppose that a Z,-symmetric graph (G, =) is I'-rigid
and |V(G)| = 2d. Then

IE(G)| = d|V(G)| —2min{(t;1) + (dz_t), (d; 1) - (“;1) - (d;t)}. 2.3)

Proof. Letn =|V(G)| and m = |E(G)|. Since (G, *) is I'-rigid, there is a [-symmetric infinitesimally
rigid realisation (G, *, p) of (G, *). Since |V(G)| > 2d, we can take such a realisation so that the affine
span of p(V(G)) is at least d — 1. In particular, the space of trivial motions of (G, *, p) has dimension
().

Recall that the rigidity matrix R(G, p) represents a linear map from R%" to R™. We shall decompose

R4 and R” into two subspaces whose elements are either symmetric or anti-symmetric with respect to
I" and *. Specifically, let

My = {p : V(G) = RY | p(u*) = I; 4p(u) for all u € V(G)},
My :={p : V(G) > R | p(u*) = =1, ap(u) forall u € V(G)},
Ssym :={w 1 E(G) »> R | w(e*) =w(e) foralle € E(G)} and

Sant = {w:E(G) > R|w(e") =-w(e)foralle € E(G)}.

Then R9" = Mym @ My and R™ = Sy @ Sapne. Observe further that the rigidity matrix maps Mym to
Ssym and My t0 San. Indeed, if p € Miyy,, then for any edge e = uv, we have

(p(") = p(v*) - (p*) = p(v)) = Ur.a(p(u”) = p(v)) - Ir.a(p(u”) = p(v))
= (p@) = p(v)) - (p(u) = p(v)),

which implies that the image of p belongs to Sgym. A similar calculation shows the corresponding
property for Myp,.

Let T be the space of trivial infinitesimal motions of (G, p). A canonical basis of T consists of (g)
infinitesimal rotations about the subspaces spanned by each set of (d — 2) axes and d translations along
each axis. Due to the structure of I; 4, it follows that the (tgl)-dimensional space of isometries in the
subspace spanned by the first 7 axes and the (dz_ g )-dimensional space of rotations rotating in the subspace
spanned by the last d — ¢ axes are contained in Msyn,. One can also directly check that the remaining

(d; 1) — (' ;]) - (dg ') elements of the canonical basis belong to Man.. Hence,

. t+1 d-t . d+1 t+1 d—t
vt ()15 o amroste (13 )- 15
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The infinitesimal rigidity of (G, p) implies that ker R(G, p) = T. Since the rigidity matrix maps
Mym to Ssym and My tO San, this gives

m . . . dn r+1 d—t
3=d1isymzdlmMsym—dlmTﬁMsym:T—(( 5 )+( ) )) and
m . . . dn d+1 t+1 d-t
E:dlmSamZdlmMam—dlmTﬁMam:7—(( 5 )—( ) )_( ) )),

as required. O

Example 2.3. Suppose a Z,-symmetric graph (G, ) is I'-rigid in R3. Then Lemma 2.2 implies

6 ifr=0i.e. I is generated by a point inversion,
|E(G)| = 3|V(G)| —14 ift = 1i.e. T is generated by a half turn rotation,
6 ifr=2i.e. I is generated by a reflection.

If G is the graph of the octahedron, |[E(G)| = 12 and |V(G)| = 6. So it cannot be I'-rigid if I" is generated
by a half turn rotation, which is the case of the Bricard octahedron.

Note that the case when d = 3 is exceptional since the right side of (2.3) is maximised at # = 1 when
d=3,and atr =0 whend > 4.

The infinitesimal rigidity of frameworks having a point group symmetry is an extensively studied
topic in rigidity theory. See, for example, [ 15, 16] for symmetric extensions of classical rigidity theorems.

2.3. Gluing properties

We write aff(Y) for the affine span of a subset ¥ of R¢ and lin(Y) for its linear span. The gluing
properties of rigid frameworks and graphs are important ingredients in the proof of Fogelsanger’s
Rigidity Theorem. For completeness, and since we cannot find an authoritative source for these results
in the literature, we include details of these gluing properties in the classical non-symmetric setting.

Theorem 2.4. Let (G, p) be a framework in RY. Suppose that G, G» are subgraphs of G such that
(Gi,plv(Gy)) is infinitesimally rigid for i = 1,2 and aff(p(V(G1) N V(G2))) has dimension at least
d — 1. Then (G, p) is infinitesimally rigid.

Proof. Suppose that p is an infinitesimal flex of (G, p). By assumption, there exist skew symmetric
matrices A; of size d and t; € R? fori = 1,2 such that p(v) = A;p(v) +t; forv € V(G;). We can choose
coordinates so that p(w) = 0 for some w € V(G1) N V(G3). It follows that A10+1¢; = p(w) = A0 +1,.
Therefore, 1] = tp, and so A;p(v) = App(v) forall v € V(G1) NV(G,). Therefore, the skew symmetric
matrix A; — A, vanishes on a space of dimension d — 1, and so must be 0, as required. m]

Corollary 2.5. Let G| and G be graphs that are both rigid in R%. Suppose that |V (G) N V(G1)| = d.
Then G U G, is rigid in RA.

Now we extend Corollary 2.5 to I'-rigidity. First, we prove a lemma about the affine span of
I'-symmetric subsets of RY.

Lemma 2.6. Lety = I, 4 for 0 < t < d — 1. Suppose that P is a generic set of points in R? and |P| = n.
Then dim(aff(P U y(P))) = min{n,d — t} + min{n — 1,1}

Proof. Let V, respectively W, be the eigenspace of y corresponding to the eigenvalue 1, respectively
—1, and let 7y, respectively 7y, be the orthogonal projection from R? onto V, respectively W. Since P
is generic in R? and 7y, my are projections onto coordinate subspaces, it follows that 7y (P) is generic
in V and 7y (P) is generic in W. Therefore, dim(aff (7ry (P))) = min{n — 1, ¢} and dim(lin(7ry (P))) =
min{n,d — t}.
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Claim 2.7. aff(P U y(P)) = aff (my (P)) + lin(zw (P)).

Proof of claim. Suppose x = X cpuy(p) €qq € aff (P U y(P))) for scalars ¢, with 3, ¢, = 1. Now

x =ny(x) +mw(x) and 7y (x) = ZpeP(cp + cy(p))ﬂ'v (P) and 7w (x) = ZPEP(CP - Cy(p))ﬂ'W (P)

Since ¥ ,ep(cptcy(p)) = Xgepuy(p) €q = 1, itfollows thataff (PUy(P)) C aff (ry (P)) +lin(mw (P)).
To see the reverse containment holds, consider 3., p dpry (p) € aff (wy (P)) and 3 ,cp bprw (p) €

lin(w (P)). Setc), = d”;b” and ¢, (p) = d”;b” foreach p € P. Then X, cpuy(p) €q = Lpep dp = 1.

It follows that aff (7ry (P)) + lin(mw (P)) C aff (P U y(P)). O

The facts that aff (my (P)) € V, lin(zrw (P)) € W and V. N W = {0} (since V, W are eigenspaces for
distinct eigenvalues of y) now give

dim(aff (P U y(P))) = dim(aff (wy (P)) + lin(my (P))) = dim aff (wy (P)) + dimlin(zry (P))
=min{n,d —t} + min{n — 1, ¢},

as required. O

Theorem 2.8 (Gluing Theorem). Let I' =T 4 for 0 <t < d — 1. Let (G, %) be a graph with a vertex
pairing = : X — X. Suppose that H| = (Vy, E1) and H, = (Va, E3) are subgraphs of G whose union is
G and that, fori = 1,2, (H;, *) is T-rigid in RY. Let m = | Xy, N Xy, |. Suppose that

VinVy| 2d+m—1—-min{m/2,d —t} — min{m/2 — 1,t}.

Then (G, *) is T'-rigid.

Proof. Let (G, *, p) be a generic I'-framework. Then, fori = 1,2, (H;, *, p|v,) is generic and therefore
infinitesimally rigid. Now we observe that, by Lemma 2.6, the dimension of aff (p(V; NV3)) is min{|V; N
Vol = m + min{m/2,d — t} + min{m/2 — 1,t}, d}. The theorem now follows by applying Theorem 2.4
to the frameworks (H;, plv;), i =1, 2. O

2.4. Vertex splitting

Whiteley’s Vertex Splitting Lemma [23, Proposition 1] is a fundamental result in rigidity theory and
plays a key role in the proof of Fogelsanger’s Rigidity Theorem. We will derive a version of this lemma
for "-rigidity.

First, we fix some terminology. Let G be a graph, u € V(G), C € Ng(u) and D C Ng(u) \ C. Let
G’ be the graph obtained from G by deleting the edges uw for all w € D, adding a new vertex u’ and
adding edges u’z for all z € CU D U {u}. We say that G’ is obtained from G by splitting u’ from u along
C, or more succinctly, by vertex splitting at u.

The following theorem of is one of the central results in rigidity theory. We include details of
Whiteley’s original proof [23] for the benefit of readers who may not be familiar with it, and since one
of our later variations is proved using essentially the same method.

Theorem 2.9 (Whiteley’s Vertex Splitting Theorem). Let (G, p) be a framework in R? such that R(G, p)
is row-independent. Also, letu € V(G) and C C Ng(u) suchthat |C| < d—1and {p(w)—p(u) : w € C}
is linearly independent. Let G’ be the graph obtained from G by splitting u’ from u along C. Then there
is some z € R? such that R(G’, q) is row-independent, where q(w) = p(w) for all w € V(G) and
qu') = p(u) +z.

Proof. Since |C| < d — 1, we can choose y € R? so that y ¢ lin{p(w) — p(u) : w € C}. Now, for each
t € R, define g, : V(G’) — R9 by

| pW) ifv e V(G),
a:(v) = {p(u) +ty ifv=u’.

It will suffice to show that for sufficiently small nonzero #, R(G’, g;) is row-independent.
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Let L be the matrix obtained by replacing the uu’ row of R(G, qo) by the row vector that has y is the
u column-set, —y is the u’ column-set and zeroes in all other entries.

Claim 2.10. L is row-independent.

Proof of claim. Suppose that A is an element of the left kernel of L. We can think of A as a real valued
function on E(G’). Define 7 : E(G) — R by

ﬂ(e):{/l(e) ife ¢ {uw:weC},

Auw) + A(u'w) if e =uw,w € C.

Now, using the facts that go(u) = qo(u') = p(u), go(w) = p(w) for w € V(G) and AL = 0, we can
readily show that m, considered as row vector with entries indexed by E(G), is an element of the left
kernel of R(G, p). Since R(G, p) is row-independent, it follows that 7 = 0. Therefore, A(e) = 0 for
alle ¢ {uw:we CtU{u'w:w e C}and A(uw) + A(u’w) = 0 for w € C. Now, using the fact that
AL = 0, and considering the uth column-set of L, we have

Awn)y + 3" Auw)(p(u) = p(w)) =0,

weC

Our choice of y and the fact that {p(u) — p(w) : w € C} is linearly independent implies that A(uw) =0
for w € C and A(uu’) = 0. So A = 0, and the claim is proved. O

Finally, we consider, for r # 0, the matrix M, which is obtained by multiplying the uu’ row of
R(G’,q;) by % It is clear that rank(M;) = rank(R(G’, g,)). It is also clear that lim,_,o(M,) = L. Using
the lower semicontinuity of the rank function and Claim 2.10, we see that, for sufficiently small nonzero
t, rank(R(G, q;)) = rank(M;) > rank(L) = |E(G"’)|. This completes the proof of the theorem. O

We remark that the inverse operation to vertex splitting is edge contraction. Given a graph G and an
edge uv € E(G), we use G /uv to denote the simple graph obtained from G by contracting v onto u.
More precisely, G /uv = (G —v)U{uz : z € Ng(v)}. Observe that G is obtained from G /uv by splitting
v from u along Ng () N NG (v).

Note that if = : X — X is a non-adjacent vertex pairing and either X N {u,v} =0,oru € X,v ¢ X
and u*v ¢ E(G), then = is also a non-adjacent vertex pairing on G /uv.

Now we will apply Theorem 2.9 to derive a sufficient condition that ensures that vertex splitting
preserves I'-rigidity of a graph with a non-adjacent vertex pairing. We find it convenient to state this
theorem in terms of edge contraction.

Lemma 2.11. Suppose I is a point group of R of order two. Let (G, *) be a graph with a non-adjacent
vertex pairing * : X — X and uv € E(G) with u,v ¢ X. Suppose that there is C C Ng(u) N Ng(v)
such that |C| = d — 1 and | X¢| < 2. If (G Juv, #) is T-rigid in R?, then (G, ) is T-rigid in R?.

Proof. Observe that Xcyq,y = Xc since u ¢ X. If |Xc| = 0, then for any I'-generic framework
(G/uv,*,p)in R, p(C U {u}) is a generic set of d points in R¢. If [X¢| = 2, then p(C U {u}) is an
affinely independent set of d-points in R?. In both cases, it follows that {p(u) — p(z) : z € C} is linearly
independent, and so we can use Theorem 2.9 to construct a I'-framework (G, #, ¢) that is infinitesimally
rigid in RY. O

Lemma 2.11 deals with vertex splitting when the split vertex does not belong to X. We also will need
a vertex splitting result for the situation where we simultaneously split a pair of vertices u, u* for some
u € X.In order to achieve this, we first derive a variation of Theorem 2.9, which involves simultaneously
splitting two vertices of a framework in a carefully prescribed way.

The proof of Theorem 2.12 closely follows the proof of Theorem 2.9, so we only outline it, empha-
sising the few details which differ from the case of Theorem 2.9.
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Theorem 2.12. Let 7 : R? — R4 be a non-singular linear transformation. Suppose that (G, p) is a
framework in R? such that R(G, p) is row-independent. Also, let u,v € V(G) be non-adjacent vertices,
C1 C Ng(u),C, € Ng(v) such that |Cy|,|C2| < d — 1, and the sets {p(w) — p(u) : w € C} and
{p(x) = p(v) : x € Cy} are both linearly independent. Let G’ be the graph obtained by splitting u from
u’ along C\ and then splitting v from v’ along Cy. Then there is some z € R? such that R(G’, q) is
row-independent, where g(w) = p(w) forallw € V(G), q(u’) = p(u) + zand g(v’) = p(v) + 7(2).

Proof. Choose y € R? such that y ¢ lin{p(u) — p(w) : w € C;} Ulin{t"'(p(v) = p(x)) : x € C3}.
For t € R, let ¢; : V(G’) — R? be defined by g,(w) = p(w),w € V(G), q:(u’) = p(u) +ty,
q:(v') = p(v) + 7(ty). Let L be the matrix obtained from R(G’, qo) by replacing the uu’ row with the
row that has y in the u column-set and —y in the #” column-set, and replacing the the vv’ row with the
row that has 7(y) in the v column-set and —7(y) in the v’ column-set.

Claim 2.13. L is row-independent.

Proof. This is proved in the same way as Claim 2.10, mutatis mutandis. In particular, note that the
choice of y ensures that the sets {p(u) — p(w) : w € C1} U {y} and {p(v) — p(x) : x € Co} U {r(y)}
are both linearly independent. O

Now let M, be the matrix obtained from R(G, g;) by multiplying the uu’ and vv’ rows by %, and we
complete the proof of the theorem in exactly the same way as the proof of Theorem 2.9. O

We next apply Theorem 2.12 to the setting of I"-rigidity. Suppose that G = (V, E) has a non-adjacent
vertex pairing * : X — X and x,y € X with xy,x*y* € E. If x*y,xy* ¢ E, then the restriction of * to
X \ {y,y*} is a non-adjacent vertex pairing of (G /xy)/x*y*. We will abuse notation and continue to
use = for this vertex pairing of (G /xy)/x*y*.

Theorem 2.14. Let T be a point group of order two in R9. Let (G, %) be a graph with a non-adjacent
vertex pairing * : X — X, x,y € X suchthat xy,x*y* € E(G) andxy*,x*y ¢ E(G). Suppose that there
exist C C Ng(x) N Ng(y) and D C Ng(x*) N Ng(y*) such that |C|,|D| =d - 1 and |Xc|, | Xp| < 2.
Let G’ = (G /xy)/x*y*. If (G, %) is T'-rigid, then (G, *) is I'-rigid.

Proof. Let (G’,*, p) be a generic I'-framework. Then (G’, p) is infinitesimally rigid by assumption.
Let I = {xv : v € C} U {x*w : w € D}. Observe that Xcy(x} = Xc and Xpy(+} = Xp. Since
(G’, %, p) is a generic I'-framework and |X¢|, |Xp| < 2, it follows that both {p(w) — p(x) : w € C}
and {p(z) — p(x*) : z € D} are linearly independent. This also implies that the set of rows of R(G’, p)
labelled by [ is linearly independent. Choose a maximal independent row-set that contains the row-set
labelled by 7 and let J be the corresponding set of edges of G. Since (G’, p) is infinitesimally rigid, it
follows that J spans V(G’) and |J| = d|V(G")| - (dzl). Let G’'[J] = (V(G’),J). We apply Theorem 2.12
(with 7 being the non-identity element of I') to the framework (G’[J], p) to obtain a I'-framework
(G"”,+,q), where G” is obtained from G’[J] by splitting x from y along C and then splitting x* from
y* along D. By Theorem 2.12, (G”, g) is infinitesimally rigid. Since G’ is a spanning subgraph of G,
(G, *, q) is the required infinitesimally rigid I'-symmetric realisation of (G, *). O

We emphasise again that for an arbitrary graph G = (V, E) with a non-adjacent vertex pairing
% 1 X — X, the hypothesis that xy € E[X] does not imply that x*y* € E. Hence, in order to apply
Theorem 2.14 to G, we must check that xy, x*y* € E and similarly that xy*,x*y ¢ E.

3. Background on simplicial complexes

We now consider simplicial complexes. We summarise some notation and results from [6] that we will
need later. We refer the reader to [6] for more details on this material.

Our main results will apply to a certain class of abstract simplicial k-complexes. However, as in [6],
it will be convenient for us to consider a larger family of complexes in which multiple copies of the
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same facet may exist. Thus, we define a simplicial k-multicomplex to be a multiset whose elements are
(k + 1)-sets. Suppose that S is a simplicial k-multicomplex. For 0 < j < k, aj-face of Sisa (j + 1)-set
F that is a subset of some element of S. In the case that S does not contain multiple copies of any
k-face, we say that S is a simplicial k-complex. We justify this terminology by noting that a pure abstract
simplicial complex of dimension %, in the usual sense of that term,! corresponds to a unique simplicial
k-complex in our sense. For k > 1, the graph of S, denoted G (S), is the simple graph whose vertex set,
V(S), is the set of O-faces of S and whose edge set, E(S), is the set of 1-faces of S.
The boundary of a simplicial k multicomplex S is given by

0S8 ={F c V(S) : |F| = k, F is contained in an odd number of elements of S}.

By definition, dS is a simplicial (k — 1)-complex. We say that S is a simplicial k-cycle if S = 0 and
that S is a simplicial k-circuit if S is a nonempty simplicial k-cycle and no proper subset of S is a
simplicial k-cycle. A trivial simplicial k-circuit is a simplicial k-multicomplex comprising two copies of
the same k-face. Our use of the word ‘circuit’ here comes from matroid theory since the set of simplicial
k-circuits contained within any simplicial k-multicomplex S forms the set of circuits of a matroid on S.
In particular, the simplicial 1-circuits in a multigraph are the circuits of its graphic matroid. Note that if
S is a simplicial k-multicomplex and &/ C S is a simplicial k-cycle, then d(S \ &) = S. This implies
that a nonempty simplicial k-cycle can be partitioned into a disjoint union of simplicial k-circuits. We
will frequently consider the symmetric difference SAT of two simplicial k-complexes S, 7 and use the
fact that 9(SAT) = (05)A(0T).?

We say that a simplicial k-multicomplex S is strongly connected if for any distinct U, W € S, there
isasequence U = Uj,...,U; = Win S, such that |[U; N Uy | = k fori =1,...,¢ — 1. Observe that if
T is a maximal strongly connected subset of S, then 97 c dS. In particular, it follows easily from this
observation that any simplicial k-circuit is strongly connected.

A k-pseudomanifold is a strongly connected simplicial k-complex in which every (k — 1)-face is
contained in exactly two k-faces. It is not difficult to show that a k-pseudomanifold is a simplicial
k-circuit [6, Lemma 3.2]. We also note here that S is a simplicial k-circuit if and only if it is a
minimal homology cycle over Z, in the sense of Fogelsanger [7]. Fogelsanger’s Rigidity Theorem
applies to minimal homology cycles over arbitrary abelian groups, and it might be interesting to
investigate symmetric rigidity for arbitrary minimal homology cycles. We have not considered this extra
generality in this paper since the class of simplicial k-circuits is already sufficiently general to include all
pseudomanifolds.

We next define a contraction operation for two vertices u, v in a simplicial k-multicomplex S. Let
Ast({u,v}) = {U € S : {u,v} ¢ U} be the anti-star of {u,v} in S. Then S/uv is the simplicial
k-multicomplex obtained from Ast({u, v}) by replacing every k-face U that contains v with U —v+u. We
say that S/uv is obtained from S by contracting v onto u. Let y : Ast({u,v}) — S/uv be the canonical
bijection. Note that our contraction operation may create multiple copies of a k-face in S/uv even when
S is a simplicial complex. We allow this in order to have the useful property that the set of simplicial
k-cycles is closed under the contraction operation. Note also that if every edge in E(S) \ {u, v} belongs
to at least one k-face in Ast({u, v}), then G(S/uv) = G(S)/uv, where the right-hand side denotes the
usual contraction operation on simple graphs.

We next describe the Fogelsanger decomposition of a simplicial k-circuit. Suppose that S is a
nontrivial simplicial k-circuit and uv € E(S). Then S/uyv is a simplicial k-cycle, so we can express it as
S/uv =8/ uU---US,,, where S J’ is a simplicial k-circuit for 1 < j < m (this partition is not necessarily
unique). Let

1 An abstract simplicial complex in which every maximal face has cardinality k + 1.
2We will only use this operation for simplicial k-complexes and so do not need to give a definition for the symmetric difference
of two multisets.
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S =y (S),
ST={K cV(S): {u,v} ¢ K,K —u,K —v € 3S;} and
Sf=8;us].
We say that (S, ...,S;) is a Fogelsanger decomposition for S at uv. The properties of this decompo-

sition are summarised in the following lemma, which is a restatement of [6, Lemma 3.9].

Lemma 3.1. Suppose S is a nontrivial simplicial k-circuit and uv € E(S). Let (S}, S;,...,Sy,) be a
Fogelsanger decomposition of S at uv. Then,

1. S} /uv is a simplicial k-circuit for all 1 < i < m;

2. 8} is a nontrivial simplicial k-circuit for all 1 < i < m, and each K € S/ \ S is a clique of G(S)
which contains {u, v},

each k-face of Ast({u,v}) is a k-face in a unique S} ;

S= A;’?: IS;F;

uv € E(S7) forall 1 <i <mand\J;Z, E(S}) = E(S);

for all proper I C {1,2,...,m}, there exists j € {1,2,...,m} \ I and a (k + 1)-clique K of G(S)
suchthatK ¢ S and K € (A,-HSI.*) N S}'.

A

4. I'-rigidity of simplicial circuits with a non-adjacent vertex pairing

In this section, we will consider simplicial circuits with a non-adjacent vertex pairing and use the results
of Section 2 to prove that their graphs are I'-rigid in certain cases. We begin with an analysis of the
graph of a crosspolytope in this context. These graphs will serve as the base case in the inductive proof
of our main theorem.

For k > 0,let ey, es, . .., ex41 be the standard basis for R**!. The (k + 1)-dimensional crosspolytope
is the convex hull of the set of points {+ey, ey, ..., +exs1}. We will use By to denote the boundary
complex of this polytope. It is well known that B is a simplicial k-complex whose vertex set is {+e; :
1 <i < k+ 1}. Moreover, the k-faces are precisely the transversals of {{+e;}, {xes},..., {xex+1}}. In
particular, for any distinct vertices u, v of By, uv is an edge of By if and only if v # —u. Hence, there
is the unique non-adjacent vertex pairing * : V(By) — V(By) that pairs the antipodal vertices of By.
Using this unique *, the graph G (Bx) of By is Z;-symmetric.

We now check the I'; x.i-rigidity of (G(Bk), *). We need the following operation and result due to
Whiteley [21]. Given a graph G = (V, E), the cone of G is the graph GV obtained by adding a new
vertex v and all edges from v to V.

Lemma 4.1 (The Coning Lemma). Suppose that G = (V, E) is a graph, GV is the cone of G and p is
a realisation of GV in RK*! such that p(V) is contained in a hyperplane H, p(v) ¢ H and (G, plv) is
infinitesimally rigid in H (viewed as a copy of RX). Then (G, p) is infinitesimally rigid in R**!.

Lemma 4.2. Suppose k > 2 and I" = I'y y41 for some 0 < t < k. Let G(By) be the graph of the (k +1)-
dimensional crosspolytope and = : V(By) — V(By) be the non-adjacent vertex pairing on V(By). Then
(G (By), #) is T-rigid in R**! unless k = 2 and T is a rotation group of order two.

Proof. Denote the set of vertices of By by {x1,x7],...,Xk+1,Xg,,}. We show by induction on k that
G (By) has an infinitesimally rigid I'; x+1-symmetric realisation p; j in R**!. For the base case when
k = 2, it is straightforward to check that (G (13,), po.2) is infinitesimally rigid when pg(x;) = e; and
po2(x}) = —e; forall 1 < i < 3; (G(By), p2,2) is infinitesimally rigid when ps>(x;) = e; + e3 and
P2,2(x7) = e; — ez forall 1 <i < 3. Hence, we may assume that k > 3.

The inductive step will follow immediately from the following:

Claim 4.3. Suppose (G (Bk-1), *) has an infinitesimally rigid I'; x-symmetric realisation p; r_; in RK
for some k > 3 and 0 < ¢ < k — 1. Then (G (By), *) has both an infinitesimally rigid Iy x.;-symmetric
realisation and an infinitesimally rigid I';4; x+1-symmetric realisation in RK+L,
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Proof. We may assume that p, x_; is a generic I, ;-symmetric realisation of (G(Bx_1), *) in R* and
that V(By-1) = {xl,xi‘, . ,xk,xz}.

We first extend p; x—1 to an infinitesimally rigid I'; xi-symmetric realisation p; x of (G (Bk), *) in
R**! by putting p; x (z) = (pr.k-1(2),0) forall z € V(By_1) and p; x (xk+1) = exs1 = —prk(x},,). Then
the restrictions of p, x to both G(By) — xx+1 and G (By) — x; ., are infinitesimally rigid by Lemma 4.1.
We can now use Theorem 2.8 to deduce that p; ;. is an infinitesimally rigid realisation of G (By).

A similar proof works for p,.1 x. We construct a realisation p;.1 x of G(Bx) from p; r_; by putting
Pr+1.k(2) = (0, pr.i-1(2)) for all z € V(Bi-1) and prs1 k (Xk+1) = €1 = pre1,k(x},)- Then we can use
Lemma 4.1 and Theorem 2.8 to deduce that (G (Bg4), pr+1.x) is infinitesimally rigid. O

O

We next use Lemma 4.2 to analyse the case when X # V(By).

Lemmad4.4. Let k > 2, X C V(By), * : X — X be a non-adjacent vertex pairing of G(By) and T" be a
point group of R¥*! of order two. Suppose that |X| < 2k. Then (G, %) is T-rigid in R¥*!.

Proof. Tt will suffice to show that (G(By), ) has an infinitesimally rigid I'-symmetric realisation in
R4+ This follows immediately from Lemma 4.2 unless k = 2 and I is a rotation group. In the latter
case, a realisation of G (By) as the regular octahedron is a I'-symmetric realisation of (G (By), *) since
|X| < 4. Hence, the I'-rigidity of (G (;), *) follows from the infinitesimal rigidity of the 1-skeleton of
the regular octahedron. O

We next show that Lemma 4.4 can be extended from By to arbitrary simplicial k-circuits. This result
will be a key ingredient in the proof of our main theorem (Theorem 5.8).

Theorem 4.5. Let G = (V,E) be the graph of a simplicial k-circuit S for some k > 2, X C V,
1 X — X be a non-adjacent vertex pairing of G, and I be a point group of R**! of order two. Suppose
that |X| < 2k. Then (G, *) is T-rigid in R¥*1.

Proof. Suppose, for a contradiction, that S is a counterexample with as few vertices as possible. Clearly,
S cannot be a trivial simplicial k-circuit. Let (G, %, p) be a generic I'-framework in R¥*1 First, we
record a useful observation. Suppose that K C V is a clique in G. Then since xx* ¢ E for all x € X
(as * is non-adjacent), it follows that

Xk =0 and p(K) is a generic set of points in R**! 4.1

Claim 4.6. Every edge of G is incident to X.

Proof of claim. Suppose, for a contradiction, that uv € F and u,v ¢ X. Let (S,...,S}) be a Fo-
gelsanger decomposition of S with respect to uv. Put (V;,E;)) = G; = G(S) and X; = Xy, =
(VinX)n (V; n X)*. Then |X;| < |X] for each i. Also, *|x, is a non-adjacent vertex pairing for G; by
Lemma 3.1(e).

Suppose |V;| < |V| for all i = 1,...,m. Then, by the minimality of |V|, (G;, *|x,) is T"-rigid in
RK*1 Tt follows that (G, ply;) is infinitesimally rigid. Now, a straightforward induction argument using
Lemma 3.1(6), Theorem 2.8(b) and (4.1) proves that (G, p) is infinitesimally rigid, contradicting our
choice of S.

Thus, we can assume without loss of generality that V| = V. Since S} /uv is a simplicial k-circuit,
it follows from the minimality of |V| that (G/uv, %) is I'-rigid. By Lemma 3.1(b), we can choose
U e Sr such that u,v € U. Since Sr is a nontrivial simplicial circuit, there is some w ¢ U such that
w € Ng,(u) N Ng,(v). Now C = U — {u,v} + w satisfies, |C| = k, and |Xc| < 2. Lemma 2.11 now
implies that (G, *) is I'-rigid in R*! and since G| is a spanning subgraph of G, that (G, ) is also
I-rigid in R**!. This contradicts our choice of S. ]

Foreach U € S, Claim 4.6 gives |[UN X| > k. Since | X| < 2k and xx* ¢ E(S) for all x € X, we have

|X|=2kand |[UN X| =k forallU € S. 4.2)
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Claim 4.7. Some subcomplex of S is isomorphic to By.

Proof. Choose U € S. Since xx* ¢ E(S) for all x € X, (4.2) implies that we can label the elements of
X as x1, X7, X2, %3, . ..,xk,xi with U N X = {x1,x2,...,x¢}. Let U = {x1,x2,...,x¢,u}. Since S is a
nontrivial simplicial k-circuit, (4.2) also implies that U — x; + x; is a k-face of S forall 1 <i < k and
hence that J + u is a k-face of S for all transversals J of {{x1, x’l‘}, {xz,xz}, el {xk,x,t}}.

These cannot be all of the k-faces of S since they do not form a simplicial k-circuit. Therefore,
there is some u’ € V(S) \ X such that u” # u, and the same argument as before shows that J + u’

is a k-face of S for all transversals J of {{x1,x]}, {x2,x3}, ..., {xk,x; }}. Hence, every transversal of
{xx7h {x2, x5}, - {xk, X3 3, {u, u’}} is a k-face of S. These transversals induce a subcomplex of S
which is isomorphic to B. O

Since both S and By are simplicial k-circuits, Claim 4.7 implies that S = B;. We can now use
Lemma 4.4 to deduce that (G, *) is I'-rigid. O

It is worth noting that the case X = 0 in Theorem 4.5 is Fogelsanger’s theorem for simplicial .-
circuits, so we can view Theorem 4.5 as a non-generic extension of this fundamental result in rigidity
theory.

The Bricard octahedron shows that the hypothesis |X| < 2k in Theorem 4.5 is necessary when k = 2
and I is a half turn rotation group.

5. Z,-symmetric simplicial complexes

Suppose that S is a simplicial k-multicomplex. Let * : V(S) — V(S) be an involution. For X C V(S)
andU C S,let X* = {x*: x € X} andUU* = {K* : K € U}. The set X, respectively U, is =-invariant if
X* = X, respectively U* = U. We say that = is a simplicial involution if for every facet F of S, F* is a
facet of S of the same multiplicity as F, and that * is free if V(F*) # V(F) for every face F of S. A Z;-
symmetric simplicial k-multicomplex is a pair (S, *) where S is a simplicial k-multicomplex and = is a
free simplicial involution on S. This terminology is consistent with our terminology for graphs since if
(S, %) is a Z,-symmetric k-multicomplex, then (G (S), *) is a Zp-symmetric graph. We will often abuse
notation by omitting explicit mention of the involution * when it is obvious from the context.

5.1. Zy-irreducible cycles and their structural properties

We will refer to a Z,-symmetric k-multicomplex, which is also a simplicial k-cycle, as a Z,-symmetric
k-cycle. A Zy-irreducible k-cycle is a nonempty Z,-symmetric k-cycle (S, *) which is minimal in the
sense that for all @ # 7 ¢ S, (T, #|v (1)) is not a Z-symmetric k-cycle. We say that S is a trivial
Zs-irreducible k-cycle if it consists of two vertex disjoint copies of the trivial simplicial k-circuit and
the involution interchanges the vertex sets of these two trivial simplicial k-circuits. Otherwise, S is a
nontrivial Z,-irreducible k-cycle.

Suppose that S is a nonempty Z,-symmetric k-cycle. It is straightforward to show that if 7 € S is a
Z,-symmetric k-cycle, then S\ 7 is a Z,-symmetric k-cycle. This implies that there exists a partition
S =81 U---US,, where S; is a Z,-irreducible k-cycle fori = 1, ..., m. This partition is not necessarily
unique (even up to permutations).

An important class of examples is the following. Let P be a simplicial convex d-polytope. That
is a convex polytope in R that has dimension d and such that every face in the boundary of P is a
simplex. Suppose also that that P is centrally symmetric. The boundary complex B(P) is a simplicial
(d — 1)-complex whose facets are the vertex sets of the (d — 1)-dimensional faces of P. Then B(P) is
a simplicial sphere and hence a simplicial (d — 1)-circuit. Moreover, the involution * : V(P) — V(P)
given by v* = —v makes B(P) into a Z;-irreducible (d — 1)-cycle.

More generally, if S is a simplicial k-circuit with a free simplicial involution, then since it does not
properly contain any simplicial k-cycle (x-invariant or otherwise), it must also be a Z,-irreducible k-cycle.
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Figure 2. The I-skeleton of a Zy-irreducible 2-cycle S, which is not a simplicial 2-circuit. We have
S=TuT" where T = {{v1,v2,v3}, {vi,va, va}, {v1,v3, va}, {v], v2, va}, {v], v2, va}, {v],v3,va}} is
the simplicial 2-circuit given by the boundary complex of the hexahedron.

However, there are Z;-irreducible k-cycles that are not simplicial k-circuits — the trivial Z,-irreducible
k-cycle is an example. A nontrivial example is given in Figure 2. Since our main motivation is to
understand simplicial k-circuits that have a free involution, the reader might wonder why we introduce
the more general notion of a Z,-irreducible k-cycle. The reason is that Z,-irreducible k-cycles that
are not simplicial k-circuits can arise naturally from the the Z,-symmetric version of the Fogelsanger
decomposition, even if we start with a simplicial k-circuit with a free involution.

Our first structural result on Z,-irreducible k-cycles characterises those which are not simplicial
k-circuits.

Lemma 5.1. Let (S, %) be a nontrivial Zy-irreducible k-cycle. Then either S is a simplicial k-circuit or
S =T UT* where T is a nontrivial simplicial k-circuit. Moreover, if the second alternative holds and
U is a simplicial k-circuit properly contained in S, thenU =T orlU = T*.

Proof. Suppose that S is not a simplicial k-circuit. Then some simplicial k-circuit 7 is properly contained
in S. Since S is a Zp-irreducible k-cycle, 7* # T. It follows that 7AT* is a nonempty *-invariant
simplicial k-cycle contained in S, so TAT* = S, whence S = 7 U T*. If T is a trivial simplicial
k-circuit, then K = V(T)NV(T*) is aface of S and K* = K. Since  is a free involution, it follows that
K =0 and so S is a trivial Z,-irreducible k-cycle, contradicting the hypothesis. Hence, 7 is nontrivial.

Now suppose that the second alternative in the lemma holds and U/ is a simplicial k-circuit properly
contained in S. Then S = U LIU* by the same argument as the first paragraph, and UAT = (U* NT) U
(U N T*) is a *-invariant simplicial k-cycle contained in S. Therefore, either UAT = @ andsold =T
or, UNT =S andsold =S\ T =T* O

An example illustrating the second alternative in Lemma 5.1 is given in Figure 2.

Lemma 5.2. Suppose that (S, *) is a Zy-irreducible k-cycle for some k > 1. Then |V(S)| = 2k +2 with
equality if and only if (S, %) is a trivial Z,-irreducible k-cycle or S is isomorphic to By.

Proof. We have |V(S)| = 2k + 2 since for any U € S, we have U N U* = 0, and hence, [V(S)| >
|UuU*| =2k +2.

Suppose that [V(S)| = 2k +2. Let V(S) = {x;,x] : 1 <i < k+1}.If S contains two copies of some
k-face W, then it follows easily that S = {{W, W, W*, W*}}, and so S is a trivial Z,-irreducible k-cycle.
Thus, we may assume that each W € S has multiplicity one. Then, for each W € S and w € W, we have
W —w+w* € S since W —w is contained in at least two k-faces of S and = is free. It follows that every
transversal of {{x;,x]} : 1 <i < k +1} is a k-face of S, and so, S = By. O
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Lemma 5.3. Let (S, %) be a Zy-irreducible k-cycle for some k > 2 and X c V(S) be an inclusion-
minimal %-invariant vertex separator of G(S). Suppose |X| < 2k. Then either S =T U T* for some
simplicial k-circuit T with V(T) NV (T*) = X, or |X| = 2k and the subgraph of G(S) induced by X is
isomorphic to G (Bg-1).

Proof. Choose V1,V, C V(S) suchthat Vi NV, = X, G(S) = G(S)[VI] U G(S)[Va2]. Let T; ={W €
S : W c V;}. Since X is a vertex separator of G(S), it follows that S = 7; U 7, and that 71,7, # S. The
hypothesis that X is s-invariant and the fact that |X| < 2k imply that, for any W € S, W ¢ X; hence,
TiNnT,=0.Thus, S=T, U7, 071 =97, =:U and V() C X.

Suppose U = (. Then 7T; is a simplicial k-cycle for i = 1,2. Lemma 5.1 now implies that 77 is a
simplicial k-circuit, 72 = 7" and § = 71 U 7;". The minimality of X now gives V(7;) N V(7") = X.
Hence, we may assume that U # 0.

The definition of the boundary operator implies that { is a simplicial (k — 1)-cycle and each of its
facets has multiplicity one. Hence, U AU* is a Z;-symmetric (k — 1)-cycle that does not contain a trivial
simplicial (k — 1)-circuit. Since V(I/) C X and X is *-invariant, V := U AU* C 2X. We can now apply
Lemma 5.2 and the hypothesis that | X| < 2k to V to deduce that either V =0 or V = B;_;.

Suppose V = Bi_;. Then |X| = 2k, and V is the Z;-irreducible (k — 1)-cycle consisting of all
transversals of the following partition of X: {{x1,x]},..., {xx,x} }}. Hence, every k-subset of X which
contains no pair {x;,x;} is contained in V. Since * is free and V(i) C X, this implies that I/ C V.
Sinced c V and ¥V =UAU*, V =U LU*, and hence, V is a trivial Z,-irreducible (k — 1)-cycle. This
contradicts the assumption that V = B;_;.

Hence, V =UAU" = 0 solUd = U*. Then U is a Zy-symmetric (k — 1)-cycle with at most 2k vertices
that does not contain a trivial Z,-irreducible (k — 1)-cycle. Lemma 5.2 now implies that i/ = B_;, and
hence, G(S)[X] is isomorphic to G (Bj_1). O

5.2. Z,-symmetric Fogelsanger decomposition

We next adapt Fogelsanger’s decomposition technique for simplicial k-circuits to the context of
Zy-irreducible k-cycles. Let (S, *) be a Z-irreducible k-cycle and put G = (V,E) = G(S). Sup-
pose that xy € E and xy* ¢ E. Then x*y* € E, x*y ¢ E and (S/xy)/x*y* is a Zp-symmetric
k-cycle under the free simplicial involution induced by * on V — y — y*. Recall that, for a face F of
S, the antistar of F in S is given by Ast(F) = {U € § : F ¢ U}. Observe that there is a bijection
v Ast({x, y}) N Ast({x*,y*}) — (S/xy)/x*y* givenby y(U) = U if y,y* ¢ U, y(U) =U -y +x if
yeU,andy(U) =U - y* +x*if y* e U.

Choose a partition {S], S, ..., S,,} of (§/xy)/x*y* into Z-irreducible k-cycles. For 1 < i < m, let
Si=y71(S),

ST={KcV(S): {x,y} cK.K-x€dS;, K~yedSi}
and
Sf=8US ushH. (5.1)

We say that (S7,...,S}) is a Zy-symmetric Fogelsanger decomposition for S at xy. Note that a Z,-
symmetric Fogelsanger decomposition at xy is defined only when xy* ¢ E.

The Z,-irreducible 2-cycle in Figure 2 can be used to illustrate this construction. We have
(S/vava) [vivy, = 8] U S;, where S is a trivial Z;-irreducible 2-cycle consisting of consisting of two
copies of {v, v2, v3} and two copies of {v’]‘ V5 v§}, and Sﬁ is a trivial Z,-irreducible 2-cycle consisting
of consisting of two copies of {v’l‘, va,v3} and two copies of {vi, v3, vg}. The above definitions now
give S =T U 7-1*, where 71 = {{v1,v2,v3}, {vi,va, va}, {Vv1,Vv3,va}}, SIT = {{va,v3,v4}} and Si" is
the disjoint union of the boundary complexes of two tetrahedra on {vy, vz, v3, v4} and {v},v3, v}, v},
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respectively. Similarly, SJ is the disjoint union of the boundary complexes of two tetrahedra on
{VT, v2,v3,v4} and {vy, vz, v§, vj;}, respectively.

The properties of Z,-symmetric Fogelsanger decompositions given in the following lemma are
analogous to those for Fogelsanger decompositions given in Lemma 3.1.

Lemma 5.4. Let (S, *) be a Zy-irreducible k-cycle for k > 2 and xy € E(S) withxy* ¢ E(S). Suppose
that (S}, ...,Sy,) is a Zy-symmetric Fogelsanger decomposition for S at xy. Let G(S}) = (Vi, E;) for
1 <i < m. Then,

1. xy,x*y* € E; for 1 <i < m;

2. :21 Ei =E and U:Zl V,' =V;

3. (Sf/xy)/x*y" is a Zs-irreducible k-cycle for 1 <i < m;

4. S} is a nontrivial Zy-irreducible k-cycle, and each K € S} \ S is a clique of G that either contains
{x, y} or contains {x*, y*};

5. ifU € S and U contains neither {x, y} nor {x*, y*}, then U belongs to a unique S};

6. S=a7 S5

7. for all proper subsets I of {1,...,m}, there exists j € {1,...,m} \ I such that SJT N AierSf s
nonempty.

Proof. We adopt the definitions of S/, S; and S}L given in our description of a Z,-symmetric Fogelsanger
decomposition. Note that for all 1 < i < m, §; # S since xy ¢ E(S;). Suppose F € dS;. Then
Fn{x,y,x*,y*} # 0 otherwise F € 48§, contradicting the fact that S is a simplicial k-cycle. For
v e{x,y,x*,y*}, let, = {U € dS; : v € U}. Since no edge in E(S;) joins two vertices of {x, y, x*, y*},
we have dS; = Uy LU, UUx+ U Uy~ Furthermore, since 0(S;/xy) /x*y* = dS/ = 0, it follows that

the mapping F +— F -y +x is a bijection Uy, — Uy, 5.2)
and
the mapping F — F — y* +x" is a bijection Uy — Uy-. (5.3)
In particular,
S ={F+y:Fel}. (5.4)

Also, * induces a bijection U, — U,~, and hence,
S| = Ul = Uy | = [Use | = |y (5.5)

Now if xy ¢ S;’ , then Sj = 0, and it follows from (5.5) that S; = 0, contradicting the fact that S is
a Zp-irreducible k-cycle and 0 # S; ¢ S. So xy € E(S/), and since S} is *-invariant, x*y* € E(S/),
proving (1).

The definition of S implies that (S} /xy)/x*y* = /. Since S/ is a Z,-irreducible k-cycle, this
gives (3).

Claim 5.5. 3(S] U (S))") = 8S..

Proof of claim. From (5.5) and the definition of SiT, it follows that forO < s < k—1,themap F — F+y

is a bijection between the set of s-faces of U, that contain x and the set of (s + 1)-faces of Sl.T that contain
{x, y}. Since 9S; is a simplicial (k — 1)-cycle, every (k — 2)-face of U, that contains x belongs to an
even number of (k — 1)-faces of U,. Therefore, every (k — 1)-face of Sj' that contains {x, y} belongs to

an even number of k-faces ofSiT. Hence, GSI.T ={K-x:K¢€ SI.T} U{K-y:K¢€ SI.T} = Uy, UU,. By
symmetry, d((S])*) = Uy- UU,-. Therefore, dS; = Uy LUy, LUy Ul = d(S] U (S))"). O
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Since S = Sl-A(S: v (Sl.T)*), Claim 5.5 implies that S = 0, and hence, S/ is a Z,-symmetric
k-cycle.

Suppose T C SF is a Zy-irreducible k-cycle. If xy,x*y* ¢ E(T), then T ¢ S, contradicting the
fact that S is a Z,-irreducible k-cycle. So xy,x*y* € E(T). Now (7 /xy)/x*y* is a nonempty Z,-
symmetric k-cycle contained in the Z-irreducible k-cycle S/. Hence, (7 /xy)/x*y* =S/ and S; € T.
Since 7 = 0, it follows that 7 D Sj ,and so 7 = S'. Hence, S is a Z,-irreducible k-cycle, which
is nontrivial by (3). Since ST\ S C Sl.T v (S:)*, each K € S} \ S is a clique of G that either contains
{x, y} or contains {x*, y*}. This completes the proof of (4).

If U € S contains neither {x, y} nor {x*, y*}, then U is an element of S; for a unique #, proving (5).

We next prove (6). Suppose, for a contradiction, that R = Sa(al”,S8F) # 0 and choose U € R. By
(5), either {x,y} c U or {x*,y*} c U. Suppose {x,y} C U (a similar argument works for the other
case). Now R is a simplicial k-cycle, and since S and Si* ,1 < i < m, are all nontrivial Z,-irreducible
k-cycles, R does not contain any trivial simplicial k-circuit. It follows that there is some U’ € R such
that U N U’ = U — x. By (5), U’ must contain {x*, y*}, and so yy* € E(R) c E(S), contradicting the
assumption that = is a simplicial involution on S. Therefore, R must be empty — this proves (6).

To verify (7), we suppose, for a contradiction, that there exists a proper subset I of {1, ...,m} such
that S; N Aiels;- =Qforall j € J={1,...,m}\ I. Then, by (6), S = A;.ZIS;' = AieIS;. [N Ajg‘/S}'.
This yields a partition of S into two Z,-symmetric k-cycles, contradicting the hypothesis that S is a
Zy-irreducible k-cycle. This proves (7).

We can now complete the proof of the lemma by verifying (2). Observe that if uv € E(S) and
uv ¢ {xy,x*y*}, then since S is a nontrivial Z,-irreducible k-cycle and xy*,x*y ¢ E(S), there is
some U € & such that u,v € U and {x,y}, {x",y*} ¢ U. By (5), uv € E(S}) for some i. Using this,
together with (1), we see that (Ji2, E(S;) = E. Since G(S) has no isolated vertices, this implies that

i, V(S}) = V. This proves (2). O

We need one more additional property of Z,-symmetric Fogelsanger decompositions.

Lemma 5.6. Let (S,*) be a Zp-irreducible k-cycle and xy € E(S) with xy* ¢ E(S). Let
{8].8},....8,,} be a partition of (S/xy)/x*y" into Z,-irreducible k-cycles and (Sf,...,S,,) be
the Zy-symmetric Fogelsanger decomposition for S at xy corresponding to this partition. Suppose
SJ'. = 7;.’ (W 7;.’* Jfor some simplicial k-circuit 7;.' with |V(7;’) N V(7;’*)| < 2k — 2. Then S;T =T U 7;*
for some simplicial k-circuit T; with [V (T;) N V(Ti*)l < |V(7}’) N V(7;.’*)| +2.

Proof. Since S]’. = (S;j/xy)/x*y", the hypothesis that [V (7T') N V(T")| < 2k — 2 implies that G(SJ’.')
has a x-invariant vertex separator X with V(7)) NV(T"™) € X C V(T )NV (T")+y+y*. In particular,
|X| < 2k.By Lemma 5.3, either S}’ =7;U 7;* for some simplicial k-circuit 7; with V(7;) N V(7;.*) =X
or G(S;F) [X] is isomorphic to G (Bk-1). In the former case, we have the statement. So let us assume the
latter case. Then we have | X| = 2k, and hence, | X| = |V(T" )NV (T ")|+2,s0 {x, y,x*, y*} € X. Together
with G[X] = G(Bj-1), this implies that xy* € E, contradicting an hypothesis of the lemma. O

5.3. Main rigidity theorem

We can now establish our main result. We begin with the following special case.

Lemma 5.7. Let T" =Ty j41 for 0 < t < k. Let (S, *) be a Zy-irreducible k-cycle such that S =T U T*
for some simplicial k-circuit T with h := |V(T) N V(T*)| < 2k. Then (G(S), %) is T-rigid in R**1 if
and only if h > max{2(k —t), k + 1, 2t}.

Proof. To prove sufficiency, we suppose & > max{2(k —t),k + 1,2t}. Let =7 be the non-adjacent
vertex pairing induced on V(7) N V(T*) by *. Since h < 2k, we can apply Theorem 4.5 to
(G(T),*r) to deduce that (G(T),+r) is I'-rigid. Symmetrically, (G(7*), =) is ['-rigid. Now
Theorem 2.8 (the gluing theorem) implies that the union of (G(T), ) and (G(T¥),*r) is I'-rigid
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ifh > (k+1)+h-1-min{h/2,d — t} — min{h/2 — 1,1}, or equivalently, min{h/2,k + 1 — ¢t} +
min{A/2 — 1,¢t} > k. By an elementary calculation, one can check that this is equivalent to
h > max{2(k — 1),k +1,2t}.

To prove necessity, we suppose & < max{2(k — t),k + 1,2t} and let (G(S), *, p) be a generic
I-symmetric framework. If 7 and 7* are trivial simplicial k-circuits then, by Lemma 5.1, V(7) N
V(T™*) = 0, and it is clear that G(S) is not I"-rigid. So we may assume that 7 and 7" are nontrivial
simplicial k-circuits. It follows easily that

dim(aff(p(V(T)))) = dim(aff (p(V(77)))) = k + 1.

However, the assumption 7 < max{2(k — ), k + 1,2} implies that H = aff (p(V(T) N V(T"))) has
dimension at most k — 1, and so (G(7), *r, p) has a nontrivial infinitesimal flex induced by rotation
about H. O

Theorem 5.8. Let (S, *) be a nontrivial Zy-irreducible k-cycle for some k > 2. Suppose thatI" = Ty y11
for some 0 < t < k and that T is not a rotation group when k = 2. Then the following statements are
equivalent.

() (G(S), ) is T-rigid in R**!;
(ii) S is a simplicial k-circuit or S = T U T* for some simplicial k-circuit T with [V(T) NV (T*)| =
max{2(k — 1),k +1,2t};
(iii) for every X c V(S) such that X* = X and | X| < max{2(k —1),k +1,2t}, G(S) — X is connected.

Proof. Let c = max{2(k —t),k +1,2t}.

By Lemmas 5.1 and 5.7, (i) implies (ii). To see that (ii) and (iii) are equivalent, observe that ¢ < 2k
since 0 <t < k. Also, if X is a s-invariant subset of V(S) of size less than 2k, then Lemma 5.3 implies
that X is a vertex separator of G(7) if and only if S = 7 U T* for some simplicial k-circuit 7 with
V(T)NV(T*) € X. The equivalence between (ii) and (iii) now follows.

It remains to prove that (ii) and (iii) imply (i). Suppose, for a contradiction, that S is a counterexample
to this statement with |V (S)| minimal and let G(S) = G = (V, E).

Claim 5.9. There exists an edge xy € E such that x*y ¢ E.

Proof of claim. Suppose, for a contradiction, that x*y € E whenever xy € E. Then, for every U € S,
G [UUU*] can be obtained from the complete graph on ULIU* by deleting the set of edges {xx* : x € U}.
Hence, G[U U U*] is isomorphic to G (B). We can now apply Lemma 4.2 to deduce that

G[U LU U] is T-rigid for all U € S. (5.6)

Suppose S is a simplicial k-circuit. Then S is a strongly connected simplicial k-complex so, for all
U,U’ € S, there exists a sequence of k-faces Uy, Uy, ..., U, of S such that U; = U, U,, = U’ and
|UiNUjs1| = kforall 1 <i < m—1.Putting H = U/, G[U;UU;], we cannow use (5.6) and Theorem 2.8
to deduce that H is I"-rigid. This implies that every vertex of G belongs to the unique maximal I'-rigid
subgraph of G which contains U LI U*, and hence, G is I'-rigid. This contradicts the choice of S.

Thus, S is not a simplicial k-circuit. Then S = 7 U 7™ for some simplicial k-circuit 7 with
[V(T)NV(T")| = c by the assumption that (ii) holds for S. Then 7 is strongly connected, so we can
apply the argument in the previous paragraph to deduce that V(7)) is contained in a I'-rigid subgraph
of G. By symmetry, V(7) is also contained in a I'-rigid subgraph of G. Since V(G) = V(T) UV (T)*,
we can now apply Theorem 2.8 to deduce that G is I'-rigid, again a contradiction. This completes the
proof of the claim. O

Claim 5.9 tells us we can choose an edge xy € E such that xy* ¢ E. Let (S,...,S;,) be a Z,-
symmetric Fogelsanger decomposition of S at xy, and put S; = (S /xy)/x*y* for all 1 < i < m. By
Lemma 5.4(3), S/ is a Z,-irreducible k-cycle.
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Claim 5.10. For all 1 < i < m, either G(S}") is I'-rigid or S} = 7; U 7;* for some simplicial k-circuit
T: with [V(T;) nV(T")| < 2k.

Proof. The proof splits into two cases depending on the I'-rigidity of S/ = (S} /xy)/x*y*.

Suppose S/ is I'-rigid. Since xy € E(S;) and S; is a nontrivial Z;-irreducible k-cycle by Lemma
5.4(a)(d), there exist Uy, U, € S such that |U; N Uz| = k and {x,y} € Uy NU,. Let C = (U; U
Uz) \ {x,y}. Then C C NG (st (x)n NG (st (), |C| = k and |C N C*| < 2. Similarly, we can choose
D C Ng (s (x") N NG(sy)(y*) such that [D| = k and |[D N D*| < 2. Theorem 2.14 now implies that
G(S}) is I'rigid.

Next, suppose S/ is not I'-rigid. Then, by the minimality of [V(S)|, S/ does not satisfy (ii) in the
statement of the theorem. Lemma 5.1 now implies that S/ = 7" LI 7" for some simplicial k-circuit 7~
with [V(T")NV(T™)| < c. By Lemma 5.6, there is a simplicial k-circuit 7 such that S = 7 LI'T* with
[V(NV(T)| < |[V(T)NV(T"™)|+2.Suppose | < ¢ < k—1.Thenc = max{2(k—t), k+1,2t} < 2k-1.
Hence, [V(T) NnV(TH| < [V(T)HNV(T"™)|+2 < ¢+ 1 < 2k, as required. Hence, we may assume
that = 0 or t = k. Then ¢ = 2k. Since |V(T’) N V(T")| and ¢ are both even, |V(T) N V(T*)| <
\V(T)NV(T"™)| +2 < ¢ =2k. This completes the proof. O

We next define a sequence of simplicial k-cycles Wi, Wh, ..., W,,. For each 1 < i < m, we set
W; = 8t if G(S}) is I'rigid. Otherwise, we put W; = 7T;, where 7; is the simplicial k-circuit given by
Claim 5.10 for S;". We will show that

G (W;) and G(W) are both I'-rigid. 5.7
If W; = S, then G(W,) is T'-rigid by definition, and we have W} = (S})* = S} because S} is a
Zy-irreducible k-cycle. Conversely, if W; = T;, then we have [V (7;) N V(7;")| < 2k, and we can apply
Theorem 4.5 to deduce that G(7;) and G(7;*) are both I'-rigid. Thus, (5.7) holds.

We can now complete the proof of the theorem. Using Lemma 5.4(7) to reorder (S7,...,S;) as
necessary, and interchanging 7" and 7; where necessary, we can assume that

Wi N (sl W) #0for2 < j <m. (5.8)

The hypothesis that xx* ¢ E for all x € X implies that

UNnU" =0 for all cliques U of G(S). (5.9)

We can now apply a straightforward induction argument using (5.7), (5.8), (5.9) and Theorem 2.8 to
deduce that

|JGow) and | ] G(W;}) are both T-rigid. (5.10)

i=1 i=1

If W; = S for some 1 < i < m, then J;Z; G(W;) and U2, G(W;) intersect in at least 2k vertices.
By Theorem 2.8, G(S) = (U, GOW,)) U (U, GOW)) is I-rigid contradicting our choice of S.

So we can assume that for i = 1,...,m, 8} = T; U T;*, where 7; is simplicial k-circuit properly
contained in S and W; = 7;. If T; N 7']* # 0 for some distinct 7, j, then 2, G(7;) and U2, G(T;")
intersect on a (k + 1)-clique in G(S). Hence, their union is I'-rigid by (5.9) and the gluing theorem
(Theorem 2.8). Since the union is G(S) by Lemma 5.4(b), this contradicts the choice of S as a
counterexample.

Therefore, 7; N 7;* =0forall 1 <i,j < m.ByLemma 5.4(e), 7," contains a simplex U € S that
is not contained in any S} for j # i. This, and the facts that 7; N 7 = 0 forall 1 <i,j < m and
A SF = S, imply that A, 7; is a simplicial k-cycle that is properly contained in S, so S is not a
simplicial k-circuit. Since S satisfies (ii) from the statement of the theorem, it follows from Lemma 5.1
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that S =7 U T*, where T = A, T; and |[V(T) N V(T*)| = max{2(k — 1), k + 1,2t} =: c. Moreover,
also by Lemma 5.1, 7 must be a simplicial k-circuit.

Note that G(7) € U2, G(T;) and G(T™) € UiZ, G(T;), s0o U2, G(T;) and U;Z, G(7;") also have
at least c common vertices. We can now use (5.10), Theorem 2.8 and Lemma 5.4(b) to deduce that G (S)
is I"-rigid, contradicting our choice of S. This final contradiction completes the proof of the theorem. O

Theorem 5.8 immediately gives the following sufficient condition for the ['-rigidity of Z,-symmetric
simplicial circuits.

Theorem 5.11. Let (S, %) be a Zy-symmetric simplicial k-circuit with k > 2. Then (G(S), *) is I'-rigid
in R¥*1 if either k > 3 or k = 2 and T is not the half-turn rotation group.

Since every pseudomanifold is a simplicial circuit, [11, Conjecture 8.3] follows immediately as a
special case of Theorem 5.11.

6. The lower bound theorem

The lower bound theorem for Z,-irreducible k-cycles is an immediate corollary of Theorem 5.8 and
Lemma 2.2.

Theorem 6.1. Let (S, *) be a nontrivial simplicial Zy-irreducible k-cycle for some k > 2. Suppose
that G(S) — X is connected for all X C V which satisfy X* = X and |X| < 2k. Then g,(S) =
IE(S)| = (k+DIV(S)|+ (F3) = (1) = (k+1).

Proof. We can apply Theorem 5.8 in the case when I' = I'y x4+ is a point inversion to deduce that
(G(S), %) is I'-rigid. The case ¢ = 0 of Lemma 2.2 now gives g>(S) > (kgl) —(k+1). m|

A similar argument using Theorem 5.11 and Lemma 2.2 gives the following:
Theorem 6.2. Let (S, *) be a Zy-symmetric simplicial k-circuit with k > 2. Then g,(S) > (kzl) —(k+1).

Since every pseudomanifold is a simplicial circuit, this immediately gives the following lower bound
result for pseudomanifolds and hence verifies the inequality part of [11, Conjecture 8.1]

Corollary 6.3. Let (S, ) be a Zy-symmetric k-pseudomanifold with k > 2. Then g>(S) > (k;]) —(k+1).

7. Closing remarks
7.1. Characterising I\ 3-rigid simplicial 2-circuits

Theorem 5.8 resolves the Iy 41 -rigidity question for Z,-symmetric simplicial k-circuits in R**!, except
in the case when # = 1 and k = 2. In this case, Lemma 2.2 implies that the boundary complex of a Z,-
symmetric simplicial polyhedron cannot be T'j 3-rigid in R3. Other examples can be obtained from the
boundary complex P of a Z,-symmetric simplicial polyhedron by choosing a face F of P and ‘inserting’
an arbitrary simplicial 2-circuit 7 into both F and F*. More precisely, we choose a copy 7* of T, label
the vertices of 7 so that F € T and V(P) N V(T) = F, and then put S = PA(T LU T™).

We believe that all examples of Z,-symmetric simplicial 2-circuits which are not 'y 3-rigid in R3 can
be obtained by recursively applying this insertion operation to the boundary complex of a Z;-symmetric
simplicial polyhedron. This would imply the following conjecture.

Conjecture 7.1. Suppose that (S,x*) is a Zy-symmetric simplicial 2-circuit such that G(S) is 4-
connected and non-planar. Then G(S) is Ty 3-rigid in R3.

A graph G = (V, E) is redundantly rigid in R? if G — e is rigid in R for all ¢ € E. We showed
in [6] that if G is the graph of a simplicial k-circuit for some £ > 3 and G is (k + 1)-connected, then
G is redundantly rigid in R*!, and we used this to deduce that equality in the Lower Bound Theorem
can only hold for simplicial k-circuits when they are stacked k-spheres. We believe that an analogous
approach may work for I'-rigidity and our symmetric lower bound theorem.
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7.2. Redundant T-rigidity of simplicial circuits

Conjecture 7.2. Let (S, *) be a Z-symmetric simplicial k-circuit such that k > 3, S # By and G(S) is
(k+1)-connected. Then, for all point groups T in RK*! of order two and all e € E(S), (G(S) —e —e*, %)
is T-rigid in RF*1,

Conjecture 7.2 would imply that equality can only hold in Theorem 6.2 when S is a symmetrically
stacked sphere (see [11] for a definition) and would verify [11, Conjecture 8.1] as a special case.

7.3. Non-adjacent vertex pairings

The Bricard octahedron shows that Theorem 4.5 will become false if we remove the hypothesis that
|X| < 2k. More generally, any Z,-symmetric boundary complex of a polyhedron will not be I'-rigid in
R3 when I is the half turn rotation group by Lemma 2.2. It is conceivable, however, that the hypothesis
that |X| < 2k is not necessary in certain special cases. Indeed, [11, Conjecture 8.4] is precisely this
statement in the case when k = 2, S is a simplicial sphere and I" is a point inversion group.

7.4. More general group actions

Adin [1], and later Jorge [9], extended Stanley’s lower bound theorem to rational polytopes with a cyclic
linear symmetry group of prime power order. Their methods are very different from ours, relying on
algebraic properties of the Stanley-Reisner ring of a simplicial complex.

It is natural to ask if the rigidity-based approach can be used to extend these results to simplicial
circuits and/or other point groups. In this paper, we frequently use the fact that * is free and I is a point
group of order two. Relaxing either of these restrictions in a rigidity-based approach remains an open
problem.

7.5. The lower bound conjecture for higher dimensional faces

Let ¢;(n, k) be the number of j-faces of a symmetrically stacked k-sphere with n vertices. One can
easily verify by induction on n that

¢;(n, k) = 2 () + =2k =) () i j < k-1
J\Is 2k+1+k(n_2k_2) 1f]:k

For a simplicial complex S, let f;(S) be the number of j-faces of S.

Conjecture 7.3. Suppose that k > 2 and S is a simplicial k-circuit with n vertices and * is a free
simplicial involution on S. Then f;(S) = ¢n(n, k) for j = 1,..., k. Moreover, if equality occurs for
any j, then S must be a k-sphere and, in the case that k > 3, must be a symmetrically stacked k-sphere.

In the non-symmetric setting, the analogous conjecture for simplicial manifolds can be derived from
the case j = 1 by an induction argument based on the fact that the link of any proper face in a simplicial
manifold is a simplicial sphere of lower dimension (see [10] for details). However, in the Z;-symmetric
case, this argument does not generalise easily since the the link of F is not Z;-symmetric. One might
consider the union of the links of F and F*, but that is not necessarily a simplicial manifold, even when
S is a simplicial sphere.

A further difficulty for Conjecture 7.3, and indeed for the non-symmetric version [6, Conjecture 8.2],
arises from the fact that the class of simplicial circuits is not link closed. In general, the link of a j-face
in a nontrivial simplicial k-circuit will be a simplicial (k — j — 1)-cycle but not necessarily a simplicial
(k — j — 1)-circuit.
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