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Abstract

‘We construct families of translationally invariant, nearest-neighbour Hamiltonians on a 2D square lattice of d-level
quantum systems (d constant), for which determining whether the system is gapped or gapless is an undecidable
problem. This is true even with the promise that each Hamiltonian is either gapped or gapless in the strongest sense:
it is promised to either have continuous spectrum above the ground state in the thermodynamic limit, or its spectral
gap is lower-bounded by a constant. Moreover, this constant can be taken equal to the operator norm of the local
operator that generates the Hamiltonian (the local interaction strength). The result still holds true if one restricts
to arbitrarily small quantum perturbations of classical Hamiltonians. The proof combines a robustness analysis of
Robinson’s aperiodic tiling, together with tools from quantum information theory: the quantum phase estimation
algorithm and the history state technique mapping Quantum Turing Machines to Hamiltonians.
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1. Introduction
1.1. Definitions and notation

Letus start by defining the setup we will be considering, which is the standard framework in mathematical
physics for describing (finite) spin lattice models. We denote by A(L) := {1, ..., L}? the set of vertices
(referred to as sites) of a square lattice of side L € N, with L > 2. £ ¢ A(L) x A(L) will denote the set
of directed edges of the square lattice, oriented so that (i, j) € £ implies that j lies north or east of i. We
will consider both periodic and open boundary conditions. In the first case, the outer rows and columns
are also connected along the same direction, so that A(L) becomes a square lattice on a torus. In the
second case, these connections are not present.

We associate to each site i € A(L) a Hilbert space HD ~ €4, and to any subset S € A(L)
the tensor product (X); s HD . The interactions between neighbouring pairs (i, j) € £ are given by
Hermitian operators D e B(’H(i) @MY )). In addition, we may assign an on-site interaction given
by a Hermitian matrix hik) € B(H™) to each site k € A(L).

We will restrict in this paper to models that are built up from such nearest-neighbour and possibly
on-site terms in a translationally invariant way. That is, when identifying the isomorphic Hilbert spaces
on which they act, hik) = hil) for all k,/ € A(L), and h(J) = B0 whenever there is a v € Z2 such
that (i’, j') = (i + v, j + v). The total Hamiltonian for the system is then defined as

HAD) Z A Z n®. (1.1)

(i,j)e€ keA(L)

It is fully described for any system size L by three Hermitian matrices: a d X d matrix /; and two d* X d>
matrices oy and Ao, which define the interactions between neighbouring sites within any row and
column respectively. Hence, it may alternatively be written as

EEES WY RIID W I W 12

rows ¢ columns r ieA(L)

max{||owlls | cotll, l|211]} is called the local interaction strength of the Hamiltonian and can be
normalised to be 1.
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The set of eigenvalues, or energy levels, of the Hamiltonian H*%) will be denoted by spec HMF) :=
{Ao(HAMD)), A1 (HAD)), ... }. When the Hamiltonian is clear from context, we will sometimes omit it
and just write {1, 41, . . . }. They are always assumed to be listed in non-decreasing order o < 4 < .. ..
The smallest eigenvalue 1o(HM D)) is called the ground state energy and the corresponding eigenvectors
ground states. The ground state energy density is defined as

Ao(HMD))

E,:= Lli_rgoEp(L), where E,(L) := 2

(1.3)
It is not difficult to show [22] that this limit is well defined.

HAMD) s called frustration-free if its ground state energy is zero while all A7), hgk) are positive
semi-definite. That is, a ground state of a frustration-free Hamiltonian minimises the energy of each
interaction term individually. H*1) is called classical if its defining interactions 4 -/) hgk) are diagonal
in a given product basis (e.g. the canonical one).

We can define now the main quantity under study: the spectral gap

A(HA(L)) :=/1](HA(L)) —/lo(HA(L)). (1.4)

In this paper we are considering the behaviour of A(H*1)) in the thermodynamic limit, that is,
when L — oo. For that, we introduce the following definitions:

Definition 1 (Gapped). We say that a family { H*(2) } of Hamiltonians, as described above, characterises
a gapped system if there is a constant y > 0 and a system size Lq such that for all L > Lo, 1o(H*)) is
non-degenerate and A (HMD)) > v, In this case, we say that the spectral gap is at least vy.

Definition 2 (Gapless). We say that a family { H(") } of Hamiltonians, as described above, characterises
a gapless system if there is a constant ¢ > 0 such that for all & > 0 there is an Ly € N so that for all
L > L any point in [1g(HAP)), 1g(HAE)) + ¢] is within distance & from spec HAL).

Note that gapped is not defined as the negation of gapless; there are systems that fall into neither
class. The reason for choosing such strong definitions is to deliberately avoid ambiguous cases (such as
systems with degenerate ground states). Our constructions will allow us to use these strong definitions,
because we are able to guarantee that each instance falls into one of the two classes. Indeed, we could
further strengthen the definition of gapless without changing our undecidability results or their proofs,
below, by demanding that ¢ = ¢(L) grows with L so that limy,_,., c(L) = oo.

The ideas and techniques for the proof will mainly come from quantum information theory. We there-
fore use notation standard to that field, such as Dirac’s notation for linear algebra operations. A summary
of all the relevant standard notation can be found, for example, in Chapter 2 of the classic book of Nielsen
and Chuang [62].

1.2. Main results

For each natural number n, we define ¢ = ¢(n) to be the rational number whose binary fraction
expansion consists of the digits of n in reverse order after the decimal point. We also fix throughout a
specific Universal Turing Machine, denoted by UTM.

Theorem 3 (Main theorem). For any given universal Turing Machine UTM, we can construct explicitly
a dimension d, d* x d* matrices A,A’,B,C,D,D’ adx d diagonal projector 11 and a rational number
B which can be as small as desired, with the following properties:

(i) A is diagonal with entries in Z.
(ii) A’ is Hermitian with entries in 7. + \/%Z,
(iii) B, C have integer entries,
(iv) D is diagonal with entries in Z,
(V) D’ is hermitian with entries in 7.
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For each natural number n, define:

hi(n) = a(n)I,
heot(n) =D + D', independent of n

hins(n) = A+ B (A7 + 9B+ BT 4 o520y 2 CT)

where a(n) < 8 is an algebraic number computable from n. Then:

(i) The local interaction strength is bounded by 1, i.e. max(||h1(n)|], || Rrow (D), | hcor(R)]]) < 1.
(ii) If UTM halts on input n, then the associated family of Hamiltonians {H*F) (n)} is gapped in the
strong sense of Definition | and, moreover, the gap y > 1.
(iii) If UTM does not halt on input n, then the associated family of Hamiltonians {HF) (n)} is gapless
in the strong sense of Definition 2.

Some comments are in order:

e Using the classic result of Turing [72] that the Halting Problem for UTM on input » is undecidable,
we can conclude that the spectral gap problem is also undecidable.

e The interaction terms in the Hamiltonians given in the Theorem are S-perturbations of the classical
Hamiltonian given by h.ow = A, heol = D. Since 8 can be taken as small as desired, all interactions
appearing in the Theorem are arbitrarily small quantum perturbations of a classical system.

e The only dependency on n in the interactions appears in some prefactors to a set of fixed
interactions.

o In the gapped case, the size of the gap is larger than or equal to the local interaction strength, hence
is as large as possible.

o It is straightforward (if tedious) to extract an explicit value for d in Theorem 3 and Corollary 4 from
the construction described in this paper.

e By exploiting the well known connection between (algorithmic) undecidability and (axiomatic)
independence (see e.g. [68]) one immediately obtains the following corollary:

Corollary 4 (Axiomatic independence of the spectral gap). Let d € N be a sufficiently large constant.
For any consistent formal system with a recursive set of axioms, there exists a translationally invariant
nearest-neighbour Hamiltonian on a 2D lattice with local dimension d and algebraic entries for which
neither the presence nor the absence of a spectral gap is provable from the axioms.

Moreover, as a key intermediate step in the proof of Theorem 3, we will prove that the ground state
energy density problem is also undecidable, a result clearly interesting on its own.

Theorem 5 (Undecidability of g.s. energy density). Let d € N be sufficiently large but fixed. We can
explicitly construct a one-parameter family of translationally invariant nearest-neighbour Hamiltonians
on a 2D square lattice with open boundary conditions, local Hilbert space dimension d, algebraic matrix
entries, and local interaction strengths bounded by 1 for which determining whether E, = 0 or E,, > 0
is an undecidable problem.

A short version of this paper — including a statement of the main result, discussion of its implications,
an outline of the main ideas behind the proof, together with a sketch of the argument — was published
recently in Nature [22]. We encourage the reader to consult it in order to gain some high-level intuition
about the full, rigorous proof given in this work.

1.3. Relation to physics

As already discussed in [22], this result has a number of implications for condensed matter and mathe-
matical physics, that we briefly recall here.
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Quantum spin lattice models are ubiquitous in mathematical physics. They play a central role in
condensed matter physics, in quantum computation and even in high energy physics, where one route
to formalising the continuum is to consider quantum many body systems on a lattice and later sending
the lattice spacing to zero. In all these contexts, one often starts from a description of the microscopic
interactions that govern the system. The question is then how to infer the relevant observable macroscopic
properties that emerge as the lattice size (number of particles) tends to infinity.

The spectral gap is amongst the most important properties of a quantum many-body Hamiltonian. It
is intimately related to the physics of a quantum many-body system. Quantum phase transitions can only
occur at critical points where the gap vanishes. The intuitive reason is that the spectral gap “protects”
the ground state properties of the system against small perturbations, since an energy of the order of
the gap must be pumped into the system to transition to a different state. Formalising this intuition is
a major open question. Recently Bravyi, Hastings and Michalakis [19] and Michalakis and Pytel [57]
proved this for the particular case of frustration-free systems satisfying certain additional conditions, by
proving that the spectral gap of these systems is stable under arbitrary local perturbations throughout
the system.

The low-temperature behaviour of a system is also governed by the spectral gap: gapped systems
exhibit “non-critical” behaviour, with low-energy excitations that behave as massive particles [35],
preventing long-range correlations [42, 61]; gapless systems exhibit “critical” behaviour, with low-
energy excitations that behave as massless particles, allowing long-range correlations. This implies
that ground states of gapped systems are somehow less complex. That intuition has been formalised
in the area law conjecture [26], which has been proven for 1D spin systems [39], and in 2D if certain
additional hypothesis on the spectrum are satisfied [40]. This in turn translates into better algorithms
for computing properties of such systems [65]. A paradigmatic example of this line of research is the
recent proof [51, 7], based on an improved version of the 1D area law theorem [6], that the ground state
energy density problem for gapped quantum spin systems in 1D is in the complexity class P (i.e. the
run-time of the algorithm scales polynomially in the system size).

Because of its central importance to many-body quantum systems, many seminal results in mathe-
matical physics concern the spectral gap of specific systems. Examples include the Lieb-Schultz-Mattis
theorem showing that the Heisenberg chain for half-integer spins is gapless [53], extended to higher
dimensional bipartite lattices by Hastings [38], and the proof of a spectral gap for the 1D AKLT model
[1]. More recently, shortly after this work first appeared on preprint servers, Bravyi and Gosset gave a
complete characterisation of the spectral gap for the simplest non-trivial case of 1D chains of spin-%
particles (qubits) with frustration-free, nearest-neighbour interactions [18]. (The frustrated case remains
open.)

The same is true of some of the most important open questions in the field. For instance, the Haldane
conjecture [36], first formulated in 1983, states that the integer-spin antiferromagnetic Heisenberg model
in 1D has a non-vanishing spectral gap. Despite strong supporting evidence from numerical simulations,
a proof remains elusive. The analogous question in 2D for non-bipartite lattices can be traced back to
the work of Anderson in 1973 [5], where he suggested the existence of new types of materials, nowadays
called topological quantum spin liquids. The existence of minerals in nature, such as herbertsmithite,
whose interactions can be well approximated by the spin—% antiferromagnetic Heisenberg model on
the Kagome lattice — hence are compelling candidates for systems with a topological quantum spin
liquid phase [37] — brought the problem of its spectral gap to the forefront of physics. The existence
of a spectral gap in these systems is an active area of research, with techniques reducing the spectral
gap problem to finite-volume criteria very recently being applied successfully (partially numerically)
to certain cases such as the honeycomb lattice [52, 67], whilst other cases remain disputed even at the
level of numerical evidence (see e.g. [76, 44]).

Undecidability of the spectral gap has a number of immediate corollaries relevant to physics. It implies
that one can write down models whose phase diagrams are so complex they are in fact uncomputable. It
implies the standard approach of trying to gain insight into physics models by solving numerically for
larger and larger lattice sizes necessarily fails for some systems; the system can display all the features
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of a gapless model, with the gap of the finite system decreasing monotonically with increasing size.
Then, at some threshold size, it may suddenly switch to having a large gap. (In Section 2 we also
construct models exhibiting the opposite transition, from gapped to gapless.) Not only can the threshold
size be arbitrarily large; the threshold size itself is an uncomputable number. In a recent paper [11],
we constructed very simple models with small local dimensions which exhibit this type of “size-driven
phase transition” (without, however, the undecidability properties proven here). Our findings also imply
that a result showing robustness of the spectral gap under perturbations, as for the case of frustration-free
Hamiltonians [57] and for free-fermion systems [24, 4 1], cannot hold for general gapped systems.

Phase diagrams with infinitely many phases are known in quantum systems in connection with the
quantum Hall effect, where fractal diagrams like the Hofstadter butterfly can be obtained [66, 43].
Since membership in many fractal sets is not decidable (when formulated in the framework of real
computation; see [17]), it would be interesting to see whether quantum Hall systems could provide a
real-world manifestation of our findings.

Conjectures about the spectral gap, such as the Haldane conjecture, the 2D AKLT conjecture, or the
Yang-Mills mass gap conjecture in quantum field theory, implicitly assume that these questions can be
answered one way or the other. Our results prove that the answer to the general spectral gap question
is not determined by the axioms of mathematics. Whilst our results are still a long way from proving
that any of these specific conjectures are axiomatically undecidable, they at least open the door to the
possibility that these — or similar — questions about physical models may be provably unanswerable.

The idea that some of the most difficult open problems in physics could be mathematically proven
to be impossible to solve is not new. Indeed, proving the impossibility of obtaining exact formulae for
certain physical quantities in natural physical models is highlighted as one of the main open problems in
mathematical physics in the list published by the International Association of Mathematical Physics in
the late 90’s, edited by Aizenman [3]. Apart from the pioneering work of Komar in this direction in 1964
[49], stating undecidable properties in Quantum Field Theories, and the influential paper of Anderson
entitled “More is different” [4] in 1972, most of the initial connections between physical problems and
undecidability arose in the 80s and 90s. In 1981, [69] studied non-computable solutions to the wave
equation. One year later, [31] found undecidable questions in models of hard frictionless balls. In 1984,
Wolfram wrote the paper “Undecidability and Intractability in Theoretical Physics” where, motivated by
the emergent complexity of very simple cellular automata, he conjectured that many natural problems
in physics, and in particular in classical statistical physics, should be undecidable. Many results in this
direction — using cellular automata to prove undecidability results in physical problems — have been
shown since then (e.g [25] or [64]). The work of Gu, Weedbrook, Perales and Nielsen [34] in 2009
found undecidable properties in the 2D classical Ising model. Besides cellular automata, another natural
connection between undecidability and physics, that we will exploit in this paper, came from tiling
problems, shown to be undecidable by the works of Wang and Berger in the 60s [74, 15]. This idea has
been exploited for instance in 1990 by Kanter [45], finding undecidable properties in anisotropic 1D
Potts Hamiltonians. That same year, in a completely different direction, Moore wrote one of the most
influential papers on undecidability in physics [59], proving undecidability of the long-term behaviour
of a particle-in-a-box problem. (See also [14] for a nice commentary on that paper.)

In recent years, mainly motivated by quantum information theory and the link it established between
physics and computer science, there has been a revival of interest in undecidability in quantum physics.
Results in this direction have appeared in several contexts, such as measurement and control [27, 75],
tensor networks [60, 48, 21], measurement-based quantum computation [73], channel capacities [28],
or Bell inequalities [12, 71].

A precursor of those results, due to Lloyd, appeared already in 1993 [54, 55] in the early days
of quantum information theory. There, it is argued that quantum computing implies certain spectral
properties of quantum mechanical operators are undecidable. More precisely, the unitary evolution
U associated to the evolution of a computer (classical or quantum) capable of universal computation
has invariant subspaces with discrete spectrum (roots of unity) and other invariant subspaces with
continuous spectrum (the whole unit sphere), corresponding respectively to computations that halt and
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do not halt. Then, since the halting problem is undecidable, Lloyd concludes that given a quantum state
associated with a program in the infinite dimensional space in which U is defined, it is undecidable to
know whether it has overlap with an invariant subspace having discrete spectrum or, conversely, it is
supported on an invariant subspace in which the spectrum is the full unit circle. See [56, 23] for a recent
discussion between the relation between Lloyd’s result and the result of this paper.

In subsequent follow-up work, we have extended the undecidability results described here to 1D
systems [8] and to uncomputability of phase diagrams [9], and have used insights from our undecidability
results to construct simple, explicit examples of the new type of “size-driven” phase transition implied
by undecidability of the spectral gap [11].

We refer to a forthcoming review paper in collaboration with Gu and Perales [20] for an extensive
analysis and discussion of all results mentioned above, and many more, related to undecidability in
physics.

1.4. Brief overview of the proof

An extended overview and discussion of the ideas behind our proof can be found in the Supplementary
Material of [22]. We will simply sketch here the four main steps of the proof, whose rigorous statements
and proofs are given, respectively, in Sections 3 to 6 .

Step 1: write n on the tape.

In order to feed an arbitrary input n € IN to the UTM, and at the same time keep a uniform upper
bound on the local dimension of the Hilbert space of each site in the final Hamiltonian, we need to
construct a Quantum Turing Machine (QTM) with a fixed number of internal states such that, when fed
with an input given by any sequence of 1’s larger than the size of n, writes n deterministically on the tape
and halts. We need also to keep strict control on the time and space required for this computation. The
precise result we prove along these lines is given in Theorem 10, and Section 3 is devoted to proving
it. The idea is to construct explicitly the QTM associated to the quantum phase estimation algorithm.
To do this, we rely heavily on results and ideas from [16].

Step 2: construct, for each n € IN, a 1D Hamiltonian whose ground state energy on a finite chain
depends on the behaviour of the UTM on input 7.

For this, we heavily rely on the remarkable paper of Gottesman and Irani [32] (see also [10]), which
can be seen as a milestone in a long history of papers [47, 46, 63, 2], dating back to Feynman [30],
relating the ground state energy of a Hamiltonian with the time-evolution of a quantum computation.
In order to achieve the desired properties of our construction, we have to modify the original construction
of Gottesman and Irani, but most of the essential ideas of this step appear already in [32].

After these two steps, we have for each n € IN a 1D translationally invariant Hamiltonian whose
ground state energy for a chain of size L and open boundary conditions is O if the UTM does not halt on
n in space less than O (L) and time less than O (c*) (for any desired constant ¢). Otherwise, it has energy
larger than ¢ . So there the difference in ground state energy depending on the halting behaviour of
the UTM on n vanishes exponentially fast with chain length, and is zero in the thermodynamic limit.
Theorem 32 states the precise result we obtain, and Section 4 is devoted to its proof.

Step 3: amplify the ground state energy difference.

For this, we turn to 2D lattices, and exploit the properties of an aperiodic tiling of the 2D plane due
to Robinson. The idea is to construct a Hamiltonian whose ground state mimics the tiling pattern of
Robinson’s tiling shown in Figure 9 and, at the same time, places the ground state of the 1D Hamiltonian
constructed in Step 2 on top of each of the 1D borders appearing in this pattern. Using the fact that there
is a constant density of squares of size 4" for all » € IN, and making a shift in energies, we manage to
show for the resulting Hamiltonian that, if the UTM halts on n, the ground state energy diverges to +oo,
whereas in the non-halting case it diverges to —co. From there, we conclude undecidability of the ground
state energy density. Section 5 takes care of proving all the new results we require for Robinson’s tiling.
The rest of the proof, together with the final step, appears in Section 6.
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Step 4: from ground state energy difference to spectral gap.

The final step combines the Hamiltonian H,, constructed in Step 3 with two others: a trivial Hamil-
tonian having ground state energy O and a constant spectral gap, and a critical Hamiltonian H; having
ground state energy 0 and a spectrum that becomes dense in [0, o) as the system size goes to infinity.
We couple these Hamiltonians in such a way that the spectrum of the resulting Hamiltonian on A(L) is

{0} u [spec(H;\(L)) + spec(H;\(L)) usSr,

with S7 > min {1, 1+ Ag(HD

completes the proof.

(L))}. This, together with the spectral properties of H,, shown in Step 3,

2. Unconstrained local Hilbert space dimension

Before starting in Section 3 on the proof of the main theorem, in this section we will describe two
approaches that exploit known undecidability results for tiling and completion problems. Based on
these, we can derive simpler but weaker undecidability results for the spectral gap and for other low
energy properties of translationally invariant, nearest-neighbour Hamiltonians on a 2D square lattice,
defined by their local interactions {(/ow (72), fico1 (1)) }nen- In contrast to the main theorem of this paper,
however, the families of Hamiltonians that we construct here have local Hilbert space dimension d,, that
differs for different elements n of the family, with no upper bound on {d, }, en.

2.1. Undecidability of the spectral gap via tiling

As in the more sophisticated constructions that will appear later, the idea is to reduce an undecidable
ground state energy problem to the spectral gap problem. If we do not constrain the local Hilbert space
dimension, then this reduction can be chosen such that it directly exploits the undecidability of a tiling
problem. To this end, we need two ingredients:

2.1.1. Ingredient 1: a tiling Hamiltonian
We start by recalling the notion of Wang tilings and tiling problems. A unit square whose edges are
coloured with colours chosen from a finite set is called a Wang tile. A finite set C of Wang tiles is said
to tile the plane Z? if there is an assignment Z> — K such that abutting edges of adjacent tiles have the
same colour. (Rotations or reflections of the tiles are not allowed here.) It is a classic result of Berger [15]
that, given any set of tiles as input, determining whether or not this set can tile the plane is undecidable.
There is an easy way to rewrite any tiling problem as a ground state energy problem for a classical
Hamiltonian. If I = {1, ..., K} we assign a Hilbert space H) ~ CK (o each site i of a square lattice,
and define the local interactions via

W= myml gy @ In)nl ) @.1)

(m,n) eC D)

where the set of constraints C"/) C K x K includes all pairs of tiles (m,n) which are incompatible
when placed on adjacent sites i and j. The overall Hamiltonian on the lattice A(L) is then simply

HYE = Y ), 2.2)
(i.ee

By construction, we have hgi’j ) > 0, H Z\ () g translationally invariant and its spectrum is contained
in Ny. If there exists a tiling of the plane, then for open boundary conditions VL : 0 € spec Hé.\ L,

Similarly, in the case of periodic boundary conditions, the existence of a periodic tiling implies that

https://doi.org/10.1017/fmp.2021.15 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.15

Forum of Mathematics, Pi 9

0 € spec Hé\ &) holds for an unbounded sequence of L’s. On the other hand, if there is no tiling, then
there is an L such that

VL > Ly : spec HXP) > 1. (2.3)
This is due to Wang’s extension theorem (see e.g. [33]).

2.1.2. Ingredient 2: a gapless frustration-free Hamiltonian
As a second ingredient we will use that there are frustration-free two-body Hamiltonians

A(L) Z h(l J) (24)

(i,j)e€

such that for L — oo we get spec Hé\ o, R+ in the sense that the spectrum of the finite system
approaches a dense subset of R, [29]. We will denote the corresponding single site Hilbert space by
Hf]i) ~ CP and we can in fact choose D = 2 for instance by assigning to each row of the lattice the
XY-model with transversal field taken at a gapless point with product ground state. Note that in this

case the entries of the matrices hy’j ) are rational.

2.1.3. Reducing tiling to spectral gap

In order to fruitfully merge the ingredients, we assign a Hilbert space H') := 7-[(()[) ) ’Hgi) ®7—Léi) ~
C' @ CK®CP to each site i € A(L). A corresponding orthonormal set of basis vectors will be denoted
by |0y € C! and |k, @) = |k) ® |a) € CKXQCP, respectively. The Hamiltonian is then defined in terms
of the two-body interactions

HD = |O)(O|(’)®]l(l) 1(1)®|0><0|(1) (2.5)
+ Z Imy(m|? @15 ® [n)(n] V) 1 (2.6)
(m,n)eC -0
D . . . . PR
+ > 1081a)(Bl? 1 el6)(yY) (e, olhg 1B, 7). @7)
a,B,y,0=1

Here 1., 1, and 1., denote the identity operators on H., H, and H.®H,,, respectively. As before, we
define the Hamiltonian on the square lattice A(L) as

HME = ) B, 2.8)
(if)ee

Theorem 6 (Reducing tiling to spectral gap). Consider any set K of Wang tiles, and the corresponding
family of two-body Hamiltonians {H)}; on square lattices A(L) either with open or with periodic
boundary conditions.

(i) The family of Hamiltonians is frustration-free.
(ii) IfK tiles the plane Z?, then in the case of open boundary conditions, we have that spec HM) — R,
for L — oo, i.e., there is no gap and the excitation spectrum becomes dense in R.. Similarly, if
K tiles any torus, then in the case of periodic boundary conditions spec HN) — R, for a
subsequence L; — oo.
(iii) If K does not tile the plane, then there is an Lq such that for all L > Ly HMY) has a unique ground
state and a spectral gap of size at least one, i.e.

spec HA)\ {0} > 1. (2.9)
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Proof. Frustration-freeness is evident since H (&.7) > 0 and HMP) |0, ..., 0) = 0. In order to arrive at
the other assertions, we decompose the Hamiltonian as H AL = Hy+ H, + H,, where the three terms
on the right are defined by taking the sum over edges separately for the expressions in (2.5), (2.6) and
(2.7), respectively. Let us now assign a signature o € {0,...,K }L2 to every state of our computational
product basis, in the following way: 10y is assigned the signature o; = 0, and |k, ay® is assigned the
signature o; = k irrespective of @. By collecting computational basis states with the same signature we

can then decompose the Hilbert space as
QR HD = P H, (2.10)
ieA o

The Hamiltonian is block-diagonal w.r.t. this decomposition, i.e. it can be written as

HAD) = @HU, and thus specHA(L) = Uspec H,. (2.11)
o

(e
In order to identify the spectra coming from different signatures we will distinguish three cases:

(i) o =1(0,...,0): this yields an eigenvalue O as already mentioned.
(i) o # (0,...,0) but o; = 0 for some i: for any unit vector |,) with such a signature we have
(Wo|Holp o) = 1. We will denote the part of the spectrum which corresponds to these signatures
by S c R. The only property we will use is that § > 1.
(iii) o € {1,...,K }LZ: In the subspace spanned by all states whose signature does not contain 0 we
have that Hy = 0 and H. + H; = H? Be1 + ]l®Hé\ @, Consequently, the spectrum stemming

from this subspace equals spec Hé.\ @y spec Hﬁ,\ @,

Putting things together, we obtain
spec HME) = {0} U { spec H?(L) + spec HQ(L)} us, (2.12)

The equivalence between the impossibility of tiling with /C and the existence of a spectral gap of size
at least 1 now follows immediately from the properties of the ingredients i, and h,. Uniqueness of
the ground state in cases where no tiling exists follows from the above argument when considering the
spectra as multisets rather than sets. O

From the undecidability of the tiling problem we now obtain the following corollary. Recall from
Section 1.1 that a pair of Hermitian matrices (/ow, fico1) defines a Hamiltonian H A(L) for each square
A(L) via (1.2), where we are now choosing open boundary conditions.!

Corollary 7 (Undecidability of the spectral gap for unconstrained dimension). Let € > 0. There is
no algorithm that, on input (o, heor) with rational entries and operator norm smaller than 1 + e,
decides whether the associated family of Hamiltonians {H* )} describe a gapped or a gapless system
(according to the definitions given in Section 1.1). This holds even under the promise that one of these
is true, that HMY) is frustration free for all A, and that in the gapped case the spectral gap is at least 1.

Here, the norm bound follows from the observation that ||H /)| < 1 + ||h£1i’j ) || where hg’j ) can be
rescaled to arbitrarily small norm.

For the case of periodic boundary conditions we obtain the same statement if we replace our strong
definition of ‘gapless’ by the weaker requirement that 3¢ > 0 Ve > 0 VLo 3L > Ly so that every
point in [Ag(HA ), 10(HAMP)) + ¢] is within distance e from spec HA(X) . The reason for this is, that
if the period of the torus does not match the required one, then a gap can be generated that, however,
disappears again if we enlarge the size of the system.

1Here we make no use of an additional on-site term, so 2 = 0.
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We emphasise that, so far, there is no constraint on the local Hilbert space dimension. Since every
instance in the above construction has a finite local Hilbert space we can, however, at least conclude
axiomatic undecidability for finite local Hilbert spaces. That is, for any given consistent formal system
with a recursive set of axioms, one can construct a specific instance of a Hamiltonian with properties
as in the corollary and finite-dimensional local Hilbert space, such that neither the presence nor the
absence of a spectral gap can be proven from the axioms.?. However, the local dimension, whilst finite,
depends on the choice of axiomatic system and there is no upper-bound on the values it can take. The
main aim of this paper is to prove the much stronger Theorem 3, which shows that the spectral gap
problem remains undecidable even for a fixed value of the local Hilbert space dimension. This in turn
implies that for any consistent, recursive formal system, axiomatic independence holds for Hamiltonians
with this fixed local dimension; the local dimension is now independent of the choice of axioms.

In the above construction, gapped cases are related to the impossibility of tiling. Since the latter
always admits a proof, the axiomatically undecidable cases coming from this construction have to be
gapless. The following section will provide a construction where this asymmetry is reversed.

2.2. Undecidability of low energy properties

2.2.1. Reducing tile completion to a ground state energy problem

We now modify the above construction in order to show that not only the spectral gap but many
other low energy properties are undecidable as well. The idea is to invert the relation between gap
and existence of tiling. In the previous construction, the existence of a gap was associated with the
impossibility of a tiling. Now we want to associate it with the existence of a tiling. A drawback is that
we loose the frustration-free property. On the other hand, we do not have to rely on the undecidability
of tiling (which is a rather non-trivial result [15, 70]), but can exploit the simpler undecidability of the
completion problem, already proven by Wang [74]. In the tiling completion problem, one fixes a tile at
the left-bottom corner and asks whether the first quadrant can be tiled.

Undecidability of the completion problem is relatively simple by reduction from the Halting Problem
for Turing Machines (TM), and explained in full detail in Robinson [70, Section 4]. There are many dif-
ferent, computationally equivalent definitions of Turing Machines. (The Halting Problem is undecidable
for any of these variants.) For the completion problem, the most convenient is to take a Turing Machine
to be specified by a finite number of states Q = {qo, q1, . . .} With gg the initial state, a finite alphabet
of tape symbols S = {s9, 51, . . .} with s the blank symbol, together with a finite set of transition rules
specified by quintuples of the form

(q,s,5',D,q") € Q xS xS x {left, right} x Q.

The TM has a half-infinite tape of cells indexed by IN, and a single read/write tape head that moves along
the tape. The machine starts in state go with the head in tape cell 0. If the TM is currently in state g and
reads the symbol s from the current tape cell, then it writes s’ into the current tape cell, transitions to
state g’, and moves in the direction D. For each ¢, s, there must be at most one valid quintuplet. If there
is none, then the machine halts.>

Following Robinson [70], we use the Wang tiles shown in Figure 1. For clarity, edges here are marked
with labelled arrows rather than colours, and adjacent edges match if arrow heads abut arrow tails with
the same label; clearly these tile markings can be identified with different colours to recover a set of
standard Wang tiles. We denote the set of tiles by K, which contains at most K := || < 2+ (3|Q|+1)|S|
elements.

If the tile that appears in the bottom-left corner in Figure 1, which we denote by E, is fixed in the
bottom-left corner of an L X L lattice, then any valid tiling corresponds to the evolution of the Turing

2An explicit example can, for instance, be constructed from the explicit Turing Machines of [77] for which the halting problem
is independent of ZFC
3Note that this defines a slightly different variant of Turing Machines from those used later in Section 3.
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S qs gs
q —14a
s s s s s
q q
doSo qs Sy qs
L]

Figure 1. Tiles for encoding a Turing machine with half-infinite tape into a completion problem. The
tile in the bottom-left corner is fixed and, together with the second tile in the third row, starts the Turing
machines running on the blank half-infinite tape. The tiles in the second row are the ‘action tiles’ that
are able to change the state of the Turing machine and correspond to a left or right moving head. For
each pair (q, s) there is at most one action tile.

Machine on the blank tape up to time L, where time goes up in the vertical direction and each row of
tiles corresponds to the total configuration (including the tape) of the Turing machine in two consecutive
instants of time (represented by the bottom and upper edges of that row of tiles). Hence,

(1) There exists a valid tile completion for all L X L squares if and only if the Turing Machine, when
running on an initially blank tape, does not halt.
(2) If such a tiling exists, then it is unique.

Now, the completion problem can be represented as a ground state energy problem in the following
straightforward way. Consider a square lattice A(L) with open boundary conditions and corresponding
edge set £.

Assign a weight w; jy(m,n) € Ztoedge (i, j) € £on which a pair of tiles (m, n) C K x K is placed.
The choice of weights is summarised in the following table. Here E] stands for any tile different from
E, the unbracketed numbers define the weights for non-matching adjacent tiles, and the numbers in
brackets define the weights for cases where the tiles match (i.e. all abutting labels and arrows match).

Right tile Tile above
B g 2(-1) B g 2(5—1) 213
Left tile E] 42 (0) Tile below E] 42 (0)

Assign a Hilbert space ’H,(j) ~ CK to eachssite i € A(L) whose computational basis states are labelled
by tiles. We define a Hamiltonian H2 := Yij)es hD | with

WP = 3wy man) Im)ml gy @ In)nl ) 2.14)

m,nex

so that positive and negative weights become energy “penalties” or “bonuses” in the Hamiltonian.
By construction, the Hamiltonian is diagonal in computational basis, its eigenvectors correspond to tile
configurations A(L) — K and, since all weights are integers, its spectrum lies in Z. In order to determine
the ground state energy note that the tile E is the only one that can lead to negative weights. Assume
first that a tile | - is placed on a site different from the bottom-left corner. Then this tile will have at
least one neighbour below with an arrow pointing upwards or one neighbour to the left with an arrow
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pointing to the right. In either case there will be an energy penalty +4 so that the weights involving this
tile will sum up to at least 2. If, however, E is placed in the bottom-left corner, then no such energy
penalty is picked up and the tile can contribute —2 to the energy.

If the tiling is then completed following the evolution of the encoded Turing machine on a blank
tape, then no additional penalty will occur on A(L) if the Turing machine does not halt within L time-
steps. Hence /IO(HQ (L)) = -2, the ground state will be unique, and will be given by a product state.
If the Turing machine halts, then the completion problem has no solution beyond some L( and every
configuration with E at its bottom-left corner will get an additional penalty of at least 2, leading to
non-negative energy. Since there is always a configuration that achieves zero energy (e.g. one using only
the tile types at the top-left of Figure 1), we obtain:

Lemma 8 (Relating ground state energy to the halting problem). Consider any Turing machine with
state set Q and tape alphabet S running on an initially blank tape such that its head never moves
left of the starting cell. There is a family of translationally invariant nearest neighbour Hamiltonians
{H;\(L) o (specified above) on the 2D square lattice with open boundary conditions and local Hilbert
space dimension at most |S|(3|Q| + 1) + 2 such that

(i) If the Turing Machine does not halt within L time-steps, then /lo(H,/} (L)) = =2. In this case the

corresponding ground state is a product state, and is the unique eigenstate with negative energy.
(ii) Ifthe Turing machine halts, then AL (given by the halting time) such thatVL > Ly : /l()(H,i\ (L)) =0.

Since every Turing machine can be simulated by one with a half-infinite tape, which automatically
satisfies the constraint that its head never moves to the left of the origin, the above construction leads to
an undecidable ground state energy problem, which we will exploit in the following.

2.2.2. Reduction of the halting problem to arbitrary low energy properties

Consider translationally invariant Hamiltonians on square lattices with open boundary conditions. Let
HQ(L) describe such a family of Hamiltonians on L X L lattices. Our aim is to prove the undecidability
of essentially any low energy property displayed by this Hamiltonian in the thermodynamic limit that
distinguishes it from a gapped system with unique product ground state, e.g. the existence of topological
order, or non-vanishing correlation functions. This is implied by the following theorem:

Theorem 9 (Relating low energy properties to the halting problem). Let TM be a Turing machine with
state set Q and alphabet S running on an initially blank tape. Consider the class of translationally

invariant Hamiltonians on square lattices with open boundary conditions. Let H;\(L) with nearest-

neighbour interaction hg’j) € B('H(qi) ®7—[§1j)), Hf]i) ~ C4, and on-site term h;’i) € B(’Hék)) describe

such a Hamiltonian. Assume that there is a ¢ € R such that /lg(H;\(L)) —-cl? e [—%, %] Sor all lattice

sizes L. Then we can construct a family of Hamiltonians HME) with the following properties:

(i) HMD) js translationally invariant on the square lattice with open boundary conditions and local

Hilbert spaces H'" =~ C4 of dimension d < 2(q + 1) +|S|(3|0| + 1).

(ii) The interactions of HML) are nearest-neighbour (possibly with on-site terms), computable and
independent of L.

(iii) If the TM does not halt within L time-steps, then HM) has a non-degenerate product ground state
and a spectral gap A(HMP)) > %

(iv) If TM halts, then 3L (determined by the halting time) such that VL > Lg the following identity
between multisets holds in the interval [0, %)

spec H;\(L) - AO(H,/,\(L)) = spec HMD — a0 (HAD), (2.15)

In this case there exist isometries V) Hg) - HD V= X, VD such that, for this part of the
spectrum, any eigenstate |¢4) of HQ(L) is mapped to the corresponding eigenstate |¢) of HMP) via

Vidg) = 9).
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Some remarks before the proof. Since, on the Turing machine level, (ii) and (iii) cannot be told apart
by any effective algorithm, the same has to hold for any property that distinguishes a gapped system
with product ground state from the low energy sector of some frustration-free Hamiltonian. With small
modifications in the proof, the nearest neighbour assumption for 4, could be replaced by any fixed local
interaction geometry. In this case, H*(Z) will of course inherit this interaction geometry.

Proof. W.l.o.g. ¢ =0 since we can always compensate for it by adding a multiple of the identity to the
on-site part of the Hamiltonian.

We first embed the Hamiltonian given in the Theorem in a larger system, such that its ground state
energy is shifted by — 1. Define a translationally invariant, nearest-neighbour Hamiltonian on an auxiliary
system with local Hilbert space H'” ~ C2, via

ni= 3, 0 g = 00D e 111V + 2108 0)(0]. (2.16)
(i,j)e€

Note that this is nothing but %x the Hamiltonian defined by (2.13) (with the number in brackets), where
|0} equals E and |1) is the blank tile. Hence 1o(r7) = —1 and A(n) = 1.
Now introduce ”H<Q') = H(al)®7-té’) and set hg’j) = n(i’f)®]l£1"j) + ]12’”@};;"” acting on H(Ql) ®”H(Qj).

Then Hg(L) = D(i,))eE hg’j) +XkeA(L) ]lék) ®h;’i) has the property that in the interval (—co, /lo(H,/]\(L)))

we have that
spec H;\(L) — 1 =spec Hg(l‘)

holds as an identity between multisets (i.e. including multiplicities) and the corresponding eigenstates
are related via a local isometric embedding.
We now combine this with the Hamiltonian from the previous subsection by enlarging the local

Hilbert space to H' := Hb(,i) ® Hg) and defining
WD = 5D+ D + 61501 + 615 @1, (2.17)

where h(Q” ) and h,(j’j ) act nontrivially on Hg ®'H,(Qj) and ’Hff) ®7—l,(4j ) respectively and 1,, and 1o denote
the projectors onto the respective subspaces. The Hamiltonian on the square A(L) is now

HME = N a0 3 1B @), (2.18)
(i,j) €& keA(L)

To analyse the ground state of HAL)  notice that all the terms in the Hamiltonian N, hg, hu, 1o ®
1, commute with each other. Let ﬁq = Z(}.’j)eg _hflw) + .h;ll’j),A Hy = Y jyesn®™ + 21(Ql)®]l,(/) +
2]1(QJ)®]l£f), and Hy, = Y j)es Rl 4 4]1(Q’)®Il,(/) + 41(Qj)®]lb(f). We can then decompose HE) =
H, + H, + H,, where the three Hamiltonians commute with each other.

We now assign a signature oo € {0, 1, 2}L2 to every state of our computational product basis, so
that Ii)(j) is identified with o; € {0, 1} for all |i) € ’H(Q") of the form |07}, |a/j)q and o; = 2 for all

i) € H,Sj ), By collecting computational basis states with the same signature, we can then decompose
the Hilbert space as

® HO ~ @ Ho (2.19)

ieA o
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The Hamiltonian is block diagonal w.r.t. this decomposition, i.e. it can be written as
HAD) = @ H,, andthus spec HAMD) = U spec H. (2.20)
[on [on

In order to identify the spectra and eigenstates coming from different signatures we will distinguish
three cases:

Case I:
o =(2,...,2). Restricted to this sector (i.e. the H, component of the direct sum), the Hamiltonian
acts as HMD) = Yij)ee n{"7) . But according to Lemma 8, if up to time L the TM did not halt, then

HL/,\ &) has one negative eigenvalue —2 whose associated eigenstate is a product. However, if L > L

where Ly is related to the halting time, then spec H,/} L) > 0.
Case 2:

oj = 1forall j € A(L), except in the lowest left corner, where o-; = 0. In this sector we have the
following identity between multisets:

spec H, = spec Hé\(L) -1 (2.21)

Case 3:

Any other signature o. It is easy to see that the energy given by A 5 in the sector H - is exactly the
energy given to the configuration o by the tiling Hamiltonian (2.14) with colours {0, 1,2} and weights
given by the following tables from (2.13), hence the energy is > 0.

Right tile Tile above
01 2 01 2
o2 -1 2 0[2 -1 2 (2.22)
i 2 i 2
Left tile 12 o 2 Tile below 2 o 2
22 2 0 22 2 0

Similarly, one can show that H,, > 0. Therefore, in this Case 3, the energy of H*%) in the sector - is
> /lo(Hé\ (L)). Theorem 9 now follows straightforwardly. O

3. Quantum Phase Estimation Turing Machine

We will see in Section 4 how to encode an arbitrary Quantum Turing Machine (QTM) into a transla-
tionally invariant nearest-neighbour Hamiltonian, in such a way that the local Hilbert space dimension
is a function only of the alphabet size and number of internal states. This will allow us to encode any
specific universal (reversible) Turing Machine in a Hamiltonian with fixed local dimension. However,
to prove undecidability by reduction from the Halting Problem, we will need a way to feed any desired
input to this universal TM.

To this end, the main result of this section is to construct a family of quantum Turing Machines, all
of which have the same alphabet size and number of internal states, but whose transition rules vary. For
any given n € N, we can choose the transition rules such that the QTM, when started from a sequence
of N ones (N any number larger than the number of bits |r| in the binary representation of n) writes out
the binary representation of 7 to its tape and then halts deterministically.

Given n, we recall from Section 1.2 that ¢ = ¢(n) is defined as the rational number whose binary
fraction expansion contains the digits of # in reverse order after the decimal.*

The QTM that we construct will be based on the quantum phase estimation algorithm [78, 62],

1 0
0 e'™¥

applied to the single qubit unitary U, = ( ), to obtain the phase ¢. The input N can be any upper

4The fact that the digits are in reverse order is purely for convenience in the exposition — it is trivial to modify the construction
so that they are ordered the other way around.
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bound on the number of binary digits in the output of the quantum phase estimation algorithm, such that
@ can be represented exactly as a binary fraction, with no approximation error. Note that the transition
rules of the QTM are not allowed to depend on N, though they can depend on ¢ (and hence on n).

The important role played by N can be sketched as follows. Firstly, N fixes the number of output qubits
to be used in the quantum phase estimation algorithm, such that an exact binary fraction representation
of ¢ is possible. But N has a more subtle use in the last step of the quantum phase estimation algorithm,
where one needs to implement an inverse quantum Fourier transform (QFT). To implement such a QFT
in the standard way on the full set of output qubits, one would require quantum gates implementing
phase rotations by angles that depend on N. But this would require N-dependent QTM transition rule
amplitudes, which is not allowed. The solution is to use N as a way to locate the least significant bit of ¢,
which will in turn allow the QFT to be implemented using gates that depend only on ¢. (This is explained
in more detail when we give the precise description and analysis of the QTM, later in this section.)

This way of carrying out the QFT on a QTM comes at a cost of exponential run-time, so would not
be useful if using the QFT to solve some computational problem. But for our peculiar use of the phase-
estimation algorithm to generate an input string for a universal TM, which may anyway run indefinitely,
this exponential run-time is not an issue. (Though it will entail a new clock construction when we come
to encode the evolution of this QTM in a Hamiltonian, see Section 4.)

More precisely, we will prove the following result (see below for the necessary basic definitions,
notations, and facts about QTMs).

Theorem 10 (Phase-estimation QTM). There exists a family of well-formed, normal form, unidirectional
QTMs P, indexed by n € N with the following properties:

(i) Both the alphabet and the set of internal states are identical for all P,; only the transition rules
differ.

(ii) On input N > |n| written in unary, P, behaves properly, halts deterministically after
O(poly(N)2N) steps, uses N + 3 space, and outputs the binary expansion of n (padded to N
digits with leading 0’s). (Here, |n| denotes length of the binary expansion of n.)

(iii) For any n, and for each choice of states p, q, alphabet symbols o, T and directions D, the transition
amplitude 6 (p, o, 1, q, D) is one of the elements of the set

1 . LA
{0, 1,16,8”"’,6”2 *”'} (3.1)

where ¢ € Q.

‘We emphasise again that the input N does not determine the output string that gets written to the tape;
it only determines the number of binary digits in the output. The number represented by that output is
determined (up to padding with leading zeros) by the choice of the parameter n for the QTM P,,.

Theorem 10 is essentially the only inherently quantum ingredient in our result, and the precise
properties asserted there will be absolutely crucial to the proof. For example, if instead of writing out
the string and halting deterministically, the QTM did this only with arbitrarily high probability, our
proof would not go through.

It is therefore not at all clear a priori whether QTMs fulfilling these strict requirements exist. Since
our proof depends so delicately on the precise properties of these QTMs, we cannot appeal to previous
results. Instead, in this section we give a detailed and explicit construction of a QTM based on the
quantum phase estimation algorithm, that fulfils all the requirements of Theorem 10.

3.1. Quantum Turing Machinery

For completeness we quote the basic definitions of Turing Machines and Quantum Turing Machines
verbatim from [16].
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Definition 11 (Turing Machine — Definition 3.2 in [16]). A (deterministic) Turing Machine (TM) is
defined by a triplet (£, Q, §) where X is a finite alphabet with an identified blank symbol #, Q is a finite
set of states with an identified initial state g and final state g ¢ # go, and ¢ is a transition function

§:0XX - IxQx{L,R}. (3.2)

The TM has a two-way infinite tape of cells indexed by Z and a single read/write tape head that moves
along the tape. A configuration of the TM is a complete description of the contents of the tape, the
location of the tape head and the state ¢ € Q of the finite control. At any time, only a finite number of
the tape cells may contain non-blank symbols.

For any configuration c of the TM, the successor configuration ¢’ is defined by applying the transition
function to the current state and the symbol scanned by the head, replacing them by those specified in
the transition function and moving the head left (L) or right (R) according to ¢.

By convention, the initial configuration satisfies the following conditions: the head is in cell O, called
the starting cell, and the machine is in state go. We say that an initial configuration has input x € (X\#)*
if x is written on the tape in positions 0, 1,2, --- and all other tape cells are blank. The TM halts on
input x if it eventually enters the final state g . The number of steps a TM takes to halt on input x is
its running time on input x. If a TM halts, then its output is the string in X* consisting of those tape
contents from the leftmost non-blank symbol to the rightmost non-blank symbol, or the empty string if
the entire tape is blank. A TM is called reversible if each configuration has at most one predecessor.

As amplitudes in quantum mechanics can take arbitrary complex values, one has to be careful when
defining quantum Turing Machines to ensure the transition amplitudes are themselves computable.
Following [ 16, Definition 3.2], we restrict the transition function to computable numbers in the standard
way. Let € be the set consisting of e such that there is a deterministic classical Turing Machine M, that,
given input n € N, outputs the real and imaginary parts of @ to within 27" in time polynomial in n.°

Definition 12 (Quantum Turing Machine — Definition 3.2 in [16]). A quantum Turing Machine (QTM)
is defined by a triplet (X, Q, ) where X is a finite alphabet with an identified blank symbol #, Q is
a finite set of states with an identified initial state go and final state gs # go, and 6 — the quantum
transition function — is a function

§:0 %% — OXOLR} (3.3)

The QTM has a two-way infinite tape of cells indexed by Z and a single read/write tape head that moves
along the tape. We define configurations, initial configurations and final configurations exactly as for
deterministic TMs.

Let S be the inner-product space of finite complex linear combinations of configurations of M with
the Euclidean norm. We call each element ¢ € S a superposition of M. The QTM M defines a linear
operator Ups : S — &, called the time evolution operator of M, as follows: if M starts in configuration
¢ with current state p and scanned symbol o, then after one step M will be in a superposition of
configurations ¥ = ); a;c;, where each nonzero «@; corresponds to the amplitude §(p, o, 7,q,d) of
|7) |¢) |d) in the transition §(p, o) and ¢; is the new configuration obtained by writing 7, changing the
internal state to ¢ and moving the head in the direction of d. Extending this map to the entire S through
linearity gives the linear time evolution operator Uy, .

Here, for convenience of programming, we will consider generalised TMs and QTMs in which the
head can also stay still (No-movement), as well as move Left or Right.

5We have followed [ 16, Definition 3.2] by restricting to efficiently computable numbers in the definition of QTMs. This is not
strictly necessary in our case, as we are concerned with computability rather than complexity theory here. [16] show that this
restriction is without loss of generality. In fact, in our case, the transition amplitudes of all the QTMs we construct will belong to
the even more restrictive set of algebraic numbers.
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Definition 13 (Generalised TM and QTM). A generalised TM or generalised QTM is defined exactly
as a standard TM (Definition 1 1) or standard QTM (Definition 12) except that the set of head movement
directions is {L, R, N} instead of just {L, R}.

Following Bernstein and Vazirani [16], we define various classes of deterministic and quantum
Turing Machines:

Definition 14 (Well-formed — Definition 3.3 in [16]). We say that a QTM is well-formed if its time
evolution operator is an isometry, that is, it preserves the Euclidean norm.

It is easy to see (Theorem 4.2 in [16]) that any reversible TM is also a well-formed QTM where
the quantum transition function §(p, o, q,7,d) = 1 if §(p, o) = (g, 7, d) for the reversible TM and 0
otherwise.

Definition 15 (Normal form — Definition 3.13 in [16]). A well-formed QTM or reversible TM M =
(2,0, 6) is in normal form if

VoeX 6(qr.0)=l0)lq0)|N). G4

In [16] the normal-form condition is 6(g s, o) = |o7) |qo) |R). However, the choice of final direction
is just an arbitrary convention, since the machine already halted and never carries out those transitions.
We replace R with N in the definition for technical reasons (see the Reversal Lemma 22, below).

There is a specific class of QTMs, called unidirectional, that play an important role in the general
theory developed by Bernstein and Vazirani [16].

Definition 16 (Unidirectional — Definition 3.14in [16]). AQTM M = (%, Q, §)) is unidirectional if each
state can be entered from only one direction. In other words, if 6 (p1, o1, 71, ¢, d1) and 6 (p2, 02, T2, ¢, d2)
are both non-zero, then d; = d>.

Note that in a unidirectional QTM, the direction component in any transition rule triple |7) |g) |D)
is fully determined by the state |¢). Thus we can recover the complete transition rules from the
|o") |¢) components alone, without the direction component. We call these the reduced transition rules,
5, 1 O XX C2Z, (Equivalently, there exists an isometry V : C2 s C2*{L-R-N} that maps the
reduced transition rules to the original transition rules: Vé, (p,7) = 6(p, 7).)

The following theorem gives necessary and sufficient conditions for a (partial) transition function to
define a reversible Turing Machine.

Theorem 17 (Local well-formedness — Thm. B.1 and Cor. B.3 in [16]). A TM M is reversible iff its
transition function satisfies the following conditions:

Unidirection Each state of M can be entered while moving in only one direction. In other words, if
o(p1,0v) = (11,9,dy) and §(p2, 02) = (12,49, d2) then dy = d».
One-to-one The transition function is one-to-one when direction is ignored.

Furthermore, a partial transition function satisfying these conditions can always be completed to the
transition function of a reversible TM.

Bernstein and Vazirani [16] proved that one can w.1.0.g. restrict to unidirectional QTMs. We therefore
restrict the following quantum analogue of Theorem 17 to the unidirectional case:

Theorem 18 (Quantum local well-formedness). A unidirectional QTM M = (£, Q, ) is well-formed iff
its quantum transition function ¢ satisfies the following conditions:

Normalisation
Vp,o € QXX |o(p,o)=1. (3.59)
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Orthogonality

V(p1,01) # (p2,02) € QXX (6,(p1,01),6,(p2,02)) =0. (3.5b)

Furthermore, a partial quantum transition function satisfying these conditions can always be completed
to a well-formed transition function.

Bernstein and Vazirani [16] proved this result for standard QTMs, that is, where the head must move
left or right in each time step. (In fact, they prove it without the restriction to unidirectional QTMs; see
Theorem 5.2.2 and Lemma 5.3.4 in [16].) We therefore extend the proof of Theorem 18 to generalised
QTMs, which is not difficult — indeed, it is made particularly straightforward by our restriction to
unidirectional machines.

Proof of Theorem 18. Let U be the time evolution operator of the QTM M. By definition M is well-
formed iff U is an isometry, or equivalently iff the columns of U have unit length and are mutually
orthogonal. Clearly, the normalisation condition specifies exactly that each column has unit length.

Pairs of configurations whose tapes differ in a cell not under either of the heads, or whose tape heads
are more than two cells apart, cannot yield the same configuration in a single time step. Therefore, all such
pairs of columns are guaranteed to be orthogonal. The orthogonality condition imposes orthogonality
of pairs of columns for configurations that differ only in that one is in state p; reading o while the
other is in state p; reading 0.

It remains to consider pairs of configurations whose heads are one or two cells apart, differing at
most in the symbol written in these cells and in their states. However, unidirectionality implies that any
update triples that share the same state must share the same direction. Thus either the state or the head
location necessarily differs for all such pairs of columns, hence these too are orthogonal.

The final claim follows straightforwardly from the fact that the normalisation and orthogonality
conditions imply that a partial unidirectional reduced transition function ¢, is well-formed iff it defines
an isometry on the space of states and tape symbols, and this can always be extended to a unitary. This
fills in the undefined entries of §, by extending 6, (¢, o) to an orthonormal basis for the space of states
and symbols. O

We will often only be interested in the behaviour of a QTM (or reversible TM) on a particular subset
of inputs, since the machine will only be run on those. A proper machine is guaranteed to behave
appropriately on some subset of inputs, but not necessarily on all possible inputs.

Definition 19 (Proper QTM). A QTM behaves properly (or is proper) on a subset X of initial superpo-
sitions if whenever initialised in ¢ € X, the QTM halts in a final superposition where each configuration
has the tape head in the start cell®, the head never moved to the left of the starting cell, and the QTM
never enters a configuration in which the head is in a superposition of different locations. We will refer
to this latter property as deterministic head movement.

Similarly, we say that a deterministic TM behaves properly (or is proper) on X C (X\{#})* if the
head never moves to the left of the starting cell, and it halts on every input x € X with its tape head back
in the starting cell.

When the set X'is clear from the context, we will omit it.

Note that, for a QTM to have deterministic head movement, it is not sufficient that none of its transition
rules 6 (o, 7) produce a superposition of head directions. The head can also end up in a superposition of
different locations because the tape state is in a superposition, so that two transition rules with different
deterministic head movements apply in superposition.

Behaving properly is not a severe restriction on classical Turing Machines.” In fact, given any TM,
there is always an equivalent proper TM that computes the same function. One way to see this is to recall
that all computable functions are computable by Turing Machines restricted to one-way infinite tapes

©This property is called stationarity in [16]
7Nor is it a severe restriction on QTMs, but we will not need or prove this here.
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(see any standard text book on the theory of computation, e.g. Kozen [50]), and these clearly behave
properly if the tape is extended to be two-way infinite. (Returning the head to the starting cell at the end
of the computation poses no great difficulty.) In particular, this means that there exist proper universal
Turing Machines.

Quantum Turing Machines were originally defined in Bernstein and Vazirani [16] to have two-way
infinite tapes. Indeed, those authors point out that there are trivial well-formed machines (such as the
always-move-right machine) whose evolution would not be unitary on a one-way infinite tape, since the
starting configuration would have no predecessor. However, when we come to encode our QTMs into
local Hamiltonians, we will only be able to simulate tapes with a boundary.® To avoid technical issues,
we follow Bernstein and Vazirani [16] in defining QTMs on two-way infinite tapes, but we will ensure
that none of the QTMSs (or reversible TMs) that we construct ever move their head before the starting
cell. Thus, when encoding the QTM in a Hamiltonian, we can ignore all of the tape to the left of the
starting cell.

In fact, the local Hamiltonians encoding the QTMs will only be able to simulate the evolution on
a finite (but arbitrarily large) section of tape. We will therefore be interested in keeping very tight
control on the space requirements of all the reversible and quantum TMs that we construct. By carefully
controlling the space overhead, it will then be sufficient for our purposes to simulate the evolution of
the QTM on a finite portion of tape that is essentially no longer than the input.

3.1.1. Turing Machine Programming

For a multi-track Turing machine with k tracks and alphabet X; on track i, we will denote the contents
of a tape cell by a tuple of symbols [0, 07, ...,0%] € 1 XXy X - - - X . specifying the symbol written
on each track. Similarly, the configuration of the tape will be specified by a tuple [cy,c2,...,cn] €
TP X ES X -+ - X X, where by convention all ¢; are aligned to start in the same cell (which will be the
starting cell unless otherwise specified). We will use - to stand for an arbitrary track symbol. We will
often describe Turing machines that act only on a subset of tracks, and leave the contents of all other
tracks alone. In this case, we will only write out the states of the acted-upon tracks in the transition
function; this transition function should be understood to be extended to the remaining tracks in the
obvious way.

As a shorthand, a transition rule on a tuple containing a - on one or more tracks should be understood
to stand for the set of transition rules that leave the tracks marked - unchanged, and act as indicated
on the remaining tracks. We will often only specify some of the elements of a transition function when
defining a reversible or quantum TM. We will call such partial transition functions “well-formed” if the
elements that are defined satisfy the conditions of Theorem 17 or Theorem 18, since by those theorems
this is sufficient to guarantee that the partial transition functions can be completed to well-formed
transition functions. QTM (or reversible TM) will sometimes use a finite number of auxiliary tracks.
These are assumed always to start and finish in the all blank configuration.

We will have frequent recourse to the following basic TM and QTM programming primitives from
Bernstein and Vazirani [16], which we slightly generalise here to account for additional properties of
the resulting QTMs that will be important to us later. These primitives allow different QTMs to be
combined in various ways to build up a more complex QTM.

Lemma 20 (Subroutine Lemma). Let My be a two-track, normal form, reversible TM and M, a two-
track normal form reversible TM (or well-formed, normal form, unidirectional QTM) with the same
alphabet and the following properties:

(i) M, is proper on initial configurations in X| and M, is proper on X;.
(i) When started on X1, M| leaves the second track untouched; when started on X», M3 leaves the first
track untouched.

8Effectively, we can only encode quantum bounded linear automata rather than QTMs, though there is no limit on the finite
tape length we can encode.
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(iii) There is a state q on M that, when started on X, can only be entered with the head in the starting
cell.

(iv) X, contains all the output superpositions (with qy replaced by qo) of k consecutive executions
of M, started from an initial configuration in X for all 0 < k < r, where r € N U {0} is the
maximum number of times that q is entered when My runs on input in X).

Then there is a normal form, reversible TM (or well-formed, normal form, unidirectional QTM) M
which behaves properly on X| and acts as M except that each time it would enter state q, it instead
runs machine M.

Proof. Exactly as Lemma 4.8 in [16]. O

Lemma 21 (Dovetailing Lemma). Let M| and M, be well-formed normal form unidirectional QTMs
(resp. normal form reversible TMs) with the same alphabet, so that M, is proper on X, M, is proper
on X, and X, contains all final superpositions (resp. configurations) of M, started on X. Then, there
is a well-formed normal form unidirectional QTM (resp. normal form reversible TM) M which carries
out the computation of M, followed by the computation of M, and that is also proper on X).

Proof. Exactly as Lemma 4.9 in [16]. O

Lemma 22 (Reversal Lemma). If M is a well-formed, normal form, unidirectional QTM (resp. normal
form reversible TM) then there is a well formed, normal form, unidirectional QTM (resp. normal form
reversible TM) M that reverses the computation of M while taking two extra time steps and using the
same amount of space. Moreover, if M is proper on X, then M is proper on the set of final superpositions
(resp. configurations) of M started on X.

Proof. The proofis very similar to that of Lemma4.12 in [16]. We will prove it for QTMs, since reversible

TMs are a special case of these. Consider an initial superposition |¢g) € X, and let |@;), - - - |$;) be the
evolved sequence obtained by |¢;41) = Ups |¢;), where |¢,,) is a final superposition. Since M is normal
form, |¢1),- -, |¢n) do not have support on go.

Let |¢;,) be the superposition obtained by replacing the state g in |¢,) with the initial state of the
new machine g. Let |¢)) be the superposition obtained by replacing the state g ¢ in [¢o) with the new
final state q}. We want to construct a QTM M that, when started from |¢,,), halts on [¢) inn+2

steps. M T will have the same alphabet and set of states as M, together with the new initial and final states
40,4y - We define the transition function 6” in the following way:

(i) 6"(qp.0) = o) lqr) dg, ).
(ii) Foreach g € O\{qo} andeacht € X,

§'(q,7) = ). 6(p, o, 7,q,dg)" |07) Ip) 1dp) - (3.6)
p.q

(i) 6’(q0,07) =10} |9’ ) |dgy)-
(iv) 6'(q.0) = |o) lqp) IN).

Here, for any state ¢, d is the unique direction in which that state can be entered, and d_q is the
opposite direction. Since M is unidirectional, Theorem 18 implies that M" is a well-formed, normal
form, unidirectional QTM. Given a configuration c in state g, 7(¢) is defined as the configuration derived
from ¢ by moving the head one step in the direction d_q. « can be extended by linearity to S.

Let us now analyse the behaviour of M started from |¢/). By (i), M" maps |¢,) in one step to
7(|¢pn)). Now consider (ii). Since M is normal form, it maps superposition |/]) to superposition |i;)
with no support on state go if and only if [f1) has no support on state g . Denote Qo = Q\{qo},
Or = O\{qy}. If M takes a configuration c; with a state from Q ; with amplitude & to a configuration
c2 (necessarily with a state in Qy), then (ii) ensures that M T takes configuration 7(c;) to configuration
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n(cy) with amplitude o*. Let Sp (resp. Sy) be the space of superpositions using only states in Qg
(resp. Q7). Since M is well-formed, the restriction of the evolution operator Ups to Sy is an isometry
into So. Hence M' implements, up to conjugation by n, the inverse of Uy restricted to Ups (S ).

As an aside, note that this implies that the evolution operator of M is indeed a unitary and not just
an isometry. Indeed, by (i) to (iv) above, the evolution operator of M T is also an isometry from Sy into
S ¢ . Since 7 is trivially a unitary on &, this implies that Up, restricted to S is a unitary onto So. Now,
since M is normal form, Uy, achieves any possible configuration with state g by starting from the same
configuration but with g¢ replaced by g . These two facts together show that Uy, is indeed surjective
and hence a unitary.

Returning to the proof of the lemma, we have seen how (ii) implies that M executes the sequence of
nsteps 1(|¢n-1)), - - m(|¢o)). Finally, by (iv), in the (n+2)’th step, M maps 7(|¢o)) to |¢) as desired.

Moreover, it is trivial to see that M uses exactly the same space as M, and behaves properly. O

Note that our way of defining normal form (Definition 15 as opposed to that in [16]) is crucial to
guarantee that the reversal machine is proper. As a corollary of the proof, we have also shown that the
evolution of a well-formed, normal form unidirectional QTM is a unitary operator. (The proof of this
fact for non-unidirectional QTMs is much more involved, and can be found in [16]).

In the following sections, we give explicit constructions of the reversible and quantum Turing
Machines that, when combined appropriately using Lemmas 20 to 22 as described below, implement a
phase-estimation QTM with the properties required to prove Theorem 10. The formal definitions of all
these Turing Machines are given by their transition rule tables, which can directly be verified to satisfy
the well-formedness conditions of Theorems 17 and 18.

Since understanding how a TM works just from a table of transition rules is not always straightforward,
we additionally give an informal pseudocode description of how each machine operates on suitable input.
These pseudocode descriptions also help in verifying that the machines specified in the transition rule
tables behave properly and satisfy the claimed space and run-time bounds.

Each pseudocode listing describes how the Turing Machine moves its head and reads and writes
tape symbols as the algorithm proceeds, in order to implement the claimed operation. The internal
state that the TM transitions into after carrying out the corresponding line of pseudocode is indicated
in the margin.® The internal state that the TM is in at the beginning of an algorithm or subroutine is
also indicated in the margin. Where no internal state is indicated in the margin, this means the internal
state is left unchanged. Conditional branches in the pseudocode (i.e. if, else if and else statements) are
structured to reflect how the different computational paths that can be followed by the TM during the
computation branch off and are then re-merged to ensure reversibility.

However, it should be emphasised that these pseudocode listings are not rigorous specifications of the
corresponding Turing Machines; the formal, mathematically rigorous specifications are the transition
rule tables.

3.1.2. Reversible Turing Machine Toolbox

It will be helpful to have a toolbox of reversible TMs which carry out various elementary computations.
In order to satisfy the space constraints of Theorem 10, we will be interested in keeping tight control of
the space requirements of all our constructions.

Lemma 23 (Copying machine). There is a two-track, normal form, reversible TM Copy with alphabet
2 X X that, on input s written on the first track, behaves properly, copies the input to the second track
and runs for time 2|s| + 1, using |s| + 1 space.

Proof. We simply step the head right, copying the symbol from the first track to the second. However,
we defer copying the starting cell until the end of the computation, so that we can locate the starting cell
again. In pseudocode:

9Generally, the new internal state is indicated on the line that carries out the head movement associated with the transition rule
that transitions into that new state, except for transition rules where the TM head stays put.
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Algorithm 1 Cory
1: input: string s € (£ \ #)* on track 1, blank track 2 > g0
2: if read blank symbol # on both tracks then
3: halt >qr
4: else
5: step Right > g1
6: while read non-blank symbol o on track 1, blank symbol # on track 2 do
7: copy symbol o from track 1 to track 2
8: step Right
9: end while
10: step Left > g2
11: while read same non-blank symbol 7 on both tracks do
12: step Left
13: end while
14: copy symbol o from track 1 to track 2
15: halt >qr
16: end if

It is straightforward to verify that the following normal form transition function implements Copy:

‘ [o, #] [#, #] [T, 7]
q0 ([U’#],QI,R) ([#,#],Qf,N)
q1 ([O’,O’], ql,R) ([#’#]’ Q2,L)

q2 ([O—?O—]’ Qf,N) ([T,T],CIZ,L)
qr | (lo.#].q0.N) ([#.#].q0.N) ([7.7].q0,N)
Vo, te X\ #

3.7

This partial transition function verifies the two conditions of Theorem 17, so it is well-formed and can

be completed to give a reversible TM.

]

Lemma 24 (Shift-right machine). There exists a normal form, reversible TM Suirr with alphabet X that,
on input s behaves properly, shifts s one cell to the right and runs for time 2|s| + 2, using space |s| + 2.

Proof. The Turing Machine has a separate internal state g corresponding to each tape symbol o. It
reads the symbol into this internal state, overwrites it with the preceding symbol, and steps right. In

pseudocode:
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Algorithm 2 SHIFT
1: input: string s € (£ \ #)* > g0
2: if read blank symbol # then
3: step Right > qo
4: else
5: read non-blank symbol o
6: write #
7 Vo
8 step Right >qf
9: while read non-blank symbol o do
10: write v
11: V& o
12: step Right > qy
13: end while
14: write v
15: step Right > o
16: end if
17: step Left > g3

18: while read non-blank symbol o do

19: step Left

20: end while

21: halt >4

The reason for including two different states g, and g3 is to guarantee the unidirectionality requirement
of Theorem 7. The state g, is entered from the right and the state g3 from the left. The effect of this is
that, if the input is the empty string, this Turing Machine program still steps right and then left before
halting.

It is straightforward to verify that the following normal-form transition function implements SHIFT:

# o

q0 (#»QZ»R) (#sqf—’R)

qy | (v,q2,R) (v.q7,R)

q2 | (#,q3,L) (3.8)
q3 |(#.q95.N) (0, q3,L)

qf (#’QO’N) (O-,QO’N)

Yo,ve X \#

As this partial transition function verifies the two conditions of Theorem 17, it is well-formed and can
be completed to give a reversible TM. O

Lemma 25 (Equality machine). There is a three-track, normal form, reversible TM Eor with alphabet
X XXX {#,0,1} that, on input s;t, b, where s and t are arbitrary input strings and b is a single bit,
behaves properly and outputs s;t;b’, where b’ = =b if s = t and b’ = b otherwise. Furthermore, EoL
runs for time 4|s| + 1 and uses |s| + 1 space.

Implementing a non-reversible equality-testing machine is trivial: just scan the head right checking
if the symbols on the two input tracks match. If we reach the end of the input without encountering a
non-matching pair, return to the starting cell and flip the output bit. If we encounter a non-matching
pair, return to the starting cell and leave the output bit unchanged.
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Doing this reversibly requires more care. The problem is that the computation splits into two possible
paths, depending on whether a non-match was encountered or not, and we must merge these two divergent
computations back together again reversibly. For example, we cannot simply halt after either flipping
the output bit or leaving it unchanged, as that would give multiple transitions into the final state that
write the same symbol to the starting cell. The trick is to return to the point at which the computational
paths diverged (either the first non-matching pair of symbols, or the end of the input) after setting the
output bit, in order to merge the two computational paths back together, before returning to the starting
cell again to halt.

To accomplish this, we use a state g4 that is the only state that can transition to gy (except for
the special case in which the first symbols in both input strings already differ, which is handled
immediately). The state g; searches along the strings, until it either finds the end of both strings (first
computational path), or it finds a point where the symbols in the two inputs differ (second computational
path).

In the first path, state g, will return to the starting cell, switch the output bit and transition to g3.
State g3 will move right again doing the same as ¢ did and, at the end of both strings, will transition
to g4. Note that we need two different states for this, due to unidirectionality: g, will be entered from
the left and g3 from the right.

In the second path, states g} and g} play the corresponding roles of g3 and g3, respectively. In both
paths, g4 will return to the starting cell and halt. Within each path there is no issue with reversibility.
The key to this is that, when both computational paths are merged into state g4, they do so on exactly
the same input states as when the paths diverged (with g; replaced by g3 or g} depending on the
path). Thus these transitions fulfil the properties required for a well-formed (partial) transition function
by Theorem 17.

This implementation requires being able to identify the starting cell, so that we can return to it again.
This is also important since we want to avoid ever moving the head before the starting cell, to ensure
the TM is proper, see Definition 19.) If the symbols in the first cell differ, we can set the output bit
immediately and halt. If they are identical, we temporarily change the symbol on the second input track to
a# to mark the starting cell. We can recover the original second-track input at the end of the computation
in this case, by copying over the symbol from the first track. (This is not the only way one could handle
this.)

Proof of Lemma 25. In pseudocode, the Turing Machine program for EqQL does the following:
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Algorithm 3 EqL
1: input: string s € (X \ #)* on track 1
2 string ¢ € (X \ #)* on track 2
3 bit b € {0, 1} on track 3 > o
4: if read symbols o # 7 on tracks 1 and 2 then
5: halt >qf
6: else
7 write # on track 2
8 step Right > q
9: while read non-blank symbols o~ = 7 on tracks 1 and 2 do
10 step Right
11: end while
12: if read blank symbols # on both tracks 1 and 2 then
13: step Left > qo
14: while read non-blank symbols o = 7 on tracks 1 and 2 do
15: step Left
16: end while
17: flip bit b on track 3
18: step Right > g3
19: while read symbols o = 7 on tracks 1 and 2 do
20: step Right
21: end while
22: else if read different symbols o # 7 on tracks 1 and 2 then
23: step Left > q)
24: while read non-blank symbols o = 7 on tracks 1 and 2 do
25: step Left
26: end while
27: step Right > g
28: while read symbols o = 7 on tracks 1 and 2 do
29: step Right
30: end while
31 end if
32 step Left > g4
33: while read symbols o = 7 on tracks 1 and 2 do
34: step Left
35: end while
36: copy track 1 symbol o to track 2
37: halt >qf
38: end if
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The following normal-form transition function carries out this procedure:

[o,0,b] [o,7,b] [o,#, D] [#, 7, D]

q0 | (lo#,bl.q1,R)  ([o,7,bl.q7,N) ([o.#,b].q7,N) ([#,7,b].q¢,N)

q1

q2 ([O’,#,—'b],Q3,R)

95 (lo.#,b], 45, R)

q3

as

q4 ([O-’O-’b],qf7N)

qr| (lo,o,bl,q0.N)  ([o,7,b].q0,N) ([o,#,b],q0,N) ([# 7,b],q0.N)
[o, 0, #] [o,7,#] [o,#, #] [#, 7, #]

q1 ([0',0',#]7511713) ([O—’T’#]’QE’L) ([0"#7#],‘]£,L) ([#,T,#]’CI&L)

q2 ([0',0'7#],42514)

qy | ([o,0.#].q5,L)

q3 ([O—’ g, #]’ q3, R) (3.9

q_;, ([O—’O—’#]’CI:/‘,’R) ([O',T,#],CM,L) ([0',#»#]»@4»L) ([#,T,#],CM,L)

qs | (lo,o.#],q4,L)

qr| (lo,o.#],90,N)  (lo,7,#],90,N) ([o,#,#],q0,N) ([# 7,#],q0,N)
[#, #, #]

q1 ([#’#,#],CIZ,L)

q2

1

q3 ([#$#’#]’q4’L)

a3

q4

qf ([#’#,#]’QO,N)
Vo £71eX\#Vbe (0,1}

One can verify that this partial transition function satisfies the two conditions of Theorem 17, so it is
well-formed and can be completed to give a reversible TM, as required. O

It is somewhat easier to construct reversible implementations of basic arithmetic operations if the
numbers are written on the tape in little-endian order (i.e. least-significant bit first), as it avoids any
need to shift the entire number to the right to accommodate additional digits. We adopt this convention
for all the following basic arithmetic machines. We do not allow numbers to be padded with leading 0’s
as that would allow multiple binary representations of the same number, which is inconvenient when
constructing reversible machines. Note that this means the number zero is represented by the blank
string, not the string “0”.

Lemma 26 (Increment and decrement machines). There exist normal form, reversible TMs Inc and
Dec with alphabet {#,0, 1} that, on little-endian binary input n (with n > 1 for Dec), behave properly
and output n + 1 or n — 1 respectively. Both machines run for time O(logn) and use at most |n| + 2
space.

Incrementing a binary number on a non-reversible TM is straightforward: simply step the head along
the number starting from the least significant bit, flipping 1’s to 0’s to propagate the carry until the
first O or #, then flip that O or # to 1 and halt. (Little-endian order avoids any need to shift the whole
input to the right to accommodate an additional digit, should one be required.) However, making this
procedure reversible is more fiddly. One option of course is to use the general procedure for reversible
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simulation and uncomputation of a non-reversible TM due to Bennett [13], but this comes at a cost of
polynomial space overhead. A more careful construction allows us to implement Inc directly, using just
two additional tape cells.

Proof of Lemma 26. We first use the SHIFT machine from Lemma 24 to shift the entire input one cell
to the right, as a convenient way of getting a # in the starting cell so that we can return to it later.
We then reversibly increment the binary number written on the tape, and finish by running Surrr’
(the reversal of the SHIFT machine, constructed using Lemma 22) to shift the output back one cell to
the left.

To implement reversibly the incrementing part of this procedure, we assign states as follows. State
g1 will search along the input for the first O to change it to a 1, and along the way will change all 1s to
0Os. In this way, the carry from incrementing the first (least significant) bit is propagated along the binary
string to the appropriate bit. If no such 0 exists, a 1 will be appended to the end of the input string by
changing the blank symbol # there to a 1.

These two possible computation paths have to be merged back into a state g4, which will then return
the TM head to the starting cell and halt. To merge these two paths, which end up in states g, and g}
respectively, we add an extra state g3 together with transition rules from g, and ¢/ into g3, such that both
computational paths arrive at a configuration in which the TM is in state g3 and reading a 1. Thereupon,
the TM can transition into g4 and complete the computation.

In pseudocode:

Algorithm 4 Inc

input: blank # followed by little-endian binary representation of n € N > qo
step Right > g
while read 1 do
write a 0
step Right
end while
if read O then
write a 1
step Right > g2
step Left > q3
. else if read blank symbol # then
write a 1
step Right > q)
step Left > q3
. end if
step Left > gy
: while read a 0 do
step Left
: end while
halt >qf

R A A R ol e
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The following normal-form transition function implements this:

# 0 1
q0 (#’ CII,R)
q1 (Lq&’R) Equ’R; EO’qI’Rg
q2 O’QS’L 1,613,14
q5 | (#,q3,L) (3-10)
qs3 (1’ 6]4,L)
qa (#’ qf, N) (0’ qa, L)
qfr (#’QO’N) (O’CIO,N) (lqu’N)

This partial transition function verifies the two conditions of Theorem 17, so it is well-formed and can
be completed to give a reversible TM.

This completes the construction of Inc. To implement Dec, simply construct the reversal of INc using
Lemma 22. m]

We can use the Inc construction to construct a looping primitive. (This gives a slightly more general
version of the Looping Lemma from [16, Lemma 4.13], which also has tighter control on the space
requirements.)

Lemma 27 (Looping Lemma). There is a two-track, normal form, reversible TM Loopr2 with alphabet
{#,0, 1}, which has the following properties. On input n;m, with n < m both little-endian binary
numbers, Loopr2 behaves properly, runs for time O ((m — n) log m), uses space \m| +?2 and halts with its
tape unchanged. Moreover, Loor2 has a special state g such that on input n; m, it visits state q exactly
m — n times, each time with its tape head back in the starting cell.

There is also a one-track, normal form, proper, reversible TM Loop which, on input m > 1, behaves
as Loor2 on input 0; m.

Proof. Our construction closely follows the proof of Bernstein and Vazirani [16, Lemma 4.2.10]. We
will use two auxiliary tracks in addition to the two input tracks, both with alphabet {#,0, 1} and both
initially blank.

The core of the Loop2 machine is a reversible TM M’ constructed out of two proper, normal form,
reversible TMs M and M>.

M has initial and final states g, g s, and transforms input n; m;x; b into n; m;x + 1; b’, where b is
abit and b’ = =b if x = n or x = m — 1 but not both, otherwise b’ = b. M| can be constructed by
dovetailing together the EQL machine from Lemma 25 (with the first and third tracks as its input tracks
and the fourth track as its output), then the INc machine from Lemma 26 (acting only on the third track),
and finally another EQL machine (this time with the second and third tracks as its input tracks and the
fourth track as its output). By Lemma 21 and the fact that all the constituent machines are proper, normal
form and reversible, M, is proper, normal form and reversible. From Lemmas 25 and 26, M| runs for
time O (log m) and takes at most |m| + 2 space.

M, has new initial and final states ¢, ¢, With g and g ¢ as its only other normal (i.e. not initial or
final) internal states. M, behaves as follows:

(i) Ifitis in state g, with b = 0, it flips b to 1 and enters state gy.
(if) Ifitis in state gy with b = 0, it enters state go.
(iii) Ifitis in state gy with b = 1, it flips b to O and halts.

The following normal form, partial transition function for M, is essentially the same as the corre-
sponding construction in Lemma 4.2.6 of Bernstein and Vazirani [16], but we can simplify slightly by
exploiting the fact that we are allowing generalised TMs. It acts only on the fourth track, and implements
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a machine M, that clearly satisfies the requirements (i) to (iii), above:

| # 0 1
CIa (17 CIO,N)
3.11
ar (0,40, N) (0, G, N) G.1D)

qa) (#,CIasN) (O,CIQ,N) (1sq(lsN)

M, is clearly normal form, and satisfies the two conditions of Theorem 17.

The transition rules for M’ are constructed by deleting the g ¢ to g transition rules from M;, and
adding all the remaining M rules to those of M>. The initial and final states of M’ are g, g,. On input
n;m;n;0, M’ will therefore run M, until it enters the g state, then run M, until it halts and re-enters
M. Tt will continue to alternate in this way between M, and M) until the former halts. Thus M’ goes
through the following sequence of configurations:

(i) M, (if) M, (if)
n;m;n;0 — n;m;n;1 — n;m;n+1;0 —n;m;n+1;0 — n;m;n+2;0 — - - -

) ”
L, n;m;m-1;0 — nym;m; 1 “ nmm0 - (3.12)

It therefore runs exactly m — n times and enters the state g r once in each run, so we can take g s as the
special state q.

To initialise the tracks, we dovetail a proper, reversible TM before M’ which transforms the input
n; m; #;# into the configuration n; m; n; 0. This is easily constructed by dovetailing the Copy machine
from Lemma 23 (acting on the first and third tracks) with a simple reversible TM which changes the
first cell of the fourth track from # to O and halts. (Implementing the latter is trivial.) To return all
tracks to their initial configuration at the end, we dovetail another proper, reversible TM after M’ which
transforms the configuration n;m;m;0 into the final output n;m;#;#. This is easily constructed by
dovetailing the reversal Copy' of the copying machine from Lemma 23 (acting on the second and third
tracks) with a simple reversible TM which changes the first cell of the fourth track from O back to #.
From Lemma 28, these initialisation and reset machines run for time O(logn) and O((m — n) logm),
respectively, and use |n| + 1 and |m| + 1 space.

It remains to show that combining M| and M, as described above to form M’ gives a proper, normal
form, reversible TM. Since M is normal form, it has no transitions into gq or out of gz other than the
ones we deleted before combining it with M, to construct M’. All remaining internal states of M) and
M, are distinct. Thus, since M| is reversible, the transition rules for M’ also satisfy the two conditions
of Theorem 17. M’ can therefore be completed to a normal form, reversible TM. Since M is proper, it
is easy to see that M’ is also proper.

M’ loops on M| m — n times (with constant time overhead and no additional space overhead coming
from M,). Each run of M) takes time O(logm), so the complete Loopr2 implementation takes time
O(logm). None of the constituent TMs use more than |m| + 2 space, so neither does Loopr2. This
completes the construction of Loopr2.

To construct Loop, we simply remove the second input track from the Loop2 machine, and replace
the EQL machine that acts on that track with a trivial machine that checks whether the starting cell of
the third track contains the # symbol. O
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The reversible incrementing, decrementing, and looping machines constructed above are sufficient
to implement all arithmetic operations. The only ones we will need are addition and subtraction. These
are now easy to construct.

Lemma 28 (Binary adder). There exist two-track, normal form, reversible TMs App and Sus with
alphabet {#,0, 1}, which have the following properties. On input n; m with n and m both little-endian
binary numbers and m > 1, App behaves properly and outputs n+m;m. On input n; m with n > m, Sus
behaves properly and outputs n—m; m. Both TM's run for time O (m log m log n) and use max(|n|, |m|)+2
space.

Proof. To construct App, we simply run the Loop TM of Lemma 27 on the second track, inserting
for its special state the INnc machine of Lemma 26 acting on the first track. Since both Loop and Inc
are proper and normal form, the resulting machine is also proper and normal form. Sus is simply the
reversal of App, constructed using Lemma 22. O

We will also need a reversible TM to convert input from unary representation to binary. Again, it is
not difficult to construct this using our reversible incrementing TM.

Lemma 29 (Unary to binary converter). There exists a two-track, normal form, reversible TM UroB
with alphabet {#, 1} X {#,0, 1} with the following properties. On input 1";# (n written in unary on the
first track), UroB behaves properly and outputs 1™; n (n written in little-endian binary on the second
track). Furthermore, UtoB runs for O(n*log n) steps and uses n + 1 space.

Proof. The basic idea is to step the head right along the unary track until we reach the end of the unary
input string, running the Inc machine of Lemma 26 once each time we step right. However, Inc needs
to be started with its head in the starting cell. So each time we run it, we need to temporarily mark the
current head location, move the head back to the starting cell in order to run Inc, then return the head
to its previous location and continue stepping right.

Consider the following normal form transition function, acting only on the unary track:

# 1

qo |(#,q7,N) (1,4,N)
q1 (#,614,L) (#,CILL)
q2 (#’q’N) (1,6]2514)
q | (#.4q5R) (#,91,R)
g5 | (1,q1,R) (1,45, R)
q4 |(1,qf,N) (1,q4,L)
qf (#,QO,N) (1,6]0,N)

(3.13)

This verifies the two conditions of Theorem 17, so it is well-formed and defines a reversible TM. It is
also easy to see that this TM is proper.

The transition function implements a machine M that steps right over the 1’s on the unary track
until it reaches the end of the input, at which point it moves its head back to the starting cell and halts.
However, each time it steps right, it temporarily marks the current head location by overwriting the 1
on the unary track with a #, returns the head to the starting cell, enters an apparently useless internal
state g for one time step, then returns the head back to where it was before, restores the 1 on the unary
track, and continues stepping right from where it left off.

In pseudocode:
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Algorithm 5 M

1: input: unary representation of n € N, i.e. string of n 1’s > qo
2: if read blank symbol # then
3 halt >qr
4: else
5: call ¢ > g
6 write a #
7 step Right > q1
8 call PLACE_MARKER_AND_RESET
9: loop
10: call ¢ > q
11: step Right > q)
12: while read a 1 do
13: step Right
14: end while
15: write a 1
16: step Right > g1
17: call PLACE_MARKER_AND_RESET
18: end loop
19: end if
20:
21: procedure PLACE_MARKER_AND_RESET > g1
22: if read a # then
23: step Left > g4
24: call RESET_AND_HALT
25: else if read a 1 then
26: write a #
27: Step Left > g2
28: while read a 1 do
29: step Left
30: end while
31: end if
32: end procedure
33:
34: procedure RESET_AND_HALT > gy
35: while read a 1 do
36: step Left
37: end while
38: write a 1
39: halt >qr

40: end procedure

The purpose of this apparently pointless procedure is that, by Lemma 20, we can substitute the Inc
machine from Lemma 26 for the state g, with Inc acting on the (initially blank) binary track.

The above TM enters the g state precisely n times. Thus, when we substitute Inc for g, Inc will be
run precisely n times, leaving the number n written on the binary track as required. Each iteration of Inc
takes time O (log n) and at most |n| + 2 space. The step-right TM constructed above adds time overhead
O(n?) and uses n + 1 space. Neither machine ever moves its head before the starting cell. Thus the
overall machine satisfies the time and space claims of the Lemma. O
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3.2. Quantum phase estimation overview

The qubits used in the quantum phase estimation circuit can be divided into two sets: the “output’ qubits
which will ultimately contain the binary fraction expansion of the phase in the black-box unitary, and the
“ancilla” qubits on which the black-box unitary is applied. In our case, the black-box unitary will be the

single-qubit unitary U, = ( (1) e,«(,)w, ), so the ancilla set will be a single qubit. As stated above, ¢ will refer

to the number whose binary decimal expansion contains the digits of » in reverse order after the decimal.
The quantum phase estimation algorithm proceeds in five stages:

(i) A preparation stage, in which the qubits are first initialised in the |0) state, then Hadamard gates
are applied to all the output qubits and the ancilla qubit is prepared in an eigenstate of U, (in our
case |1));

(ii) The controlled-unitary stage, during which control-U, operations are applied between the output
qubits and the ancilla qubit;

(iii) A stage in which we locate the least significant bit of the output;
(iv) The quantum Fourier transform stage, in which the inverse quantum Fourier transform is applied to
the output qubits;

(v) A reset stage, which resets all the auxiliary systems used during the computation to their initial
configuration.

We will construct QTMs for each of these stages separately, and use the Dovetailing Lemma 21 to
chain them together. It will be useful to divide the tape into multiple tracks. A “quantum track” with
alphabet X, = {#,0, 1} will store the qubits involved in the phase estimation algorithm. The input v
(the unitary representation of N) will be supplied as a string of N 1’s on the quantum track. All the
other tracks will essentially be classical; after each stage they will be left in a single standard basis state
(i.e. neither entangled with other tracks, nor in a superposition of basis states). These classical tracks
will be used to implement the classical processing needed to control the quantum operations applied to
the quantum track.

3.3. Preparation stage

We will use the first cell of the quantum track as the ancilla qubit, and the following N cells as the output
qubits of the quantum phase estimation algorithm.

It will be convenient to first store a copy of the input given in unary on the quantum track on an
auxiliary “input track”, but written in binary, i.e. to transform the configuration 17 ; # of the quantum and
input tracks into 1V'; N. Running the unary-to-binary converter UtoB from Lemma 29 on the quantum
and input tracks carries out the desired transformation.

We want to initialise the N + 1 qubits that will be used in the phase estimation, by preparing the
ancilla qubit in the state |1) and the output qubits in the |+) state. The first N qubits are already in the
|1) state thanks to the input string. We therefore prepare the desired state by first temporarily flipping
the state of the first qubit on the quantum track to |#) to mark the starting cell, then stepping the QTM
head right rotating each qubit into the |+) state, until we reach the first |[#) state which we again rotate
to |+) to initialise the N + 1’th qubit. We then move the head back to the start location, flip the state
of the first cell of the quantum track from |#) to |1), and halt. (The contents of all other tracks are
ignored.)

In pseudocode:
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Algorithm 6 Preparation QTM

apply unitary gate that rotates from |1) to |#)
step Right
while read |1) do
apply Hadamard gate to rotate to |+)
step Right
end while
apply unitary gate that rotates from |#) to |+)
step Right
step Left
while not read |#) do
Step Left
: end while
apply unitary gate that rotates from |#) to |1)
. halt

R A A ol S

—_ = e
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input: unary representation of N € N, i.e. string of N 1’s

> 40

>q1

> q>2
> 43

l>qf

It is straightforward to verify that the following partial

transition function satisfies the conditions

of Theorem 18, so is well-formed, and implements a proper, well-formed, normal form, unidirectional

QTM that does exactly what we want.

# 0 1
] W IR)
a1 | 510) +[1) l42) |R) H30)+11) 1) 1R) a1
a2 #1g)IL)
el Mla)Ny 0l D)L
ar| Wl N 01a0) N 11)1go) IN)

3.4. Control-U, stage

The second stage of the phase estimation procedure is to apply control-U, g’_l operations between the
n’th output qubit and the ancilla qubit (see Figure 2). Constructing a QTM that implements this is more

complex. The basic idea is to supply the QTM with an inter

nal state g that causes the U,, rotation to be

applied to the quantum track at the current head location. We then construct classical control machinery
which iterates over the output qubits, and loops on g to apply U, for a total of 271 times.

0) —{4]

> ‘0> + 627ri(2“\"7l',o) ‘1>

0) —{1]

|0) + e27i2%) |1)

o) {1}

|0) + 27i(22) |1)

|0) + €27 |1)

0) —{H}——9
b — o

o il

Y

Figure 2. The preparation and control-U, stages of the quantum phase estimation circuit for ¢

(cf. Fig. 5.2 in [62]).
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We will use three auxiliary tracks. A “mark track”, with alphabet X,,, = {¢, ¢, mo, m1, #}, will be used
to mark the position of the current control and target qubits. (The m ; states will be used to temporarily
store an auxiliary qubit on the mark track of the starting cell.) The other two auxiliary tracks, with
alphabet X; = {0, 1,#}, will constitute the work tapes of two different reversible looping TMs from
Lemma 27.

3.4.1. cU* machine
We will need a QTM which applies the control-U,, operation k times. We give a construction for an
arbitrary controlled single-qubit unitary U, as this will be useful later.

Lemma 30 (Controlled-U QTM). For any single-qubit unitary U, there exists a well-formed normal
form unidirectional QTM cU* with the following properties. The QTM has three tracks: a looping track
with alphabet ¥; = {0, 1, #}, a mark track with alphabet %, = {t, ¢, mo, my, #}, and a quantum track
with alphabet 3, = {0, 1,#}. The input consists of a number k > 1 written in binary on the looping
track in little-endian order, a configuration containing a single t and a single c within the first n tape
cells on the mark track (and all other cells blank), and an arbitrary n-qubit state on the quantum track.

On such input, the QTM applies the control-U operation k times between the control and target qubits
on the quantum track marked by c¢ and t, and then halts, having run for time O (kn + k log k), used at
most max(n, |k|) + 2 space, behaving properly and leaving the configurations of the looping and mark
tracks unchanged.

Proof. It will be convenient to first run the Suirr machine from Lemma 24 acting only on the mark
and quantum tracks, to shift this part of the input one cell to the right. This produces a # on the mark
and quantum tracks of the start cell, which we can use later to return to this cell. The remainder of
the construction returns the quantum and mark tracks of the start cell to the # state, so we can run the
corresponding Suirr’ machine at the very end (where Stier! is the reversal of M, constructed using
Lemma 22) to shift these tracks back one cell to the left, so that the final output is correctly aligned.
These shift operations take O (n) time and use n + 2 space.

We construct the core of the cU* QTM out of two simpler machines, M and M5, dovetailed together
in the sequence M, M, M f (where M lT is the reversal of M1). Machine M effectively applies a CNOT
gate between the qubits on the quantum track marked by ¢ and ¢ on the mark track, with ¢ as the
control and ¢ as the target. However, as these qubits are not necessarily adjacent on the tape, M| must
temporarily make use of an auxiliary qubit stored in the internal states of the QTM, which gets “carried”
along with the QTM head. As we cannot leave a qubit in the internal state at the end of the computation,
however, M| must reversibly erase this internal qubit after it has served its purpose, by applying a
second CNOT between it and the control qubit. (See below for further details and quantum circuit
diagrams.)

M, implements this in stages: first, it scans right until it encounters a ¢ on the mark track, at
which point it applies a CNOT between the quantum track and a qubit stored in its internal state.
It then returns the head to the starting cell, and applies a CNOT between this internal qubit and an
auxiliary qubit m on the mark track (defined by the two orthogonal states |mg) and |m1), which are
identified with |0) and |1) respectively). Finally, it returns to the location of the ¢ on the mark track,
applies a second CNOT between the quantum track and the internal qubit, returns to the starting cell,
and halts.

In pseudocode:
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Algorithm 7 M,

1: input: mark track containing one c, one ¢, and # everywhere else;

2 quantum track containing an arbitrary quantum state. > qo
3: write mq to mark track

4: step Right > g1
5: while not read ¢ on mark track do

6 step Right

7: end while

8: apply CNOT gate with quantum track as control, internal qubit j as target

9: step Left > g5
10: while read # or  on mark track do

11: step Left

12: end while )
13: apply CNOT with internal qubit j as control, mark track qubit m as target > qg
14: while not read ¢ on mark track do

15: step Right

16: end while

17: apply CNOT gate with quantum track as control, internal qubit j as target

18: step Left > g4
19: while read # or  on mark track do

20: step Left

21: end while

22: halt >qr

Clearly, M| is proper, runs for time at most O(n) and uses at most n + 1 space.

The following well-formed, normal form, partial quantum transition function implements M; (which
acts only on the mark and quantum tracks). Note that two of the internal states of M| comes in two
varieties, indicated by a superscript j = {0, 1} and identified with |0), |1), respectively, which are used
to temporarily store a qubit in the internal state of the machine:

[#’#] [#’ l] [t’ ] [C,j] [Wlk, ]
qo |lmo,#)1q1) |R) '
a1 .00 1a0) 1R) 16, ) g 1R le. ) Iy 1Ly |
7 00 1g2) 1L) It ) laly IL) e le)IR)
a} [#,0) lg3) IR) 1t, - Y |g3) IR) lc, j) lqa) IL) ’
g4 #,0) 1g4) L) |1, - ) |ga) IL) Imi) g ) IN)
qr | [#.#)1q0) IN) [#,i)1q0) IN) |1, -} lq0) IN) lc, j) lq0) IN) Imk, -} |q0) IN)
Vi, j k € {0,1}

Machine M> loops k times, where k is specified by the number written in binary on the looping track,
applying a control-U operation between the auxiliary qubit stored on the mark track of the start cell and
the target qubit, and then halts. We construct M, using the reversible looping TM Loop from Lemma
27, and inserting for its special state a QTM M’ that is very similar to M. The M’ machine first applies
a CNOT between the auxiliary qubit stored in the mark track of the starting cell and an internal qubit. It
then scans right until it finds the ¢, and applies a single control-U operation between the internal qubit
and the target qubit. Finally, it moves the head back to the starting cell, and applies another CNOT
between the internal qubit and the auxiliary qubit, before halting.

In pseudocode:
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Algorithm 8 M’

1: input: mark track containing auxiliary qubit m in the first cell,

2 one ¢, one t and # everywhere else. > q0
3: apply CNOT gate with mark track qubit m as control, internal qubit j as target '
4: step Right >
5: while not read 7 on mark track do

6 step Right

7: end while

8: apply cU gate with internal qubit j as control, quantum track as target '
9: step Left > q)
10: while read # or ¢ on mark track do

11: step Left

12: end while

13: apply CNOT gate with mark track qubit m as control, internal qubit j as target

14: halt >qf

If u;; denotes the i, j’th matrix element of U, then the following well-formed, normal form, partial
quantum transition function (which acts only on the mark and quantum tracks) implements M":

[mo, - ] [m1, -] [#, -] [, /] lc, -]

q0 | Imo, ) 1q0 IR) [m1, -y lql) IR

q? #, ) |q?> IRY 1t 1aQ Ly e, -) |q<f> IR)

9 ) lay) IR B 1) lgby ILY e, ) lag) 1R)

a3 |Imo. -Y1as) IN) #, +) 143 |L) e, +)143) L) (3.16)
ql imi, Y lgr) INY 1#, ) 1gh)y IL) le, - ) lqly IL)
ar|lmo, - Y1go) INY Imy, - Y|qo) INY I, - Ylqo) INY 16, /) Iqo) INY e, - ) Iqo) IN)

Vi, j, k € {0,1}

M’ is proper, never alters the mark track and, for given mark track configuration, always runs for the
same number of time steps. So substituting M’ in the looping machine Loop of Lemma 27 produces
a proper QTM M,. Furthermore, since M’ takes O(n) time and at most n + 1 space, M runs for time
O(kn + klog k), uses at most max(n, |k|) + 2 space, and never moves the head before the starting cell.

The only gubits on which the overall QTM acts are the two qubits in the quantum tracks of the cells
marked by ¢ and c, the auxiliary qubit stored on the mark track (which we label m), and the two internal
qubits stored in the internal states qé of My and ‘1{,2 of M, (let’s label these jj 2, respectively). Qubits
m, j1 and j, are all initially in the |0} state. Apart from classical processing to move the head into the
correct location, M just applies a CNOT between the ¢ and j; qubits, followed by a CNOT between
the j; and m qubits, and finally another CNOT between the ¢ and j; qubits:

Cc
0);, —B b
0}y ————

Similarly, M’ applies a CNOT between the k and j, qubits, a control-U operation between the j,
and ¢ qubits, and a final CNOT between the k and j» qubits. Letting cU denote the control-U gate, and
recalling that the j, qubit starts off in the |0) state, the overall effect of this is:

CNOTmajz CszJ CNOT'n,jz |'//>m,t |0>j2 =cU |‘//>m,t |0>j2 s (3.17)
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or, as a quantum circuit diagram:

m m

A

10);, —b—e—
t t

i.e. M’ effectively applies a single control-U operation between the m and ¢ qubits. M, repeats the M’
operations k times, so the overall action of M is to apply a control-U operation k times between the m
and ¢ qubits:

(CNOTyj, cUjye CNOT,y 1)* [0),,, 10);, = cU* [41),, 10);, » (3.18)

or, in quantum circuit diagrams:

|0>j2 M o vt . M o Fan =
k times

Since the CNOT gate is self-inverse, the time-reversal M I( in fact applies the same sequence of CNOTs

as M;. So, on the control, target, mark and internal qubits, dovetailing M, M>, M f carries out the
operation:

(CNOT..; CNOT}, ,, CNOT. j, U, -
CNOTj, m CNOT, j, CNOT. j,) |)c. 1 10, 10}, (3.19)

= cUE , [¥)c., 10);, 10, »

or, in quantum circuit diagrams:

c c —o—
|0) 1 5 N &% &
0}, S b =
10}, H—e—b

Thus the overall action of the entire QTM is to apply a cU* operation between the control and
target qubits, as required, leaving the looping and mark tracks back in the configuration they started
in. Furthermore, the QTM runs for time O (kn + k log k), uses at most max(n, |k|) + 2 space, and is
well-formed, normal form, unidirectional and proper, as claimed. O

3.4.2. Iterating over the control qubits

We want to apply a cU, 3"71 operation between the n’th output qubit and the ancilla qubit, for each of the
N output qubits. (Note that the output qubits are stored in reverse order on the quantum track starting
from the 2nd cell, so the 1st output qubit is stored in the N + 1’th cell of the quantum track and the N’th
output qubit is stored in the 2nd cell; recall that the 1st cell holds the target qubit.) As we will need to use
a second looping machine to iterate over the qubits, we refer to the looping track for the cU* machine
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as the “cU looping track”, and the track for the second looping machine used here as the “outer looping
track”.

We will need a reversible TM which, on suitable mark and cU looping track configurations (cf.
Lemma 30), moves the ¢ marker on the mark track one cell to the left, and doubles the value k written
on the cU looping track. It is convenient (though slightly less efficient) to divide the implementation
into two parts, dovetailed together: STep, which shifts the ¢ marker one cell to the left, and DL which
doubles the value on the cU looping track.

In pseudocode, Step. does the following:

Algorithm 9 Step,

1: input: string s € {z, ¢, #}* starting with the symbol ¢, followed by zero or
2 more #’s, ending with a single ¢ symbol. > g0
3: step Right > g1
4: while read # do

5: step Right

6: end while

7. write a #

8: step Left > g2
9: writeac

10: step Left > g3
11: while not read a t do

12: step Left

13: end while

14: halt >qr

The following well-formed, normal form, partial transition function implements the reversible TM
StEP, (Which acts only on the mark track):

# t c

q0 (t,q1,R)

qi1 (#’ql’R) (#’QZ’L)

q2 |(c,q3,L) (3.20)
q3 (#,113,L) (t7qf,N)

qr |(#,q0,N) (1,q0,N) (c,q0,N)

Vi e {0,1}

Doubling a number in binary simply appends a 0 onto the binary representation of the number. The
Turing Machine implementation of this is particularly convenient in the little-endian convention we are
using, as it simply means finding the first blank symbol and appending the O there. We can simplify
the implementation slightly and avoid the Turing Machine head ever moving before the starting cell, by
taking advantage of the fact that the input in our case is always a power of 2, so, in little-endian order,
always consists of a string of zero or more 0’s followed by a single 1; in particular, the input is never
blank. Thus we can overwrite the initial 0 or 1 with a blank symbol to mark the start of the tape, and
restore the initial tape cell to O at the end of the algorithm. In pseudocode:
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Algorithm 10 DBL

input: binary representation of k = 2" for n € IN. > qo
if read a 1 then

write a #

step Right >q)
else

write a #

step Right > q

while read a 0 do

step Right

end while

write a 0

step Right > q2
. end if
write a 1
. step Left > g3
while read O do

step Left
: end while
: writea 0
halt >qf

R A A R ol S

R — = m s s e e e e
S0 X LR 2

The following well-formed, normal form, partial transition function for DL (which acts only on the
cU looping track) does precisely this:

# 0 1
q0 (#.q1,R) (#,42,R)
q1 (0,91,R) (0,92, R)

3.21
q> | (1,q3,L) 3:21)
q3 |(0,q7,N) (0,q3,L)
qr | (#,90,N) (0,90,N) (1,40,N)

We are now in a position to implement the complete controlled-U, stage of the quantum phase
estimation algorithm. We initialise the states of the auxiliary tracks, by first running a simple reversible
TM that changes the [#, #] in the first cell of the mark and cU looping tracks into [z, 1], then returns
to the starting cell and halts. (Constructing a reversible TM for this is trivial.) We dovetail this with a
proper, normal form reversible TM that scans to the end of the output qubits, initialises the mark track
in that cell to a c, then returns to the starting cell and halts. In pseudocode:
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Algorithm 11 controlled-U, initialisation

1: input: mark track containing ¢ in the first cell;
2 quantum track with ancilla and output qubits followed by #s > qo
3: step Right > g1
4: while not read # on quantum track do
5: step Right
6: end while

7: step Left > o
8: write ¢ on the mark track

9: step Left > g3
10: while not read ¢ on mark track do

11: step Left

12: end while

13: halt >qf

The following normal form, partial transition function (which acts only on the mark and quantum
tracks) accomplishes this:

[#, #] [#,1] [7, /]
q0 ([, 1,91, R)
q1 |([#.#],92,L) ([#,i],q1,R)
92 ([e.il. g3, L) (3.22)
qs3 ([#al],q3’L) ([I’J]’vaN)
qr | ([#,#],q0,N) ([#,i],q0,N) ([t, ], q0,N)
Vi, j € {0,1}

On the mark track, this leaves a ¢ and ¢ over the ancilla qubit and the first output qubit, ' respectively,
and blanks everywhere else. The configuration prepared on the cU looping track corresponds to the
number 1 written in binary.

Next, we copy N from the input track to the outer looping track using the Copy machine from
Lemma 23. We then run a reversible looping TM from Lemma 27 which uses this track as its input
track (so it will loop N times in total). For the special state of this looping machine, we substitute a
QTM which dovetails the cU* machine from Lemma 30 with the Step, and DL machines constructed
above.

On appropriate input, the cU*¥ machine from Lemma 30 runs for a number of steps which depends
only on the classical part of the input supplied on the mark and looping tracks, and not on the quantum
state in the quantum track. The Step. and DBL reversible TMs don’t touch the quantum track at all. So
as long as the mark and cU looping tracks are always in a suitable configuration (cf. Lemma 30) before
the cU* machine is run in each iteration, the outer looping machine will be proper.

Now, we already initialised the cU looping track to k = 1, above, and marked the ancilla qubit as the
target and the first output qubit as the control. So the initial configuration of the mark and cU looping
tracks is suitable input for a cU* machine. When cU* is run in the first iteration of the outer looping
machine, it applies a cU' = cU between the first output qubit and the target qubit. STEP, and DsL
machines then run, which shifts the control marker one cell to the left onto the second output qubit and
doubles k to 2, ready for the next iteration. In the second iteration, the looping machine therefore applies
a cU? between the second output qubit and the ancilla, and doubles k to 4. The looping machine goes
through a total of N iterations, each time feeding suitable input to the cU*¥ machine to make it apply a
cU*"" between the n’th output qubit and the ancilla, before halting with N written on the outer looping

10Recall that the first output qubit is the last one on the quantum track.

https://doi.org/10.1017/fmp.2021.15 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.15

42 Toby Cubitt et al.
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Figure 3. The inverse QFT stage of the quantum phase estimation circuit (cf. Fig. 5.1 in [62]).

track, a ¢ and c in the first and second cell of the mark track, and N + 1 written on the cU looping
track.

Thus the outer looping machine is well-formed, normal form, unidirectional and proper. It runs for a
total of N iterations with overhead N log N (cf. Lemma 27). In the n’th iteration it runs the cU K machine
from Lemma 30 once with k = 2"~!, and runs the Step, and DBL machines once each. The n’th iteration
of the cU¥ machine takes time O (N +2"! log 2"~1), and the Step. and DBL machines always take time
O(n). So the outer looping machine runs for a total time O (N22V).

Finally, we can uncompute (reset) the auxiliary tracks by running a reversible TM which transforms
the configuration N; N;tc; N + 1 left on the input, outer looping, mark, and cU looping tracks, into
N #;#;#. We do this by running the reversal Copy' of the copying machine from Lemma 23 on the
input and outer looping tracks to erase the outer looping track, decrementing the cU looping track and
running Copy again to erase that track, and running a trivial reversible TM that changes ¢ on the mark
track into ##.

Putting everything together, the control-U stage runs for a total time O (N?2") and requires space
N + 3 (2 more cells than the number of qubits, which is N + 1). When dovetailed with the preparation
stage from Section 3.3, the overall QTM we have constructed implements the control-U circuit of
Figure 2. If ¢ denotes the k’th digit in the binary fraction expansion of ¢, then this prepares the
state [62]

%N (10) + 251098 1)) (j0) + e270-on-198 1)) ..
. (|o> 4 2002 N1 PN |1>) (|o> + 2Ti0.01¢2 N |1>) (3.23)

on the N output qubits (ordered as they are on the quantum track). All other tracks are blank, except for
the input track which still has the input N written on it as a little-endian binary number.

3.5. Locating the LSB

The final stage of the quantum phase estimation algorithm is to apply the inverse quantum Fourier
transform to the quantum state generated by the control-U stage. The structure of the quantum circuit
for the QFT is rather reminiscent of that of the control-U stage. It again involves applying a “cascade” of
control-U?" gates between pairs of qubits, which we already know how to implement. Only now there
is a new cascade starting from each output qubit (see Figure 3).

However, the phase 2=V of the control-U,-~ rotation needed in the QFT circuit depends on the total
number of qubits N that the QFT is being applied to. If we simply implemented the inverse QFT circuit
directly on all N output qubits, the entries of the transition function in our cU* machine from Section 3.4
would have to depend on the input &, which is not allowed. It is not at all obvious whether the inverse
QFT circuit on N qubits can be implemented exactly when N is given as input.!

1The universal QTM construction of Bernstein and Vazirani [16] can approximate the QFT on N qubits to arbitrary precision,
but it does not implement it exactly.
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On the other hand, the entries of the transition function are allowed to depend on the phase ¢ that we
are estimating — indeed, they necessarily do so, since the output of the P, QTM in Theorem 10 depends
on n (or equivalently on ¢). Rather than implementing the QFT on N qubits, we take a different approach.
We supply our QTM with the U,-j, gate, and implement the inverse QFT on |¢| qubits, independent of
the input N. (L.e. just enough qubits to hold all the digits of the binary fraction expansion of ¢.) However,
for this to work, we must first identify which output qubit holds the least significant bit (LSB) of ¢, so
that we know which qubits to apply the |¢|-qubit inverse QFT to. The role of the input N is merely to
provide us with an upper-bound on ||, which allows us to identify the LSB in finite time and space.

Recall that the control-U stage prepared the state [62]

ZLN (I0> + 0N II)) (|0) + e2mi0-en-19N |1>) -
2

.. (|()> + 27i0-¢2..pN-19N |1>) (|0> + 27i0-p102...0N |1>) (3.24)

on the N output qubits (where ¢ denotes the k’th digit in the binary fraction expansion of ¢).

The least significant bit of ¢ is the |¢|’th bit, and by assumption (cf. Theorem 10) |¢| < N. So the
|¢|’th bit of ¢ is 1 and the |¢|+ 1 ... N’th bits are all 0. Thus the last N — || output qubits are in the |+)
state, and the || ’th qubit, which corresponds to the least significant bit of ¢, is in the |—) state. (Recall
that the output qubits are stored on the quantum track in reverse order.)

Therefore, if we construct a QTM that steps right, applying Hadamard rotations to the output qubits
in the quantum track until it obtains a |1) and halts, we will be able to locate the least significant bit
of ¢. More precisely, this will rotate the first N — || output qubits into the |0) state, and halt with
the N — || + 1’th qubit (which corresponds to the |¢|’th bit of ¢) rotated into the |1) state. The least
significant bit of ¢ is therefore identified by the first |1) on the quantum track after this machine has
finished running.

Algorithm 12 LSB QTM

1: input: quantum tape containing |1) followed by N-qubit state from (3.24). > qo
2: write |#)

3: repeat

4: step Right > g1
5: apply a Hadamard gate > g2
6: until read a |1)

7: step Left > g3
8: while read |0) do

9: step Left
10: end while
11: halt >qf

The following well-formed, normal form, partial quantum transition function (which acts only on the
quantum track) implements a proper QTM that steps along the quantum track, applying Hadamards until
it obtains a |1). It can be verified that it obeys the three conditions of Theorem 18, so can be completed
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to a well-formed QTM:

# 0 1
40 1 1 #) 1q1) |R)
a1 | W 1g3) IL) 7 (10) +11)) 1g2) IN) <5(10) = 1)) lg2) IN) (3.25)
92 10) [g1) |R) 1) 1g3) |L)
g3 ([#) g ) IN) 0) 1g3) L)
a5 | 1#) 190) IN) 0} Ig0) IN) 1) 190} IN)

(Note that the qubit in the starting cell of the quantum track is still in the state |1) from the preparation
and control-U stages. As we will not need this qubit again, this machine sets it to |#) to mark the starting
cell and leaves it in that state when it halts, for later convenience.)

The configuration written on the quantum track after this machine has finished is the N + 1-qubit state:

1

1#)10) "0y 1) —
277

(|0> + 270 Plgl-1 9]¢l |1>) (|o> + 270 P29 -1 94| |1>) e

(|o> s mibaegasdl 1)) (326)

Note that the first N — |¢| + 2 cells of the quantum track are not entangled with the rest of the track.

It will be helpful for later to record the number of output bits that we are skipping, i.e. to compute
N — |¢| and store the result on a separate auxiliary “count track”. We can do this using a construction
that is very similar to the unary-to-binary converter of Lemma 29. Specifically, we will construct a
reversible TM Counr that steps right over |0)’s until it finds a |1) on the quantum track, running the Inc
machine once each time it steps right. (This means first returning the head to the starting cell, running
Inc, then returning the head back to where it was previously.)

Consider the following partial transition function, which satisfies the conditions of Theorem 17 so
can be completed to a proper, normal form, reversible TM:

# 0 1

q0 | (#.q1,R)

q1 (#,44,14) (#»QZ,L) (175147L)
q2 (#’ q’N) (0,42514)

q | (#.q3.R)

q3 (O’CII’R) (O,CIS,R)

q4 (#»Qf»N) (O»Q4,L)

g5 | (#,90,N) (0,q0,N) (1,490,N)

(3.27)

This machine effectively steps right over 0’s until it encounters a 1, at which point it moves its head
back to the starting cell and halts. (It assumes that the first cell is marked with a #.) However, each time
it is about to step right, it first temporarily marks the current head location by overwriting the 0 with
a #, returns the head to the starting cell, enters a special internal state g for one time step, then returns
the head back to where it was before, resets the quantum track to 0, and continues stepping right from
where it left off. In pseudocode:
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Algorithm 13 LSB-counting TM

1: input: string s € {0, 1,#}* consisting of a single # followed by any

2 binary string > qo
3: step Right > g1
4: while read a 0 do

5: write a #

6 step Left > g2
7 while read a 0 do

8 step Left

9 end while
10 enter special state ¢ > q
11: step Right > g3
12: while not read a # do
13: step right
14: end while
15: write a 0
16: step Right > g1
17: end while
18: step Left > g4

19: while read a 0 do

20: step Left

21: end while

22: halt >qf

By Lemma 20, we can substitute for the state g the INnc machine from Lemma 26 (acting on
an initially blank “count track”). If we run the above TM on the quantum track, it will step right
precisely N — |¢| times before finding the first |1), so it will halt with N — |¢| written to the count
track.

The configuration left on the tape now consists of the little-endian binary number N written on the
input track, the little-endian binary number N — |¢| written on the count track, and the N + 1-qubit state
from (3.26) written on the quantum track.

As the qubits storing the N — |¢| trailing 0’s of the N-digit binary expansion of ¢ now play no further
role, it is convenient to shift the starting cell of subsequent machines to the tape cell containing the
LSB. To this end, we copy the values N and N — |¢| from the input and count tracks onto new auxiliary
tracks. We then use a Loop machine from Lemma 27, which uses the original count track as its input
and work track, to run a SHIFT machine from Lemma 24 acting on the tracks holding the copies of the
count and input tracks. Thus the SuirtT machine will run a total of N — |¢| times, thereby shifting the
binary strings on the copies so that they start in the N — |¢|’th cell — the one containing the LSB of |¢| in
the quantum track. We then run a trivial TM that steps the head right over the initial string of |0)s on the
quantum track, until it encounters the first |1) identifying the LSB, and halts with the head at this LSB
cell. When we refer to the input and count tracks in the following section, we mean the copies shifted
to start at the LSB cell. (At the very end of the computation, we will uncompute the shifted copies of
the count and input tracks and step the head left back to the original starting cell, to ensure the overall
QTM remains proper.)

Now, we have been careful to ensure that the head is never moved to a location before the starting
cell in any of the reversible and quantum TMs that we have constructed. Furthermore, the section of the
complete tape configuration located before the LSB cell is unentangled with the rest (see (3.26), and
note that all tracks other than the quantum track are in classical configurations). Thus, if we start any of
our TMs in the LSB cell, it acts as if its input were the section of the tape configuration located after
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(and including) the LSB cell. We can therefore ignore the tape configuration of the first N — |¢| cells in
the following section, and restrict our attention to the following |¢| cells.

3.6. QFT stage

We are now ready to apply the |¢|-qubit inverse QFT to the |¢|-qubit state stored on the quantum track.
The inverse QFT circuit on |¢| qubits consists of cascades of cUé‘f‘ 0 gates, very reminiscent of the
control-U stage we have already implemented (see Figure 3). The construction will therefore be similar.
In the following, as we have shifted the starting cell, we relabel the output qubits and refer to the LSB
qubit as the 1st qubit, the last one as the |¢|’th qubit.

In each cascade, we want to apply a cUym-n = (CU27|¢\)2M+W" gate between the m’th and rn’th qubit
(m < n). Once again, we will use mark and cU looping tracks to hold the input to a cUé{I . machine
from Lemma 30. However, the main loop will now consist of two nested loops: an outer loop to iterate
the control qubit m of the cU zlf‘f‘:mf" gate over each output qubit, and an inner loop to iterate the target
qubit n over qubits m + 1 through |¢p|.

We first run a TM that initialises the mark and cU looping tracks, so that the mark track contains the
configuration ct in the first two cells, and the cU looping track contains a string of |¢| — 1 0’s followed by
a 1. Note that this initial configuration of the cU looping track is the little-endian binary representation
of the number 2!%!=1. (Constructing a proper normal form, reversible TM that implements all of this is
an easy exercise.)

We also use the Inc machine from Lemma 26 to increment the number N — |¢| stored on the count
track to N — |¢|+ 1. We then run the Sus machine from Lemma 28, with the input and count tracks as the
input tracks and the inner looping track as the output track, to write the number N — (N —|¢|+1) = |p| -1
to the inner looping track.

3.4.2. Inner loop

The inner looping machine is very similar to the main looping machine from the control-U stage. We
use a Loop machine from Lemma 27, with the inner looping track as its input and work track. In each
iteration, we first run a TM to divide the value on the cU looping track by 2. (This is simply the reversal
DsL’ of the machine constructed in Section 3.4.2.) We dovetail this with the cUé‘f| o machine from
Lemma 30. Finally, we dovetail this with a TM that moves the target marker ¢ on the mark track one cell
to the right. (This can be implemented by taking the reversal STEPZ of the machine from Section 3.4.2
and replacing ¢ with ¢ in its transition rules to give a STEP;r machine.)

Assume that the inner looping track is initialised to |¢| — m, the control and target markers on the
mark track are initially over the n’th and m + 1’th qubits, and the cU looping track is initialised to 2!%!.
Then the effect of this inner looping machine is to apply cU,m-» operations between the m’th and rn’th
qubit for all m < n < |¢| — the cascade of cU’s starting from the m’th qubit in Figure 3.

This inner looping TM leaves the mark track in the configuration with a ¢ in the same cell that it
started out in, a ¢ in the |¢| + 1°th cell (i.e. the cell after the last output qubit), and 2”*~! written on the
cU looping track. (The latter is the configuration consisting of an initial string of 0’s, followed by a 1 in
the cell containing the ¢ on the mark track.)

3.4.2. Outer loop

For the outer looping machine, we use a Loopr2 machine from Lemma 27 running on the input and
count tracks (which hold the numbers N and N — |¢| + 1, respectively). By Lemma 27, this machine will
therefore loop |¢| — 1 times.

In each iteration, we first run the inner looping machine. Note that for the first iteration, the auxiliary
tracks are already initialised as assumed above for the value m = 1. We dovetail this with a simple
QTM that applies a Hadamard operation to the current control qubit (the one marked by a ¢ on the mark
track).
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We then run a TM that changes the 1 on the cU looping track to a 0, shifts the ¢ on the mark track
one cell to the right, steps right, and changes [#,#] on the mark and cU looping tracks to [#,0]. The
machine then steps right, changing # to 0 on the cU looping track as it goes, until it reaches the end of
the output qubits. Whereupon it changes # on the cU looping track to 1, steps right, and changes the
t on the mark track to #. Finally, it returns to its starting cell and halts. (Again, by now, constructing
a proper, normal form, reversible TM for this is straightforward.) We dovetail this with the Dec TM,
acting on the inner looping track.

The effect of all this is to reset the configuration of the auxiliary tracks, ready for the next iteration
of the inner loop. The control marker c is shifted to the next qubit along, qubit m say, and the target
marker # is placed over the adjacent m + 1’th qubit. The cU looping track is reset to 2!¢1=!, and the inner
looping track is decremented to |¢| — m, as required. In other words, the auxiliary tracks are initialised
to the desired configuration for the new value of m.

Thus the outer looping machine runs the inner looping machine || — 1 times for each of the output
qubits m = 1. .. || — 1. Each time it runs, the inner looping machine applies the desired cascade of cU
operations between the m’th and n’th qubits for all m < n < |¢|. The outer looping machine then applies
a final Hadamard operation to the m’th qubit, before moving onto the next qubit. One can therefore see
that the overall effect is to apply the inverse quantum Fourier Transform circuit to the || output qubits.

3.7. Reset Stage

To reset all the auxiliary tracks, we dovetail the outer looping TM with a sequence of TMs that uncompute
all the configurations we previously prepared on these tracks.

The first of these TMs changes the ct left on the mark track over the final two qubits to ##, and changes
the final configuration 1;2!¢!=! of the inner looping and cU looping tracks to the blank configuration.
(Note that 2!#!=1 is the configuration consisting of a leading string of 0’s followed by a single 1 on the
final output qubit, so is straightforward to reset without any arithmetic computations.)

To reset the final configuration N; N — |¢| + 1 of the input and count tracks, we start by decrementing
the count track to N; N — |¢| (using DEc). Recall that we redefined the location of the starting cell before
implementing the inverse QFT machine, so that the starting cell became the cell containing the LSB
of ¢. We also shifted the copies of the input and count tracks accordingly (Section 3.5). We now step
the head back to the original starting cell (which is easily located as we left a # written there on the
quantum track, cf. Section 3.5). We can then run the reversal SHrrt' (constructed using Lemma 22) of
the machine used in Section 3.5, to shift the copies of the input and count tracks used in the QFT stage
back left again to the original starting cell, and run the reversal Copy' of the copy machines to erase the
copies of the input and count tracks.

To erase the original count track, which contains N — |¢|, we must run the reversal Count' that we
constructed in Section 3.5. (The first N — |¢| qubits remain in the |0) state and the LSB qubit in the |1)
state, so Count’ will indeed uncompute N — |¢|.) Finally, to erase the original input track, we first use
the Surrr’ machine from Lemma 24 on the quantum track, to shift the entire final state of the output
qubits left. Note that this will work because the first qubit (the ancilla qubit of the control-U stage) was
set to # in Section 3.5. We can then run the reversal UtoB' of the unary-to-binary machine from Lemma
29, acting on the quantum track and input track, to uncompute the binary conversion of the unary input
encoded in the length of the qubit state. Note that the UToB machine only checks whether the symbols
on the unary track are # or non-#. So the fact that the configuration of the quantum track is no longer
necessarily a string of N |1)’s does not matter; all that matters is that it is a string of N non-|#)’s.

The end result of all this is to reset all the auxiliary tracks to the blank state, leaving the output of the
inverse QFT circuit stored in the first N cells of the quantum track.

3.8. Analysis

By dovetailing together the preparation stage (Section 3.3), control-U,, stage (Section 3.4), inverse-
QFT stage (Section 3.6) and reset stage (Section 3.7), we have succeeded in constructing a family of
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well-formed, normal form, unidirectional quantum Turing Machines P,, that behave properly on input
N = |¢| written in unary, and implement the quantum phase estimation algorithm on N qubits for phase
¢. By construction, P, satisfies part (i) of Theorem 10.

Now, we know [62] that the quantum phase estimation algorithm outputs the exact binary fraction
expansion of the phase, as long as we run it on enough qubits to store the entire binary decimal expansion
of the phase. Thus for N > |¢| = |n|, the P,, writes out the binary decimal expansion of ¢ to N bits (in
little-endian order, padding with 0’s as necessary). We choose ¢ to be the rational number whose binary
decimal expansion contains the digits of n in reverse order after the decimal, where n indexes P,. So
our QTM P,, implements the computation claimed in part (ii) of Theorem 10.

We were careful throughout to keep tight control on the space requirements of the reversible and
quantum TMs that we used to construct P,,. In fact, none of them used more than N + 3 space. Finally, all
steps of the computation take time O (poly N), except the cU f; and cU, f; computations, which take time
O(2N). Thus the overall run-time is O (poly(N)2"). Thus P,, fulfils the space and time requirements
in part (ii) of Theorem 10.

The last thing we must check in order to finish the proof of Theorem 10 is part (iii). But the partial
transition function defined so far for P, satisfies part (iii). It is trivial to check that one can complete
this to a full transition function, whilst still satisfying part (iii). Indeed, by Theorem 18 the problem is
equivalent to completing an orthonormal set of vectors with coefficients in

1 . A
S= {o, 1,i$,el”¢,el”2 “0} (3.28)

to a full orthonormal basis with coefficients in S. Since any normalised vector with coefficients in S
must be proportional to a vector in the canonical basis {e;}; or of the form %(6 jtex), j # k,the
result is immediate. This completes the proof of Theorem 10.

Note that the QTM we have constructed only implements the computation correctly when supplied
a valid upper-bound on the number of digits in the binary fraction expansion of the phase. If the input
is not actually a correct upper bound, we make no claim about the behaviour of the QTM. (This will be
significant later, when we come in Section 6 to bound ground state energies of a Hamiltonian constructed
out of this QTM.)

4. Encoding QTMs in local Hamiltonians

In Section 3, we obtained a QTM that implements exact quantum phase estimation deterministically,
using a number of time-steps exponential in the bit-length of the phase being estimated. This gives
us a way to generate any desired input to feed into a universal (reversible) Turing Machine (UTM).
Dovetailing the phase estimation QTM and the UTM, we therefore obtain a family of QTMs of constant
size (fixed alphabet size and number of internal states) for which the halting problem is undecidable on
blank input tape.

In this section we will show how for any QTM, one can construct an associated Hamiltonian whose
ground state encodes in a concrete way the evolution of the QTM. In particular, for the family of QTMs
just described, it encodes the associated halting problem. We start by distilling the main ideas behind
the construction from a historical perspective, to serve as a roadmap for this section.

The idea of encoding quantum computations into ground states of Hamiltonians goes back to Feynman
[30], and was developed into its modern form by Kitaev [47]. The key object is the computational history
state, which encodes the entire history of the computation in superposition. As these history states will
play an important role in this section, we define them rigorously here:

https://doi.org/10.1017/fmp.2021.15 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.15

Forum of Mathematics, Pi 49

Definition 31 (Computational history state). A computational history state |)co € Hc®Hg is a state

of the form
1 &
Wico = ===, 1) W), 4.1)
ce Vdim Hc IZ:(; !
where {|¢)} is an orthonormal basis for H¢, and |y, = [T;_, U; lyo) for some initial state [o) € Ho

and set of unitaries U; € B(Hp).

Hc is called the clock register and Hg is called the computational register. If U, is the unitary
transformation corresponding the #’th step of a quantum computation, then |,) is the state of the
computation after ¢ steps. We say that the history state |/) encodes the evolution of this quantum
computation.

As Feynman realised, given a quantum circuit defined by the sequence of unitaries {U; }1<;<r, it is
straightforward to write down a Hamiltonian for which the ground space is precisely spanned by the set
of computational history states (Definition 31), where one allows any initial state Iwo)Q.

In order to obtain such a Hamiltonian, one first focuses on the clock register H¢. Let dc = T, and
look for a Hamiltonian that has as ground state the superposition of all clock time steps:

1 T
%% ﬁ;” (4.2)

This can be enforced by a standard hopping Hamiltonian:

T
He =) ()=t =1) (el = ¢t = 1)). (4.3)
t=1

To obtain the history state of Definition 31 from (4.2), one applies the controlled unitary Ucp =
2 (D@ Uy1..1y on [Y)¢ [Y0)g, Where Ujy...4) is a shorthand notation for U, U,y - - - Uy. At the level of

the ground state, this boils down to considering the rotated Hamiltonian Hcg = Uco(He ® ]lQ)Z/{TC
which is nothing more than

Q’

T
Heo=) (|z><r| @L+]t—1)(r—11®@1—|)t-1®U - |- 1)t ® U}‘) . 4.4

t=1

The difficulty arises when one wants to implement this construction with a Hamiltonian that is (a)
local, (b) one-dimensional and (c) translationally invariant. Issues (a)—(c) were addressed consecutively
by Kitaev et al. [47], Aharonov et al. [2] and Gottesman and Irani [32].

As we already illustrated, the key ingredient to construct the history state Hamiltonian (4.4) is the
clock. An important insight from [2] was to define a 1D local Hamiltonian whose ground state encodes
in superposition a series of sweeps of particular product states, which act as as an oscillator of a clock.
(Cf. Figure 4, which represents the particular clock oscillation we will use later).

Now, apart from hopping terms in (4.3) (called evolution or transition rule terms) enforcing the
evolution of the clock, one now needs to also include penalty terms that restrict the type of configurations
that can appear in the ground state, by giving a positive energy to configurations that do not appear in the
clock oscillation cycle. In the example of Figure 4, for instance, giving a positive energy to configurations
of the form guarantees that no can appear to the right of a (+) in any component of the
ground state.

The type of constraints that can be enforced by penalty terms is characterised by the notion of a regular
expressions, which for example (informally) allows one the express constraints of the form “write one

<), then as many (_ )’s as you want, then write a (=) or a (+), then as many (O) as you want, and then
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Figure 4. Example of a clock oscillation cycle.

a (>)”. (Note that this regular expression captures precisely the states present in the oscillation cycle of
Figure 4.) The formal definition of regular expression is recalled in Definition 33, and the key result
from [32] connecting regular expressions with penalty terms is stated in Lemma 36. An important point
here is that we will be able to guarantee by other means that the sites at the two ends are always in states
<) and (>), respectively. (We will enforce this using tiling constructions, described in detail Section 5;
the same condition is enforced in a different way in [32].) We can therefore restrict our analysis just to
these “bracketed” configurations.

The idea of alocal clock was developed further by Gottesman and Irani [32] to obtain a translationally
invariant clock where, analogous to a real clock, after each oscillation cycle (representing one “tick”
of the clock), a counter gets incremented by one. In [32] the clock counter counts in unary, and is
represented on a separate track of the TM. For a finite chain of length L, this means the clock can tick
for O (L) steps before the counter cannot be incremented further and the clock stops ticking. In our case,
we need the clock to tick for an exponentially larger number of time steps. Hence we need to count in
binary rather than unary. In fact, it will be convenient to have it count in an even larger (but fixed) base
{. To achieve this, we will have to generalise the binary counter machine constructed in the previous
section. This is done in Section 4.4.1.

There is an important subtlety. When one takes into account the full clock (oscillation and counter),
penalty terms and transition rule terms are not enough to characterise the desired clock evolution. An
example of this will be given below, immediately after the statement of Lemma 37. The key idea used to
solve this problem in [2], also used crucially later in [32], was a more general way to guarantee for those
particular constructions that all other product state configurations (except for those giving the desired
clock evolution) have larger energy. Note that if a state does not follow the correct evolution, it picks up
a positive energy contribution from the transition rule terms. Some of the undesired configurations pick
up a positive energy contribution directly from the penalty terms, as before. There are other undesirable
configurations that are not detected directly by the penalty terms. But these remaining undesirable
configurations all evolve under the transition rule terms into configurations that do pick up such an
energy penalty. Aharonov et al. [2] call this the Clairvoyance Lemma. This result may or may not hold
for any given construction; the clock and Hamiltonian construction must be designed such that this
property holds and the Clairvoyance Lemma proven for the specific construction at hand.
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Aharonov et al. [2] proved their Clairvoyance Lemma by dividing the Hilbert space of the clock
into subsets of product states that are invariant under the clock evolution, i.e. into orbits of the action
of the clock Hamiltonian. If the above property holds — that undesired states get penalties or evolve to
states with penalties — all orbits pick up energy penalties except the one corresponding to a valid clock
evolution. This in turn ensures that the ground states of the full Hamiltonian are precisely the set of
history states (Definition 31). Moreover, the analysis gives explicit lower bounds for the energies of the
excited states.

We will prove a version of the Clairvoyance Lemma for our construction following the same approach.
We first introduce penalty terms and transition rule terms for the clock Hamiltonian. We prove (building
on the key result Lemma 37) that all product states that do not appear in the desired clock evolution
either pick up an energy penalty from the penalty terms, or evolve to a configuration that picks up such
a penalty. This allows us to prove that the clock Hamiltonian consisting of the sum over these penalty
and transition rule terms has as its unique ground state the uniform superposition over the product states
appearing in the desired clock evolution. This is the key ingredient in our version of the Clairvoyance
Lemma (Section 4.7), which shows that for the complete Hamiltonian that includes both the clock and
computational registers C and Q, the unique ground state is the computational history state of Definition

31, and all other eigenstates have energies lower bounded by Q (%)

The final insight to solve the issue (c) related to the translationally invariance property comes from
Gottesman and Irani [32]. There, it was shown how all the ideas of [2] to address the local 1D case,
could be implemented keeping the Hamiltonian translationally invariant. Indeed, this section can be
seen as a self-contained analysis of a local Hamiltonian construction that generalises that of Gottesman
and Irani [32] for the particular purposes of this paper.

Apart from adapting the clock construction to a translationally invariant setting, one of the main
changes with respect to [2] (or to the original Feynman-Kitaev construction outlined above) in order
to make the construction translationally invariant was to switch from quantum circuits to QTMs. That
is, after each clock tick, a step of a QTM evolution is executed on a different track. In this case, the
computational register Q in Definition 31 corresponds to the whole QTM configuration (internal state,
head location, and tape configuration), encoded across a number of separate tracks. However, in order
to apply our version of the Clairvoyance Lemma, one needs to guarantee that the U, terms appearing in
(4.4) are indeed unitaries, and not partial isometries, even in the case in which the evolution corresponds
to a QTM rather than a quantum circuit. In our case, this is guaranteed by restricting to a special class of
QTMs, first identified in Bernstein and Vazirani [16], that has especially nice properties (well-formed
Definition 38, normal-form Definition 15 and unidirectional Definition 16, to which we also add proper
Definition 19) but that, at the same time, is general enough for our purposes.'> We give a more detailed
overview of how these properties, together with a modification to the encoded computation, allow us to
prove our version of the key Clairvoyance Lemma, in Section 4.7.

The following is the main result of this section:

Theorem 32 (Local Hamiltonian QTM encoding). Let C¢ = C€ ® C2 be the local Hilbert space of a
1-dimensional chain of length L, with special marker states |<)) , |(>)). Denote the orthogonal comple-
ment of span(|<) , |>)) in C4 by C42.

For any well-formed unidirectional Quantum Turing Machine M = (X£,Q,06) and any constant
K > 07, we can construct a two-body interaction h € B(@d®@d) such that the 1-dimensional,
translationally invariant, nearest-neighbour Hamiltonian H(L) = ZiL:_ll hEHD e B(H(L)) on the
chain of length L > K + 3 has the following properties:

(i) d depends only on the alphabet size and number of internal states of M.
(ii) h > 0, and the overall Hamiltonian H(L) is frustration-free for all L.

2[ndeed, it is general enough to admit universal QTMs [16].
13K will be needed to deal with the extra space required by the QTM defined in Theorem 10. It will be set to K = 3 in Section 6
where all components of the proof are combined.
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(iii) Denote H(L —2) := (C42)®L"2 and define S, = span(|<))QH (L — 2)® span(|>)) c H. Then
the unique ground state of H(L)|s,, is a computational history state encoding the evolution of M
on input corresponding to the unary representation of the number L — K — 3, running on a finite
tape segment of length L — 3.

Moreover, if M is proper on input given by the unary representation of L — K — 3, then:

(iv) The computational history state always encodes Q(¢T) time-steps, where ¢ = |2 x Q| If M halts
in fewer than the number of encoded time steps, exactly one |y;) has support on a state | T) that
encodes a halting state of the QTM. The remaining time steps of the evolution encoded in the history
state leave M’s tape unaltered, and have zero overlap with |T).

(v) If M runs out of tape within a time T less than the number of encoded time steps (i.e. in time-step
T + 1 it would move its head before the starting cell or beyond cell L —3), the computational history
state only encodes the evolution of M up to time T. The remaining steps of the evolution encoded in
the computational history state leave M’s tape unaltered.

(vi) Finally, if M satisfies part (iii) of Theorem 10, then h has the following form

h=A+ (™ B+e™ " Cyhe), (4.5)
with B,C € B(CI®C?) independent of n and with coefficients in 7, and A € B(CI®C?)
Hermitian independent of n and with coefficients in 7, + %Z.

Though we will not need it for our purposes, it is not difficult to prove that the next-highest eigenstate
of H(L)|s,, has energy Q(1/T3), where T is the total number of time-steps encoded in the computational
history state.

4.1. Preliminaries

As our construction draws heavily on [32], we will follow their notation and terminology, which we
summarise here. We divide the chain into multiple tracks:

Track 1: Clock oscillator

Track 2: Counter TM head and state
Track 3: Counter TM tape

Track 4: QTM head and state

Track 5: QTM tape

Track 6: Time-wasting tape

NNNNNIA
V)IVIVIVIV)V

Tracks 1-3 correspond to the clock register C and tracks 4-6 to the computational register Q in
Definition 31 (see Figure 5 for an illustration).

The local Hilbert space at each site is the tensor product of the local Hilbert space of each of the six
tracks H = ®l.6=  Hi, where

Hi :=span{|s)} @ {|<Q),|>)}

s € {(©),), ), ), ), ), O} forie{l,...,K},
Hy :=span{|p)}e9{|<),|>)}
peP U{(),©}where P:= P UPy UPgand P’ := PU Py,

1“4This choice of ¢ guarantees that the QTM M has enough time to halt (if it is going to halt) within this number of time-steps
in the finite tape segment available.

https://doi.org/10.1017/fmp.2021.15 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.15

Forum of Mathematics, Pi 53

Track 1
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Figure 5. Cartoon illustration of the role of the different tracks. Track 1 acts as the clock’s “second
hand”, repeating one full cycle for every clock increment. Track 3 acts as the “minute hand”, getting
incremented by one for every cycle of Track 1. Track 2 stores the counter Turing Machine head and
internal state machinery needed to implement this incrementing. These clock tracks drive the Quantum
Turing Machine in Tracks 4 and 5, Track 4 storing the QTM head and internal state, Track 5 storing the
OTM tape qudits. If the QTM ever halts or runs out of space on Track 5, it switches to writing garbage
on the “time-wasting” trap stored on Track 6 to use up the remaining time on the clock.

Hs ::span{|‘r>} ) {|<>,|>)}
7 € Ewhere E := {+,#,0,...,l -1} with { = |[Z x 0|,

Hy =span{lq)} & {|<) . |>)} (4.6)
geQ ' UPUP, U{r,}U{(),©)} where Q :==Q, UQN UQr,Q :=QUQ}
andx € Q,

Hs =span{|o)} & {|Q),|>)}
ogez,

He =span{|y)} @ {|<),|>)}
Yy € EU{r,} where g € Q".

Y is the tape alphabet of our given QTM M. E is the alphabet of the counter TM. Py, Py, Pg are the
sets of internal states of the counter TM that can be entered by the TM head moving left, not moving,
or moving right (respectively). The states p’ € P duplicate the states p € Pg, and p’ € P} duplicate
those in Py . Similarly for the internal states Qr,Qn,Qr of the QTM, with ¢’ € Q’L duplicating the
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states g € Qp. Recall that by the unidirection property of reversible and quantum Turing Machines
(Theorems 17 and 18), these sets are disjoint.

The () and (O) Track 2 and 4 symbols are used for cells that do not currently hold the head.'> The
role of the Track 1 states is described in Section 4.2. That of the Track 6 “time-wasting” tape, as well as
the role of the additional Track 4 P U P} states, will become apparent in Section 4.6.2.

The marker states |<)), |>)) appearing in Theorem 32 will just be the states |<)) = ®?:] 1<) yrack i
and |>) = ®?=1 |>) yack i+ When a subset of tracks T is clear from the context, we will also write
|, I>) to denote X); 7 1<) aek 1 A @)z I3 ek ;- TESPECtivVELY.

This set of states defines a standard basis for the single-site Hilbert space H. The product states over
this single-site basis then give a basis for the Hilbert space H®% of the chain. We call these the standard
basis states.

We will sometimes use regular expressions to specify subsets of standard basis states. A regular
expression denotes a (possibly infinite) subset of finite-length strings over a finite alphabet. Equivalently,
it can be thought of as a pattern that matches all the strings in the subset and no others. Regular
expressions, and the regular expression notation we will use, can be defined inductively in the standard
way:

Definition 33 (Regular expression). Given a finite alphabet X, let X* denote the set of all finite-length
strings of symbols from that alphabet. The following are regular expressions:

e The empty regular expression € denotes the set containing only the empty string.
e Any symbol x € X denotes the singleton set {x} containing only the string x.

Given two regular expressions Rj, R;, the following are also regular expressions:

® R R; denotes the set {xy : x € R}, y € S»} of all concatenations of strings matching R and S.

e The alternation R||R; denotes the set R; U R; of strings matching either R; or R; (or both).

e The Kleene-star R* denotes the Kleene closure of R, i.e. the smallest set of strings S such that
€, R € § and S is closed under concatenation.

e For xy,...,x, € X, square brackets [x1,xp,...,Xx,] :=x1|x2|. .. |x, are a shorthand notation for
alternations of symbols.

Parentheses (. ..) are used to group subexpressions, and have the highest precedence. Square brackets
have higher precedence than the Kleene-star operator, which has higher precedence than the alternation
operator. Concatenation has the lowest precedence.

Definition 34 (Bracketed state). We call standard basis states that match the regular expression (<)(-)*(>
bracketed states (where (-) stands for any single-site state other than (<), (>)). We denote by &, the
subspace spanned by the bracketed states.

We will often denote configurations of multiple tracks by writing them vertically, e.g.

o
OO 0

01

denote, respectively, a single-site configuration of two tracks, a configuration on two neighbouring
sites of one track, and a configuration on two neighbouring sites of three tracks. Since we will restrict

throughout to the subspace Sp; of bracketed states, the (<) and (>) states will only ever appear at the left
and right ends of the chain, across all the tracks. As a shorthand, we will therefore denote configurations

5There are two blank symbols because we will need different symbols to the left and right of the head, in order to enforce the
constraint that there is only one head on the track.
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Table 1. Single-site illegal states enforcing that end-marker states must appear across all tracks simultaneously.

Track i—j single-site illegal states, for all pairs i # j

< - > >
QI Q[ [-Of |-&

involving (<) and (>) with symbols stretching vertically across all tracks, e.g.

— 1
<~3 P1 2|
Pl ]

We will also sometimes need to specify configurations in which the tracks are in any configuration other
than (<), (>). We denote this with a =(<) or =(>) symbol stretching vertically across all tracks, e.g.

As usual in such constructions, the two-body Hamiltonian will contain two types of terms: penalty
terms and transition rule terms. Penalty terms have the form |ab){ab| where a, b are standard basis
states. This adds a positive energy contribution to any configuration containing a to the left of b. We
call ab an illegal pair, and denote a penalty term |ab){ab| in the Hamiltonian by its corresponding
illegal pair. We will sometimes also make use of single-site illegal states a. (Note that, even if we don’t
allow ourselves to use single-site penalty terms, single-site illegal states are easily implemented in terms
of illegal pairs, by adding penalty terms |ax){ax| and |xa){xa| for all pairs ax and xa in which the
single-site state appears.)

Definition 35 (Legal and illegal states). We call a standard basis state legal if it does not contain any
illegal pairs, and illegal otherwise.

By using single-site illegal states one can enforce that, on all legal states, the marker | <)) (resp. |>)))
can only ever appear simultaneously on all tracks. In this case, if one restricts to global bracketed states,
one also gets bracketed states in each of the tracks individually. The single-site illegal states enforcing
this are summarised in Table 1.

We will make repeated use of Lemma 5.2 from [32], which lets us use penalty terms to restrict to
configurations matching a regular expression:

Lemma 36 (Regexps). For any regular expression over the standard basis of single-site states in which
each state appears at most once, we can use penalty terms to ensure that any legal standard basis state
for the system is a substring of a string in the regular set.

All the regular expressions we will use start with a left-bracket state (<) and end with a right-bracket
>). So whenever we apply this Lemma, the only substrings of the regular set that are bracketed states
are in fact complete strings in the regular set, not substrings.

Transition rule terms have the form %(Izﬁ) — ) (| = {¢|), where |¢), |p) are states on the same
pair of adjacent sites. We will often take |) = |ab) and |¢) = |cd) to be standard basis states. This
forces any zero-energy eigenstate with amplitude on a configuration containing ab to also have equal
amplitude on the configuration in which that ab is replaced by cd. Conversely, if a zero-energy eigenstate
has amplitude on a configuration containing cd, it must also have equal amplitude on the configuration
in which that cd is replaced by ab. Thus we can think of these terms as implementing the transition
rules ab — cd, which we arbitrarily call the “forwards” direction, and the corresponding “backwards”
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transition cd — ab. Following the notation in [32], we will denote transition rule Hamiltonian terms
by their associated forwards transitions ab — cd or, more generally, [¢) — |@).

When a transition rule acts diagonally on a subset of the tracks, we will sometimes consider the
restriction of the transition rule to those tracks. That is, for a transition rule with the general form
lab)r |Y)pe — |cd)r |@)re, where T is some subset of the tracks, the restriction of the rule to 7 is given
by lab)y — led)y.

When we specify a Hamiltonian term only on a subset of the tracks, we implicitly mean that it acts as
identity on the remaining (unspecified) tracks. We will assume throughout this section that the ground
state subspace of the Hamiltonian is restricted to the subspace &, of bracketed states, with (<) at the left
end of the chain and (>) at the right. (We show how to enforce this later, in Section 6.)

4.2. Clock Oscillator

Every clock — even one unusual enough to be encoded in superposition into the ground state of a quantum
many-body Hamiltonian! — needs some form of oscillator that oscillates with a fixed period (such as a
pendulum), and a counter that is incremented after each complete oscillation of the oscillator (such as
the hands on a clock). For the counter, we will use a reversible counter Turing Machine, described in
Section 4.4. This section describes the Track 1 clock oscillator.

The legal configurations of Track 1 are states matching the regular expression
L)), ), (), ), (D]©)*(>). By Lemma 36, we can enforce this using penalty terms. Indepen-

dent of the configuration of any other track, a () arrow (either () or (")) sweeps right along the chain

until it reaches the end, whereupon it turns around and becomes a (+-). (When a (/) reaches the end and
turns around, the label on the arrow steps through the sequence (0), (1), ..., (K). This is used later on
to correctly initialise the other tracks. The restriction to L > K + 3 in Theorem 32 ensures that there is
enough space for such sequences of transitions.) This (<) arrow sweeps left until it reaches the begin-
ning of the chain, at which point it turns around and becomes a (—) again. We call this entire sequence
an oscillator cycle. (One complete cycle is illustrated in Figure 4 for a chain of length six.) On a chain
of length L, one complete oscillator cycle takes 2(L — 2) steps. The following transition rules on Track
1 enforce this:

Slol—0E  Eel—ER)
oEl—[Ee). O Elo)

4.7
oEl—[Eo).  [@e— 0@
eEl-EEl [Oo—Eo)

When a left-moving (+) arrow returns to the beginning of the chain, it turns around and becomes a
right-moving (—) arrow again. However, the label 0 on the arrow may change to a 1, depending on the
Track 2 state. The (%;) arrow transitions to (77) if the Track 2 state is p, (the initial state of the counter
TM). Whereas () always transitions to (7) unless the Track 2 state is p . The following transition rules

implement this:

= = = =
0 1 1 1

<)/ — (L), < — (< S 4.8)
Pa Pa Pa Pa

where —p, here denotes any Track 2 state other than p .
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4.3. Initialisation sweep

During the initial sweep of the Track 1 (7) from left to right and back, Track 1 contains a () or ().

We call this the initialisation sweep, and we want to use it to force Tracks 2 and 3 to be in the initial
configurations

<) po©O*(>) and L) #* (>), 4.9)

respectively. We do this by adding illegal pairs to forbid Track 2 from being anything other than

when a () is over it (except at the beginning of the chain):

<
-(< , (4.10)

—

and similarly to forbid Track 3 from being anything other than # when a (/) is over it (except at the
beginning of the chain):

G
—-(< ) 4.11
- (.11)

where —(+) again denotes anything other than the state (-
At the beginning of the chain, we use illegal pairs to forbid Track 2 from being anything other than

Po When () is over it. We also forbid it from being p, when a (%)) is at the beginning of the chain:

= =
0 1
< R < .
Pa Pa

4.12)

Thus any standard basis state containing a ('), () or (£;) on Track 1 that matches the regular expressions
(4.9), and is not in the initial configuration on Tracks 2 and 3, will evolve (either forwards or backwards)
under the oscillator transition rules into an illegal configuration, in at most L steps.

If Tracks 2 and 3 are in their initial configurations, then a standard basis state containing a (), (.
or (§,) will evolve backwards until it reaches the initial configuration |¢g), the standard basis state for

Tracks 1 to 3 which has the form:

=
0
S|pa >\ (4.13)
Flo# . #

4.4. Clock Counter

4.4.1. Counter TM construction

We construct the counter TM using a generalisation of the binary incrementing machine Inc from
Lemma 26, which will increment integers written in base-{ instead of in binary. Recall that £ = |Z X Q|.
Constructing a base-{ version of Inc is largely a straightforward extension of Lemma 26.

Ensuring reversibility is similar to the binary case. The TM state g; scans along the digits of the
little-endian input, changing all { — 1’s to 0’s as it goes, until it finds the first digit different from ¢ — 1.
It then increments this by one, to add the carry from all the previous ¢ — 1s digits. If no such digit exists,
a 1 will be appended to the end of the input. The difference with the binary case is that now there are
three cases (or computational paths) that we must distinguish: the case in which a digit other than 0 is
incremented by one, and two different cases in which a 1 can be written to the tape: incrementing 0, or
writing a new 1 in place of the first # symbol after the input. These three computational paths correspond
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respectively to TM states pa, p) and p}'. The latter two paths are first merged into state p}. The former
transitions instead into state ps3. Then, in a second stage, the two remaining paths are merged into state
p4 which, as in the binary case, is the state that then returns the head to the starting cell and halts.

In pseudocode:

Algorithm 14 INC,

. input: string s € {0, ..., — 1,+,#}" consisting of the symbol + followed by

1
2 the little-endian base-{ representation of n € IN.
3: step Right

4: whilereada ¢ — 1 do

5: write a 0

6 step Right

7: end while

8: if read 0 <i < { — 2 then

9: write i + 1

10: step Right

11: step Left

12: else

13: if read O then

14: write 1

15: step right

16: else if read # then
17: write a 1

18: step Right

19: end if

20: step Left

21: end if

22: step Left

23: while not read a + do
24: step Left

25: end while

26: halt

> 40
[>pl

> P2
> P3

4

>p2

14

l>l]2
4

>p3

> P4

>pf

The following well-formed, normal-form, partial transition function implements a reversible TM
INC, that increments any little-endian base-{ number written on the tape with a leading “start-of-tape”
symbol +, and returns the head to the starting cell without ever moving the head before the starting cell:

F # 0 1
po | (F,p1,R)
P1 (l’p;’R) (l’pé’R) (Z,PZ,R) (i+1’P2,R)
P2 (#,p3,L) (0,p3,L) (1,p3,L)
124 (0,p3.L) (1,p5, L)
py (#,p3, L)
p3
24 (1, ps, L)
P4 ('-’pf’N) (0’P4,L)

Pr (",PO,R) (#’pO’R) (07p07R) (1,[70,R)
Vie{2,....0-2)
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We now modify this machine slightly in order to make it loop forever. However, we must ensure that
the loop reenters the initial state pg of INc, reversibly. To accomplish this, we introduce new initial and
final states p, and p,, and modify the po and ps transitions such that the TM reversibly transitions
back into the state pg instead of halting, exploiting the fact that the symbol in the second tape cell will
be blank in the first iteration, and non-blank thereafter.

In pseudocode:

Algorithm 15 Base-{ COUNTER

1. input: + in first cell, followed by a blank tape. >PDa
2: step Right > Py
3: step Left > po
4: loop

5: call INC_( >pr
6 step Right >p }
7 step Left > Po
8: end loop

The following set of transition rules accomplishes this:

b # 0 1 i -1
Pa ("’P—l,R)
p-1 (#,po. L)
pPo ('_’pl’R)
P1 (LP&’,R) (19pé’R) (z’szR) (l+ l’vaR) (O,PI»R)
P2 (#7p3»L) (0»P37L) (17p3sL) (i’p37l‘) (g_ 1»P37L)
pé (O,Pé,L) (l’p:’;’L) (i’p&L) (g_ 151);’1‘)
Py (#.p3.L) (4.15)
p3 (i,ps L) ((—1,psL)
p3 (1, pa, L)
pa [(F.py.N) (0, p4, L)
pr|(hp%.R)
Py (0,po, L) (1,po,L)  (i,po,L) (£ ~=1,po,L)
Pow (l‘,pa,R) (#»PmR) (O’p(t’R) (Lp(nR) (Z»PmR) ({_ 1stR)

Vie{2,...,0-2}

These transition rules implement a reversible base-{ counter TM. When started from the tape configu-
ration consisting of a + symbol in the first cell followed by the all-blank tape (representing the number
0), this TM will loop indefinitely, incrementing the number written on the tape by 1 in each complete
iteration. For brevity, we will refer to this particular initial tape configuration as the standard input to
the counter TM tape.

We now declare certain configurations of the counter TM to be “illegal”. We will choose these illegal
configurations to be such that they are never entered by the counter TM started from the standard input.
Later on, when we come to encode the counter TM in a local Hamiltonian, we will use penalty terms
to give energy penalties to all the configurations we declare “illegal” here, so that the corresponding
standard basis states of the spin chain are indeed illegal in the sense of Definition 35. For now, however,
the “illegal configurations” simply define a particular subset Z of the complete set of counter TM head
and tape configurations.

Anticipating the later use of penalty terms, when defining illegal configurations we will often make
use of the illegal pair notation introduced above, where the top row denotes the counter TM head position

https://doi.org/10.1017/fmp.2021.15 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.15

60 Toby Cubitt et al.

and internal state p, and the bottom row denotes the tape symbols ab in the section of tape near the head:

or : . 4.16
al|b al|b ( )

A single row always denotes a section of tape:

. 4.17)

Certain configurations that we declare to be illegal will specify that the counter TM head is or is not
located at the starting cell. Again anticipating later use of penalty terms, we introduce the following
notation. We denote the starting cell by placing a (<) symbol on the left. We denote tape cells other than
the starting cell with —(<) on the left. For illustration, two examples of this would be:

P LA V| (4.18)
a a

Note that the counter TM started from the standard input never moves its head before the starting cell,
never reenters its initial state p,, and never enters its final state p,,. We therefore declare any counter
TM configuration which is in state p, with the head anywhere other than the starting cell to be illegal:

-2 (4.19)

We also declare any configuration in state p,, to be illegal:'®

Pw

(4.20)

Similarly, we declare any configuration in state p, with the head adjacent to a non-blank symbol to be
illegal, i.e. any configuration containing the illegal pair

Pa

— 4.21)

The transition table in (4.15) is partial; some transitions are never used, so were not defined. For each
(p, 1) for which no transition rule is defined in (4.15), we declare configurations in which the counter
TM is in state p and the head is reading 7 to be illegal, i.e. any configuration containing the illegal

pair
. (4.22)
For each configuration (pr,7,L), (pr,7,R) or (pn,7,N) which is not entered by any transition

rule in (4.15), we declare the corresponding TM head and tape configurations to be illegal, i.e. any
configurations containing one of the following illegal pairs:

PR ’ pL |- ’ PN |- . (4.23)

16We could alternatively remove state p,, from the construction entirely. We have elected to retain it, since inclusion of a
halting state is necessary to conform to the definition of a TM.
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Note that during the evolution of the counter TM started from a blank tape, the head is never more
than one cell to the right of a non-blank tape symbol. In fact, the only moment at which it is over a
blank symbol at all is when the incrementer TM needs to carry a digit, and moves the head to the next
blank cell in order to write the carry. We therefore declare configurations in which the head is more
than one cell to the right of a non-blank tape symbol to be illegal, i.e. all configurations containing the
illegal pair

P
## [

(4.24)

Note also that, when started from the standard input, the counter TM never modifies the - in the first
cell, never writes a i anywhere other than the first cell, and never creates an embedded blank symbol on
the tape. We therefore define all tape configurations without a - in the starting cell, all tape configuration
with a + anywhere other than the first cell, and all tape configurations with an embedded blank, to be
illegal. These illegal TM configurations correspond exactly to tape configurations matching the regular
expression

FLO,..., 0 — 1] # (4.25)

The little-endian numbers written by the counter TM are never padded with leading 0’s, so the
tape never has a 0 to the left of a #. We therefore define this combination to be illegal, i.e. all tape
configurations containing the illegal pair

. (4.26)

Later on, we will only be interested in configurations of the first L cells of the tape, and will stop the
counter TM just before it tries to apply a transition rule that maps out of this portion of tape. Therefore,
a 0 will never appear in the L’th tape cell, and we declare configurations containing a 0 in this cell
to be illegal:

0[5 4.27)

Lemma 37 (Evolve-to-illegal). Any counter TM configuration that is reached starting from the standard
input is legal. All other configurations with the head in position r € [0, L] are either illegal, or evolve
Jforwards or backwards to an illegal configuration within O (L) time steps in such a way that the head
never leaves the portion of tape [0, L].

Before delving into the technical proof, let us briefly explain why the set of configurations reached by
the counter TM during its computation (or rather, the complement of this set) cannot be characterised
by illegal pairs. And why, therefore, one needs to exclude many of the invalid configurations by showing
that they necessarily go on to evolve into an illegal configuration.

As an illustrative example, consider the valid configurations associated with state p; located in
position 5. These are of the form:

P1
T

[-[o[o]o[ 7 [--]

with 7 any element other than r. Any attempt to guarantee a 0 in position 3 in this configuration by
declaring extra illegal pairs (which we recall can only be defined between nearest neighbours) would
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contradict the fact that, for state po, all configurations of the form:

Po
[+ linlia]is]ia] -]

withi; € {0,...¢ — 1} are valid configurations reached by the counter TM during its evolution.

Proof. The first part of the Lemma is true by construction, since the partial transition rules of (4.15)
implement the counter TM without using any of the undefined transitions, and the tape configurations
defined to be illegal never occur when the counter TM is started from the standard input.

Recall that the alphabet of the counter TM is E = {+,#} U {0, ..., — 1}. Any tape configuration
that does not start with a +, or which contains a + anywhere other than the first cell, or which contains
an embedded blank, or contains a O to the left of a #, or with a 0 in the L-th cell is illegal. So legal tape
configurations match the regular expression

F(—#) [0, #]#" (4.28)

Configurations in which the head is more than one cell away from a non-blank symbol are illegal by
(4.24), so all legal configurations have the head located in, or immediately adjacent to, the non-blank
portion of the tape. All other configurations are illegal.

We divide the legal configurations into separate cases, according to the internal state of the counter
TM:

State p o:

All configurations in state p, are illegal by (4.19), except those with the head in the starting cell.
The latter are illegal by (4.21) unless the tape cell to the right of the head is blank. The only such tape
configuration which is legal is the standard input. Thus the only legal configuration in state p, is the
initial configuration of the counter TM started from the standard input.

State p_1:

There are no transitions out of (p_i,x) where x # # in (4.15), so by (4.22) the only legal p_;
configurations have their head over a #. Moreover, there is only one transition into p_; in (4.15). Hence,
evolving any such configuration one step backwards according to (4.15) either enters a configuration
that is illegal due to (4.22), or steps the head left and transitions to p,. But we have shown that the only
legal p, configuration is the standard input. Thus any configuration in state p_; not reachable starting
from the standard input will evolve backwards to an illegal configuration in one time step.

State p:
Every TM configuration of the form

TEE/{,_}, n>0

with the rest of the tape compatible with (4.28) is reached when evolving the counter TM from the
standard input; this configuration is produced whilst the counter TM is incrementing the number with
little-endian base-{ expansion

Z-1y...&-r1---.
—_— —

https://doi.org/10.1017/fmp.2021.15 Published online by Cambridge University Press


https://doi.org/10.1017/fmp.2021.15

Forum of Mathematics, Pi 63

The remaining legal configurations have at least one tape symbol x to the left of the head that is
neither O, nor #, nor r:

P1
[Ha]--Jim[x[0]---[O] 7 [--]
—_———
n
XGE/{F’#’O}, i1,...,im€E/{h#}, TEE/{F}, m,n > 0.

Evolving any such configuration backwards according to (4.15) either enters into an illegal configuration
due to (4.22), or rewinds the head left replacing 0’s with £ — 1’s, eventually reaching the configuration
with the head immediately to the right of the x:

P1
[Fla] Jim[x[ =1 Z -1 [7]]
—
n
er‘/{l—,#,O,l}, l'1,...,l.m€E/{,_’#}, TEE/{F’#}, m,n > 0.

The state p; can only be entered by moving right. But the configuration (p1, x, R) is not entered by any
transition rule in (4.15), so this configuration is illegal by (4.23).
State p»:

The state p; is entered when incrementing any digit other than 0, # or { — 1, so every TM configuration
of the form

x€EB/p#01y TEE/(y, n20.

with the rest of the tape compatible with (4.28) is reached when evolving the counter TM from the
standard input. This configuration is produced whilst the counter TM is incrementing the number with
little-endian base-{ expansion

C-D...(-Dx-Dr---
—

The state p, can only be entered by moving right. Configurations (ps,x, R) where x € {+,#,0, 1}
are not entered by any transition rule in (4.15), so these configurations are illegal by (4.23).

The remaining legal configurations have at least one tape symbol y to the left of the head that is
neither O, #, nor +:

P2
[F[i]. - Jim[y]O]---[O]x[ 7 [--]
—_————
XEE/{,_’#yo,l}, yEE/{,_’#,()}, TEE/{,_}, il,...,imEE/{,_,#}, m,n > 0.
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Evolving any such configuration backwards one time step according to (4.15) either produces an illegal
configuration due to (4.22), or produces the configuration:

P1
[Haal. - Jim[y[O]---[0]x — 1]z]-- ]
————
n
xEE/{,_’#’O’I}, yGE/{,_’#,o}, TGE/{,_}, il,...,imEE/{,_’#}, m,n > 0.

But we have already shown above that all such p; configurations evolve backwards in time to an illegal
configuration.
States p’, p}:

The argument for states p), and pJ’ is very similar to that for py, except that the legal value of x is
now 1.
State p3:

The state ps3 is entered by stepping left from p,, so every TM configuration of the form

TE E/{}—,#,O,l}’ n > 0.

with the rest of the tape compatible with (4.28) is reached when evolving the counter TM from the
standard input. This configuration is produced whilst the counter TM is incrementing the number with
little-endian base-{ expansion

(-1D...&-Dr-1--

There is no transition out of (p3,x) where 7 € {r,#,0, 1} in (4.15), so all such configurations are
illegal by (4.22). The remaining legal configurations have at least one tape symbol x to the left of the
head that is neither O, #, nor +:

pP3
[Ha ] Jim|x[0]---[O] 7 -]
———
n
TGE/{,_’#’()J},)CGE/{,_’#’O} il,...,imeE/{,_,#}, m,n > 0.

Evolving any such configuration forwards one time step according to (4.15) either produces an illegal
configuration (for example if n = 0), or produces the configuration:

P4
[H[ir [ Jim[x[0]--[O[7]-- ]
—_———
n
TE E/{,_’#’()’l},x € E/{,_’#’O} I1y...,Im € E/{,_’#}, m,n > 0.

We show below that any such p4 configuration evolves to an illegal configuration.
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State p’:

The3argument for state p} is very similar to that for p3, except that 7 = 1 in this case.
State pq4:

In a legal state p4 configuration, the head must be over a O or a -, since there is no transition out of
(pa,x) for x ¢ {0,+}. We first analyse the case in which it is over a 0.

Any TM configuration of the form

with the rest of the tape compatible with (4.28) is reached by evolving the counter TM from the standard
input.

The remaining legal configurations have at least one tape symbol x to the left of the head that is
neither O, #, nor +:

P4
[Flir]..[im[x[O]---[O [ -]
[ —
n
XEE/{F’#,()}, i1,...,im€E/{h#}, m>0,n>1

Evolving any such configuration according to (4.15) steps the head left over the 0’s until the head is over

the x:
P4
[Ha]. Jim[ < [0]---[O]--]
———
n
X € B/ {401 il,...,imEE/{,_’#}, m=>0,n>1.

But there is no transition out of (py, x) in (4.15), so this configuration is illegal by (4.22).

We now analyse the case in which p4 is over . Evolving one step backwards according to (4.15)
steps the head right and either enters an illegal configuration, transitions to state p4 with the head over a
0, or transitions to states p3 or pg. In all three cases, we have already shown that all such configurations
not reachable from the standard input evolve to illegal configurations.

State py .

There are no transitions out of (ps,x) where x # + in (4.15), so the only legal p s configurations
have the head over a . The latter can only appear in the starting cell in legal configurations. Evolving
any such configuration backwards according to (4.15) for one time step transitions to the state p4, and
we have already shown than all p4 configurations not reachable from the standard input evolve to illegal

configurations.
State p}:

There are no transitions out of ( p} ,x) where x € {+,#} in (4.15), so the only legal p} configurations
have the head over a symbol in the set {0,...,¢ — 1}. Evolving any such configuration backwards

according to (4.15) for one time step transitions to the state p r, and we have already shown than all p ¢
configurations not reachable from the standard input evolve to illegal configurations.
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State po:

There are no transitions out of (pg,x) where x # F in (4.15), so the only legal po configurations
have the head over a I. The latter can only appear at the beginning of the tape in legal configurations.
Since the only transitions in (4.15) into pg are from p; or p}., evolving any such configuration one step
backwards according to (4.15) either enters an illegal configuration, or steps the head right into state
p-1 or p}. In both cases we have already shown that configurations not reachable from the standard
input evolve to illegal ones.

State p :
The counter TM never enters the state p,, and all such configurations are illegal. m]

4.4.2. Counter TM Hamiltonian
We want all legal Track 2 configurations to contain a single state p € P’ marking the location of the
counter TM head, and blanks everywhere else. L.e. the Track 2 configuration should match a regular
expression (<) )*p (O)*(>) where p € P’. By Lemma 36, we can enforce this using penalty terms. This
Track 2 regular expression allows us to identify Tracks 2 and 3 with the configurations of the counter TM
(with internal state p, its position being the head location, and Track 3 the tape). This will be explicitly
or implicitly exploited in all that follows.

To encode the evolution of this counter TM in our local Hamiltonian, we encode its transition rules
in transition terms. However, the transition rules will only apply when a (7) arrow on Track 1 sweeps
past the counter TM head encoded on Track 2, so that the counter TM advances exactly one step for each

complete left-to-right sweep of the (7) arrow. Since we are restricting to two-body interactions and the

arrow is moving to the right, transitions in which the head moves left must be triggered when the (7') is
to the left of the TM head, in order to both move the arrow and update the head location. This way of

implementing the left transitions means that

(4.29)

never occurs during the evolution of the counter TM if §(p, o) = (7, pr, L). We add a penalty term to
make such configurations illegal.

Transitions in which the head moves to the right or stays still will be triggered when the (7’) is on
top of the head. In order to avoid two transitions in which the head moves right from being triggered
during the same sweep of the ("), we must split these latter transitions into two stages, in which we

first transition into an auxiliary state py, € Pp, and then transition into the correct state pr € Pg in the

following time step (adapting the construction of [32]). Thus, when the (77) is on top of the head and

the head will move right, we will update the tape, move the head, and step the (') to the right. But we

transition into the auxiliary state p}, € Py instead of pr € Pg. In the next step, with the (3*) now on top

of the p ;3 state, we transition to the correct state pg, and step the (7) to the right once more so that it is
no longer on top of the head. This way of carrying out the right-moving transitions means that p} only

ever appears below a ('), so we add a penalty term to make all other p} configurations illegal:

(4.30)

For TM transition rules §(p, o) = (7, pn,N),6(p,0) = (1, pL, L) and §(p, o) = (7, pr, R) (Where
P € P\{p,1, PL.N.R € PN r and 0,7 € E), the following local transition terms on Tracks 1 to 3
implement the desired transformations (cells marked - can be in any state, and are left unchanged by
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the transition):

o 5 5 3

p O] —[pn O], [2|®]—[rn]|>)]. (4.31a)

a T (oa T

. T 5 T
p|l—|prL , p — Prls (4.31b)
g . T a T

5 5 . <

PR — |Pr , Pr|> — [pr|>)|. (4.31¢)

Transitions in which the head moves left from the end of the chain are already covered by the left-
moving transition in (4.31b). Transitions in which the head would move right off the end of the chain
are not implemented. (Transitions in which the head would move left off the beginning of the chain are
not implemented either, but in fact the counter TM construction of Section 4.4 will never attempt such
a transition when initialised properly. Moreover, we just declared such configurations illegal in (4.29).)

When started from the blank input (which represents the number 0), the encoded counter TM will
loop %73 times before it exceeds the L — 2 tape space available on Track 2 (the space overhead of 1 is
due to the way the incrementer TM is implemented in (4.14)). The incrementer machine takes ® (log x)
steps to increment the number x (written on the tape in base-{). Thus the counter TM will run for at
least Q(¢L) (and at most O (L¢L)) time-steps before it exceeds the available tape space.

The transition function for the counter TM defines a transition rule for each pair (p, 7) € PxE. So for
any legal configuration containing a p € P on Track 2, exactly one of the transition rules in (4.31a)
and (4.31b) will apply during each (7)) sweep. Similarly, for any configuration containing a pj € Py,
a (4.31c) rule will apply. It is easy to verify that if any of the transition rules from (4.31a)—(4.31c) is
applied to any legal configuration, none of the (4.31a) and (4.3 1b) rules can apply again to the resulting
configuration. If the final (4.31b) rule applies, the (4.31c) rule will apply exactly once in the following
step, after which none of the rules can apply again to the resulting configuration. The transition rules in
(4.31a)—(4.31c¢) therefore implement a single step of the TM during each left-to-right sweep of the (7’
state on Track 1, as required. We call this phase of the evolution, in which Track 1 contains a (7*) or (%),
the computation phase.

We also modify the clock oscillator rules from Section 4.2 involving a right-moving (") arrow to
only apply when there is no TM head under the ('), since the (77) movement is already taken care of by
the above transition rules when there is a TM head present:

= = = = = =
1 1 1 1 1 1

— , — R > — >)|. 4.32)

We must also enforce illegality of all the configurations declared to be illegal in Section 4.4.1. To
do this, we simply introduce local penalty terms corresponding to the combinations declared illegal
in (4.19)—(4.24), (4.26) and (4.27), and enforce the Track 3 regular expression of (4.25) using penalty
terms and Lemma 36.

The complete set of Track 1 to 3 transition rules is summarised in Table 2. The regular expressions
on Tracks 1 to 3 enforced by penalty terms, together with all the additional illegal pairs defined so far,
are summarised in Table 3.
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Table 2. All transition rules for Tracks 1 to 3.

Track 1 rules

), (o) rules ) rules
1
[©]0]—[0]@] O] —[©]O] »)
BIEIEGIE]
O|®]—]®]0]
O]®]—[®]0]
Track 1 and 2 rules
), (5) rules =) rules ) rules
% 5 o v D 5
< — | (<L) — — K (%)
Pa Pa “Pa “Pa
- -
1 1
—_—
= =
1 1
> | — > (%)
Track 1, 2 and 3 rules
o), (o) rules ) rules ) rules
— =
1 1
P |—|PL
o T
= =
1 1
p —|pN
o T
= =
1 1
p|>|—[pn|>] )
o T
= =
1 1
7’
14 - PR
o T
= =
1 1
’
Pr > PR
= =
1 1
Pr|D|—|Pr|>)| )

! Transition rules marked with an (x) will be replaced in Section 4.6 by a set of rules that also act on Tracks 4, 5 and 6.
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Table 3. All illegal pairs and regular expressions enforced by illegal pairs for Tracks I to 3.

Regular expressions
Track 1 Track 2 Track 3

QO D, 7)., D, DO Q )yrpOc Qrit#l

Illegal pairs
Tracks 1 and 2

0 0 ‘T - T)
-(< , < s < s "
- “Pa Pa Pr
Tllegal pairs
Tracks 1 and 3 Track 2 Tracks 2 and 3 Track 3

1D Lt [O]F]
[0]>)

* |

Tllegal pairs
Tracks 2 and 3 for undefined transitions in (4.15)

n PR pPL PN

Illegal pairs
Tracks 1,2 and 3if §(p, o) = (pL, T, L) (4.29)

4.5. Clock Hamiltonian

Before considering the remaining tracks, it is helpful to analyse in depth the Hamiltonian defined so far
on the first three tracks. For that we start with the definition of well-formed states.

Definition 38 (Well-formed state). We say that a standard basis state on Tracks 1 to 3 is
well-formed if it is a bracketed state, its Track 1 configuration matches the regular expression
[, ), (), ), DNO)*(>), and its Track 2 configuration matches the regular expression

<) )'p©F(>) where p € P’.

The penalty terms defined previously give an energy penalty of at least 1 to any standard basis state in
Sbr that does not match the desired regular expressions on Tracks 1-3. Thus only well-formed states can
have zero energy. The following result shows that only one transition rule can apply to each well-formed

state.
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Lemma 39 (Well-formed transitions). For any well-formed standard basis state, at most one transition
rule applies in the forward direction, and at most one in the backwards direction. Furthermore, the set
of well-formed states is closed under the transition rules.

Proof. A well-formed standard basis state contains exactly one of (), (%), (i), () or () on Track 1.

Thus clearly only transition rules from one of the sets in Table 2 (the set of (i), (%) rules, (') rules,

or () rules) can apply in the forward direction. The left hand sides of the rules within the (), (5

and () sets are manifestly mutually exclusive. Since the counter TM is deterministic, there is a
unique TM transition that applies at any step, so the left-hand-sides of the (7’) rules are also mutually
exclusive.

The counter TM is reversible, so there is also a unique backwards TM transition at every step. Thus
the same argument applies in the backwards direction to the right hand sides of the rules in each set,

with the exception of the (%)) turning rule that changes a (7’) into a (;) (in the backwards direction). But

this rule clearly cannot apply at the same time as the right hand side of any rule from the (') set, which
concludes the proof of the first part of the lemma.
It is straightforward to verify that all the transition rules in Table 2 preserve well-formedness, implying

the second part. O

Recall that the state |¢g) is the standard basis state with (<)(/)(O)*(>) on Track 1, (<) po (O)*(>) on
Track 2, and (<) + #* (>) on Track 3. This corresponds to having the clock oscillator in the first state of
the Track 1 sequence (see Figure 4), and the counter TM Tracks 1 and 2 in their initial configurations.
There is no backwards transition out of |@g), so we will refer to it as the initial clock state. Let |¢;) be
the standard basis state obtained by applying ¢ transitions (in the forwards direction) to |¢g), which is
well-defined thanks to Lemma 39.

Let us consider the form of the states |¢,). Note that |¢g) contains a () on Track 1. The only
transition rules that apply when Track 1 contains a (), (;) or ({j) (see Table 2) are those that sweep the
arrow all the way to the right and back again, without affecting Tracks 2 or 3. We saw in Section 4.2 that
one complete oscillator cycle takes 2(L — 2) steps. Thus ¢ < 2(L — 2) corresponds to the initialisation
sweep, in which the state |¢,) contains a (), () or (f)) on Track 1, and Tracks 2 and 3 remain in their
initial configurations.

Att =2(L -2)+ 1, the () turns around and (because Track 2 contains a p, at the beginning of the
chain) becomes a (7). This (') is now over a p, on Track 2. Thus the next step implements the first step
of the counter TM on Tracks 2 and 3, causing Track 2 to transition to p .

Recall from Section 4.4 that the transition rules implement one step of the counter TM during each
left-to-right sweep of the (") on Track 1, and then move the (*,) back to the beginning of the chain
in the second half of the oscillator cycle. Note that the counter TM construction of Section 4.4 never
transitions back to its initial state p,. So when the (‘,) reaches the beginning of the chain, it will never
find a p, on Track 3. Thus it will always transition into (1), never into (/) (see Table 2). Therefore, for
all t > 2(L — 2) the state |¢;) contains a (") or () on Track 1. At¢t = 2(L —2)(n+ 1) the (V) in |¢;) is
back at the beginning of the chain, and Tracks 2 and 3 are in the configuration corresponding to the n’th
step of the counter TM.

Eventually, the number written on Track 3 will be incremented until it reaches ¢ L-4 the maximum
number that can be written in base-{ in L — 4 digits (the —4 accounts for the space-overhead of 2
required by the Inc TM implementation, plus the two bracket states at the ends of the chain). When the
counter TM tries to increment this number, the head will move right until it reaches the cell adjacent
to the (>) at the end of the chain. At this point, it will be in an internal state that would normally step
right in order to write the carry. But the site to the right of the head contains (>) instead of a blank
Tape 2 cell. When the (7)) on Track 1 reaches the head at the end of on Track 2, there is no further
forwards transition out of this configuration (see Table 2). Let T be the number of transitions required
to reach this configuration |¢7 ) starting from the initial state |¢g). We will refer to |¢7) as the final
clock state. Since this configuration occurs when the counter TM is about to exceed L tape space,

which occurs after at most O(LZ%) steps of the TM (see Section 4.4) each of which requires 2(L — 2)
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transitions, we have that T = O (L?>¢"). (Though this bound on the run-time will not be important for our
purposes.)
The following result will be important later when we come to analyse the Hamiltonian.

Lemma 40 (Evolve-to-illegal). Evolving any |¢;) forwards or backwards in time according to the
transition rules will never reach an illegal configuration. All other well-formed standard basis states
will evolve either forwards or backwards to an illegal configuration after O(L?) transitions.

Proof. As in Lemma 37 the first part of the Lemma is true by construction. For the second part, let us
analyse all possible well-formed standard basis states, which we divide into two cases depending on the
type of arrow state we have on Track 1:

Case I:

Track 1 contains (), () or (). If Tracks 2 and 3 are in the initial configuration, then we are in one
of the |¢,) states with 0 < t < 2(L - 2).

If Tracks 2 and 3 are not in the initial configuration, then within at most O(L) steps the () or
‘), (£)) will move forwards or backwards along the chain due to the initialisation sweep clock oscillator
transition rules, until it is over a site containing the wrong initial Track 2 or Track 3 state. But this is
illegal due to the Track 1-3 illegal pairs from Table 3.

Case 2:

Track 1 contains (7’) or (7). Recall that there is a one-to-one correspondence between configurations
of the counter TM and well-formed standard basis states that do not contain a p}, € P on Track 2.

Well-formed configurations containing a pj, € P} on Track 2 evolve by a single backwards transition
from (4.31b) to a configuration containing a p ¢ P on Track 2, and evolve by a single forwards transition
from (4.31¢) to a configuration containing a pr € Pg. A configuration containing pj € P} is therefore
reachable (resp. unreachable) by transition rules from the initial configuration iff the corresponding
counter TM configuration with p}, replaced by the corresponding pr is reachable (resp. unreachable).

For any well-formed configuration, each sweep of (1), the transition rules implements exactly one step
of the counter TM encoded in Tracks 2 and 3. The only counter TM transitions that are not implemented
are those that would move the head beyond the L sites between the (<) and (>). Therefore, if the
configuration of Tracks 2 and 3 is not reachable from the initial configuration, then Lemma 37 guarantees
that evolving it forwards or backwards by the transition rules will reach an illegal configuration in O (L)
steps of the counter TM, which takes O (L?) transitions. (Note that it is crucial for this argument that to
reach an illegal configuration in Lemma 37 never requires moving the head outside the portion of tape
[0,L].)

It only remains to consider well-formed states with Track 2 and 3 configurations that are reachable
from the initial configuration. For the initial Tracks 2-3 configuration itself, if (") is in the starting cell
then we have the state |¢,) for r = 2(L — 2) + 1. If not, either we have (7) to the right of the head or (*_
on Track 1, with p,, at the start of Track 2. In both cases, evolving such a state forwards in time will
reach a state with a () over the p, within O(L) transitions, which is illegal by the second Track 1 and
2 illegal pair from Table 3.

If the Track 2-3 configuration is not the initial one, then all positions of (7") and (%) give rise to
elements in the set {|@;)}; except exactly those declared illegal in (4.29) and (4.30). This completes the
proof of the Lemma. O

4.6. QTM Hamiltonian

With the clock in place, encoding an arbitrary quantum Turing Machine in the Hamiltonian is now pos-
sible using ideas from [32] (and is similar to the construction used in Section 4.4 to encode the reversible
counter TM). The configurations are now quantum states, so there can be arbitrary superpositions over
standard basis states. But it suffices to verify that the construction does the right thing on standard basis
states; this then extends to arbitrary superpositions by linearity and well-formedness.
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When we later come to analyse the spectrum, we will require our Hamiltonian to be standard-form
in the following sense:

Definition 41 (Standard-form Hamiltonian). We say that a Hamiltonian H = Hyqps + Hpen acting
on a Hilbert space H = (CC@C2)®L = (CO)®LR(C)®L = Hc@Hg is of standard form if

21, (i . . .
Hians.pen = Yo ! ht(r’agp)en, and Aans pen satisfy the following conditions:

(i) hyans € B((CE®C2)®?) is a sum of transition rule terms, where all the transition rules act
diagonally on C¢®CC in the following sense. Given standard basis states a, b, ¢, d € CC, exactly
one of the following holds:

e there is no transition from ab to cd at all; or
e a,b,c,d e CC and there exists a unitary U,pcq acting on CeeC¥ together with an orthonormal
basis {|z,//2 be d>}i for C2@C2, both depending only ona, b, c, d, such that the transition rules
from ab to cd appearing in hyans are exactly |ab) ¢!, ) — |cd) Uapea W) Tor all i.
(ii) hpen € B ((CE®C2)®?) is a sum of penalty terms which act non-trivially only on (C€)®? and are
diagonal in the standard basis.

In our case, C€ corresponds to Tracks 1-3 and €2 to Tracks 4-6. Transitions from ab to cd will
correspond exactly to the transitions shown for Tracks 1-3 in Table 2. While adding new transitions
involving Tracks 4-6, we will need to remove some of the transitions in Tracks 1-3, but they will be
recovered as restrictions of the new rules to those tracks. (In Table 2, transitions that will be replaced
later are marked with an asterisk.) We will define the unitaries U,p.4 partially, and then complete them
to a full unitary. All we have to take care of is, firstly, that the new transition involving the rest of
the tracks, when restricted to Tracks 1-3, recover exactly the transitions removed from Table 2; and,
secondly, that orthogonality is preserved in the construction.

By the standard form,

htrans = Z (|ab> - |Cd>)(<ab| - <Cd|)®(2:[l - Uabcd - Ulbcd)' (433)
ab—cd

Now, if we start with a family of QTM P,, that satisfies part (iii) of Theorem 10, it will be immediate
from our construction that the partial definition of all U4 Will only involve elements in the set

1 . -
S= {o, 1,1@,5”4’,@”2 'W}. (4.34)

As argued above, the same will hold for the full U,p4, which gives part (vi) in Theorem 32.

4.6.1. QTM transition rules

We first analyse how to incorporate the QTM transition rules into the Hamiltonian. We will simulate the
QTM transition rules 6(p, o) = X7 4 p 6(p,0,7,4,D) |7, q, D) during the second half of the clock
oscillator cycle, when the Track 1 (%) state sweeps from right to left. This is done by including the
following transition rule terms (cf. (4.31a)—(4.31c)), where ¢ is any state in Q/{q s } (i.e. we exclude all
the transitions out of the QTM’s final state):

= = =
1 1 1
q — Z 6(q,0,7,9R, R) qr >+ Z 6(q,0,7,9n,N) ||gn (4.35a)

T.4R T . T.dN T

=

1

+Zc5(q,cr,7,qL,L) q; >
7.qL T |-
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q, >—> qL > (4.35b)

As in the implementation of the reversible counter TM (Section 4.4), these transition rules implement
the Right-moving, Non-moving and Left-moving transitions separately. This time, since the () arrow is
sweeping to the left, it is the lefr-moving transitions that are implemented in two stages, first transitioning
to an auxiliary state ¢; € Q7 , then in a second step transitioning to the corresponding ¢, state.

Note that if the QTM head ever ends up at the end of the chain, the transition rules of (4.35a) can
never apply, because they require the (‘7) to be to the right of the QTM head. Thus the final Track 5 tape
cell is not used, and the effective tape length available to the QTM for a chain of length L + 3 is only L
rather than'” L + 1. If the Track 4 QTM head ends up next to the (>) at the very end of the chain, this
indicates that the head has stepped off the usable portion of the tape, regardless of the internal state.

We also include the following transition rules involving a left-moving (") arrow to cover the case
where there is no QTM head present:

= = = = = =
1 1 1 1 1 1

— — — (4.36)

4.6.2. QTM Unitarity

With the set of transition rule terms defined so far in (4.35a), there is no transition out of the final state
qy of the QTM. There is also no transition out of a QTM configuration in which the QTM head is
at the end of the chain, and the next step would move the head to the right, off the end of the chain.
The same is true of configurations trying to move the head left when it is located at the beginning of
the chain.®

Ideally, we would like it if, when the QTM reaches one of these configurations, the clock contin-
ued ticking but the encoded QTM did nothing for the remaining time steps. However, simply omit-
ting transitions out of these configurations causes a subtle but important issue relating to unitarity
of the quantum transition rules, which will be crucial to the analysis of the resulting Hamiltonian
in Section 4.7.

If we complete the partial U (associated with the Track 1-3 transitions ’ ‘ | — ’ < ‘ ‘) as
defined so far by (4.352)—(4.37) to a unitary, this will add additional transitions out of the final state
q s, and also out of configurations with the head at the beginning or end of the chain. But this means
that, instead of the encoded QTM doing nothing for the remaining time steps after reaching such a
configuration, it will continue to evolve in some arbitrary way, depending on the particular choice of
completion of U. On the other hand, if we omit transitions out of these configurations, the resulting U
will only be a partial isometry, not a full unitary.

It will be important in what follows (Section 4.7) to ensure that the local update rules are extended
to a unitary. We would therefore like to use up any remaining time steps in a controlled way, such that
the Track 5 QTM tape is left unaltered after the QTM enters g or runs out of tape. To this end, we
deliberately add additional transitions out of the final state g ¢, and also out of configurations with the
head at the beginning or end of the chain, which cause the QTM to switch over to running some other,
inconsequential computation to use up the remaining time. This time-wasting computation will use
Track 6 as its tape, leaving the configuration of the Track 5 QTM tape untouched.

The only requirement on this time-wasting computation is that it must be guaranteed not to halt or
run out of tape before it has used up all the remaining time steps of the clock (otherwise we face the same
unitarity issue once again). The natural choice is simply to run the same base-{ counter computation as
the clock (but running on Tracks 4 and 6). The counter TM never halts; it increments the number written

7Two cells are always used by the (<), (>) markers.
18 Although the QTMs we will encode will in fact never do this.
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on its tape forever, or — when encoded on a finite chain — until it runs out of tape space. Furthermore,
since the clock will already have “ticked” for some positive number of time steps before this time-
wasting counter TM starts running, the clock counter TM is guaranteed to run out of tape (and hence
the clock stop ticking) first.

Transitioning from g ¢ to the time-wasting counter TM can be accomplished simply by dovetailing
the counter TM after the QTM, and encoding this dovetailed machine instead of the original QTM.
Concretely, this means we must add to the Hamiltonian more transition rule terms of the form (4.352)
that encode all the transition rules of the counter TM from (4.15).'° Note that Track 6 contains additional
subscripted variants I, of the I- tape symbol; the time-wasting counter TM transition rules simply ignore
the subscript, and treat all of these as a +. (I.e. the counter TM rules that read a + symbol in (4.15)
are duplicated for each +, variant.) These time-wasting counter TM transition rules involve a disjoint
set of Track 4 internal states g € P’ to those ¢ € Q' used by the QTM. Thus the left- and right-hand
sides of all time-wasting counter TM (4.35a) transition rules are orthogonal to those encoding the QTM
transition rules.

We also add the following transition out of the final state g of the original QTM into the initial
state p o of the counter TM, which dovetails the counter TM after the QTM. This transition rule acts on
Tracks 1, 4 and 6:

T =
qf — | pa . (4.37)
F o Fay

We must also add transitions that switch to running the time-wasting counter TM if the QTM runs
out of tape, i.e. if it enters a configuration in which the head is at the beginning of the tape and would
move left in the next time step, or one with the head at the end of the chain that would move right.
(Though in the case of the proper machines considered in parts (iv) to (vi) of Theorem 32, the former
will never occur.) Moving left off the beginning of the tape is particularly easy, both because the head
is already at the beginning of the chain, and because left-moving QTM transitions are implemented by
first transitioning to an auxiliary ¢; € Q} state without moving the head. The following transition rule
acting on Tracks 1, 2, 4 and 6 accomplishes this:

3 3

Pl @R, (4.38)
qr Pa
[ I-q}‘

Note that, to preserve reversibility (unitarity), we must keep a record of which internal state g} led to the
QTM running out of tape. We record this in the +, symbol written to the Track 6 time-wasting TM tape.

Configurations in which the head steps right off the end of the chain involve slightly more effort, as
the head is at the wrong end of the chain to start running the time-wasting counter TM. From Section
4.6, a configuration in which the Track 4 QTM head is at the very end of the chain indicates that the
head has stepped right off the usable portion of the Track 5 tape. We first transition from any such
configuration into an auxiliary Track 4 head reset state r, which moves the head all the way back to the
beginning of the chain, before transitioning into the initial state of the counter TM. This requires three
additional sets of transition rules.

We want the first new rule to act on Tracks 1 and 4 at the very end of the chain, and transition into
the auxiliary reset state r, (depending on the state g it was in immediately before). However, we have to
make it compatible with the transitions already defined for Tracks 1-3. Hence we include the following

“Since these are the transition rules of a classical reversible TM, they have a particularly simple form, the right hand side of
each (4.35) rule containing a single term.
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transitions acting on Tracks 1,2,4 and 1,2,3,4:

= = = =
= = 1 1 1 1
S —=[0O5, Hlol—2Ys| Erlo|l—PXs (4.39)
O O - . ) )
q rq R — —
q rq q rq

The second new rule also acts on Tracks 1 and 4, and steps the auxiliary r state to the left along with
the (*0):

) )

N . (4.40)
Tq r'q

The third acts on on Tracks 1, 2 4 and 6 at the very beginning of the chain, and transitions into the initial
configuration of the time-wasting counter TM:

T o

QIPal 2P (4.41)
rq Pa
F kg

Again, to preserve reversibility, we record in the +, symbol which internal state caused the QTM to run
out of tape.

The transition rules in Table 4 implement all the transitions that will take place for a properly
initialised QTM. All of them have the desired form |ab) |ij) — |cd) Uypca lij) where ab — cd is a
Track 1-3 transition and Ugp4 are partial isometries defined by their action on a subset |ij) of the
computational basis of Tracks 4-6. We can now complete the unitaries Ugpc4 at will. All we have to
check is that they do indeed define a partial isometry.

The left hand sides of each transition rule in (4.35a)—(4.41) are manifestly orthogonal. The right
hand sides of all (4.36)—(4.41) and (4.35b) rules are clearly mutually orthogonal and normalised, and
are also orthogonal to the right hand sides of all (4.35) rules.

It remains to show that (4.35) defines an isometry. Recall that there are two sets of (4.35) terms, one
encoding the QTM transition rules, and the other the time-wasting counter TM. The left- and right-hand
sides of all rules in the QTM set are orthogonal to those of the counter TM set, as they involve disjoint
sets of internal states Q” and P’ (respectively). Thus it suffices to prove that each set of transition rules
considered separately defines an isometry. Since classical reversible TMs are special cases of QTMs,
we prove the result for QTMs.

Let [y (p, o)) denote the state on the RHS of (4.35). Then

W)l = > 16(p.or.tqr BF + Y. 16(p.cr. . qn. NP

T.4R T.qN
+ > 6(p.o 7, qL, D (4.42)
T.qL
=ll6(p, o)l =1

by the normalisation condition of Theorem 18, so the right hand sides of (4.35) are normalised.
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Table 4. All transition rules for Tracks 4, 5 and 6.

Track 1 and 4 rules

oy T © T
— s —

oy T © T
— s —

rq rg 14 )4

Track 1, 4 and 5 rules

5 o
p — > 6(p. o, T.qr, R) 4R >
o . T,4R T
-
+Z o(p,o,7,9n,N)||an >
T.9N T
&
+ > 8(p.o, T q. L) |4, >
T.qL .
0 0
q; > — ||lar >
Track 1, 4 and 6 rules
< & < = & -
qr | Pa s P - PR |» P —|PN
F I-qj o T (oa T
° - T 0
P —|prL , pr|—|pL
o T .
Track 1, 2 and 4 rules
o <
>)|— >
q rq
Track 1, 2, 4 and 6 rules
= = = =
1 1 1 1
< _‘I?a N e “Pa . < “Pa < “Pa .
qL Pa rq Pa
3 Fa, 3 Fq
Track 1, 2, 3 and 4 rules
o < o &
| | ] | |
P S| —s PN S, Pr S| — PR S
o T
q Yg q g
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Similarly, for (py, 1) # (p2,12),

W(pr,o)l(p2,02)) = Z §(p1,01,7,.qr, R)*6(p2,02,7,qR. R)

7,9R
+ Z 6(p1,01,7,qN, N) 6(p2,02,7,qN, N)
“an (4.43)
+ Z 6(p1,o1,7.qL, L)' 6(p2, 02,7, 91, L)
7.9L

={(6(p1,71),0(p2,12)) =0

by the orthogonality condition of Theorem 18, so the right hand sides of (4.35) are mutually orthogonal.
Thus the QTM and time-wasting counter TM transition rules from (4.35) preserve orthonormality, as
required.

4.6.3. QTM initialisation sweep

We use penalty terms that only apply during the initialisation sweep to enforce the correct initial
configurations of Tracks 4, 5 and 6. For Track 4, we use the following penalty terms, which force a
single g at the very beginning of the track:

o
< . 4.44)
40

(< s

The () Track 1 states only ever occur during the initialisation sweep in the final K sites at the right
end of the chain. We use these to force the initial configuration of Track 5 to contain K blank symbols
at the very end, as required by Theorem 32.2°

, . (4.45)

Track 6 is forced to be in the all-blank configuration, except for the very first cell which contains a \-:

< o
-(< , < . (4.46)
—# -k

4.7. Analysis

Lemmas 39 and 40 are the key results needed to prove the desired ground state properties of the Hamil-
tonian we have constructed, thanks to the “Clairvoyance Lemma” from Aharonov et al. [2, Lemma 4.2]
(see also [32, Lemma 5.6]).2! Since the Clairvoyance Lemma has previously only been stated and proven
for specific constructions, we state and prove a very general version of the Lemma here, which applies
to any standard-form Hamiltonian, as defined above.

First, we give some intuition behind the argument, before giving the rigorous proof. The starting
point for the proof is that the structure of standard-form Hamiltonians (Definition 41) implies that the
invariant subspaces of H decompose as a tensor product across the clock and quantum tracks, with the
subspaces spanned by states connected by transition rules.

20These additional blank symbols will be needed later to provide for the small space overhead of the QTM constructed in
Theorem 10.
21Note that our Definition 35 of “legal” states follows that of [32], which differs from the definition in [2].
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Furthermore, these invariant subspaces come in three types:

(1) subspaces in which all states are illegal (Definition 35), i.e. are in the support of one or more penalty
terms;

(2) subspaces that contain legal and illegal states; and

(3) subspaces that only contain legal states, of which there can be at most one, spanned by the states
corresponding to a valid evolution of the QTM.

We can then analyse the spectrum in each type of subspace separately, to show that the ground state
energy (minimum eigenvalue) is either > 0 or = 0, respectively, depending on whether the QTM halts
or not.

The type | invariant subspaces trivially have positive energy from the penalty terms. Lemma 40
guarantees that any legal clock state in a type 2 subspace evolves to an illegal state, implying that all
eigenstates in type 2 subspaces also have positive energy.

The analysis of the type 3 subspaces is reminiscent of Kitaev’s original QMA-hardness proof for
local Hamiltonians [47]. We first construct a unitary transformation W that brings the Hamiltonian H
into the form Ec®1 o, where Ec is a tridiagonal almost-Toeplitz matrix acting on the Hilbert space of
the classical tracks.

This unitary is constructed by taking a product over the local unitaries corresponding to the local
transition rules at each time step of the QTM. It is crucial that we have a local unitary at each time step,
and not a partial isometry, otherwise this product would not necessarily be unitary. As seen in Section
3.1, the fact that the QTM is well-formed, normal form and unidirectional guarantees via Theorem 18
that the quantum transition rules define an isometry, thus can always be extended to a local unitary. Note
it is not required (nor is it the case) that the clock transitions be extended to a full unitary; only the QTM
transitions.

However, as discussed in Section 4.6.2, extending the QTM transition rules to a local unitary requires
including the transitions out of the Halting state required of normal-form QTM’s (Definition 15), as
well as transitions out of configurations where the QTM has run out of tape space. The time-wasting
construction of Section 4.6.2 ensures we still have a handle on the behaviour of the QTM after such a
transition. In particular, it will never enter the Halting state if it has not already done so before running
out of tape.

Having brought the Hamiltonian into the almost-diagonal form H ~ E®I, we can analyse the
spectrum of the type 3 invariant subspaces. These subspaces do not contain any illegal states, so are
in the kernel of all penalty terms except possibly the Halting penalty. In the absence of the Halting
penalty, the minimum eigenvalue in this subspace is therefore given by that of the tridiagonal almost-
Toeplitz matrix E, which is 0 by standard results. The associated eigenvector corresponds to the uniform
superposition over all legal clock states. Inverting the unitary transformation W, this is exactly the history
state of Definition 31.

Therefore, considering all invariant subspaces, if the QTM never halts, the ground state is the
0-energy history state, which lives in a type 3 subspace. If the QTM does halt, so that the type 3 subspace
is no longer in the kernel of the Halting penalty term, the minimum eigenvalue in type 3 subspaces can
also be bounded away from 0 by standard arguments, thus the ground state energy is necessarily positive.

We now give the rigorous version of this argument.

Lemma 42 (Invariant subspaces). Let Hyans and Hpe, define a standard-form Hamiltonian as in Defi-
nition 41. Let S = {S;} be a partition of the standard basis states of Hc into minimal subsets S; that
are closed under the transition rules (where a transition rule |ab)cp [¥) — |cd)cp Uabed &) acts on
Hc by restriction to (C€)®?, i.e. it acts as ab — cd).

Then H = (@S le,.) ®Ho decomposes into invariant subspaces Ks,®Ho of H = Hpen + Hyans
where Ks, is spanned by S;.

Proof. Hpe, is diagonal in the standard basis by definition (part (ii) of Definition 41), so Ks,®H o are
trivially invariant under Hpe,. But, by the form of the transition rule terms (part (i) of Definition 41),
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the image Hiyrans [X)¢ |¢)o of a standard basis state [x)c under Hyans has support only on standard basis
states of H ¢ that are reachable by transition rules from |x)c. Closure of Kg,®H o under Hipaps is then
immediate from the definition of S;. ]

Lemma 43 (Clairvoyance Lemma). Let H = Hyyyps + Hpe be a standard-form Hamiltonian as specified
in Definition 41, and let KCg be defined as in Lemma 42. Let 1o(Ks) denote the minimum eigenvalue of
the restriction H|xsemo Of H = Hyans + Hpen to the invariant subspace Ks®H .

Assume that there exists a subset VW of standard basis states for Hc with the following properties:

(i) All legal standard basis states for Hc are contained in W.
(i) Wis closed with respect to the transition rules.
(iii) At most one transition rule applies in each direction to any state in V.
(iv) For any subset S C W that contains only legal states, there exists at least one state to which no
backwards transition applies.

Then each Kg falls into one of the following categories:

(1) S contains only illegal states, and 1o(Ks) > 1.
(2) S contains both legal and illegal states, and Ao(Ks) = Q(1/|S).
(3) S contains only legal states, and 1o(Ks) = 0. The corresponding eigenspace is

|S]-1
1
ker (Hyans + Hpen) = — t 447
er (Huans + Hpen) span{mgo]ncwg} (4.47)

where |t)c are the states in S, |yo) is any state in Ho, and |y;) := U, ... U |o)g where Uy is
the unitary on Hg appearing in the transition rule that takes |t — 1). to |t)c. All other states in
Ks®Hg have energy at least Q( 1/1S1%).

To prove this, we will need Kitaev’s geometrical lemma:

Lemma 44 (Geometrical Lemma — Lemma 14.4 in [47]). Let A, B > 0 be positive semidefinite operators
such that ker A Nker B = {0}, Awin(Alsuppa) = p and Ain(Blsupp B) = pt. Then

A+ B > 2usin? (g) (4.48)
where
6 := . 4.49
cos Wf;ﬁ&l(lﬁl(p)l (4.49)
|¢)eker B

Proof of Clairvoyance Lemma 43. Case (1) is trivial since (x| (¢/|g Hpen [*)c [¥)g = 1 for any illegal
standard basis state |x)c.

Now consider cases (2) and (3). By assumption, all legal standard basis states of # ¢ are contained
in W, which is closed under transition rules. Thus closure of S (Lemma 42) implies S € W. Consider
the directed graph of states in WV formed by adding a directed edge between pairs of states connected
by transition rules. By assumption, only one transition rule applies in each direction to any state in W,
so the graph consists of a union of disjoint paths (which could be loops in case (2)). Minimality of S
(Lemma 42) implies that S consists of a single such connected path.

Letr =0,...,|S| — 1 denote the states in S enumerated in the order induced by the directed graph.
Hirans then acts on the subspace Ks®H as

T
1
Huaslsong = 25 (IDG1@L+10+ DG+ 1101 =1+ 1t ®U; = It +1]8U[ ), (450)
t=0
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where Uy is the unitary on H ¢ appearing in the transition rule that takes |f)c to [t + 1)¢
the path in S is a loop, otherwise T = |S| —
Consider a single term H,

T =S| -1if
|E)¢t| @ L+t + 1){t + 1| @1 +|t + 1){t| ®U; +|t){t + 1| ®U, from (4.50)
Defining the unitary W, = | + 1){t + 1| ®U,T +(1-

|t + 1){t + 1])®1, we have
W.H,W,

=0y =t +1)) ({t] =

(t+1])®1 = 0.
Thus, whether the path in S forms a loop or not, we have??

4.51)
Isl=2 .
Huanslg oy > ; 5 (IN€1 @1+ I+ e+ 1191 = [+ 1)1 U ~ 1)+ 118U ) ws)
~Hpaths
with equality if the path is not a loop
Defining the unitary
IS|-2
W= Z |r><r|®ﬂU*+|(|S|—1>><(|S|—1)|®1 (4.53)
i=0
we have Hpyn = WHpunW' = E®1 where
1 _1
3 =3 0 .0 0
1 1
1 1
0 -4 1 -1
-1
E = 2 (4.54)
0
0 PSRRI (Y
00 ... ...0-31%

The matrix E is the Laplacian of the random walk on a line, and it is well known that its eigenvalues
are given by Ay = 1 — cos gx where gx = kn/|S|, k =0 |S| — 1, with corresponding eigenvectors
166) o 54 cos (qi 7+ $) 17 147]. Thus

IS|-1 IS|-1
ker Hpyp = span {WT Z 1) W’O)Q} {

Z ) |wz>Q}
where |y,) := U, ... Uy o) for any |¢g).

(4.55)
First consider case (2). Take A

= Hpah and B = Hpen|xcs e, in Lemma 44. We have Amin (Alsuppa) =
1 —cosqy = (1/|S1°) and Amin (Blsupp ) = 1. Furthermore, since S contains at least one illegal state
in case (2), we have ker A Nker B = {0} and

cos® 6 = max (¢olc (Wlo W Tker sW |0)c W) < 1= 1/15]

(4.56)
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Table 5. Initialisation illegal pairs for Tracks 4—6.

Illegal pairs
Tracks 1 and 4  Tracks 1 and 5 Tracks 1 and 6

where Il g is the projector onto ker B and we have used the fact that B = Hpen|xcse#,, is diagonal in
the standard basis. Invoking Lemma 44, we obtain

(Htrans + Hpen)' KeoHo 2 Hpath + Hpen|)C®HQ = Q(l/|S|3), (4.57)

thus 29 (Ks) = Q(1/|S]?) as claimed.

Finally, consider case (3). Since S contains only legal states in this case, Hpen|cso7, = 0. Further-
more, by condition (iv) the states in S cannot form a loop, s0 Hlicse#y = Huanslcseto = Hpanh = E®L.
The claim in the Lemma now follows from the form of the eigenvalues and kernel of E, given above. O

Note that the proof of the Clairvoyance Lemma relied crucially on unitarity of the operators Uypcq
appearing in the transition rules (see Lemma 42). In particular, it is not sufficient for the Ugpcq to
be partial isometries. That would not allow us to unitarily transform Hipans|xc eHp into E®1 using the
unitary Win (4.53) and (4.54). Thus, in order to apply the Clairvoyance Lemma 43, we must complete the
quantum parts of the transition rules to a full unitary. This necessitates the “time-wasting” construction
in Section 4.6.2 (or similar).

We are finally in a position to prove Theorem 32, the main result of this section. As commented above,
let He = (C€)®L and Hg = (C2)®L be the Track 1-3 and Track 4-6 Hilbert spaces, respectively, for a
chain of length L, as specified in (4.6). Let hyans € B((CC®C2)®?) be the sum of all the transition rule
terms defined in Tables 2 and 4 (omitting those marked in Table 2) after completing to a full unitary so
that the resulting Hamiltonian is standard-form. Let Apen € B((CC®C2)®?) be the sum of all penalty
terms defined in Tables | and 3, and hipie € B((C€@C2)®2) be the sum of all Track 4-6 initialisation
penalty terms defined in Table 5.

Define the standard-form (Definition 41) Hamiltonian H(L) = Hyans(L) + Hpen (L) € Hc®Hp on a

chain of length L, where Htrans,pen = Z,L:_ll h(i’iﬂ) and similarly define Hinit(L) = ZlL:_ll /’L(i’iH).

trans,pen’® init

Proposition 45 (Unique ground state). The unique 0-energy eigenstate of (Hiyans(L) + Hpen(L) +
Hini,(L))| s, [8 the computational history state

1 T
v DIge Wig (4.58)
=0

where T = Q (L ¢%), l¥0)o € Ho is the initial configuration of the QTM with the unary representation
of the number L — K — 3 as input, and |Y1)g € Ho is the sequence of states produced by evolving
|o) under the QTM and time-wasting counter TM transition rules (where each such state is duplicated
O(L) times in succession in the sequence).

Proof. Let us first apply the Clairvoyance Lemma to (Higans(L) + Hpen(L))| S We have to check that
hirans and hpey fulfil the requirements of the Lemma.
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Take Hc to be the Hilbert space of Tracks 1-3, and H ¢ the Hilbert space of Tracks 4-5. Define
W to be the set of all well-formed Track 1-3 standard basis states. Any state that is not well-formed
violates an illegal pair enforcing a regular expression, so all legal Track 1-3 states are well-formed. W
therefore fulfils condition (i) of Lemma 43. By Lemma 39, the set of well-formed states is closed under
the transition rules and at most one transition rule applies in each direction to any well-formed state, so
W fulfils conditions (ii) and (iii) of Lemma 43. Finally, by Lemma 40, the only subset of legal Track
1-3 standard basis states that is closed under the transition rules is the set of clock states {|¢;)}, which
has one state |¢g) to which no backward transition applies, and one state |¢7) to which no forward
transition applies. So W also fulfils condition (iv) of Lemma 43.

All penalty terms are diagonal in the standard basis, as required by Lemmas 42 and 43, and all
transition rules are of the form required in Lemma 43, by construction. Aans and hpe, therefore fulfil all
the requirements of Lemmas 42 and 43.

Invoking the Clairvoyance Lemma 43, the 0-energy eigenspace of (Hians + Hpen)ls, has the form

IS]-1

1

ker (Hians + Hpen) | 5, = span{— l6:)c [Wre) }, (4.59)
s+ Hoo| Ng Zﬁ crre

where [1)g = U; ... Uy [Yo)p and o) is any state of Ho.

Now we include the hj,j terms, and show that |l//0>Q must be as claimed in Proposition 45. For
0 <t <2L -1, the clock states |¢;) consist of an (/) that sweeps from left to right and back along the
chain (where for the time steps t = L+ 1, ..., L + K of this sweep, the arrow is in the states (§;), . . ., (),
respectively). The transition rules that apply during the initialisation sweep act trivially on Tracks 4-5,
80 |¢1)g = |tho)o fort < 2L — 1. By construction, the hinie penalty terms from Table 5 give an additional
energy penalty to any Track 4-5 states that are not in the desired initial QTM configuration when the
‘) sweeps past.

Consider any Track 4-5 state |1//0)Q that is not the desired initial QTM configuration. Then there is
some 0 < ¢ < 2L — 1 for which (¢|¢ (¥t |g Hinit |¢1)c [¥1)g > 0. Noting that the overall Hamiltonian
H > 0 and the |¢,) are mutually orthogonal, this immediately implies that the unique O-energy state is
that given in (4.58).

The initial state |¢), on Track 4 matches the regular expression (<)(_)*g(©)*(>). The transition rules
U, preserve this form — which allows us to identify Tracks 4 and 5 with the head and tape configuration
of the QTM - and by construction implement one step of the QTM or time-wasting counter TM in each
‘r) sweep (all other unitaries applied to Tracks 4 and 5 during each sweep being identities).

Finally, the clock counter TM counts up to Q(¢%) before it runs out of tape, and each step of this
TM requires one complete sweep of the Track 1 arrow which takes Q(L) steps. Thus 7 = Q(L /L) as
claimed.??) We are done. O

The local Hilbert space dimension in (4.6) manifestly depends only on the alphabet size and internal
states of the counter TM encoded on Tracks 2 and 3, the QTM encoded on Tracks 4 and 5, and the
time-wasting counter TM encoded on Tracks 4 and 6. However, the alphabet size and internal state
space of both counter TMs depends only on the base { we choose, and this is completely determined
by the alphabet size and internal state space of the QTM (¢ = |Z x Q). Thus the local Hilbert space
dimension d depends only on the alphabet size and number of internal states of the QTM, as claimed in
part (i) of Theorem 32.

Since the local interaction /& of our Hamiltonian is constructed by summing transition rule terms and
penalty terms, and Ayeans, fipen, Ainit = 0, we have & > 0. But we have shown that the overall Hamiltonian
has a 0-energy eigenstate, hence it is frustration-free, satisfying part (ii) of Theorem 32.

Proposition 45 implies that the unique ground state of H|s,, has the computational history state form
claimed in part (iii) of Theorem 32. Moreover, since the history state encodes Q(|2 x Q|%) complete

23This lower-bound is certainly not tight, as incrementing the base-{ number on the tape takes more than one step of the TM,
but it suffices for our purposes.
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sweeps of the Track 1 arrow, and the QTM is advanced by exactly one step in each right-to-left sweep,
the computational history state encodes Q(|Z x Q|%) steps of the computation. If the QTM halts before
this, it transitions by the ¢ ¢ rule of (4.37) to running the time-wasting counter TM, which never alters
the QTM tape encoded on Track 5. Track 5 is therefore only in the state g ¢ for one time step. Thus part
(iv) of Theorem 32 is also satisfied.

Now imagine that the QTM reaches a configuration in which the next step would move the head before
the starting cell. (Though in the case of the proper machines considered in parts (iv) to (vi) of Theorem
32, this will never occur.) Consider the corresponding |, ) in the computational history state. The QTM
transition rules do not alter Track 6, so Track 6 is still in its initial configuration. Since the QTM has
deterministic head movement, at no point during the evolution is its head ever in a superposition of
locations. |y, ) is therefore of the form:

|¢t> = |< > (Z |q T >Track4 ® |"0‘1>Track5 ® ||'q #.. '#>Track6) | >> ’ (460)
q

where |¢,) are unnormalised Track 5 QTM tape states, and all configurations in the superposition would
step the QTM head left in the next time-step. The g ¢ transition rule from (4.37) therefore applies to all
states in the superposition, and the next state must have the form:

[Wev1) = 1<) (Z Pa >Track4®|(p41>Track5®|'_q #"‘#>Track6) |>). (4.61)
q

Thenceforth, only time-wasting counter TM transition rules apply.
A very similar argument applies if the QTM reaches a configuration in which the head moves beyond
cell L. Since the time-wasting counter TM transitions never alter Track 5, part (v) of Theorem 32 follows.
This concludes the proof of Theorem 32, and this section.

5. Quasi-periodic tilings

In order to ultimately prove the required spectral properties of our final Hamiltonian, we require
significantly stronger properties of quasi-periodic tilings than those used to prove tiling results. In
particular, we will need strong “rigidity” results, which show that the quasi-periodic structure is in a
sense robust to errors. As far as we are aware, these rigidity results are new. All the tiling results used
in the proof of our main results are gathered in this section.

We exploit the very particular properties of a quasi-periodic tiling due to Robinson, which we briefly
review in the following section. The Robinson tiling has a hierarchical geometric structure that lends
itself to inductive proofs of the required rigidity results.

5.1. Robinson’s tiling

We now describe Robinson’s quasi-periodic tiling. It was discovered by Robinson in 1971 [70] as a tool
to simplify Berger’s proof of the undecidability of the tiling problem [15].

Robinson’s tiling is based on the five basic tiles showed in Figure 6 and all rotations and reflections
thereof. Tile (a) is called a cross, whereas tiles (b)—(e) are called arms. In a valid tiling, arrow heads
must meet arrow tails. As drawn, cross (a) is said to face up/right. With this orientation convention,
two consecutive crosses (meaning with no other cross in between them) in the same row or column are
said to be facing each other, or to be back-to-back, as shown in Figure 7. An arm is said to point in
the direction of its unique complete central arrow. Arrows that do not start or end in the mid-point of a
square’s side are called side arrows.

For each one of the five basic tiles of Figure 6, we introduce two possible colours, red or green,
to each of the side arrows (note that there is one tile without colour) with the following restrictions:
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Figure 6. The five basic tiles of Robinson’s tiling (top), and a simplified schematic representation of
these used in Figure 9 (bottom).
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Figure 7. (a) Facing crosses, and (b) back-to-back crosses in Robinson’s tiling.
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Figure 8. Parity markings to force the position of the crosses.

colours must match between adjacent side arrows; at most one colour may be used horizontally and at
most one colour may be used vertically; for the cross, the same colour must be used in both directions;
for tile (b) one colour must be used horizontally and the other colour vertically. Moreover, we impose
the restriction that green crosses must appear in alternate positions in alternate rows (and potentially in
other positions t00).

The latter can be achieved by adding parity markings to the above tiles: the additional arrows showed
in Figure 8, which should match properly in any valid tiling, with the following rules: parity marking (a)
is associated with green crosses, parity marking (b) with horizontal green arrows, and (c) with vertical
green arrows. Parity marking (d) is associated with all tiles. It is important to remark here that parity
markings “live in a different layer” than the five basic tiles. That is, arrows from the parity markings
must match only those from the parity markings and arrows from the basic tiles must match only those
from the basic tiles. Note that the parity markings Figure 8 already form a closed set under rotation and
reflection—(c) is the rotation of (b)—in contrast to the five basic tiles of Figure 6 which are extended
to the full set by including all rotations and reflections.

If we now draw only the red coloured lines, one possible tiling of the plane looks like Figure 9,
which has the crucial (for our purposes) quasi-periodic structure consisting of interlocking squares of
increasing size.

Letus try to explain briefly (full details can be found in [70]) how Figure 9 emerges, and the remaining
freedom it allows in constructing valid tilings of the plane. The fact that crosses must appear in alternate
rows in alternate positions, together with the form of the five basic tiles, means that any given cross
completely determines the structure of the 3 x 3 square constructed in the direction it faces. For example,
assume we start with a green cross facing left/down. Then we are forced to complete the 3 X 3 square
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Figure 9. A possible Robinson tiling of the plane.

Figure 10. Left: A 3 X 3 square of the Robinson tiling, with the choice of a right/up facing cross in the
middle tile. Right: A 7 X 7 square of the Robinson tiling, with the choice of a right/down facing cross
in the middle tile. (To avoid confusion, we have only drawn the coloured lines of the tiles in this second

figure.)

having the cross we started with as the top/right corner, as shown in Figure 10. Furthermore, the central
tile must be a red cross, with the only freedom being the choice of direction it faces.

Once the direction of the central cross is fixed, the 7 X 7 square obtained by extending the 3 x 3
square in the direction this red cross faces is fixed as shown in Figure 10. The green cross in the central
position is forced, with the only freedom again being the choice of direction it faces. Continuing this
procedure gives a tiling similar to that shown in Figure 9. It consists of a quasi-periodic structure of
squares, formed by a continuous line of a single colour going through all the tiles on the perimeter of the
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Figure 11. Left: an example of a fault line, in which the patterns are shifted. Right: a schematic way,
with the fault line in grey, to complete the figure on the right to a 7 X7 square (compare with the example
of the T X T square in Figure 10).
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Figure 12. The basic tiles of the modified Robinson tiling.
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square. These are called borders and have sizes 4" (which—following Robinson’s terminology—means
that the distance between two of the facing crosses delimiting the border is 4" + 1) repeated with period
22+ foralln € N.

Such a tiling can tile the whole plane, a half-plane or a quarter-plane, depending on how we
sequentially choose the orientation of the central crosses. Lines between valid half or quarter planes
must consist only of arms. If the tiling divides the plane into two half-planes, the patterns in these
half-planes may be shifted relative to one another by an arbitrary even number of cells. In this case, the
line separating the two half-planes is called a fault (see Figure 11). However, if a half-plane is further
divided into two quarter-planes, no further shift is possible between these quarter-planes.

5.2. Rigidity of the Robinson tiling

We have just seen that with the original Robinson tiles, the quasi-periodic pattern of borders does
not necessarily extend throughout the entire plane; there can be a fault line between two half-planes,
with “slippage” between the patterns on either side of the fault (see Section 5.1 and [70, § 8] and
Figure 11).

It will be convenient to slightly modify the Robinson tiles in order to prevent fault lines. To this end,
wherever one of the five basic tiles does not have side-arrows, we add dashed side-arrows parallel to
the solid central arrows (see Figure 12). We then extend the five basic tiles to the full tile set by rotation
and reflection, adding parity markings, and adding red and green colourings to the solid side arrows,
exactly as in Section 5.1. We refer to these as the modified Robinson tiles. (Similar modifications to the
Robinson tile set appear elsewhere in the literature, e.g. in [58].)

Since the all original tile markings are still present, any tiling using the modified tiles must also be
a valid tiling using the original tiles if the dashed side-arrows are ignored. It is easy to verify that, for
any tiling in which the 2"-borders repeat periodically throughout the plane for all n (i.e. any tiling that
does not contain a fault line), dashed side-arrows can be added to make it into a valid tiling using the
modified tiles.
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However, if the tiling contains a fault line, there is no way to consistently add dashed side-arrows.
To see this, assume without loss of generality that the fault line is vertical. Then there must exist two
back-to-back crosses on either side of the fault that are not aligned, so that one points up and the other
down (see Figure 11). Consider the cross to the left of the fault line. The dashed side-arrow on this
cross that points to the right forces a dashed arm to extend in that direction, towards the other cross.
Similarly, the left-pointing dashed side-arrow on the cross to the right of the fault forces a dashed arm
to extend to the left. These dashed arms must meet somewhere between the two crosses. But, since one
cross points up and the other down, one of these arms has the dashed side-arrow on top, the other has it
on the bottom, so there is no way to consistently join up the arms.

The crucial property we will use is that the Robinson tiling has a very “rigid” structure. Even if we
start from a tile configuration that contains a defect (a pair of non-matching adjacent tiles), outside of
a ball around the defect, the defect has no effect on the pattern of borders that appears in the rest of the
tiling. The following Lemmas make this rigorous.?*

Lemma 46 (Cross rigidity). In any tiling of a connected region with Robinson tiles, crosses must occur
in alternate columns and in alternate rows.

Proof. Immediate from the observation that, for each “parity tile” in Figure 8, its neighbour in each
direction is uniquely defined. O

Lemma 47 (Robinson rigidity). Consider a connected region of a 2D square grid made up of square
blocks of size 2" x 2" Any tiling of such a region with modified Robinson tiles must contain a periodic
pattern of 2"-borders (some of which may be incomplete due to boundaries), repeating horizontally and
vertically with period 2"*'. That is, the tiling must contain the same periodic pattern of 2"-borders as a
section of the tiling of the infinite plane, up to translation and defects that do not affect the 2" borders.

Proof. By Lemma 46, crosses must occur in alternate rows and columns throughout the region being
tiled. Following Robinson [70], we refer to these crosses as “l-squares”. (Note that there may be
additional crosses in the tiling that do not constitute 1-squares.) Pick an orientation for one of these
1-square crosses. Its solid side-arrows force a solid arm to extend in the directions it faces. Unless there
is insufficient space to the boundary of the region, there must be a cross two cells away in the direction
of each arm. Just as in Robinson [70, §3], these solid arms force the orientation of any two facing crosses
to be mirror images.

Meanwhile, the dashed side-arrows force a dashed arm to extend in the directions that the cross faces
away from. Again, these arms force the orientations of any back-to-back crosses to be mirror images.
Thus, as soon as we pick the orientation of a single 1-square cross, the orientations of all adjacent
crosses are forced, and hence the orientations of all 1-square crosses throughout the connected region.

Base case

Consider first the case n = 1 with 4 x 4 blocks. Since orientations of adjacent pairs of 1-square
crosses are mirror images of each other, they are forced to form groups of four facing towards the centre
of a 3 X 3 block. As in Robinson [70, §3], these blocks must be completed to form “3-squares” with
2-borders running around the edges and crosses in the centre. (The orientation of the central crosses is
not fixed.) In our modified Robinson tiles, the dashed side-arrows also force the orientations of back-
to-back crosses to be mirror images, which forces adjacent 3-squares to be aligned. Thus the pattern of
complete 2-borders must repeat horizontally and vertically with period 4 throughout the region.

However, in general some of the 1-squares will be too close to the boundaries of the region to
form complete 3-squares. We need to show that these still force partial 2-borders. If a 1-square faces
a boundary and is located at that boundary, then there is no further section of 2-border in that di-
rection in any case, and we have nothing to show. If a 1-square faces a boundary and is more than
two cells away from it, there must be another 1-square facing it before reaching the boundary, and
the section of 2-border between them must be completed as usual. The only interesting case is if a

24Qur “rigidity” results for the Robinson tiling could certainly be strengthened, but they suffice for our purposes.
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1-square faces a boundary one cell away from it. In this case, the solid side-arrows still force the
cell between the cross and the boundary form an arm extending to the boundary. The only differ-
ence is that there is no facing cross in that direction to force the side-arrows of the arm to point in-
wards; they could instead point towards the boundary. Thus any of the arm tiles with solid side-arrows
(in a suitable orientation) can be used to form this piece of the 2-border. For our purposes, we con-
sider any of these to still constitute a section of the 2-border. So partial 2-borders are still forced at the
boundaries.

This completes the proof for the base case n = 1. It will be important for later to note that, if a partial
2-border is large enough to contain the cell that would normally be at the centre of the border, then the
central cross is still forced in that cell. To see this, note that because our region is made up of adjacent
square blocks, there must be arms on at least two sides of the central cell (not necessarily opposite
sides, if the partial 2-square is located in a corner of the region). Regardless of which tile is used to
form these arms, the central arrows perpendicular to the arms must face outwards as usual, because the
solid side-arrows on the arms must be on the side away from the central cell. But the only tile that has
outward-facing central arrows on adjacent sides is the cross, so it is forced.

n = 2 case

Before proving the general case, it is instructive to consider the next case n = 2 (with 8 X 8 blocks).
We can always divide each 8 x 8 block into four 4 X 4 blocks and apply the previous argument, so the
2-borders must repeat horizontally and vertically with period 4, throughout the region, with a cross at
the centre of each 2-border (whether partial or complete). Each 8 x 8 block must therefore contain at least
one complete 2-border, and all 2-borders must be aligned (hence their central crosses are also aligned).

Pick an orientation for one of these central crosses. The side-arrows of this cross force solid arms
extending in the directions that the cross faces, and dashed arms extending in the directions it faces away
from. Now, the only tile at which an arm can terminate is the cross. But there can be no crosses between
adjacent 2-borders. Thus the arms must extend all the way from a central cross to its neighbours, again
forcing the orientation of both facing and back-to-back crosses to be mirror images of each other, so
that they form groups of four facing towards the centre of a 5 x 5 block. As in Robinson [70, §3], these
blocks must be completed to form “5-squares” with 4-borders running around the edges and crosses in
the centre. As before, the dashed arms force adjacent 5-squares to be aligned. So the pattern of complete
4-borders repeats horizontally and vertically throughout the region, with period 8.

It remains to consider crosses that are too close to the boundaries to form complete 4-borders. If the
central cross of a 2-border faces a boundary (rather than another cross), its solid side-arrows still force
an arm that extends towards the boundary. The only tile that can terminate an arm is a cross. However,
we cannot place a cross anywhere within the 3-square surrounding the central cross, as it would break
the tiling within the 3-square. The only remaining possibility is to place a cross in the one-cell-wide
corridor that runs along each side of a 3-square. However, where an arm intersects a 2-border it must
point outwards, which prevents placing a cross in the corridor. Thus the arm must be extended all the
way to the boundary to form a partial 4-border (with some additional freedom in which arm tiles are
used to form this section of 4-border).

This proves the Lemma for n = 2. As in [70, § 3], a cross is forced at the centre of all complete
4-borders. If a partial 4-border is large enough to surround the cell that would be at the centre of the
complete border, a cross is forced there too. To see this, observe that for partial borders of this size,
the centre cell has partial 4-borders on at least two sides. The central arrows perpendicular to a border
necessarily have arrow tails on the inside of the border. These force an arm extending back towards the
central cell. That cell therefore has arrow tails on at least two sides, and the central cross is forced.

General case

The argument for general n is very similar to the argument for the n = 2 case, and proceeds by
induction on n. Assume for induction that the pattern of 2"~!-borders repeats horizontally and vertically
with period 2" in any connected region made up of 2" X 2" blocks, and that a cross is forced at the
centre of each of those 2"~!-borders (whether partial or complete).
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Now consider a connected region made up of 2"*! x 2! blocks. We can always divide each block
into four 2" x 2" blocks. So, by assumption, the pattern of 2"~ !-borders must repeat horizontally and
vertically with period 2" throughout the region, with a cross at the centre of each (partial or complete)
2"~I_border. Each 2"*! x 2"*! block therefore contains at least one complete 2"~ !-border, and adjacent
borders (hence also their central crosses) are aligned. The solid and dashed side-arrows of these central
crosses force arms extending between adjacent crosses, which in turn force the orientations of adjacent
crosses to be mirror images. Thus the arms extending between facing crosses form 2”-borders, and
adjacent 2"-borders are aligned. The pattern of 2"-borders therefore repeats horizontally and vertically
throughout the region, with period 2"*!.

For central crosses that face a boundary instead of an adjacent cross, the solid side-arrows on the
cross still force an arm extending towards the boundary. To show that this arm necessarily extends all
the way to the boundary, we must show that it is impossible to place a cross anywhere along the arm.
Within the (2" — 1)-square surrounding the central cross, we cannot place a cross along the arm without
breaking the tiling within 2" — 1-square (cf. [70, § 3]). Thus the arm must extend to the boundary of
this (2" — 1)-square. Similarly, we cannot place a cross along the arm anywhere within the adjacent
(2" — 1)-square. So, if the arm reaches the adjacent (2" — 1)-square, it must continue onwards to the
boundary. The only remaining possibility is to place a cross in the one-cell-wide corridor between the
adjacent (2" —1)-squares. However, the arm necessarily points out of the (2" — 1)-square, which prevents
placing a cross in the corridor.

Finally, for the induction step we must show that a cross is forced at the centre of each (complete or
partial) 2"-border. The argument applies to any border that extends sufficiently far to surround its centre
cell (which includes complete borders). The central cell has (complete or partial) 2"-borders on at least
two sides. The central arrows perpendicular to a border necessarily have arrow tails pointing inwards,
which force arms extending back towards the central cell. That cell therefore has arrow tails on at least
two sides, forcing the central cross.

Together with the base case n = 1, this completes the proof. m

We refer to the top edge of a 2"-border as a 2"-segment.?>

Lemma 48 (Segment bound). The number of 2"-segments in a tiling of an L X H rectangle (width L,
height H) using modified Robinson tiles is > |H/2™ | (|L/2™] = 1) and < (LH /2" | + 1) L/2"* ]
for all n.

Proof. Lemma 47 implies that the tiling must contain the usual periodic pattern of 2"-borders, up
to translation. The result then is a trivial consequence of the fact that borders repeat vertically and
horizontally with period 2""+!. O

The following Lemma is the key rigidity result that we will need later. It shows that a defect in the
tiling (i.e. a non-matching pair of adjacent tiles) cannot affect the pattern of 2"-borders in the tiling
outside a ball of size 2"*! centred on the defect.

Lemma 49 (Segment rigidity). In any tiling of an L X H rectangle (width L, height H) with d defects
using modified Robinson tiles, the total number of 2"*-segments is at least | H /2" | (LL/ on+l ) — 1) -2d.

Proof. Divide the L x H rectangle into contiguous square blocks of size 2"*! x 2"+, with | L/2"*! |
blocks in each row and | H/2"*!'| in each column. (Any leftover cells play no further role in the
argument.) Delete any block that contains at least one defect (arbitrarily assigning defects that occur at
block boundaries to the bottom/left block). Consider any horizontal row of blocks. If the row contains
d; deleted blocks, those missing blocks divide it into at most d; + 1 strips of height 2*!.

Since each strip is a connected, defect-free region made up of 2"*! x 2"*! blocks, Lemma 47
implies that it must be tiled with the usual periodic pattern of 2"-borders, up to translations. The
strip may be connected to strips in adjacent rows, in which case we are not free to translate the
tiling in each strip independently. Nonetheless, we can lower-bound the number of 2"-segments by

251t is on these 2" -segments that the QTMs will ultimately “run” in the final construction.
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allowing the tiling within each strip to be translated independently, and minimising over all such
translations.

Each strip has height 2"*!, so, regardless of how the pattern is translated vertically, it must contain
exactly one row of 2"-segments. The minimum number of segments within a strip of block-length /
is [ — 1 (obtained by translating the pattern horizontally so that there are incomplete segments at the
beginning and end of the strip). In other words, each block in the strip effectively contributes one
segment to the total, except for the block at the right end of the strip, which does not contribute (we
assign the segment between adjacent blocks to the left one).

If the row contains d; deleted blocks, those missing blocks divide it into at most d; + 1 strips.?®
Thus the row contains | L/2™*!| — d; non-deleted blocks, with at most d; + 1 of them located at ends
of the strips. The whole row therefore contains at least | L/2"*!| — d; — (di + 1) =|L/2" | -2d; - 1
segments.

Summing over all | H/2"*!'| rows, and noting that the total number of deleted blocks cannot be
more than the total number of defects, we obtain the claimed lower bound on the total number of
2"-segments. O

6. Putting it all together
6.1. Undecidability of the g.s. energy density

To prove our first main result, Theorem 5, we will prove a sequence of lemmas which allow us to
combine together the Hamiltonian constructions from the previous sections, and progressively build up
the final Hamiltonian.

We will repeatedly need to refer to 1D translationally invariant Hamiltonians with a particular set
of properties. For conciseness, we will call these “Gottesman-Irani Hamiltonians”, captured in the
following definition:

Definition 50 (Gottesman-Irani Hamiltonian). Let C€ be a finite-dimensional Hilbert space with two
distinguished orthogonal states labelled <)), |>)). A Gottesman-Irani Hamiltonian is a 1D, translation-
ally invariant, nearest-neighbour Hamiltonian H,(r) on a chain of length » > 2 described by Hilbert
space (C2)®" with local interaction h, € B(C2®C2), which satisfies the following properties:

(i) hg =2 0.

(i) [hg, |[ONQIBONQI] = [hg, [ONQIBISNSN] = [he, IDHGI@IONQI] =
(g, 2N (> @|>)(>]] = 0.

(iii) Ao(r) == Ao(Hy(r)ls,) < 1, where S is the subspace of states with fixed boundary conditions
|<)), |>) at the left and right ends of the chain, respectively.

(iv) Vn e N : 29(4") > 0and X7 | 29(4") < 1/2.

(V) Ao(Hy(r)ls.) = Ao(Hy(r)ls.) = 0, where S and S are the subspaces of states with, respectively,
a |<) at the left end of the chain or a |(>) at the right end of the chain.

Lemma 51 (Tiling + quantum layers). Let h'%, h¢®' € B(CC®CC) be the local interactions of a 2D
tiling Hamiltonian H., with two distinguished states (tiles) |L) ,|R) € C€. Let hy € B(C2®C2) be the
local interaction of a Gottesman-Irani Hamiltonian H,(r), as in Definition 50. Then there is a Hamil-
tonian on a 2D square lattice with nearest-neighbour interactions h*¥, hi*® € B(CC(2+DgCC(2+D)
with the following properties: For any region of the lattice, the restriction of the Hamiltonian to that
region has an eigenbasis of the form |T). ® |y),, where |T).. is a product state representing a classical
configuration of tiles. Furthermore, for any given |T),, the lowest energy choice for |y), consists of
ground states of H, (r) on segments between sites in which |T). contains an |L) and an |R), a 0-energy
eigenstate on segments between an |L) or |R) and the boundary of the region, and |0)’s everywhere else.

Proof. The idea is to sandwich the two Hamiltonians H. and H, together in two “layers”, so that the
overall Hamiltonian acts as H,. on the c-layer, with constraints between the layers that force low-energy

26For d; > n/2, this substantially over-counts the number of strips, but it is sufficient for our purposes.
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configurations of the g-layer to be in the auxiliary |0) “blank™ state, except between pairs of |L) and |R)
states appearing in the same row of the c-layer, where the g-layer acts like H, on that line segment.

To this end, define the local Hilbert space to be H = H.®(H, ® Hy) = CC®(|0) ® C2). The
Hamiltonian H is defined in terms of the two-body interactions as follows:

e, =hle1l) @1l (6.1a)
R = o1l @1l (6.1b)
+19015Veh, (6.1¢)
+ILYLIY ®(Leg - [QNQN D@1 (6.1d)
+ (1o - LX) P 10} @15 6.1¢)
+ 18, @ [R/RIE™ @(1eg — SN Y (6.1f)
+19,8(1, - [R)(R].) Ve |3 6.19)
+19010)(01 ® |R) (RIS @18+ (6.1h)
+1LYLIY ®18) @15V e [0)(0lS (6.17)
+110)(01 ®(1e — [L)(LI) *Ve(Leg — [0)(0],) *V (6.1)
+(1e = [RYRI) V@ (1eq — 10)(0],) Vo1V @ [0)(0] (6.1k)

where 1., 1.4 and 1., are the identity operators on the corresponding Hilbert spaces. Operators living
onHy, or Hy ® Hy, such as hy in (6.1¢), are assumed to be extended in the trivial way (they are defined
as zero in the extra sectors) to the larger space H, & H,, or (H, ® H.) ® (Hy, & He) .

The Hamiltonian can be understood as follows. (6.1¢) and (6.1d) force a |<)) in the g-layer whenever
there is an |L) in the c-layer. (6.1f) and (6.1g) do the same with |>) and |R). (6.1h) and (6.1i) force a
non-blank to the left and right of an |R) or |L), respectively. Finally, (6.1j) and (6.1k) force a non-blank
to the left and right of any other non-blank in the g-layer, except when a non-blank coincides with an
|L) or |R) in the c-layer.

Since h. is a tiling Hamiltonian, (6.1b) is by assumption diagonal in the canonical product basis on
7—[?2 (and acts trivially on (H, & H.)®%). Meanwhile, (6.1c) is block-diagonal with respect to the four
one-dimensional subspaces of Hf;z spanned by products of |<)) and |>)), together with the orthogonal
complement thereof. ((6.1c) acts trivially on ’H,?z.) The remaining terms are manifestly block-diagonal
with respect to both of these decompositions simultaneously. The overall Hamiltonian is therefore block-
diagonal w.r.t. the product basis on the c-layer. Hence there is a basis of eigenstates of H of the form
IT)c |¢),, where |T), is a product state in the canonical basis of the c-layer. This proves the first claim
of the Lemma.

For a given classical tile configuration |T’). on the c-layer, let £ denote the set of all horizontal line
segments ¢ that lie between an |L) and an |R) (inclusive) in the classical configuration |T).. Let L.
denote the set of all horizontal line segments between an L and the right boundary of the region, and
similarly Lg the segments between the left boundary and an R.

Consider first a state |y), consisting of the ground state of H,(¢) in the g-layer for each ¢ € L, a
0-energy eigenstate of H, ({) in the g-layer for each £ € £; U Lg, and |0) everywhere else in the g-layer.
The associated energy (T'|. (Yol |H| |T). o), is clearly (T|H|T) + 2rer Ao(|€]). Indeed (T'|H|T) is
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the contribution of (6.1a) and (6.1b), and } ;¢ A0(|¢|) the contribution of (6.1c), the rest of the terms
being 0 as |T'),. [o), satisfies all constraints imposed by (6.1d) to (6.1k).

To see that this is the lowest energy state for a given classical configuration on the c-layer, we define
a signature o for each state in the canonical basis of the g-layer. The local Hilbert space at site i in the
g-layer is H, ® H,, so we assign o; = 0 for states in H, and o; = 1 for states in H,. By collecting
computational basis states with the same signature, we decompose H,, into a direct sum of subspaces
with given signature,

QX Hy =~ P Ho (6.2)

ieA

The overall Hamiltonian H is block-diagonal with respect to this decomposition, so all eigenstates
IT)c ), have a |yr), part with well-defined signature. We distinguish two cases:
Case 1:

o; = 1l foralli € ¢ € L. Consider a g-layer state |f), with this signature; that is, a state
supported on the corresponding Hilbert space H. Since all Hamiltonian terms (6.1d) to (6.1k) are > 0,
and for all £ € £ the (6.1c) contribution is > Ao(|£]), we easily get that (T|. Yo |y H|T): [Yo)g =
(TIHCIT) + Sycr Ao(1€]), with equality iff [, = W),

Case 2:

There exists i € £ € L such that o; = 0. Let j be the rightmost position in ¢ such that o-; = 0. If this is
the right or left end of £, then the state picks up an energy contribution of 1 from (6.1d) or (6.1f). If it is
the position next to the right or left end, it picks up a contribution of 1 from from (6.1h) or (6.11). Finally,
if it is not one of the above cases, it acquires a contribution of 1 from (6.1k). In all cases, the contribution
is > Ao(|€]) since 2o(]€]) < 1 by assumption for a Gottesman-Irani Hamiltonian (see Definition 50). As
all terms in the Hamiltonian apart from (6.1a) and (6.1b) are positive-semidefinite, and the contribution
from (6.1a) and (6.1b) is (T'|H.|T), we have that (T|. (Yo |y H |T)e Yo )g 2 (TIHc|T) + Xeer Ao(IL]),
which completes the proof of the Lemma. O

With this, we can now prove the following:

Lemma 52 (Robinson + Gottesman-Irani Hamiltonian). Let h'°%, h¢%' € B(CC®CC) be the local
interactions of the tiling Hamiltonian associated with the modified Robinson tiles. For a given ground
state configuration (tiling) of He, let L denote the set of all horizontal line segments of the lattice that
lie between down/right-facing and down/left-facing red crosses (inclusive). Let hy € B(C2®C2) be
the local interaction of a Gottesman-Irani Hamiltonian H,(r), as in Definition 50.

Then there is a Hamiltonian on a 2D square lattice of width L and height H with nearest-neighbour
interactions h™¥, h*® € B(CCCHV@CC (@) such that, for any L,H, the ground state energy
Ao(HMNEXH)Y on g lattice of size L x H is contained in the interval

Llogy (L/2)] Llogy (L/2) ]
2l L] o2 (] ) [ o] o

n=1 n=1

Proof. Construct the Hamiltonian H as in Lemma 51, with the red down/right- and down/left-facing
crosses from the modified Robinson tile set as the designated |L) and |R) states.

The tiling and QTM Hamiltonians satisfy the requirements of Lemma 51, implying that the lowest
energy for a given c-layer configuration is attained by putting |0)’s in the g-layer everywhere except in
the segments between an |L) and an |R), inclusive. In the modified Robinson tiling, these are exactly
the 4"-segments. Therefore, to bound the ground state energy, we can restrict our attention to classical
configurations of Robinson tiles (not necessarily valid tilings) with an eigenstate of h, along each
4"-segment.
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By Lemma 48, the minimum energy of an eigenstate with a defect-free Robinson tiling on the L x H
rectangle, E (0 defects) = X<, A0(|€]), is contained in the interval (6.3). (Recall that we only use the
red 4"-segments to define line-segments on which 4, acts non-trivially in the ground state.)

On the other hand, since each defect in the classical tile configuration contributes energy at least
1 from the A, term, Lemma 49 implies that the energy of an eigenstate with d defects on the L x H
rectangle is at least

[logy(L/2)] H I
E(ddefects):d+Z/lo(|€|)2d+Z (\‘WJ(\‘WJ—])—Zd
tel n=1

Ao(4™). 6.4)

Since 3> | A0(4") < 1/2 by assumption for a Gottesman-Irani Hamiltonian (see Definition 50), for all
d > 0 this is in turn lower-bounded by

[logy (L/2)] H L
E(d defects) > ) ({WJ ({WJ - 1))/10(4"). (6.5)
n=1
The Lemma follows. ]

We can now apply this Lemma to construct a Hamiltonian 4, with ground state energy that is
undecidable even with a constant promise on the energy gap.

Proposition 53 (Diverging g.s. energy). Choose any 8 € Q, as small as desired. There exists a family
of interactions h’.°¥ (n), h<°! (n) € B(CY ® CV) and hl(,l) (n) € B(CY) with operator norm < 1/2 and
algebraic (hence computable) matrix entries, and there exist strictly positive (uncomputable) functions
01(n), 62(n) such that either /lo(H,/}(L)(n)) < =L B/2 for all L, or Ao(H)(n)) > L? 6,(n) — L §1(n)
forall L > Lo(n) (Lo(n) uncomputable), but determining which is undecidable.

Moreover, the interactions can be taken to have the following form: h,(ll) (n) = =B(1+az(n))1 where
a(n) is an algebraic number, hS%! (n) is {0, B}-valued and independent of n and

B (n) = B (A+ B+ ™) 4 e, (6.6)

where A € B(CY ® CY) is independent of n and has coefficients in 7.+ %Z, and B,C € B(CY @ CY)

are independent of n and have coefficients in Z. (Recall that ¢ is defined as the rational number whose
binary fraction expansion contains the digits of n in reverse order after the decimal.)

Proof. Let hgo be the Hamiltonian obtained by applying Theorem 32 with K = 3 to the QTM from
Theorem 10 with a proper reversible universal TM dovetailed after it. The Hamiltonian £, (n) in Lemma
52 will then be hy (n) = hgo(n) +|T)(T|®1 +1® |T)(T|, where |T) is the halting state of the universal
TM. Clearly, h, has the form given in part (vi) of Theorem 32. We claim that this Hamiltonian is a
Gottesman-Irani Hamiltonian according to Definition 50.

The only requirements in Definition 50 that are not immediate are those concerning the minimum
eigenvalues restricted to various subspaces. Recall the construction of the computational history state

Hamiltonian from Theorem 32. In the initialisation sweep, the (i7) normally sweeps once from left-to-
right along the chain, turns around at the (>) to become a (%;), which sweeps once right-to-left back

along the chain. The superpositions over the standard basis states in these sequences contain no illegal
pairs as long as the other tracks are initialised correctly. However, if the (>) is missing, then when the
) reaches the right end of the chain, there is no forward transition out of the resulting state. Thus the
uniform superposition over the first part of the initialisation sweep, involving just the left-to-right sweep,
is an eigenstate of h,. Furthermore, it has O energy if the rest of the tracks are correctly initialised.

Similarly, if the (<) is missing, there is no further forward transition once the () reaches the left end of
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the chain, and the superposition over the full initialisation sweep is a O-energy eigenstate of A,. Thus
condition (v) of Definition 50 is satisfied.
Let |¢) = \/LT IT=1 |¢:) [¢) be the normalised computational history state for the QTM, where

T = Q(ZxQ]") and |,) is the state encoding the £’th step of the computation. Note that |y) is a
zero-energy eigenstate of H,o, and at most one |i,) can have support on the state |T) that represents
the halting state of the universal TM, by Theorem 32. For r > 2, we have

Ao(r) < WIHy () = (] (Z R () + [T @it + 1@ |T><T|i+l) )

4

6.7)

op 1
=D 7wl (Z IT)(Tl; ®Lit + 1i® |T><T|i+1) vi) < 0 (W :

thus 37> 20(4™) < 1/2. The remaining conditions (iii) and (iv) of Definition 50 are therefore also
satisﬁed~. Hence ~hq (n) is a Gottesman-Irani Hamiltonian, as claimed.
Let A™%(n), k™1 (n) be the local interactions obtained by applying Lemma 52 to hg(n). Let

N(n) = max{||R°" (n)]|, | "™ (n)||}, and fix any rational number g < ﬁ for all n. Such a 8

exists by the form of %, guaranteed by part (vi) in Theorem 32 and the definition of ROV (n), ASOM™M (17)
based on /. Define the normalised local interactions h;™ (n) := ,szffw(n), peolumn () <= ﬂﬁ§°lumn(n).

For any r > |n| + 6, the QTM from Theorem 10 has sufficient tape and time to finish, and we can be
sure that the reversible universal TM starts. Consider first the case in which the universal TM does not
halt on input 7. In that case, for all r > |n| + 6 we have that 1o(r) = 0. Let Ly(n) denote the minimal L
such that the modified Robinson tiling of A(L) necessarily contains a 4”-segment of size 4™ > |n| + 6.
If we take L > Lo(n), thanks to Lemma 52 we can bound the ground state energy for H(X) (n):

A(L) LIIE
A(HM) < B 1<r;|+6 { 5[+ 1] () (6.8a)
r:74’"7, meN
Ag(r) Ao(r) L
:ﬂL2 Z 1,2 l + :BL Z 7(] — 2 frac (Z))l
1<r<|n|+6 1<r<|n|+6
r=4", meN r=4", meN
L L
_ﬂl 1<r;;1|+6 Ao(r) frac (;) (1 — frac (;))l (6.8b)
r=74'"7, meN
= (Las(n) + Lar(n, 1) - ao(n, 1)) (6.80)

where frac(x) := x — |x] denotes the fractional part of x. Since the number of terms in the sum is
bounded by |n| and for any fixed r the quantity Ao (r) is an eigenvalue of a finite-dimensional matrix,
ay(n) is an algebraic number. Moreover, a,(n) < .

We now shift the ground state energy by adding 1 ® 1 to Ay and adding a 1-body term
—B (1 +az(n)) 1. Overall, this adds the Hamiltonian 3.,y X cecols(BLle ® Levt) — Zieacr) B(1 +
@ (n))1; = —B(L*ar(n) + L)1 A(L)- Note that this commutes with all the other terms in the Hamilto-
nian. After this shift, and using the fact that a¢(n, L) > 0, the ground state energy in the non-halting
case becomes

Ao(HM)) < BL (a1(n, L) - 1) < —§L, 6.9)
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since
3 Z Ao(r) L Z Ao(r) 1
(03] (I’l, L) = T 1 —2frac Z < 2 < 5 (610)
1<r<|n|+6 1<r<inl+6
r=4" meN r=4"", meN

Consider now the case in which the universal TM does halt on input n. Take r of the form 4™ large
enough so that the TM has sufficient time and tape to halt. Let r;(n) denote the minimal such r. The
computational history state encoding the evolution necessarily has support on |T) and is the unique
ground state of /49 > 0. Thus Ag(r) > 0 and by Lemma 52 the ground state energy Ao(HAD)) s, after
the energy shift, lower-bounded by

W) 2 gl -prep Y || (|5] 1)

2r
1<r<inl+6
r=4", meN
L L
+ — —|-1]4
o 2 ] e
rzri(n)
r=4"_ meN
(6.11a)
Ao(r) Ao(r) L
_ 72 0 _ 0 =
=pL*| > o prii+ > o (2frac| o) +1
r>ri(n) |r|<n+6 or r >r|(n)
r=4" meN r=4", meN
L L
+5 Z A0(r) frac(—) (frac(—) + 1) (6.11b)
2r 2r
|[r|<n+6 or r>r| (n)
r=4", meN
=p (L2 02(n) = L 61(n, L) + 6o (n, L)) (6.11c)
2,8(L2 52(n) —Lél(n)), 6.11d)
where
32
o1(n) =1+ # >61(n, L), (6.12)
|r|<n+6 or r >r|(n) r
r=4", meN
and 6, (n) > 0, since in the halting case Ag(r) > 0 for all r > ry(n).
Summarising, the ground state energy of H*%) in the non-halting case is bounded by
A(L) B
Ao(H )< -L ) (6.13)
whereas in the halting case we have the bound
Ao(HMB)) > L% 55(n) — L 6,(n). (6.14)
The Proposition follows from undecidability of the Halting Problem. m}
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The following corollary follows immediately by letting L (n) be the minimal L in Proposition 53 such
that, in the halting case, L>65(n) — L& (n) > 1. This will be useful shortly.

Corollary 54 (Undecidability of g.s. energy with promise). There exists a family of interactions
R (n), k<l (n) € B(CYCY) and h,Sl) (n) € B(CY) with operator norm < 1/2 and algebraic (hence
computable) matrix entries, and an (uncomputable) function L(n), such that either /lo(Hf,\(L) (n)) <0
for all L, or Ag(H2(n)) > 1 for all L > L(n), but determining which is undecidable. Moreover, the
interactions can be taken to have the same form as in Proposition 53.

Undecidability of the ground state energy density is now immediate from Proposition 53 by the
definition E,, := limy e Ao (H AL)) /L? of the ground state energy density. We restate this result here
for convenience:

Theorem 5 (restated). Let d € N be sufficiently large but fixed, and consider translationally invariant
nearest-neighbour Hamiltonians on a 2D square lattice with open boundary conditions, local Hilbert
space dimension d, algebraic (hence computable) matrix entries, and local interaction strengths bounded
by 1. Then determining whether E, = 0 or E,, > 0 is an undecidable problem.

6.2. From g.s. energy density to spectral gap

We are finally in a position to prove our main result: undecidability of the spectral gap, which we restate
here for convenience. The overall intuition behind the proof is illustrated in Figure 13.

Recall that for each natural number n, we define ¢ = ¢(n) to be the rational number whose binary
fraction expansion contains the digits of # in reverse order after the decimal.?’

Theorem 3 (restated). For any given universal Turing Machine UTM, we can construct explicitly a
dimension d, d* x d* matrices A,A’,B,C,D,D’, ad x d diagonal projector 11 and a rational number
B which can be as small as desired, with the following properties:

(i) A is diagonal with entries in 7.

(ii) A’ is Hermitian with entries in 7, + \/%Z,
(iii) B, C have integer entries,
(iv) D is diagonal with entries in Z,

(v) D’ is hermitian with entries in 7.
For each natural number n, define:
hi(n) = a(n)Il, a(n) < 2 B an algebraic number
heot(n) = D + BD’, independent of n
Ryow(n) = A+ (A’ +eMPB 4R 4 720 e_i”TMCT) .

Then:

(i) The local interaction strength is bounded by 1, i.e. max (|| ()|, |row (0|, |hcor(m)]) < 1.
(ii) If UTM halts on input n, then the associated family of Hamiltonians {H™®) (n)} is gapped in the
strong sense of Definition | and, moreover, the gap v > 1.
(iii) If UTM does not halt on input n, then the associated family of Hamiltonians {H*F) (n)} is gapless
in the strong sense of Definition 2.

Proof. We assign a Hilbert space £ := |0) ® H,®Hy ~ C & CYTP to each site i € A, where |0)
denotes the generating element of C. Let h,(f’] ) be the two-body interactions obtained in Corollary 54
(keeping the one-body term hf,') (n) separate, for later convenience).

27The reverse order being an unimportant artefact of the way we constructed the phase-estimation QTM in Section 3.
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(a)

H, non-halting case H, halting case

<

|0)®AL)

Gapless Gapped

Figure 13. Starting with the Hamiltonian H,, constructed in Proposition 53, we consider two additional
Hamiltonians, Hg and Hy, with dense and trivial spectrum respectively. These are combined into a final
Hamiltonian H such that the different spectra get combined as indicated by the arrows in the figure. This
results in an overall Hamiltonian H with gapped or gapless behaviour, as shown in the bottom figure,
depending on whether the TM encoded in Hamiltonian H,, halts or not.

Let hy be the two-body interaction of any nearest-neighbour Hamiltonian H; with O ground
state energy whose spectrum becomes dense in the thermodynamic limit (cf. Definition 2):
limy, . spec HQ(L) — [0, ). (For example [53], we can take D = 2 and &g to be the critical XY-
model hyow = 0x®0y + 0,®0y + 0,®1 + 1®0; along the rows, where oy, are the Pauli matrices,
with no interactions along the columns.) We normalise the interaction strength such that ||z4]|| < %

Define the Hamiltonian H(n) in terms of its two-body and one-body interactions A(n) as follows
(with a(n) = ax(n), I1 =I,4): 0

1D (n) :=10)(0] ) @Y + 11 @ 0y(0] V) (6.15a)
+ 15">®ﬂ£/)®h£j’”, (6.15b)

+ hii,j) (”)®]1g)®]lz(ii) (6.15¢)

1D (n) 1= = B+ az ()11, (6.15d)

Clearly, both have norm bounded by 1. Note that we can also rescale iy so that ||hy|| < .
AsinLemma 51, 1, 15 denote the identity operators on H,,, H4, and I1,4 denotes the projection of

H onto its H,®H4 subspace. We decompose the global Hamiltonian in the square A(L) as HAE) =:

Hy+ Hy + H,, where Hy, H;, H,, are defined by taking the sum over sites separately for the expressions
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Figure 14. Boundary tiles for periodic boundary condition construction.

in (6.152), (6.15b), and (6.15¢) + (6.15d), respectively. Note that the three terms commute with each
other and

spec Hy = spec Hy , spec H, = {0} UspecH, , spec Hy C Zs (6.16)

Let us analyse the spectrum of H*(X) in both the halting and non-halting cases. First consider
the halting case, and take L > L(n) as defined in Corollary 54. In that case, Hy,H, > 0 and hence
HMD) > Hy. Since |0)®MD) is the unique ground state of Hy, with energy 0, and is also a O-energy state
for HAL) | we have that the spectral gap of HA(5) is at least as large as the spectral gap of Hy, which is 1.

In the non-halting case, it is clear from the structure of the Hamiltonians (6.15) that

spec H, + spec H,; C spec HMD) ¢ spec H, + spec Hy+ spec Hy. (6.17)

Since spec H is contained in the set of non-negative integers, spec H; C [0, +c0) and converges in the
thermodynamic limit to [0, +c0), and Ao(H,) < O for all L by (6.16), statement (iii) in the Theorem
follows. o

6.3. Periodic boundary conditions

The previous section proves Theorem 3 for open boundary conditions. This is arguably the most
important type of boundary conditions in the context of the spectral gap problem. Both physically,
because periodic boundary conditions rarely occur in real physical systems, and mathematically, because
the thermodynamic limit is better behaved. Nonetheless, our result can also be extended to other types
of boundary condition. Extending it to fixed boundary conditions is trivial, so we omit the argument. In
this section, we consider the more interesting case of periodic boundary conditions.

To extend our result to periodic boundary conditions, we add to the modified Robinson tiles of
Section 5 the three new tile types shown in Figure 14.

Let h. be the standard tiling Hamiltonian of the modified Robinson tiles. We consider the Hamiltonian
given by 34, plus the weighted terms given by the following tables (where E] stands for any modified
Robinson tile):

Right tile Tile above
JHH JHH
S0 5 005 %DOOSS 6.18)
S5 0 5 1 sH|0 5 5 5
8o 5 5 5 2[5 5 o 1
FHis 15 5 “Hls 5 1 5

The resulting weighted tiling Hamiltonian /.. effectively turns the weighted tiling problem for an L x L
square region with periodic boundary conditions (a torus), into the standard tiling problem for the
modified Robinson tile set on a square region with open boundary conditions of size (L — 1) X (L — 1):

Lemma 55 (Periodic to open b.c.). For any L € N, all minimum weight tilings of an L X L torus using
the tile set described above consist of a single EB tile at an arbitrary location, a complete row of E
tiles extending horizontally from the EB, a complete column of [D tiles extending vertically from the
EB, and a valid modified Robinson tiling of the remaining (L — 1) X (L — 1) region.
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Proof. The tilings described in the statement of the Lemma have total weight +4 (coming from the [D
and E] tiles adjacent to the EB). We must show that all other tilings have higher weight. First, consider
the case in which only modified Robinson tiles are used. By the aperiodicity of Robinson tiling, there are
at least two mismatching tiles in an L X L torus, one in the vertical and one in the horizontal direction.
Since we multiplied the original modified Robinson tiling Hamiltonian H. by a factor of 3, each of
these mismatches has weight 3 and we get a total weight of 6. Thus any weight < 5 tiling must contain
at least one E] [D or EB

If the tiling contains any tile other than E] or EB to the left or right of a E], it has weight > 5. Thus,
in any weight < 5 tiling, E] tiles can only appear in complete rows of E] and %ﬂes. The analogous
argument for columns implies that [D tiles can only appear in complete rows of | | |and EB tiles. A EB
adjacent to a modified Robinson tile has weight +5, so EB tiles can only appear where such rows and
columns meet. Moreover, adjacent E] and [D tiles have weight +5, so all such rows and columns must
meet at EB tiles.

Therefore, any tiling with weight < 5 must consist of some non-zero number of rows of E] tiles and
columns of [ | |tiles meeting at - tiles, with modified Robinson tiles everywhere else. Each intersection
of a E] row with a [D column at a EB contributes weight +4, so the weight is minimised by having just
one such row and column.

Finally, the remaining region to be filled with modified Robinson tiles is a square of size (L — 1) X
(L — 1). It contributes weight 0 iff, in addition, they form a valid tiling. O

Using this weighted tile set in Lemma 51, the proofs of Lemmas 51 and 52, Proposition 53, and
Corollary 54 go through unchanged for square lattices with periodic boundary conditions. Undecidability
of the ground state energy density (Theorem 5), and undecidability of the spectral gap (Theorem 3)
follow easily.
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