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FINDING COMMON FIXED POINTS OF
NONEXPANSIVE MAPPINGS BY ITERATION

B.E. RHOADES

In this paper it is shown that a particular iteration scheme converges weakly to
a common fixed point of a finite set of nonexpansive mappings. This result is an
improvement of two related theorems in the literature.

Let X be a Banach space, C a convex subset of X. Let 2\ , T2,..., Tk be a family
of nonexpansive selfmaps of C. Kuhfittig [4] defined the following iteration scheme.
Let Uo = I, I the identity map, 0 < a < 1,

U2 = (1 - a)I + aT2Uu

(1)

xo € C, xn+i = (1 - a)xn + aTkUk-ixn, n > 0.

k

Define F = f| -^(^i). where F(Ti) denotes the fixed point set of T{. Then, if
i=i

each Tj is a nonexpansive selfmap of C, with F ^ 0, C compact, X strictly convex,
Kuhfittig [4] showed that (1) converges strongly to a common fixed point of the family.
His second result is that, if X is uniformly convex and satisfies Opial's condition and
C is closed and convex, then (1) converges weakly to a fixed point in F.

A Banach space is said to satisfy Opial's condition if, whenever {xn} is a convergent
sequence in X with limit Xo, then, for any x / XQ

liminf \\xn - xo\\ < liminf ||xn - ill.
n-Kx> n-K»

The purpose of this note is to improve [4, Theorem 2] by removing the hypothesis
of Opial's condition.

The result to be proved is the following.
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THEOREM . Let X be a uniformly convex Banach space, C a closed convex subset

of X, T\, T2,..., T)t a family of nonexpansive selfmaps of C with F jt 0. Then {xn},

defined by (1), converges weakly to a common fixed point of the family.

The proof of the Theorem will require the following lemmas.

Let C be a subset of a Banach space X, T : C -> X, XQ 6 C. Then the Mann
iterative scheme M(x0, tn,T) is the sequence {xn} defined by xn+i = (1 - tn)xn +

tnTxn. If the sequence {*„} satisfies 0 ^ <„ < 6 < 1, £Z *« — 00, and xn e C for each
positive integer n, then M(a;o,*n)T') is said to satisfy condition A.

LEMMA 1 . [3, Lemma 2] Let C be a subset of a Banach space X, T a nonexpan-
sive map from C into X. If M(xo,tn,T) satisfies condition A and is bounded, then
l i m | | z n - T z n | | = 0.

Let C be a closed bounded convex subset of a uniformly convex space X. A
map T is said to be semicontractive if there exists a map V : C x C —t X such that
T(u) = V(u,u) for each u 6 C while, (a) for each fixed v in C, V(-,v) is nonexpansive
from C to X, and (b) for each fixed u € C, V(u, •) is completely continuous from C
to X uniformly for u in bounded subsets of C.

LEMMA 2 . [2, Theorem 3] Let X be uniformly convex, C a closed bounded
convex subset of X, T a semicontractive mapping of C into X. Then:

(a) (I — T) is demiclosed, and

(b) (/ - T){C) is closed in X.

P R O O F OF THE THEOREM: Prom [4], the Ui and TiUi-i are nonexpansive and

{Ti,T2,.. -, Tk} and {C/i, C/2, •• •, Uk) have the same fixed point set. Let p € F, set

For any x € C, p € F, define E= {ueX : \\u-p\\ ^ r } n C , where r := \\x-p\\.
Then E is a nonempty bounded convex subset of C which is invariant under the Ui
and Tj and contains xo = x. Thus, without loss of generality we may assume that C
is bounded.

Since S is nonexpansive, using (1),

llarn+i - p | | = ||(1 - a)xn + aSxn\\ < (1 - a)\\xn -p\\ + a\\Sxn - p\\

^ (1 - a)\\xn - p\\ + a\\xn - p\\ = \\xn - p\\.

Therefore lim||a;n — p|| exists, which implies that {xn} is bounded.

From Lemma 1, lim ||xn — 5x n | | = 0.
n

The assumption that X is uniformly convex implies that it is reflexive. The bound-
edness of {xn} implies that there is a subsequence {xni} of {xn} which converges
weakly to a point q G C. Since 5 is nonexpansive, if one defines V by V(u,v) — Su+v,
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then V is semicontractive, and, from Lemma 2, S is demiclosed. This means that, if
{xni} converges weakly to a point q, then, since lim||(7 - 5 )x n i | | = 0 , (7 - S)q - q;

that is, q is a fixed point of S = TkUk-i •

A uniformly convex space is strictly convex, so one can use the argument of [4],

which we now do, to show that q e F.

Suppose that q is not a common fixed point of Tk-i and Uk-2- Then the closed

line segment [q,Tk-iUk-2q] has positive length. Define

z = Uk-iq = (1 - 0)9 + aTfc_i0ib_29.

By hypothesis there exists a point w such that T\w = T^w = • • • — Tkw — w.

Since {Tj} and {Ui} have the same fixed point set, it follows that Tk-\Uk-2W = w.

Since Tk-i and Uk-2 aie nonexpansive,

(2) | |T f c_iC/- f c_2g-t i ; | |^ lk-u ' l l

and

\\Tkz-w\\ ^ \\z-w\\.

Therefore w is at least as close to Tkz as to z. But Tkz = TkUk-iq = q, so that w is
at least as close to q as to z = (1 - a)q + aTk-iUk-2q. Since X is strictly convex, it
follows that

contradicting (2), so that Tk-\Uk-2q — q- It then follows from Uk-i — (1 — a)I +
aTk-iUk-2 that Uk-iq = (1 - a)q + aq = q and q = TkUk-iq = Tkq. Therefore q is
a common fixed point of Tk and Uk-i •

Since Tk-\Uk-2q = q, we may repeat the above argument to obtain the result
that Tk-2Uk-2q = q and that q is therefore a common fixed point of Tk-\ and Uk-2-
Continuing in the same manner, it then follows that TiUoq = q and q is a common
fixed point of T2 and T\. Thus q is a common fixed point of {Tj : i = 1,2,..., k]. D

COROLLARY. [4, Theorem 2] If X is a uniformly convex Banach space satisfying
Opial's condition and C is a closed convex subset of X, and if the family of mappings
{Ti : i = 1,2,. . . , k} satisfies (1), then, for any x € C, the sequence {xn} converges
weakly to a common fixed point.

In a recent paper, Atsushiba and Takahashi [1] proved the following.

THEOREM AT. Let X be a uniformly convex Banach space which satisfies Opial's
condition or whose norm if Frechet differentiate. Let C be a nonempty closed convex
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subset of X, S and T a pair of commuting nonexpansive selfmaps of C, with F(S) D
F{T) ± 0. Let xi € C and define {xn} by

1 "
(3) xn+1 = anxn + (1 - an)^ ] T 5*r ' iB for n € N,

«,i=o

where {a n } satisfies 0 ^ a n ^ a < 1. Then {xn} converges weakiy to a common fixed

point of T and S.

Iteration scheme (1) is much simpler than (3). In addition, the theorem of this
paper shows that (1) is a much more general iteration scheme than (3), since the hy-
potheses of Opial's condition and commutativity of the maps are not required.

Finally we note that, in (1) one can replace a , in the formula for x n + i , with a
sequence {tn}, satisfying Condition A.

REFERENCES

[1] S. Atsushiba and W. Takahashi, 'Approximating common fixed points of two nonexpansive
mappings in Banach spaces', Bull. Austral. Math. Soc. 57 (1999), 117-127.

[2] F.E. Browder, 'Some contractive and semiaccretive nonlinear mappings in Banach spaces',
Bull. Amer. Math. Soc. 74 (1968), 660-665.

[3] S. Ishikawa, 'Fixed points and iteration of a nonexpansive mapping in a Banach space',
Proc. Amer. Math. Soc. 59 (1976), 65-71.

[4] P.K.F. Kuhfittig, 'Common fixed points of nonexpansive mappings by iteration', Pacific
J. Math. 97 (1981), 137-139.

Department of Mathematics
Indiana University
Bloomington IN 47405-7106
United States of America

https://doi.org/10.1017/S0004972700018785 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700018785

