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Abstract

We investigate the tempered representations derived from the principal series of SL`(F) and their
geometric structure. In particular, we give the parameterization for special representations and prove
the tempered part of the Aubert–Baum–Plymen conjecture for the toral cases of SL`(F).
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1. Introduction

In the representation theory of reductive p-adic groups, the issue of the reducibility
of induced representations is quite intricate. For the special linear group SLn(F) over
a p-adic field, this issue has been studied intensively (see [7, 8, 10, 12]). In [1, 2],
Aubert et al. propose a geometric conjecture related to reductive p-adic groups. They
conjecture that there exists a continuous bijection between the (compact) extended
quotients and the smooth (respectively tempered) dual of reductive p-adic groups.
In other words, they use extended quotients as a model to describe the location of
reducible points. We recall the definition of extended quotients here.

DEFINITION 1.1. Let X be a Hausdorff topological space. Let 0 be a finite group
acting on X by a left continuous action. Let

X̃ = {(x, γ ) ∈ X × 0 | γ x = x},

with group action on X̃ given by

g · (x, γ )= (gx, gγ g−1)

for g ∈ 0. Then the extended quotient is given by

X//0 := X̃/0 =
⊔
γ∈0

Xγ /Z(0), (1.1)

where γ runs through the representatives of conjugacy classes of 0.
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Let G be a reductive p-adic group and let M be a Levi subgroup of G. Let
s= [M, σ ]G be the point in the Bernstein spectrum which contains the cuspidal pair
(M, σ ), where σ is a cuspidal representation of M . Let W (M) denote the Weyl group
of M and W s denote the subgroup {w ∈W (M) | w · s= s} and call it the isotropy
group attached to s. To conform to the notation in [2], we denote by 9t(M) the set
of unitary unramified characters of M . Indeed, 9t(M) has the structure of a compact
torus. Attached to s, we set

Es
:= {ψ ⊗ σ | ψ ∈9t(M)}.

By a cocharacter we mean a morphism C×→ T∨ of algebraic groups, where T∨ is
a maximal torus of the Langlands dual group G∨. The q-projection πs√

q is constructed
from a finite set of cocharacters which are dependent on s (see [3]). The space of
tempered representations of G determined by s will be denoted by Irrt(G)s, and the
infinitesimal character will be denoted inf.ch (see [5]). The following conjecture is the
tempered part of the Aubert–Baum–Plymen (ABP) conjecture in [2].

CONJECTURE 1.2. There exists a continuous bijection µs
: Es//W s

→ Irrt(G)s with
(inf.ch) ◦ µs

= πs√
q .

We will study the geometric structure of the tempered dual of SL`(F) through the
extended quotient. In particular, this structure can be studied in terms of symmetric
groups and the special representations are totally determined by the conjugacy classes
of the symmetric groups. Here is the main theorem.

THEOREM 1.3. The tempered part of the ABP conjecture is valid for the toral case of
SL`, where ` is prime.

2. On the R-group

Let F be a local nonarchimedean field of characteristic 0. Let ` be prime and
put G = SL`(F). We will focus on the toral case of G. Hence, we fix the standard
Levi subgroup M to be a maximal torus T . In this paper, we will use the framework
in [10]. Let M̃ denote the corresponding Levi subgroup of G̃ = GL`(F), so that M =
M̃ ∩ SL`(F). Let σ ∈ E2(M) and πσ ∈ E2(M̃)with πσ ⊃ σ , where E2(M)means the
collection of equivalence classes of irreducible discrete series representations of M .
Recall that W (M) is the Weyl group of M . Since M is maximal torus T here, the
group W (M) is just W , the Weyl group of G with respect to T . Let

L̄(πσ ) := {η ∈ F̂× | η · πσ '
w πσ for some w ∈W },

X (πσ ) := {η ∈ F̂× | η · πσ ' πσ }.

For the Bernstein variety s= [M, σ ]G , we let πσ |M ⊃ σ . Then we write πσ in the
form πσ = π1 ⊗ π2 ⊗ · · · ⊗ π`. In fact, the form of the representation πσ is the same
as the form of σ . This means

σ = π1 ⊗ π2 ⊗ · · · ⊗ π`.
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Hence, we can rewrite this representation in the form

σ = π
⊗n1
1 ⊗ π

⊗n2
2 ⊗ · · · ⊗ π

⊗nk
k , (2.1)

where
∑

ni = ` and πi is not the twist of π j by an unramified character for all i 6= j .
Now we focus on the representations induced by (2.1) from the Levi subgroup M

to G, namely IndG
M (σ ), and classify them. First, we assume that πσ is not of the form

π ⊗ ηπ ⊗ · · · ⊗ η`−1π , where η is a ramified character of order `, and not of the
form π⊗` (`-tuple). We will return to these two cases later. Recall that the R-group
R(σ ) is isomorphic to the quotient L̄(πσ )/X (πσ ) [10, Theorem 2.4]. For details of
the R-group of SLn , refer to [7, 8, 10].

LEMMA 2.1. The group R(σ ) is trivial when πσ satisfies the above assumption.

PROOF. By (2.1),
σ = π

⊗n1
1 ⊗ π

⊗n2
2 ⊗ · · · ⊗ π

⊗nk
k .

Since, by assumption, we have ni < ` and ` is prime, we know that ni is coprime to `
for i ∈ 1, 2, . . . , k, that is, ni cannot divide `. Let η ∈ L̄(πσ ). This implies that there
exists w ∈W such that η · πσ ∼=w πσ . If w is trivial, then L̄(πσ )= X (πσ ). Hence,
R(σ )= 1. From now on, we assume that w is not trivial. Then there must exist πi and
π j such that ηπi ∼= π j for i 6= j . Thus, ni = n j . In other word, this means that there
are several cycles in πσ after twisting by a character η. The number of cycles is equal to
o(η), the order of the character η. This implies that o(η) divides `. Since ` is prime, we
get o(η)= 1 or o(η)= `. If o(η)= 1, we have R(σ )= 1 straightforwardly. Otherwise,
when o(η)= `, the representation of πσ is of the form π ⊗ ηπ ⊗ η2π ⊗ · · · ⊗ η`−1π .
This contradicts our assumption. 2

COROLLARY 2.2. The isotropy group W s attached to σ is given by

W s
=W (σ )=Sn1 ×Sn2 × · · · ×Snk .

Now we go back to the other two cases. It is not hard to prove the following two
lemmas.

LEMMA 2.3. The R-group R(σ ) attached to πσ = π ⊗ ηπ ⊗ · · · ⊗ η`−1π is given
by Z/`Z and the isotropy subgroup W s is Z/`Z.

LEMMA 2.4. The R-group R(σ ) attached to πσ = π⊗` is given by S` and W s
=

W =S`.

Then we have Table 1.
Here, we turn to the relation between partitions of n and the special representations

where n ∈Z and n ≥ 2.

LEMMA 2.5. Suppose πσ = π ⊗ π ⊗ · · · ⊗ π . Each special representation in the set
Irrt(G)s is parameterized by a partition λ of n.
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TABLE 1. R-groups in the toral case of SL`.

Case πσ R(σ ) W (σ ) Condition
1 π ⊗ π ⊗ π ⊗ · · · ⊗ π 1 S`

2 π
⊗n1
1 ⊗ π

⊗n2
2 ⊗ · · · ⊗ π

⊗nk
k 1 Sn1 ×Sn2 × · · · ×Snk

3 πσ = π ⊗ ηπ ⊗ · · · ⊗ η
`−1π Z/`Z Z/`Z η` = 1

PROOF. First of all, we define the partitions of n. The symbol λ is called a partition of
n if

λ= [λ1, λ2, . . . , λr ],
∑

λi = n and λi ≥ 1 ∈ Z.

The partition λ is dominant if λ1 ≥ λ2 ≥ · · · ≥ λr . We denote by 3 the set of the
partitions of n and by 3+ the set of dominant partitions. In fact, this makes sense
because, in this case, the isotropy group is given by Sn , which acts on the Levi as
permutation groups. Thus, we can rearrange a nondominant partition to a dominant
one by suitable group actions.

EXAMPLE. n = 14, [8, 1, 2, 3] is a partition and [8, 3, 2, 1] is a dominant partition.

For every dominant partition λ= [λ1, λ2, . . . , λk, . . . , λr ] ∈3
+, where λk = 1

and λk−1 > 1, we can construct a corresponding special representation canonically.
In other words, for such a partition, the representation is of the form

Stλ1(π)⊗ Stλ2(π)⊗ · · · ⊗ Stλk−1(π)⊗ π ⊗ · · · ⊗ π︸ ︷︷ ︸
n−
∑k−1

i=1 λi

,

where Stλi (π) is the generalized Steinberg representation of GLλi attached to π .
Then we can twist an unramified unitary character of

GLλ1 × GLλ2 × · · · × GLλk−1 ×F× × · · · × F×

to this representation by partition.
Then we have

Stλ1(z1π)⊗ Stλ2(z2π)⊗ · · · ⊗ Stλk−1(zk−1π)⊗ zkπ ⊗ · · · ⊗ zrπ︸ ︷︷ ︸
n−
∑k−1

i=1 λi

.

It is clear that these representation are parameterized by the r -torus Tr . Now we
induce these representations to GLn and then restrict the obtained representations to
SLn . Hence, the parameter space is given by the quotient Tr/T because the elements
of SLn have determinant 1. 2

Here, we mention that the cocharacters for the special representation can be taken
to be

t 7−→ (ta1, ta1−1, . . . ,t1−a1, t−a1, . . . , tak−1, tak−1−1, . . . , t1−ak−1, t−ak−1, 1, . . . , 1)
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where ai denotes the greatest integer a such that

a ≤ (λi + 1)/2.

In fact, the structure of such cocharacters is well adapted with the extended quotient
for this case. As we know, the extended quotient can be decomposed into the disjoint
union of some ordinary quotients (we call such parts ‘components’) via the conjugacy
classes of the action group. We know that the action on the quotient is given by a finite
group, which is an isotropy subgroup of the Weyl group. In this case, such an isotropy
subgroup is given by the symmetric group Sn . It is well known that the conjugacy
classes of Sn depend on the length of cycles in Sn .

3. Geometric structure

In this section, we discuss the extended quotient Es//W s with respect to each
Bernstein variety s= [M, σ ]G and show the geometric conjecture for the toral case of
SL`(F). Hence, we will construct the explicit bijection between Es//W s and Irrt(G)s.
From now on, for convenience, we denote (GLn1 × GLn2 × · · · × GLnr ) ∩ SLn by
n1 + n2 + · · · + nr , where

∑
ni = n. For example, 1+ 1+ 1+ 1 means

(GL1 × GL1 × GL1 × GL1) ∩ SL4.

3.1. Case 1: π ⊗ π ⊗ π ⊗ · · ·⊗ π . In the previous section, for the case πσ ∼= π⊗`,
we have shown that W s

=S`. The group W s is given by the symmetric group S`.
The number of conjugacy classes equals the number of cycle types in S`.

We denote by B` the number of conjugacy classes of S`. We consider the extended
quotient Es//W s. Recall the property of the extended quotient,

Es//W s
=

⊔
γ

Eγ /Z(γ ),

where γ runs through all the representatives {e = γ0, γ1, . . . , γB`−1} of conjugacy
classes. We choose γB`−1 to be the length ` cycle. In other words, the cycle is
(123 · · · `). Hence, we can decompose into B` components as follows:

Es//W s
= Es/W s

t Eγ1/Z(γ1) t Eγ2/Z(γ2) t · · · t EγB`−1/Z(γB`−1).

Then we investigate each component Eγk/Z(γk) for k = 1, 2, . . . , B` − 2 in
Es//W s. In fact, each γk represents a kind of partition of `. We denote such partition
by [λ1, λ2, . . . , λ j ], where

∑
λi = ` and λi > 0 for any i . Since we can rearrange

the order of such partitions, without loss of generality, we assume λ1 ≥ λ2 ≥ · · · ≥ λ j .
From above, we know that Eγk is the projective variety

Eγk =

{[(
z1, z1, . . . , z1︸ ︷︷ ︸

λ1

, z2, . . . , z2︸ ︷︷ ︸
λ2

, . . . , z j . . . z j︸ ︷︷ ︸
λ j

)] ∣∣∣ z1, z2, . . . , z j ∈T
}
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and
Z(γk)=Sλ1 ×Sλ2 × · · · ×Sλ j .

In fact, the partition above is compatible with the structure of dominant partitions
in Lemma 2.5. Hence, now we apply Lemma 2.5 and each component corresponds to
a generalized Steinberg representation canonically. At the same time, γk runs through
all the conjugacy class except γ0 and γB`−1.

REMARK 3.1. The component Eγ0/Z(γ0) is the ordinary quotient and the component
EγB`−1/Z(γB`−1) is isomorphic to ` points, namely pt1, pt2, pt3, . . . , pt`.

EγB`−1/Z(γB`−1)= pt1 t pt2 t · · · t pt`.

The paragraph above is all related to special representations. In what follows, we
consider the unramified principal series. Let t = (z1, z2, . . . , z`) be a point in Es/W s,
except (1, ω, . . . , ω`−1), where ω` = 1, and let χt be the corresponding unramified
unitary character.

CLAIM. The induced representation IndG
T (χt ⊗ σ) is irreducible for such a point t .

PROOF. Assume η ∈ L̄(χt ⊗ πσ ). This implies

η · χt ⊗ πσ ∼=
w χt ⊗ πσ (3.1)

for some w ∈W . The element w permutes the representations in πσ . Hence, there
exist several cycles q1, q2, . . . , qm . (In fact, it is not necessary to compute m.)
According to (3.1), the length of these cycles must divide `. Since ` is prime, there
are two possibilities. The length of a cycle is 1 or `. If the cycle has length 1, this
implies η = 1. Otherwise, cycles are given by cyclic permutations. This contradicts
our assumption. Hence, L̄(χt ⊗ πσ ) is trivial. This implies that R(χt ⊗ σ) is trivial.
In other word, IndG

M (χt ⊗ πσ ) is irreducible. 2

Let t = (1, ω, ω2, . . . , ω`−1) ∈ Es/W s, where ω` = 1, and let χt be the
corresponding unramified unitary character. Thus, L̄(χt ⊗ πσ )= 1, ω, ω2, . . . , ω`−1

and X (χt ⊗ πσ )= 1. Hence, R(χ ⊗ σ)=Z/`Z. This implies that the
induced representation IndG

M (χt ⊗ πσ ) is reducible and there are ` irreducible
constituents. We match these representations by (1, ω, ω2, . . . , ω`−1) ∈ Es/W s and
pt1, pt2, . . . , pt`−1. Furthermore, we map St`(π) to pt`.

The cocharacters can be taken to be

hc = 1 if c = pti with 1≤ i ≤ `− 1

and
hc(t)= (t

a, ta−1, . . . , t1−a, t−a) if c = pt`,

where a denotes the greatest integer a such that a ≤ (`+ 1)/2.
From the above, we conclude that part (3) of the conjecture is true for this case.
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3.2. Case 2: πσ = π
⊗n1
1 ⊗ π

⊗n2
2 ⊗ · · ·⊗ π

⊗nk
k . Recall that the group W s is Sn1 ×

Sn2 × · · · ×Snk . The proof is analogous to that for case 1. We have a similar
conclusion and so we omit the proof. Note that if there are elements η in L̄(χt ⊗ πσ ),
the order o(η) of character η must divide the number `. Thus, o(η) is 1 or `. Since
k ≥ 2 (this means we have at least two different representations in πσ ), η cannot be of
order `. Thus, η is a character of order one.

In this case, all IndG
M (χt ⊗ πσ ) are irreducible. We mention that Es//W s

− Es/W s

is mapped to special representations and Es/W s is mapped to unramified principal
series.

REMARK 3.2. The necessary condition for reducibility is that ni is a divisor of `,
except 1. Furthermore, if all ni = 1, the representation πσ will be in the form πσ =

π1 ⊗ π2 ⊗ · · · ⊗ π`. The isotropy group W s is trivial. In this case, IndG
M (χt ⊗ πσ )

is irreducible for all t ∈ Es/W s. A special representation does not exist since the
necessary condition is that there are at least two equal terms in χt ⊗ πσ .

3.3. Case 3: πσ = π ⊗ ηπ ⊗ · · ·⊗ η`−1π . In this section, we will discuss the case
when πσ = π ⊗ ηπ ⊗ · · · ⊗ η`−1π . From Table 1 we know that the R-group R(σ )
with respect to this is the cyclic group Z/`Z. Jawdat and Plymen have proved that
there exists a bijection between the extended quotient and the tempered dual with
respect to this case (see [11, Theorem 5.3]).

From the discussion of the above three cases, we conclude that the Aubert–Baum–
Plymen conjecture for the tempered dual of SL`(F) is true in the toral case.

Acknowledgements

I thank Professor Roger Plymen for his patient and excellent supervision during
my PhD at the University of Manchester. I would like to thank Professor Anne-
Marie Aubert for her careful reading of the manuscript and valuable comments and
corrections, and also thank the referee for constructive comments. Finally, I thank
Professor King-Fai Lai for providing an excellent working environment at the National
Sun Yat-sen University.

References

[1] A.-M. Aubert, P. Baum and R. J. Plymen, The Hecke Algebra of a Reductive p-adic Group: A
Geometric Conjecture, Aspects of Mathematics, 37 (Vieweg, Braunschweig, 2006), pp. 1–34.

[2] A.-M. Aubert, P. Baum and R. J. Plymen, ‘Geometric structure in the representation theory of
p-adic groups’, C. R. Acad. Sci. Paris, Ser. I 345 (2007), 573–578.

[3] A.-M. Aubert, P. Baum and R. J. Plymen, ‘Geometric structure in the principal series of the p-adic
group G2’, Represent. Theory 15 (2011), 126–169.

[4] P. Baum and A. Connes, ‘Chern character for discrete groups’, in: A Fête of Topology (Academic
Press, Boston, 1988), pp. 163–232.

[5] J. Bernstein, ‘Representation of p-adic groups’, Notes by K. E. Rumelhart, Harvard University,
1992.

[6] J. Bernstein and A. Zelevinsky, ‘Induced representations of reductive p-adic groups I’, Ann. Sci.
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13(4) (1980), 165–210.

KUOK FAI CHAO, Department of Applied Mathematics,
National Sun Yat-sen University, Taiwan
e-mail: kchao@math.nsysu.edu.tw

https://doi.org/10.1017/S0004972711002383 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972711002383

