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Abstract

Using the calculus of variations, we prove the following structure theorem for noise-stable partitions: a partition of
n-dimensional Euclidean space into m disjoint sets of fixed Gaussian volumes that maximise their noise stability
must be (m — 1)-dimensional, if m — 1 < n. In particular, the maximum noise stability of a partition of m sets in
R™ of fixed Gaussian volumes is constant for all n satisfying n > m — 1. From this result, we obtain:

(i) A proof of the plurality is stablest conjecture for three candidate elections, for all correlation parameters p
satisfying 0 < p < pg, where py > 0 is a fixed constant (that does not depend on the dimension ), when each
candidate has an equal chance of winning.

(ii) A variational proof of Borell’s inequality (corresponding to the case m = 2).

The structure theorem answers a question of De—-Mossel-Neeman and of Ghazi—Kamath—Raghavendra. Item (i)
is the first proof of any case of the plurality is stablest conjecture of Khot-Kindler-Mossel-O’Donnell for fixed
p, with the case p — L1~ being solved recently. Item (i) is also the first evidence for the optimality of the
Frieze—Jerrum semidefinite program for solving MAX-3-CUT, assuming the unique games conjecture. Without the
assumption that each candidate has an equal chance of winning in (i), the plurality is stablest conjecture is known

to be false.
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1. Introduction
1.1. An Informal Introduction

A voting method or social choice function with m candidates and n voters is a function
f:A{1,...,m}" > {1,...,m}.
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From the social choice theory perspective, the input of the function f is a list of votes of n people who are

choosing between m candidates. Each of the m candidates is labelled by the integers 1, . . . , m. If the votes
are x € {1,...,m}", then x; denotes the vote of person i € {1,...,n} for candidate x; € {1,...,m}.
Given the votes x € {1,...,m}", f(x) is interpreted as the winner of the election.

It is both natural and desirable to find a voting method whose output is most likely to be unchanged
after votes are randomly altered. One could imagine that malicious third parties or miscounting of votes
might cause random vote changes, so we desire a voting method f' whose output is stable to such changes.
In addition to voting motivations, finding a voting method that is stable to noise has applications to the
unique games conjecture [KKMO07, MOO10, KM16], to semidefinite programming algorithms such
as MAX-CUT [KKMOOQ7, IM12], to learning theory [FGRW12], etc. For some surveys on this and
related topics, see [O’D, Kho, Hei20].

The output of a constant function f is never altered by changes to the votes. Also, if the function
f only depends on one of its n inputs, then the output of f is rarely changed by independent random
changes to each of the votes. In these cases, the function f is rather ‘undemocratic’ from the perspective
of social choice theory. In the case of a constant function, the outcome of the election does not depend
at all on the votes. In the case of a function that only depends on one of its inputs, the outcome of the
election only depends on one voter (so f is called a dictatorship function).

Among ‘democratic’ voting methods, it was conjectured in [KKMOO7] and proven in [MOO10] that
the majority voting method is the voting method that best preserves the outcome of the election. The
following is an informal statement of the main result of [MOO10].

Theorem 1.1 (Majority Is Stablest, Informal Version [MOO 10, Theorem 4.4]). Suppose that we run
an election with a large number n of voters and m = 2 candidates. We make the following assumptions
about voter behavior and about the election method.

o Voters cast their votes randomly and independently, with equal probability of voting for either
candidate.

o Each voter has a small influence on the outcome of the election. (That is, all influences from
Equation 5 are small for the voting method.)

o FEach candidate has an equal chance of winning the election.

Under these assumptions, the majority function is the voting method that best preserves the outcome of
the election, when votes have been corrupted independently each with probability less than 1/2.

We say a vote x; € {1, 2} is corrupted with probability 0 < § < 1 when, with probability &, the vote x;
is changed to a uniformly random element of {1, 2}, and with probability 1 — &, the vote x; is unchanged.

For a formal statement of Theorem 1.1, see Theorem 1.8 below.

The primary interest of the authors of [KKMOO7] in Theorem 1.1 was proving optimal hardness of
approximation for the MAX-CUT problem. In the MAX-CUT problem, we are given a finite undirected
graph on n vertices, and the objective of the problem is to find a partition of the vertices of the graph
into two sets that maximises the number of edges going between the two sets. The MAX-CUT problem
is MAX-SNP hard, i.e. if P # NP, there is no polynomial time (in n) approximation scheme for this
problem. Nevertheless, there is a randomised polynomial time algorithm [GW95] that achieves, in
expectation, at least .87856. .. times the maximum value of the MAX-CUT problem. This algorithm
uses semidefinite programming. Also, the exact expression for the .87856. .. constant is

2 arccos(p)

mi =.87856...
-l<p<tt 1-p

The authors of [KKMOO7] showed that, if the Unique Games Conjecture is true, then Theorem 1.1
implies that the Goemans-Williamson algorithm’s .87856 ... constant of approximation cannot be
increased. Assuming the validity of the Unique Games Conjecture is a fairly standard in complexity
theory, though the conjecture remains open. See [O’D, Kho] and the references therein for more
discussion on this conjecture, and see [KMS 18] for some recent significant progress.
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Theorem 1.1 (i.e. Theorem 1.8) gives arather definitive statement on the two candidate voting method
that is most stable to corruption of votes. Moreover, the applcation of Theorem 1.1 gives a complete
understanding of the optimal algorithm for solving MAX-CUT, assuming the Unique Games Conjecture.
Unfortunately, the proof of Theorem 1.1 says nothing about elections with m > 2 candidates. Moreover,
Theorem 1.1 fails to prove optimality of the Frieze-Jerrum [F]95] semidefinite programming algorithm
for the MAX-m-CUT problem. In the MAX-m-CUT problem, we are given a finite undirected graph
on n vertices, and the objective of the problem is to find a partition of the vertices of the graph into m
sets that maximises the number of edges going between the two sets. So, MAX-CUT is the same as
MAX-2-CUT.

In order to prove the optimality of the Frieze-Jerrum [F]95] semidefinite programming algorithm for
the MAX-m-CUT problem, one would need an analogue of Theorem 1.1 for m > 2 voters, where the
plurality function replaces the majority function. For this reason, it was conjectured [KKMOO7, IM12]
that the plurality function is the voting method that is most stable to independent, random vote corruption.

Conjecture 1.2 (Plurality Is Stablest, Informal Version [KKMOO7], [IM 12, Conjecture 1.9]). Suppose
we run an election with a large number n of voters and m > 3 candidates. We make the following
assumptions about voter behavior and about the election method.

o Voters cast their votes randomly, independently, with equal probability of voting for each candidate.

o Each voter has a small influence on the outcome of the election. (That is, all influences from
Equation 5 are small for the voting method.)

o Each candidate has an equal chance of winning the election.

Under these assumptions, the plurality function is the voting method that best preserves the outcome of
the election when votes have been corrupted independently each with probability less than 1/2.

We say that a vote x; € {1,...,m} is corrupted with probability 0 < 6 < 1 when, with probability
4, the vote x; is changed to a uniformly random element of {1, ...,m}, and with probability 1 — &, the
vote x; is unchanged.

In the case that the probability of vote corruption goes to zero, the first author proved
the first known case of Conjecture 1.2 in [Heil9], culminating in a series of previous works
[CM12, MR15, BBJ17, Heil7, MN18a, MN18b, Heil8]. Conjecture 1.2 for all fixed parameters
0 < p < 1 was entirely open until now. Unlike the case of the majority is stablest (Theorem 1.8), Con-
jecture 1.2 cannot hold when the candidates have unequal chances of winning the election [HMN16].
This realization is an obstruction to proving Conjecture 1.2. It suggested that existing proof methods for
Theorem 1.8 cannot apply to Conjecture 1.2.

Nevertheless, we are able to overcome this obstruction in the present work.

Theorem 1.3 (Main Result, Informal Version). There exists € > O such that Conjecture 1.2 holds for
m = 3 candidates, for all n > 1, when the probability of a single vote being corrupted is any number in
the range (1/2 — g,1/2).

Theorem 1.3 is the first proven case of the plurality is stablest conjecture (Conjecture 1.2).

1.2. More Formal Introduction

Using a generalization of the central limit theorem known as the invariance principle [MOO10, IM12],
there is an equivalence between the discrete problem of Conjecture 1.2 and a continuous problem
known as the standard simplex conjecture [IM12]. For more details on this equivalence, see Section 7
of [IM12]. We begin by providing some background for the latter conjecture, stated in Conjecture 1.6.
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For any k > 1, we define the Gaussian density as

n+l

2
v = @0 ey = ) e P = (),
; ey
V= (X1 Xne1),y = (0155 Yue1) € R
Let z1,...,2m € R™! be the vertices of a regular simplex in R"*! centred at the origin. For any
1 <i < m, define

Qi1 ={xeR™: (x,z;) = max (x,z,)}. 2)

1<j<m

We refer to any sets satisfying (2) as cones over a regular simplex.
Let f: R™! — [0, 1] be measurable and let p € (-1, 1). Define the Ornstein—-Uhlenbeck operator
with correlation p applied to f by

1f@: = [ Fpesyi=pma o) dy
: @
ly=pxl|

— (1 _ pZ)—(n+1)/2(2ﬂ,)—(n+1)/2 f(y)e_ 2(1-p2) dy, VX c Rn+1.
R+l

T, is a parametrization of the Ornstein—Uhlenbeck operator, which gives a fundamental solution of the
(Gaussian) heat equation

d 1, — _
T 0= ;( ~ AT, f(x) + (x. VT,,f(x)>), Vx e R™, )

Here A: = Y% ?/0x? and V is the usual gradient on R™*!. T, is not a semigroup, but it satisfies
1, Ty, = Tpp, for all p1,p2 € (0,1). We have chosen this definition because the usual Ornstein—
Uhlenbeck operator is only defined for p € [0, 1].

Definition 1.4 (Noise Stability). Let Q € R™*! be measurable. Let p € (=1, 1). We define the noise
stability of the set  with correlation p to be

—llx ]2~ nyn2+2p<x »)

/ Lo ()T, Lo () ymet (0 dx 2 (21) ) (1 = p2)-reD)/2 / / 0 dudy.
Rn+

Equivalently, if X = (X1, ..., Xu41),Y = (Y1,...,Yne1) € R™! are (n+1)-dimensional jointly Gaussian
distributed random vectors with EX;Y; = p - 1(;=;) forall i, j € {1,...,n+ 1}, then

[ 16T 18007, () &5 = B(X.1) € 2 Q)

Maximising the noise stability of a Euclidean partition is the continuous analogue of finding a voting
method that is most stable to random corruption of votes among voting methods where each voter has
a small influence on the election’s outcome.

Problem 1.5 (Standard Simplex Problem [IM12]). Letm > 3. Fixay, ..., an > Osuchthat 372 a; = 1.
Fix p € (0, 1). Find measurable sets Q, . ..Q,, C R™! with U Q; = R™! gnd V1 (Qi) = a; for all
1 <i < m that maximise

m

> [ 10,6 o, (e ()

i: Rn+

subject to the above constraints. (Here y,+1(Q;): = /Q Y1 (X)dx V1 <i<m)
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We can now state the continuous version of Conjecture 1.2.

Conjecture 1.6 (Standard Simplex Conjecture [IM12]). Let Qy, ... Q,, C R™ maximise Problem 1.5.
Assume thatm — 1 < n+1. Fixp € (0,1). Let 71, . . . , zm € R"! be the vertices of a regular simplex in
R™! centred at the origin. Then 3w € R"™! such that, forall 1 <i < m,

Qi =w+{xeR™: (x,z;) = max (x,z;)}.
1<j<m

It is known that Conjecture 1.6 is false when (ay,...,a,) # (1/m,...,1/m) [HMNI6]. In the
remaining case that a; = 1/m for all 1 < i < m, itis assumed that w = 0 in Conjecture 1.6.
For expositional simplicity, we separately address the case p < 0 of Conjecture 1.6 in Section 7.

1.3. Plurality Is Stablest Conjecture

As previously mentioned, the standard simplex conjecture [IM12] stated in Conjecture 1.6 is essentially
equivalent to the plurality is stablest conjecture from Conjecture 1.2. After making several definitions,
we state a formal version of Conjecture 1.2 as Conjecture 1.7.

Ifg: {1,...,m}" > Rand 1 <i < n, we denote

Eg): =m™ ) g(w)
Ei(g) (w1, ..., W1, Wit1, ..., Wy): =m! Z gwy,...,wy)

V(wi,...,wi-1,Wit1,...,0,) € {1,...,m}".

Define also the ith influence of g — that is, the influence of the i’ voter of g — as

Inf;(g): =E[(g - Eig)’]. (5)

Let
Apm: ={O1,-- s ym) ER™:y1 4+ +ym =1 VY1 <i<m y; >0} (6)
If f: {1,...,m}"™ — A,,, we denote the coordinates of f as f = (fi,..., fin). For any w € Z", we
denote ||wl|y as the number of nonzero coordinates of w. The noise stability of g: {1,...,m}" — R

with parameter p € (-1, 1) is

Spg: =m™ Y g(w)Epg(s)

_ _ n-llo-wlly ;1 _ \llo-wll
=™ Y glw) )] JW) (ITP) 8(c).

Equivalently, conditional on w, E,g(d) is defined so that for all 1 < i < n, §; = w; with probability
W, and ¢; is equal to any of the other (m — 1) elements of {1,...,m} each with probability 1%,
so that 61, ..., d, are independent.

The noise stability of f: {1,...,m}" — A,, with parameter p € (-1, 1) is

Spf: = ispfi.
i=1
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Letm > 2,k > 3. Foreach j € {1,...,m},lete; = (0,...,0,1,0,...,0) € R™ be the jth unit

coordinate vector. Define the plurality function PLUR,, ,,: {1,...,m}" — A, for m candidates and n
voters such that for all w € {1,...,m}".
ej Jf [{ie{l,...,m}: wi=JjH>|{ie{l,...,m}: w; =71},
PLUR,, n(w): = Vre{l,...,m}\ {j}

1 m :
o 2o €i otherwise.
We can now state the more formal version of Conjecture 1.2.

Conjecture 1.7 (Plurality Is Stablest, Discrete Version). For any m > 2, p € [0, 1], € > 0, there exists
T > Osuchthatif f: {1,...,m}" — A, satisfies Inf; (f;) < tforalll1 <i <nandforalll <j<m,
and ifEf = L " ei, then

m

Spf < lim S,PLUR,, , + &.
n—oo

The main result of the present article (stated in Theorem 1.10) is 3 pg > 0 such that Conjecture 1.7
is true for m = 3 for all 0 < p < po, for all n > 1. The only previously known case of Conjecture 1.7
was the following.

Theorem 1.8 (Majority Is Stablest, Formal, Biased Case [MOO10, Theorem 4.4]). Conjecture 1.7 is
true when m = 2.

For an even more general version of Theorem 1.8, see [MOO10, Theorem 4.4]. In particular, the
assumption on E f can be removed, though we know that this cannot be done for m > 3 [HMN16].

1.4. Our Contribution

The main structure theorem below implies that sets optimising noise stability in Problem 1.5 are inher-
ently low-dimensional. Though this statement might seem intuitively true, because many inequalities
involving the Gaussian measure have low-dimensional optimisers, this statement has not been proven
before. For example, Theorem 1.9 was listed as an open question in [DMN17, DMN 18] and [GKR18].
Indeed, the lack of Theorem 1.9 has been one main obstruction to a solution of Conjectures 1.5 and 1.7.

Theorem 1.9 (Main Structure Theorem/Dimension Reduction). Fixp € (0, 1). Letm > 2 withm < n+2.
Let Qi,...Q,, C R™! maximise Problem 1.5. Then, after rotating the sets Q, ..., and applying
Lebesgue measure zero changes to these sets, there exist measurable sets Qi, Q) C R™ ! such that

Q; = Q) xR V1<i<m.

In the case m = 2, Theorem 1.9 is (almost) a variational proof of Borell’s inequality, because it
reduces Problem 1.5 to a 1-dimensional problem.

In the case m = 3, Theorem 1.9 says that Conjecture 1.6 for arbitrary n + 1 reduces to the case
n+ 1 = 2, which was solved for small p > 0 in [Heil4]. That is, Theorem 1.9 and the main result of
[Heil4] imply the following.

Theorem 1.10 (Main; Plurality Is Stablest for Three Candidates and Small Correlation). There exists
po > 0 such that Conjecture 1.7 is true for m = 3 and for all 0 < p < py.

In [Heil4] it is noted that pg = =203 Sffices in Theorem 110,

We can also prove a version of Theorem 1.9 when p < 0. See Theorem 7.9 and the discussion in
Section 7. One difficulty in proving Theorem 1.9 directly for p < 0 is that it is not a priori obvious that
a minimiser of Problem 1.5 exists in that case.
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1.5. Noninteractive Simulation of Correlated Distributions

As mentioned above, Theorem 1.9 answers a question in [DMN17, DMN18] and [GKR18]. Their
interest in Theorem 1.9 stems from the following problem. Let (X,Y) € R” be a random vector. Let
(X1,Y1),(X»,Y3),... be independent and identically distributed copies of (X,Y). Suppose there are
two players A and B. Player A has access to X1, X», ... and player B has access to Y1, Ys, . ... Without
communication, what joint distributions can players A and B jointly simulate? For details on the relation
of this problem to Theorem 1.9, see [DMN17, DMN18] and [GKR18].

1.6. Outline of the Proof of the Structure Theorem

In this section we outline the proof of Theorem 1.9 in the case m = 2. The proof loosely follows that
of a corresponding statement [MR 15, BBJ17] for the Gaussian surface area (which was then adapted
to multiple sets in [MN18a, MN18b, Heil8]), with a few key differences. For didactic purposes, we
will postpone a discussion of technical difficulties (such as existence and regularity of a maximiser) to
Subsection 2.1.

Fix 0 < a < 1. Suppose there exists Q, Q¢ C R™*! are measurable sets maximizing

‘/]R;n+l 19()C)TPIQ()C)’YnH (X)dx,

subject to the constraint y,+1 () = a. A first variation argument (Lemma 3.1) implies that ¥: = 9Q is
a level set of the Ornstein—Uhlenbeck operator applied to 1g. That is, there exists ¢ € R such that

Y= {x e R"™: T,1g(x) = ¢}. (7

Because X is a level set, a vector perpendicular to the level set is also perpendicular to . Denoting
N(x) € R™! as the unit length exterior pointing normal vector to x € 4, (7) implies that

VT,1q(x) = =N@)||VT, 1o (x)]l. (8)

(It is not obvious that there must be a negative sign here, but it follows from examining the second
variation.) We now observe how the noise stability of Q changes as the set is translated infinitesimally.
Fix v € R™! and consider the variation of Q induced by the constant vector field v. That is, let
¥: R™! x (-1,1) — R™! such that ¥(x, 0) = x and such that d%|szo‘l‘(x, s)=vforallx e R™! s e
(~1,1). For any s € (-1, 1), let Q) = ¥(Q, 5). Note that Q¥ = Q. Denote f(x): = (v, N(x)) for all
x € X. Then define

_ lly—px|I?

S(f)(x): = (1= p*) D)= n+)/2 / f(y)e 2= dy,  VxeX.
z

A second variation argument (Lemma 4.5) implies that, if f is Gaussian volume preserving — that is,
fz F(®)¥n41(x) dx = 0 — then

1 d?
E @ s=0 A”” IQ(S) (x)TPIQ("’) (x)7n+1 (x) dx

©
= [ (500 = 1T 10100 () .

Somewhat unexpected, the function f(x) = (v, N(x)) is almost an eigenfunction of the operator S (by
Lemma 5.1), in the sense that

S() () = %f(x)WTplg(X)Il, Vres. (10)

https://doi.org/10.1017/fms.2021.56 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.56

8 Steven Heilman and Alex Tarter

Equation (10) is the key fact used in the proof of the main theorem, Theorem 1.9. Equation (10) follows
from (8) and the divergence theorem (see Lemma 5.1 for a proof of (10).) Plugging (10) into (9),

2

1d
/Z(V,N(x))yn+1(x)dx:0 = E@L:O/Rm Lo ()T 1ge) (X)Yne (x) dx

; 3 (I
-(5-1) /Z<V,N(x)>2|)VTplg(x)|

Yn+l ()C) dx.

The set
V. = {v e R™. /Z.(V,N(x))ynﬂ (x) dx = o}

has dimension at least n, by the rank-nullity theorem. Because 2 maximises noise stability, the quantity
on the right of (1 1) must be nonpositive for all v € V, implying that f = 0 on X (except possibly on a set

of measure zero on X. One can show that ”valg(x) > 0 for all x € . See Lemma 4.8.) That is, for

allv e V, (v, N(x)) = 0 for all x € X (except possibly on a set of measure zero on X). Because V has
dimension at least n, there exists a measurable discrete set Q" C R such that Q = Q" X R" after rotating
Q, concluding the proof of Theorem 1.9 in the case m = 2.

Theorem 1.9 follows from the realization that all of the above steps still hold for arbitrary m in
Conjecture 1.5. In particular, the key lemma (10) still holds. See Lemmas 5.1 and 5.4.

Remark 1.11. In the case that we replace the Gaussian noise stability of Q with the Euclidean heat
content

/ lo(x)Pilg(x)dx, Vt>0
R+l

P f(x): = ‘/RMl Fx+yV)yna1 () dy, Vx € R™ V£ R™ 0, 1],

the corresponding operator S from the second variation of the Euclidean heat content satisfies

ly=xII?

S()): = (R 2y / e 55 ay,  vres
>

and then the analogue of (9) for f(x): = (v, N(x)) is
S(NHx) = fFOIVPla@)],  VxeX,

so that the second variation corresponding to f = (v, N) is automatically zero. This fact is expected,
because a translation does not change the Euclidean heat content. However, this example demonstrates
that the key property of the above proof is exactly (10). More specifically, f is an ‘almost eigenfunction’
of S with ‘eigenvalue’ 1/p that is larger than 1. It seems plausible that other semigroups could also
satisfy an identity such as (10), because (10) seems related to hypercontractivity. We leave this open for
further research.

2. Existence and Regularity
2.1. Preliminaries and Notation

We say that & C R™*! is an n-dimensional C* manifold with boundary if ¥ can be locally written
as the graph of a C* function on a relatively open subset of {(xy,...,x,) € R": x, > 0}. For any
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(n + 1)-dimensional C* manifold Q C R™*! such that 9Q itself has a boundary, we denote

CYQR™: = {f: Q- R™: feC™(QR™), £(30Q) =0,

: (12)
3r >0, £(Qn (B(0,r)°) =0}.

We also denote C°(Q): = C;7(;R). We let div denote the divergence of a vector field in R™!. For
any r > 0 and for any x € R™*!, we let B(x,r): = {y € R"™!: ||x — y|| < r} be the closed Euclidean
ball of radius r centred at x € R"*!. Here 09 refers to the (n — 1)-dimensional boundary of Q.

Definition 2.1 (Reduced Boundary). A measurable set Q@ C R"*! has locally finite surface area if, for
any r > 0,

sup {/ div(X(x)) dx: X € C(B(0,r),R™), sup [IX(x) < 1} < 0.
Q xeRn+l

Equivalently, Q has locally finite surface area if V1g is a vector-valued Radon measure such that, for
any x € R™*!, the total variation

IViall (B(x,1)): = sup Z Vi (Gl

partitions im1
Ci,....Cnof B(x,1)
m>1

is finite [CL12]. If Q@ € R™*! has locally finite surface area, we define the reduced boundary 9*Q of
Q to be the set of points x € R"*! such that

NG == i T B

exists, and it is exactly one element of §": = {x € R"™!: ||x|| = 1}.

The reduced boundary 0*(Q is a subset of the topological boundary Q. Also, 0*Q and Q2 coincide
with the support of V1g, except for a set of n-dimensional Hausdorff measure zero.

Let Q C R™! be an (n + 1)-dimensional C?> submanifold with reduced boundary X: = 9*Q. Let
N: X — §" be the unit exterior normal to . Let X € C° (R™1 R™*1) We write X in its components

as X = (X1,..., Xu41), so that divX = Z?:f %Xi. Let ¥: R™! x (=1, 1) — R™! such that

¥(x,0) =x, %‘I‘(x, s) = X(P(x,s)), VxeR™ se(-1,1). (13)

Forany s € (=1,1),1et Q®): = W(Q, s). Note that Q¥ = Q. Let ) : =9*Q®) Vs e (-1,1).

Definition 2.2. We call {Q(”}Se(_l,]) as defined above a variation of Q C R™!. We also call
{Z®)}5e(-1.1) a variation of T = §*Q.

For any x € R™! and any s € (—1, 1), define
Vi(x,s): :/ G(x,y)dy. (14)
Qs)

Below, when appropriate, we let dx denote Lebesgue measure, restricted to a surface ¥ € R"*!.

Lemma 2.3 (Existence of a Maximiser). Let 0 < p < 1 and let m > 2. Then there exist measurable sets
Qi, ..., 8, maximising Problem 1.5.
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Proof. Define A,, as in (6). Let f: R™! — A,,. We write f in its components as f = (fi, ..., fn)-
The set Dg: = {f: R A, } is norm closed, bounded and convex; therefore, it is weakly compact
and convex. Consider the function

Ch: =3, [ AOTAW 0
i=1

This function is weakly continuous on Dy, and Dy is weakly compact, so there exists f~E Dy such that
C(f) =maxyep, C(f). Moreover, C is convex because for any 0 < ¢ < 1 and for any f, g € Dy,

tC(f)+ (1 -1C(g) —C(tf + (1 -1)g)
=2 /R (’ﬁ' ()T fi(x) + (1 = 1)g: ()T (x)
i=1

= (fi(x) + (1 = 0)gi () Tp [1fi(x) + (1 - f)gi(X)])7n+1 (x) dx

S [ (050 =T L0 = 01 e () > 0.
i=1

Here we used that

[ T h @y e = [ (0 ah0) ) e 2 0 1s)
R+ Rn+
for all measurable i: R™! — [-1,1].

Because C is convex, its maximum must be achieved at an extreme point of Dy. Let eq,..., e,
denote the standard basis of R™, so that f takes its values in {ej,...,e,}. Then, forany 1 <i < m,
define Q;: = {x e R™!: f(x) =¢;},sothat f; = g, V1 <i <m. O
Lemma 2.4 (Regularity of a Maximiser). Let Q1,...,Q, C R™! be the measurable sets maximising
Problem 1.5, guaranteed to exist by Lemma 2.5. Then the sets Q1, .. .,S,, have locally finite surface

area. Moreover, for all 1 < i < m and for all x € 0%;, there exists a neighbourhood U of x such that
U N 0Q; is a finite union of C* n-dimensional manifolds.

Proof. This follows from a first variation argument and the strong unique continuation property for the
heat equation. We first claim that there exist constants (c;;)1<i<j<m such that

Q2 {x e R"™: T,1q,(x) > Tplg, (x) +¢ij, Vj e {1,...,m}\ {i}}, Vi<i<m. (16)

By the Lebesgue density theorem [Ste70, 1.2.1, Proposition 1], we may assume that, for all i €
{1,...,k},if y € Q;, then we have lim, g y,,+1(; N B(y,7))/Vn+1(B(y,r)) = 1.

We prove (16) by contradiction. Suppose there exist c € R, j, k € {1,...,m} with j # k and there
exists y € Q; and z € € such that

Tp(lﬂj - 1Qk)(y) <, Tp(lﬁj - 1Qk)(Z) > C.

By (3), Tp(lg; — 1g,)(x) is a continuous function of x. And by the Lebesgue density theorem, there
exist disjoint measurable sets U, Uy with positive Lebesgue measure such that U; € Q;, U € Qi such
that ¥,,41(U;) = yn+1(Ux) and such that

Ty(lg, — 1g,) (') <¢, VY €Uy, Ty(lg, — 1g,)(y') > ¢, Vy' € Uy. (17
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We define a new partition of R"*! such that ﬁj: =Ur UQ;\Uj, ﬁk: =U; UQ \ Ur and ﬁi: =Q;
foralli € {1,...,m}\ {J, k}. Then

2/Rn+l Ig, (D)Tp1g, (x)¥ne1 (x) dx —2/}1@”1 Lo, ()T, 1o, (x)Yn+1 (x) dx
- /Rn“ Ig,(N)Tplg, ()yne (x) dx - /RMl lo; (x)Tplg, (x)yn+1(x) dx
*AM%Jmﬂmwwmww—émmwmmmmnmnm
- /le [lo; — ly; + 1y 1 ()T, [1a; — 1u; + Ly, Yne (x) dx
+ ‘/R"*‘ [lo, — lu, + 1u,1Tp[la, — 1y, + 1y, 1yner (x) dx
_ /IW lo, ()T, lg, (X) Y1 (x) dx — /RM 1o, ()T, 1, (X)yYne1 (x) dx

=2 [l 100 g, - oy () d
Rn+

(17)A(15)
+2 [ Dy = 10070, - oy ar 75 0
Rn+

This contradicts the maximality of Qy, ..., Q,,. We conclude that (16) holds.
We now fix 1 <i < j < m and we upgrade (16) by examining the level sets of

T,(lg, - 1g,)(x), Vx e R™!,
Fix ¢ € R and consider the level set
2 ={x e R": Ty (lg, - 1g,)(x) = c}.

This level set has Hausdorft dimension at most n by [Che98, Theorem 2.3].

From the strong unique continuation property for the heat equation [Lin90], 7, (1, — 1g;)(x) does
not vanish to infinite order at any x € R™! 5o the argument of [HS89, Lemma 1.9] (see [HL.94,
Proposition 1.2] and also [Che98, Theorem 2.1]) shows that in a neighbourhood of each x € X, ¥ can be
written as a finite union of C* manifolds. That is, there exists a neighbourhood U of x and there exists
an integer k > 1 such that

UNZ=UL {yeU: D'T,(lg, - la,)(x) #0, DIT,(lg, — lg,)(x) =0, V1 < j <i-1}.
Here D' denotes the array of all iterated partial derivatives of order i > 1. We therefore have
Tt = (0°Q) N (0°Q)) 2 {x e R T, (1g, — 1g,)(x) = 5},
and the lemma follows. O

From Lemma 2.4 and Definition 2.1, for all 1 <i < j < m, if x € Z;;, then the unit normal vector
N;j(x) € R"™! that points from Q; into Q; is well defined on Z;;, ((4€;) N (4Q;)) \ £;; has Hausdorft
dimension at most n — 1 and

VT,(1g, - 1q.
Nij(x) = + VTp(la, ~ 10,))®) . Vxex. (18)
IVT,(1q, — 1g;) (x)|l
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In Lemma 4.5 we will show that the negative sign holds in (18) when Qi,...,Q, maximise
Problem 1.5.

3. First and Second Variation

In this section, we recall some standard facts for variations of sets with respect to the Gaussian measure.
Here is a summary of notation.
Summary of Notation.

T,, denotes the Ornstein—Uhlenbeck operator with correlation parameter p € (-1, 1).
Qi,...,Q,, denotes a partition of R™! into m disjoint measurable sets.

9*Q denotes the reduced boundary of Q € R"*!,

X =(0"Q) N (0"Q)) forall 1 <i,j < m.

N;j(x) is the unit normal vector to x € %;; that points from Q; into Q;, so that N;; = =N ;.

O O O O ©°

Throughout the article, unless otherwise stated, we define G : R"*! x R"*! — R to be the following
function. For all x, y € R"”,Vp € (-1,1), define
=lx 2=yl +2p(e.y)
Gley) = (1= p?y 2yl AT
=P (IxIP+1y [2)+2p(x.y)

= (1= p2) D2y () Ynat (¥)e 21-p%)

~lly=px|/®

— (1 _p2)—(n+l)/2(27T)—(n+1)/2,yn+l(x)e 2(1-p2)

19)

We can then rewrite the noise stability from Definition 1.4 as

[ 1aenia@matar= [ [ Gy,

Our first and second variation formulas for the noise stability will be written in terms of G.

Lemma 3.1 (The First Variation [CSO7]; also [HMNI16, Lemma 3.1, Equation (7)]). Let X €
O (R R Let Q € R"™! be a measurable set such that 0Q is a locally finite union of C*®

manifolds. Let {Q) }se(-1,1) be the corresponding variation of Q. Then

d
ds

50 /R,H1 low (MG (x,y)dy = /6 G X )N dy. (20)

The following lemma is a consequence of (20) and Lemma 2.4.

Lemma 3.2 (The First Variation for Maximisers). Suppose that Qq, ..., Q,, C R™! maximise Problem
1.5. Then for all 1 <i < j < m, there exists c;; € R such that

Tp(lg[ - 19].)()() = Cij, Vxe Zij.

Proof. Fix 1 <i < j < m and denote f;;(x): = (X(x),N;;(x)) forall x € %;;. From Lemma 3.1, if X
is nonzero outside of %;;, we get

1d u /
54 Lo (0)Tp1 i) (X)yner (x) dx
2ds SZO; Rn+l Q; p Q; +

:/QiG(x,y) /Z{j(X(x),Nij(x)>dxdy+/QjG(x,y)‘/Zij<X(x),Nji(x)>dXdy
(3)/\:(19)/ T,(1g; — 1g;)(x) fij (x) dx.
Zij
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We used above N;; = —Nj;. If T, (1o, — 1g,)(x) is nonconstant, then we can construct f;; supported in
%;; with fag Jij(X)¥ns1(x)dx = 0 for all 1 < i’ < m to give a nonzero derivative, contradicting the
maximality of Qp,...,Q,, (asin Lemma 2.4 and (17)). O

Theorem 3.3 (General Second Variation Formula [CS0O7, Theorem 2.6]; also [Heil5, Theorem 1.10]).
Let X € Cy° (R™1 R™1) Let Q C R™! be a measurable set such that 0 is a locally finite union of
C® manifolds. Let {Q() }se(~1,1) be the corresponding variation of Q. Define V as in (14). Then

1 d?
2 ds?
- / / G (. (X (), N()YX (1), N(y)) ddy + / div(V(x, 0)X (1)) (X (x). N(x)) db.

Y JX >

Lo 106 g () dxdy

s=0

4. Noise Stability and the Calculus of Variations

We now further refine the first and second variation formulas from the previous section. The following
formula follows by using G (x,¥): = Y41 (X)¥ns1(¥) V x, ¥y € R™*! in Lemma 3.1 and in Theorem 3.3.

Lemma 4.1 (Variations of Gaussian Volume [Led01]). Let Q € R™! be a measurable set such that
0Q is a locally finite union of C* manifolds. Let X € Cg"(R"”,R"”). Let {Q(“')}Se(_l,l) be the
corresponding variation of Q. Denote f(x): = (X(x),N(x)) forallx € £: = 0*Q. Then

%L:O)’nn(g(”)=/Zf(x)yn+1(x)dx,

d2
ds?ls

(@) = [[@v00 = (X)) ()7 (2) .
= z

Lemma 4.2 (Extension Lemma for Existence of Volume-Preserving Variations [Heil8, Lemma 3.9]).
Let X’ € Cg"(R”“,R"“) be a vector field. Define f;j: = (X', Ni;) € Cy(Zi;) forall1 <i < j <m.If

V1<i<m, Z fi7(X)yn(x) dx =0, 1)
Je{loom\ (i} Vi

then X'|u,;_;.,,3;; can be extended to a vector field X € C;’ (R R™1) such that the corresponding

variations {Qf‘y)}lgigm,se(_m) satisfy
Vi<si<sm, Vse(=L1), 7u1(QY) = yuu ().

Lemma 4.3. Define G as in (19). Let f: £ — R be continous and compactly supported. Then

/ / G (x.y) f(x) f(5) dxdy > 0.
Y JX

Proof. If g: R"™! — R is continuous and compactly supported, then it is well known that

f / G (x.y)g(¥)g(y) drdy = 0,
X JX

G(x.y)
Y+l (x) Y1 ()
positive semidefinite matrix. That is, there exists an orthonormal basis {;};, of L2(y,+1) (of Hermite

because, for example, is the Mehler kernel, which can be written as an (infinite-dimensional)
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polynomials) and there exists a sequence of nonnegative real numbers {4;}:°, such that the following
series converges absolutely pointwise:

G(x, -
_ G0N N @), Vay e R
Yn+1 (x)7n+1 (Y) im1
From Mercer’s theorem, this is equivalent toV p > 1, for all zW, ., zP) e R, forall By, . .. ,Bp ER,
P . .
> BiBiG(",2D) 2 0.
i,j=1
In particular, this holds forall z(V, . .., z(P) € 3Q C R™*!. So, the positive semidefinite property carries
over (by restriction) to Q. O

4.1. Two Sets

For didactic purposes, we first present the second variation of noise stability when m = 2 in
Conjecture 1.5.

Lemma 4.4 (Second Variation of Noise Stability). Let Q C R™! be a measurable set such that 0Q is a
locally finite union of C* manifolds. Let X € C3 (R R™1). Ler {Q©) Yse(-1,1) be the corresponding
variation of Q. Denote f(x): =(X(x),N(x)) forallx € X: = 9*Q. Then

1 d2
2d52 K

i /R /R Law ()G (x, 7)o (x) drdy = /Z fz G(x,)f(x) f(y) dxdy
+ /2 (VT 1a(x), X () f (x)Yne1 (x) dx (22)

o [ 7100 (A0 = (X 0) £ 1) .

Proof. For all x € R"™!, we have V(x, 0) (1=4) fQ G(x,y)dy < Yn+1 (X)T, 1o (x). So, from Theorem 3.3

~s

1 d?
3a3hs o [ T 006G (0 ddy
- / / G (x, y) (X (x), N () (X (1), N(y)) drdy
X JX
n+l1 (9
+ /2 <Zl Ty 1605 Xi(3) = X, L0 Xi(2)
0
+—1T, 1o (x) X; (x))(X(x), N(x))yns1 (x) dx.
ox;
That is, (22) holds. |

Lemma 4.5 (Volume-reserving Second Variation of Maximisers). Suppose that Q, Q¢ C R™! maximise
Problem 1.5 for0 < p < 1 andm = 2. Let {Q(‘v) }se(~1,1) be the corresponding variation of Q. Denote
fx): =(Xx),Nx)) forallx e X: =9*Q. If

/E ) ymar () dx = 0,

https://doi.org/10.1017/fms.2021.56 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.56

Forum of Mathematics, Sigma 15

then there exists an extension of the vector field X|s such that the corresponding variation of
{Q(S)}Se(_l,l) satisfies

1 d2

2 ds?

Lo ()G (x, y) 1ges) (x) dxdy
s=0 4/]Rjnﬂ ‘/R:rwl Q Q B (23)
- / / G (x.y) f(x) f(5) dedy - / 197, L (0) | (£ (1)) (x) v,
Y JY >

Moreover,
VT,1q(x) = -N@)|VT,1o(x)|,  VxeX. (24)

Proof. From Lemma 3.1, T,1o(x) is constant for all x € X. So, from Lemma 4.1 and Lemma 4.2, the
last term in (22) vanishes; that is,

5=0 /le /R,m loe (¥)G (x, y) Ige (x) dxdy
=/2/ZG(x,y)<X(X),N(x)>(X(y),N(y)>dxdy

1 d2
2 ds?

+ / T, 10(). X(0) (X (1), N(3)) s (x) dr.
>

(Here V denotes the gradient in R"*!'.) Because T,1q(x) is constant for all x € dQ by Lemma 3.2,
VT,1q(x) is parallel to N(x) for all x € Q. That is,

VT,lq(x) = £||VT,1o(x)IN(x),  Vx € dQ. (25)

In fact, we must have a negative sign in (25); otherwise, we could find a vector field X supported near
x € 0Q such that (25) has a positive sign, and then because G is a positive semidefinite function by
Lemma 4.3, we would have

1 d2
2 ds?

s=0

/ / Lo ()G (5, ) Lo (x) drdy
RVH-I R}1+1
> /2 FT,10(x), X)X (), Ny e (x) dx > 0,

a contradiction. In summary,

1 d?
2 ds?

o Lo [ 100 006610 (0 drdy
- /2 /2 G (. )X (). N(D)YX (1) N(y)) dxdy

—/2IWTplQ(X)II(X(x),N(X))27n+1(x)dx.

4.2. More Than Two Sets

We can now generalise Subsection 4.1 to the case of m > 2 sets.

Lemma 4.6 (Second Variation of Noise Stability, Multiple Sets). Let Q, . . ., Q,, C R™! be a partition
of R into measurable sets such that 0Q; is a locally finite union of C® manifolds for all 1 <i < m.
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Let X € C(‘;"(R"”,R"”). Let {QEX) }se(-1,1) be the corresponding variation of Q; for all 1 < i < m.
Denote fij(x): = (X(x),N;j(x)) forall x € Z;;: = (0"Q;) N (0*Q;). We let N denote the exterior
pointing unit normal vector to 0*Q; for any 1 < i < m. Then

1d2)
-— 1,0 ()G 1 s dxd
3 aheo 2o fos fo T G D (1)
= 3 Lo L oo vonar i
1<i<j<m Zij °Q; (26)
[ 110, = 10,009, X6 iy 3101 ()

- / T, (Lo, = 1a,)(0)(div(X (1) = (X(6),)) fiy () e () .
z

ij
Proof. From Lemma 4.4,

1 d?
2 ds?

Yy R

b [ 10,0, XN NGt (9 88
0*Q;
# [ Tla, (0 (X(0) = QX0 X N0y (1) k.
9*Q;
Summing over 1 <7 < m and using N;; = —Nj; completes the proof. O

Below, we need the following combinatorial lemma, the case m = 3 being treated in [HMRRO0?2,
Proposition 3.3].

Lemma 4.7 ([Heil9, Lemma 4.6]). Let m > 3. Let

D Z{(Xij)lsi;thmER(';)ZVlSi;":jﬁm, Xij = —Xji, Z x,-j=0}.
Je{l,...om}: j#i

D;: Z{(Xij)lgi;&jsmER(y;)IVl <i#Ej<m, X=X,

Vi<i<j<ks<m xij+xji+xg =0}

Letx € Dy andlety € Dy. Then 3y <icj<pmXijyij = 0.

Proof. D is defined to be perpendicular to vectors in D, and vice versa. That is, D and D, are
orthogonal complements of each other, and in terms of vector spaces, D| @ D, = R(%). Consequently,
the inner product of any x € D and y € D, is zero. O

Lemma 4.8 (Volume-Preserving Second Variation of Maximisers, Multiple Sets). Let Qj,...,Q,, C
R™! be a partition of R into measurable sets such that 8Q; is a locally finite union of C* manifolds
fJoralll1 <i<m. Let X € Cy (R™! R™1). Let {Ql@ }se(-1,1) be the corresponding variation of €; for
all 1 <i < m. Denote f;j(x): =(X(x),N;;(x)) forallx € Z;;: = (3"Q;) N (0"Q;). We let N denote
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the exterior pointing unit normal vector to 0*Q; for any 1 <i < m. Then

1 d2
2 ds?

Iy ()G (x,¥)1 s dxd
s=0 ; ‘/]R;n+l ‘/Rjn+l QI( )(y) (x y) Ql( >(X) y

B Z ‘/Z [(‘/asz _/a*g« )G(XJ)(X(Y)’N(Y)) dy| fij(x) dx Q7)

1<i<j<m
- [T 10, = 10, (I (5,0 3 .
Also,
VT, (1o, — 1) (x) = =Nij(0)[|IVT, (1o, = 1o, ) ()|, Vx €. (28)

Moreover, IWTP( lg, —1g;)(X)|| > Oforall x € %;j, except on a set of Hausdor{f dimension at most n— 1.

Proof. From Lemma 3.2, there exist constants (c;;)1<i<j<m such that T,,(1g, — 1g;)(x) = ¢;; for all
1 <i<j<m,forallx € Z;;. So, from Lemma 4.6,

1a
2 ds?

m
s=0 Z; Arw] /n+] 191(7) (y)G(x’ y) IQST) (X) dxdy

= 2 /2 [(/*Q,‘/a*ﬂ)G(x,y)<X(y),N(y)>dy](X(x),Nij(x»dx

I<i<j<m

+ /Z (T, (g, = 10,) (0, X () (X (), Nij () e ()
ey / @V ) = X0 )X, N () yen (6) .
The last term then vanishes by Lemma 4.7. That is,

1 d?
2 ds?

m
s=0 Z_; Anﬂ ‘/Rnﬂ 1Qiq) (y)G(x, y) 191“) (X) dXdy

B Z /Z._[(/*Q__‘/*Q_)G(x’y)<X()’)sN()’)>dy]<X(x),N,-j(x)>dx

1<i<j<m

+ /Z (T, (g, = 1)) (0, X)X (), Nij () () .

Meanwhile, if 1 <i < j < m is fixed, it follows from Lemma 3.2 that
VT,(lg, = 1o,)(x) = =N;;(0) VT, (1o, — lo)) )l Vx €%y (29)

In fact, we must have a negative sign in (29); otherwise, we could find a vector field X supported near
x € X;; such that (25) has a positive sign, and then because G is a positive semidefinite function by
Lemma 4.3, we would have

m
s=0 ZI: ‘/Rjnﬂ ‘/R:nﬂ 1Q1(5) (y)G(x, y) lgl(“) (X) dXdy
i=

> ZﬂﬁTp(lgi = 19,)(x), X ()){(X (x), N(x))yns1 (x) dx > 0,

1 d2
2 ds?
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a contradiction. In summary,
1 s G(x,y)1 s dxd
s=0 ; ‘/Rjnﬂ '/R:’”l QE )(y) (x y) Ql(' )(X) Y

= 2 /62“ [(/(m—/(m)G(%y)(X(y),Nij(y»dy]<X(x),Nij(x)>dx

1<i<j<m

- [ I, (10, = 10, ) K0, Ny 3t ()

1 d2
2 ds?

5. Almost Eigenfunctions of the Second Variation

For didactic purposes, we first consider the case m = 2, and we then later consider the case m > 2.

5.1. Two Sets
Let £: = 9*Q. For any bounded measurable f: ¥ — R, define the following function (if it exists):

_ly-px|?

S(H@): = (1= pH) D20y~ D2 [ p(y)e 200 dy,  VxeX. (30)
>

Lemma 5.1 (Key Lemma, m = 2, Translations as Almost Eigenfunctions). Let Q, Q¢ maximise Problem
1.5 form = 2. Let v € R™!. Then

Sv, M) (x) = <V9N(x)>[_l)”§Tp19(x)”’ VxeZX.

Proof. Because T,,1g(x) is constant for all x € dQ by Lemma 3.2, valg(x) is parallel to N (x) for all
x € 0Q. That is, (24) holds; that is,

VT,lo(x) = -N@®)|VT,1o(x)|,  VxeZX. (31)

From Definition 3, and then using the divergence theorem,

_ _ _lyex)?
(v, VT,10(x)) = (1 —p2)*<"+”/2(2n)*<"+‘>/2<v, Ve 207 dy>
Q

_ly-px)?

= (=) Ry L [y e gy

_ly-px|?

= (1 = p2)~ D2 (o) =(n+1)12, / div, (ve 02 )dy (32)
Q

_ ly-px|?

= —(1 - p?) 22~ / (v, N(y)ye 20 dy
Z

D ) s(v. N ).

Therefore,

W NV 1) | L -0, VT, 10(0) © p S, M) ().
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Remark 5.2. To justify the use of the divergence theorem in (32), let > 0 and note that we can
differentiate under the integral sign of T,,1onp(0,,) (X) to get

— _ _ly-pxi®
VT, lang(.n) (x) = (1 —pZ)‘(’””/z(2ﬂ)_("+l)/2<vs/ Vye 207 dy>
QNB(0,r)
(1 2—(nt1)/2(n —(ntl)2 P B f”;’l’fxz”Z
=(-p7) (2m) (v, y = pxje 2027 dy
1-p2 Jang 0,
ly-px|
=—(1- pz)_("+1)/2(27r)_("+1)/2p/ divy (ve_ 2107 )dy
QNB(0,r)
ly=px|
= (1= p») D2 (2m) "2 / (v, N(y)ye 20 dy.
(ENB(0,r))U(QNIB(0,r))
(33)

Fix r’ > 0. Fix x € R™! with ||x|| < r’. The last integral in (33) over Q N dB(0,r) goes to zero as
r — oo uniformly over all such ||x|| < #’. Also, VT, 1q(x) exists a priori for all x € R™! and

— - 3
||VTp1§z(x) = VT, 1anB(0,r) (x)“ @_L

V1-p?
Je
e I ARSI (BRI

— P2 wern+: lw=1

/R+1 Ylang 0,1 (xp +y4/1 = p?)Yns1(y) dyH

And the last integral goes to zero as r — oo, uniformly over all ||x|| < r’.

Lemma 5.3 (Second Variation of Translations). Let v € R"!. Let Q, Q¢ maximise Problem 1.5 for
m = 2. Let {Q(S)}Se(_lyl) be the variation of Q corresponding to the constant vector field X: = v.
Assume that

/2 (v, N ()Y ymen () dx = 0.

Then

1 d? 1 -
3a2he [ 100 T e W ()6 = (5 =1) [ 7,110, N @)Yy () 0

Proof. Let f(x): =(v,N(x)) for all x € . From Lemma 4.5,

1 &2
2 ds?

s=0 /]Rjn+] ]Q<S) (x)Tp]Q(s) (x)7n+1 (.X) dx
_ /2 (S = 197, 120 1£ () £ () e () i

Applying Lemma 5.1, S(f)(x) = f (x)%Hvalg(x)ll V x € X, proving the lemma. Note also that
f2 ||€Tp 1o (x)[[{(v, N(x))*¥ns1(x) dx is finite priori by the divergence theorem and (24):

oo >

g —x+V<vﬁTp1g<x>>>yn+1(x)dx‘ - ’ A div(v<v,ﬁTplmx))ynH(x))dx‘

= ’ /Z <v,N<x>><vﬁT,,19<x>>yn+l<x>dx' @ ‘ /Z V7,10 () [[ (v, N ()2 Y1 (1) dx‘.
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5.2. More Than Two Sets

Let v € R™! and denote f; i1 =(v,N;j)forall 1 <i,j < m.For simplicity of notation in the formulas
below, if 1 < i < m and if a vector N(x) appears inside an integral over dQ;, then N(x) denotes the
unit exterior pointing normal vector to €; at x € §*€;. Similarly, for simplicity of notation, we denote
(v, N) as the collection of functions ({v, N;;})1<i<j<m- Forany 1 <i < j < m, define

ly-px|

Sij (v M) (@) = (1= )~V ) (D2 / - / Jv, N()e 0T dy, Vx € 3y
00 Jog;
(34)

Lemma 5.4. (Key Lemma, m > 2, Translations as Almost Eigenfunctions). Let Qi, . .., Q,, maximise
problem 1.5. Fix 1 <i < j < m. Let v € R™*!. Then

1 —
Sii({v, N))(x) = <V’Nij(x)>;||VTp(1§2,~ = 1g;)) (), Vx €Zj.

Proof. From Lemma 4.8 (i.e., (28)),
VT,(lg, — 10;)(x) = =Ni; () |IVT, (1o, = 1o)) (D), Vx € Zyj. (35)

From Definition 3, and then using the divergence theorem,

— _ _Hy—pXHZ
<v,vrplg,.(x>>=(1—p2>—<"“>/2<2n>—<"+1>/2<v, / Ve 20 dy)
Q;

ly=px]?
=(1 —pz)_("“)/2(2ﬂ)_("+l)/2%/ (v, y = pxye 20 dy
—pPTJ;

(36)

_ly=px|?

— _(1 _ p2)—(n+1)/2(2ﬂ)—(n+1)/2)p/ div(ve 2(1-p2) )dy
Q:

i

_ly=px)?

=—(1—pz)‘("+”/2(2ﬂ)‘("“)/2p/ (v, N(y))e 0= dy.
0*Q;

The use of the divergence theorem is justified in Remark 5.2. Therefore,

W, Nig GV, (1o, = 1o ()l ‘2 —(v, VT, (1g, - 10,)(x))

ly=px|?
O -y 0 R [ Jenone 5 ay
*Q; B*.Q.j

S (v, M) ().

Lemma 5.5 (Second Variation of Translations, Multiple Sets). Let v € R™ Let Qy, ..., Q,, maximise
problem 1.5. Foreach 1 <i < m, let {QE‘Y) }se(=1,1) be the variation of Q; corresponding to the constant
vector field X : =v. Assume that

/ v, N(x))Yn+1(x)dx =0, VI<i<m.
0Q;
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Then

1d
2 ds?

m
SZOZ;‘/RM Low ()T Lo (1) yne (x) dx
p

(1) 2 L I 10) @ Ny ) a0

p I<i<j<m

Proof. Forany 1 <i < j <m,let fi;j(x): =(v,N;;(x)) forall x € X. From Lemma 4.5,

d m
I Z /R g (0T g (et (1) dv

1
2d

= / i (v, M) () = 1197, (1, = 10,) (I i () fiy () Ve () di.

I<i<j<m

Applying Lemma 5.4, S;; ({(v, N))(x) = fi; (x)% ||€Tp (g, —1g,)(x)||, proving the lemma. Note also that

2i<i<j<m /2 ||va(]Qi = lg;) (O)[[{v, Ni; (x))2¥ns1(x) dx is finite priori by the divergence theorem
<i<jsm [y,

because

oo >

/Q | <v, —x+ V(v VT, 1g, (x))>y,,+1(x) dx' - ' /Q | div(v<v,€Tp1gi )yt (x)) dx‘

| [ an{o Tt 0 0) e =| [ 677,010 0000 N3 01
Q; 0*Q;

Summing over 1 < i < m then gives

. / T, (L, — 1)) (0))v. Nij (1)) Ynen (x) .

1<i<j<m

= Z /IIVT(lg La,) (O, Nij () >y (x) dx.| .

1<i<j<m

6. Proof of the Main Structure Theorem

Proof of Theorem 1.9. Let m > 2. Let 0 < p < 1. Fix ay,...,a, > 0 such that 3", a; = 1. Let

Qy,...Q,, C R"™! be measurable sets that partition R”*! such that y,,41(€;) = a; forall 1 <i < m that

maximise Problem 1.5. These sets exist by Lemma 2.3 and from Lemma 2.4 their boundaries are locally

finite unions of C* n-dimensional manifolds. Define X;;: = (0Q;) N (9"Q;) forall 1 <i < j < m.
By Lemma 3.2, forall 1 <i < j < m, there exists ¢;; € R such that

Tp(lgi - 19].)()6) = Cij, Vxe Zij.
By this condition, the regularity Lemma 2.4 and the last part of Lemma 4.8,
VI, (1o, = 1g,)(x) = =Ni;j(O)IVT, (1o, = lo,) ()|, Vx € ;.

https://doi.org/10.1017/fms.2021.56 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.56

22 Steven Heilman and Alex Tarter

Moreover, by the last part of Lemma 4.8, except for a set 0;; of Hausdorff dimension at most n — 1, we
have

||va(19,«—IQj)(x)|| >0, VxeZij\oij. 37

Fix v € R™*! and consider the variation of Q, . .., Q,, induced by the constant vector field X: =v.
Forall 1 <i < j < m, define S;; as in (34). Define

V: Z{VER’HIZ Z (v, Nij(x))Yn+1(x) dx = 0, V1 SiSm}.
Jellomp\ (i} i

From Lemma 5.5,

- _OZ/ 119@) () Tp1 g () Yne1 (x) dx
=l 1 R)1+ v L

i=

“(;1) X 100 10 )00 Ny 0 9

p 1<i<j<m
Because 0 < p < 1, (37) implies
veV = (v,Nij(x))=0, VxeZ, VI<i<j<m. (38)

The set V has dimension at least n + 2 — m, by the rank-nullity theorem, because V is the null space of
the linear operator M : R™! — R™ defined by

M) = ) VN ()Y (¥) dy,  V1<i<m
Jellomp\ (i} ¥ =i

and M has rank at most m — 1 (because X, (M (v)); = O forall v € R™1). So, by (38), after rotating
Q1,...,Q,,, we conclude that there exist measurable Q;, L8 C R™-! guch that

Q =Q xR™™  Vi<i<m.

7. The Case of Negative Correlation

In this section, we consider the case that p < 0 in Problem 1.5. When p < 0 and h: R™! — [-1,1] is
measurable, quantity

[ BT 57,3

could be negative, so a few parts of the above argument do not work, namely, the existence Lemma 2.3.
We therefore replace the noise stability with a more general bilinear expression, guaranteeing existence
of the corresponding problem. The remaining parts of the argument are essentially identical, mutatis
mutandis. We indicate below where the arguments differ in the bilinear case.

When p < 0, we look for a minimum of noise stability, rather than a maximum. Correspondingly, we
expect that the plurality function minimises noise stability when p < 0. If p < 0, then (3) implies that

/ h(x)T,h(x)Yp41(x) dx = / h(x)T(—pyh(=x)Yn4+1 (x) dx.
Rn+l Rn+l
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So, in order to understand the minimum of noise stability for negative correlations, it suffices to consider
the following bilinear version of the standard simplex problem with positive correlation.

Problem 7.1 (Standard Simplex Problem, Bilinear Version, Positive Correlation [IM12]). Let m > 3.
Fixay,...,am > Osuchthat 37" a; = 1. Fix0 < p < 1. Find measurable sets Q1, ... Qu,,Q},... Q) C
R™! with Ut Q= Ul Qf = R™! and 41 (%) = Yns1 (Q]) = a; forall 1 <i < m that minimise

Z /le Lo, () Tp1g; (x)¥n+1 (x) dx,

i=1
subject to the above constraints.

Conjecture 7.2 (Standard Simplex Conjecture, Bilinear Version, Positive Correlation [IM12]). Let
Qq, .. .Qm,Qi, LQr R™! minimise Problem 1.5. Assume thatm — 1 < n+ 1. Fix0 < p < 1. Let
20> Zm € R™1 be the vertices of a regular simplex in R™! centred at the origin. Then 3w € R™!
such that, forall 1 <i < m,

Q=-Q =w+{xe R™!: (x,z;) = max (x, i)}
I<j<m

In the case that a; = 1/m for all 1 <i < m, it is assumed that w = 0 in Conjecture 7.2.
Because we consider a bilinear version of noise stability in Problem 7.1, that existence of an optimiser
is easier than in Problem 1.5.

Lemma 7.3 (Existence of a Minimiser). Let 0 < p < 1 and let m > 2. Then there exist measurable sets
Q,...Qu, Q’l ,...Q» that minimise Problem 7.1.

Proof. Define A,, as in (6). Let f,g: R™! — A,,. The set Do: = {f: R™! — A,,} is norm closed,
bounded and convex; therefore, it is weakly compact and convex. Consider the function

Cthr: =) [ ATy ()
i=1

This function is weakly continuous on Do x Dy, and Do X Dy is weakly compact, so there exists f, g€ Dy
such that C(f,g) = mins gep C(f, g). Because C is bilinear and Dy is convex, the minimum of C must
be achieved at an extreme point of Do X Dg. Let ey, ..., e,, denote the standard basis of R, so that
f, g take their values in {ey, ..., e, }. Then, for any 1 <i < m, define Q;: = {x € R™!: f(x) = ¢;}
and Q/: ={x € R™1: g(x) = e;}. Note that f; = 1o, and g; = lg forall 1 <i <m. O

Lemma 7.4 (Regularity of a Minimiser). Ler 1, ..., 4, Q},...,Q;, C R™! be the measurable sets
minimising Problem 1.5, guaranteed to exist by Lemma 7.3. Then the sets Q1, . .., Qu, Qi ye. ., Q0 have
locally finite surface area. Moreover, for all 1 < i < m and for all x € 0L, there exists a neighbourhood
U of x such that U N 0Q; is a finite union of C* n-dimensional manifolds. The same holds for
Qf, ..., Q.

We denote %;;: = (0"Q;) N (07Q;), Zlfj: =(0"Q) N (6*9}) foralll <i<j<m.

Lemma 7.5 (The First Variation for Minimisers). Suppose that Qp, ..., Q.,, Qi, N O R™! min-
imise Problem 7.1. Then for all 1 <i < j < m, there exists c;j, cl’.j € R such that

Tp(lgi - 19].)()6) = Cij, Vxe Zij.

Tp(lgi—lg})(x)zcl{j, Vx € 2.
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We denote N;;(x) as the unit exterior normal vector to Z;; forall 1 <i < j < m. Also, denote N/ g (x)
as the unit exterior normal vector to Z;j forall1 <i<j<m.LetQ,.. .,Qm,Q’l, Q) C R™! be
a partition of R"*! into measurable sets such that 9€;, 0Q; are a locally finite union of C*° manifolds
foralll <i<m.LetX,X'e Cg"(R"”, R™1). Let {QE‘Y)}SE(_LD be the variation of Q; corresponding
toX forall 1 <i < m. Let {Q/ 5) }se(~1,1) be the variation of €/ corresponding to X’ forall 1 <i < m.
Denote f;;(x): = (X(x), N;j(x)) forall x € %;; and f x): =X (x), N’ (x)) for all x € Z’ We let
N denote the exterior pointing unit normal vector to 0* Q forany 1 <i < m and we let N’ denote the
exterior pointing unit normal vector to §*Q! forany 1 <i < m.

Lemma 7.6 (Volume-Preserving Second Variation of Minimisers, Multiple Sets). Let
Q. Qu, Qi, L8 C R™! pe two partitions OfR"Jrl into measurable sets such that 0€;, 0] are
a locally finite union of C* manifolds for all 1 < i < m. Then

d2
@ s=0

m
DL L 1 0961 () iy
i:l n+ n+ il 1

= 2 / ([ [ Jownexmnon e a

I<i<j<m

Z /E [/Q /*Q/ G(x, y(X’ (y)N(y)>dy]ﬁ,(x)dx (39)

I<i<j<m

+/ IVT, (1, = 10,) ()£} () *Yns1 (x) dx
5

ij

+ [ 19T, (1 = 1) Oy () ()
z

ij
Also,

VI,(lg, - lg,)(x) = N/, (0)|IVI, (1, - 1) ()], Vxex,.

_ — (40)
VI, (1g; = 1) (x) = Nij (0)[IVT, (1o, = 1a) (0) I, Vx € Ljj.

Moreover, |I§Tp(lgi = lg;)(x)[| > 0 for all x € Zlf]., except on a set of Hausdorff dimension at most

n—1, and IIva(lg; - IQ;_)()C)” > 0 forall x € %, except on a set of Hausdor(f dimension at most n— 1.

Equation (40) and the last assertion require a slightly different argument than previously used. To
see the last assertion, note that if there exists 1 < i < j < m such that “?Tp(lgi -1 Qj)(x)H =0 on

an open set in X/ i then choose X’ supported in this open set so that the third term of (39) is zero.
Then, choose Y such that sum of the first two terms in (39) is negative. Then multiplying X by a small
positive constant, and noting that the fourth term in (39) has quadratic dependence on X, we can create
a negative second derivative of the noise stability, giving a contradiction. We can similarly justify the
positive signs appearing in (40) (as opposed to the negative signs from (28)).

Let v € R™! For simplicity of notation, we denote (v,N) as the collection of functions
({v,Nij)1<i<j<m and we denote (v, N’) as the collection of functions (<V7N,-/j>)1£i<j3m- For any
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1 <i< j<m,define

ly=px]?

(@) = (1= g VR ry ([ e T ay va ey
00, Jog;

_Hy—pXHZ
S:J(<V,N,>)(X) — (1 _pZ)—(n+l)/2(2ﬂ.)—(n+1)/2</ _LQ/ )(V,N’(y)>€ 2(1-p2) dyvx e Z’lJ
J

<,
41
Lemma 7.7. (Key Lemma, m > 2, Translations as Almost Eigenfunctions). Let Qi,...,Q,,
Qf,...,Q, C R™! minimise problem 7.1. Fix 1 <i < j < m. Let v € R™*!. Then
/ 1 Nz ’
Sij({v, N))(x) = _<V’Nij(x)>;”VTp(1Q,~ —1g;) ()1, Vx € L.
’ ’ l =
SN = =0 Ny )= VT (g = 1)l Ve X

When compared to Lemma 5.4, Lemma 7.7 has a negative sign on the right side of the equality,
resulting from the positive sign in (40) (as opposed to the negative sign on the right side of (28)).
Lemmas 7.6 and 7.7 then imply the following.

Lemma 7.8 (Second Variation of Translations, Multiple Sets). Let 0 < p < 1. Let v € R™!. Let

Q1,...,Q,, minimise Problem 1.5. For each 1 < i < m, let {Q}‘Y)}Se(_l,l) be the variation of Q;
corresponding to the constant vector field X : = v. Assume that

/ (9 N () Yyt (6) dx = / N Yy () dx =0, Y1<i<m.
09 oQ,

Then

d2
ds?

m
SZOZ; /RM] 191@ (x)Tp]Q;(S) (X)Yns1(x) dx

“(-1+) X /2 197, Loy = 1o ) Il 0. Ny ()i () i

p 1<i<j<m

#(=oe1) Y [0 - 10 NG 0y () .

1<i<j<m¥Zij

Because p € (0, 1), =1 +1 < 0. (The analogous inequality in Lemma 5.5 was % —1 > 0.) Repeating
the argument of Theorem 1.9 then gives the following.

Theorem 7.9 (Main Structure Theorem/Dimension Reduction, Negative Correlation). Fix 0 < p < 1.

Let m > 2 with 2m < n+ 3. Let Qy, ..., Q},...Q;, C R™! minimise Problem 7.1. Then, after
rotating the sets Q, ... Qu, Q1,...Qp, and applying Lebesgue measure zero changes to these sets,
there exist measurable sets O1, ...0,,, @i, ...9;, C R¥"2 sych that

Qi - G)i X Rn72m+3’ Qll - @ll X Rn72m+3 Vl < l < m.

Acknowledgements. SH is supported by NSF Grant CCF 1911216.

Conflicts of interest: None.

https://doi.org/10.1017/fms.2021.56 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.56

26 Steven Heilman and Alex Tarter

References

[BBJ17] M. Barchiesi, A. Brancolini and V. Julin, ‘Sharp dimension free quantitative estimates for the Gaussian isoperimetric
inequality’, Ann. Probab. 45(2) (2017), 668-697. MR 3630285.

[Che98] X.-Y. Chen, ‘A strong unique continuation theorem for parabolic equations’, Math. Ann. 311(4) (1998), 603-630.
MR 1637972.

[CS07] R. Choksi and P. Sternberg, ‘On the first and second variations of a nonlocal isoperimetric problem’, J. Reine Angew.
Math. 611 (2007), 75-108. MR 2360604 (2008j:49062).

[CL12] M. Cicalese and G. P. Leonardi, ‘A selection principle for the sharp quantitative isoperimetric inequality’, Arch.
Ration. Mech. Anal. 206(2) (2012), 617-643. MR 2980529.

[CM12] T. H. Colding and W. P. Minicozzi, II, ‘Generic mean curvature flow I: generic singularities’, Ann. Math. (2) 175(2)
(2012), 755-833. MR 2993752.

[DMN17] A. De, E. Mossel and J. Neeman, ‘Noise stability is computable and approximately low-dimensional’, in 32nd
Computational Complexity Conference, LIPIcs. Leibniz Int. Proc. Inform., Vol. 79, Schloss Dagstuhl. Leibniz-Zent.
Inform., Wadern (Theory of Computing, 2017), Art. No. 10, 11. MR 3691135.

[DMN18] A.De, E. Mossel and J. Neeman, ‘Non interactive simulation of correlated distributions is decidable’, in Proceedings
of the Twenty-Ninth Annual ACM-SIAM Symposium on Discrete Algorithms, SODA 2018, New Orleans, LA, January
7-10 (SIAM, SODA, 2018), 2728-2746.

[FGRW12] V. Feldman, V. Guruswami, P. Raghavendra and Y. Wu, ‘Agnostic learning of monomials by halfspaces is hard’,
SIAM J. Comput. 41(6) (2012), 1558-1590. MR 3029261.
[FI95] A. Frieze and M. Jerrum, ‘Improved approximation algorithms for MAX k-cut and max bisection’, in Integer
Programming and Combinatorial Optimization (Copenhagen, 1995), Lecture Notes in Comput. Sci., Vol. 920
(Springer, Berlin, 1995), 1-13. MR 1367967 (96i:90069).

[GKR18] B.Ghazi, P. Kamath and P. Raghavendra, ‘Dimension reduction for polynomials over gaussian space and applications’,
in 33rd Computational Complexity Conference, CCC 2018, June 22-24, 2018, Schloss Dagstuhl-Leibniz-Zentrum
fiir Informatik, (San Diego, CA, 2018), 28:1-28:37.

[GWI95] M. X. Goemans and D. P. Williamson, ‘Improved approximation algorithms for maximum cut and satisfiability
problems using semidefinite programming’, J. Assoc. Comput. Mach. 42(6) (1995), 1115-1145. MR 1412228
(97g:90108).

[HL94] Q. Han and F.-H. Lin, ‘Nodal sets of solutions of parabolic equations. II', Comm. Pure Appl. Math. 47(9) (1994),
1219-1238. MR 1290401.

[HS89] R. Hardt and L. Simon, ‘Nodal sets for solutions of elliptic equations’, J. Differ. Geom. 30(2) (1989), 505-522. MR
1010169.

[Heil4] S. Heilman, ‘Euclidean partitions optimizing noise stability’, Electron. J. Probab. 19(71) (2014), 37. MR 3256871.

[Heil5] S. Heilman, ‘Low correlation noise stability of symmetric sets’, J. Theor. Probab., Preprint, 2015, arXiv:1511.
00382.

[Heil7] S. Heilman, ‘Symmetric convex sets with minimal Gaussian surface area’, Amer. J. Math., Preprint, 2017,
arXiv:1705.06643.

[Heil8] S. Heilman, ‘The structure of Gaussian minimal bubbles’, J. Geom. Anal., Preprint, 2018, arXiv:1805.10203.

[Heil9] S. Heilman, ‘Stable Gaussian minimal bubbles’, Preprint, 2019, arXiv:1901.03934.

[Hei20] S. Heilman, ‘Designing stable elections: A survey’, Notices Amer. Math. Soc.. Preprint, 2020, arXiv:2006.05460.

[HMN16] S. Heilman, E. Mossel, and Joe Neeman, ‘Standard simplices and pluralities are not the most noise stable’, Israel J.
Math. 213(1) (2016), 33-53.

[HMRRO2] M. Hutchings, F. Morgan, M. Ritoré and A. Ros, ‘Proof of the double bubble conjecture’, Ann. Math. (2) 155(2)
(2002), 459-489. MR 1906593 (2003¢:53013).
[IM12] M. Isaksson and E. Mossel, ‘Maximally stable Gaussian partitions with discrete applications’, Israel J. Math. 189
(2012), 347-396. MR 2931402.
[Kho] S. Khot, ‘Inapproximability of NP-complete problems, discrete Fourier analysis, and geometry’, in Proceedings of
the International Congress of Mathematicians 2010 (ICM 2010), 2676-2697.
[KKMOO07] S. Khot, G. Kindler, E. Mossel and R. O’Donnell, ‘Optimal inapproximability results for MAX-CUT and other
2-variable CSPs?’, SIAM J. Comput. 37(1) (2007), 319-357. MR 2306295 (2008d:68035).

[KMS18] S. Khot, D. Minzer and M. Safra, ‘Pseudorandom sets in Grassmann graph have near-perfect expansion’, Electronic
Colloquium on Computational Complexity 25 (2018), 6.

[KM16] S.Khotand D. Moshkovitz, Candidate Hard Unique Game, Proceedings of the Forty-Eighth Annual ACM Symposium
on Theory of Computing, STOC’16 (ACM, STOC, 2016).

[LedO1] M.Ledoux, The Concentration of Measure Phenomenon, Mathematical Surveys and Monographs, Vol. 89 (American
Mathematical Society, Providence, RI, 2001). MR 1849347 (2003k:28019).

[Lin90] F.-H. Lin, ‘A uniqueness theorem for parabolic equations’, Comm. Pure Appl. Math. 43(1) (1990), 127-136.
MR 1024191.

https://doi.org/10.1017/fms.2021.56 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.56

Forum of Mathematics, Sigma 27

[MR15] M. McGonagle and J. Ross, “The hyperplane is the only stable, smooth solution to the isoperimetric problem in
Gaussian space’, Geom. Dedicata 178 (2015), 277-296. MR 3397495.
[MN18a] E.Milman and J. Neeman, ‘The Gaussian double-bubble conjecture’, Preprint, 2018, arXiv:1801.09296.
[MN18b] E. Milman and J. Neeman, ‘The Gaussian multi-bubble conjecture’, Preprint, 2018, arXiv:1805.10961.
[MOO10] E. Mossel, R. O’Donnell and K. Oleszkiewicz, ‘Noise stability of functions with low influences: invariance and
optimality’, Ann. Math. (2) 171(1) (2010), 295-341. MR 2630040 (2012a:60091).
[O’D] R.O’Donnell, ‘Social choice, computational complexity, Gaussian geometry, and Boolean functions’, in Proceedings
of the International Congress of Mathematicians, August 13-21, (Seoul, Korea, 2014) ICM.
[Ste70] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Mathematical Series, No. 30
(Princeton University Press, Princeton, NJ, 1970). MR 0290095 (44 #7280).

https://doi.org/10.1017/fms.2021.56 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.56

	1 Introduction
	1.1 An Informal Introduction
	1.2 More Formal Introduction
	1.3 Plurality Is Stablest Conjecture
	1.4 Our Contribution
	1.5 Noninteractive Simulation of Correlated Distributions
	1.6 Outline of the Proof of the Structure Theorem

	2 Existence and Regularity
	2.1 Preliminaries and Notation

	3 First and Second Variation
	4 Noise Stability and the Calculus of Variations
	4.1 Two Sets
	4.2 More Than Two Sets

	5 Almost Eigenfunctions of the Second Variation
	5.1 Two Sets
	5.2 More Than Two Sets

	6 Proof of the Main Structure Theorem
	7 The Case of Negative Correlation

