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80th birthday

Abstract. For self-injective algebras, Rickard proved that each derived equiv-
alence induces a stable equivalence of Morita type. For general algebras, it is
unknown when a derived equivalence implies a stable equivalence of Morita
type. In this article, we first show that each derived equivalence F' between
the derived categories of Artin algebras A and B arises naturally as a func-
tor I’ between their stable module categories, which can be used to compare
certain homological dimensions of A with that of B. We then give a suffi-
cient condition for the functor F' to be an equivalence. Moreover, if we work
with finite-dimensional algebras over a field, then the sufficient condition guar-
antees the existence of a stable equivalence of Morita type. In this way, we
extend the classical result of Rickard. Furthermore, we provide several induc-
tive methods for constructing those derived equivalences that induce stable
equivalences of Morita type. It turns out that we may produce a lot of (usually
not self-injective) finite-dimensional algebras that are both derived-equivalent
and stably equivalent of Morita type; thus, they share many common invari-
ants.

§1. Introduction

As is well known, derived equivalence and stable equivalence of Morita
type are two fundamental types of equivalences in algebras. Roughly, the
former is the equivalence of the derived categories of their module cate-
gories, while the latter is the equivalence of their module categories modulo
projective direct summands, where the equivalence is given by tensoring a
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108 W. HU AND C. C. XI

two-sided module (see Section 2 for more detail). They play an important
role in the modern representation theory of groups and algebras, transfer
information from one algebra to another, and provide a convenient bridge
between two different (derived or stable) categories. In particular, derived
equivalences preserve many significant invariants, for example, the center of
an algebra, the number of nonisomorphic simple modules, the Hochschild
cohomology groups, and Cartan determinants. Stable equivalences of Morita
type, introduced in around 1990 (see, e.g., [3]) and appearing frequently in
the block theory of finite groups, preserve also many nice invariants, for
instance, the global, finitistic, and representation dimensions (see [19]) as
well as the representation types (see [8]). For self-injective algebras, the two
notions are closely related to each other; this was revealed by a well-known
result of Rickard [15], which states that a derived equivalence between self-
injective algebras always induces a stable equivalence of Morita type. More-
over, the remarkable abelian defect group conjecture of Broué, which states
that the module categories of a block algebra A of a finite group algebra
and its Brauer correspondent B should have equivalent derived categories
if their common defect group is abelian (see [16]), makes the two concepts
more attractive and intimate. For general finite-dimensional algebras, how-
ever, derived equivalence and stable equivalence of Morita type seem to be
completely different from each other; for example, a representation-finite
algebra may be derived-equivalent to a representation-infinite algebra via
a tilting module, and consequently, they neither are stably equivalent of
Morita type nor have the same representation dimension. Thus, a natural
question arises: what kind of relationship between a derived equivalence and
a stable equivalence of Morita type for general finite-dimensional algebras
could exist? In other words, we consider the following question.

QUESTION. When does a derived equivalence between two finite-
dimensional (not necessarily self-injective) algebras A and B induce a stable
equivalence of Morita type between them?

Thus, a positive answer to the above question would let us know more
invariants between the algebras A and B. However, to date, little is known
about this question. One does not even know when a derived equivalence
induces a stable equivalence for general finite-dimensional algebras.

In this article, we provide some answers to this question. To state our
main result, let us introduce the notion of an almost v-stable functor. Sup-
pose that F' is a derived equivalence between two Artin algebras A and B,
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with a quasi-inverse functor G. Further, suppose that
T i — 0 —T "o T 09— ...
is a radical tilting complex over A associated to F', and suppose that
T i 50 —T0 T T ) — ..

is a radical tilting complex over B associated to G. The functor F' is called
almost v-stable if add(; " | T%) = add(P; " , vaT?), and add(P], T%) =
add(@}, vpT"), where vy is the Nakayama functor of A. Note that the
summations exclude only the term in degree 0. If A and B are self-injective,
then every derived equivalence between A and B is almost v-stable (by
Proposition 3.8 below). Surprisingly, even beyond the class of self-injective
algebras, there are plenty of almost v-stable derived equivalences, for exam-
ple, the derived equivalences constructed in [6, Corollary 3.8] and in Propo-
sition 3.11 below. In fact, we give a general machinery below to produce
such derived equivalences.
With this notion in mind, our main result can be stated as follows.

THEOREM 1.1. Let A and B be Artin algebras, and let F be a derived
equivalence between A and B. Then,

(1) F induces a functor F from the stable module category over A to that
over B;

(2) if F is almost v-stable, then the functor I defined in (1) is an equiv-
alence, and further, if F' is an almost v-stable derived equivalence between
finite-dimensional algebras A and B over a field k, then there is a stable
equivalence ® of Morita type between A and B such that ®(X) ~ F(X) for
all objects X in the stable module category over A.

As a consequence of the proof of Theorem 1.1, we have the following facts
on homological dimensions of algebras.

COROLLARY 1.2. Let A and B be Artin algebras, and let F' be a derived
equivalence between A and B. If add(@; " | T%) = add(D; " ; vaT?), then

(1) gl.dim(A) < gl.dim(B);

(2) fin.dim(A) < fin.dim(B);

(3) dom.dim(A) > dom.dim(B);
where gl.dim(A), fin.dim(A), and dom.dim(A) stand for the global, finitistic,
and dominant dimensions of A, respectively.
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Note that if A and B are finite-dimensional self-injective, we reobtain
the well-known result of Rickard [15] from Theorem 1.1: derived-equivalent
self-injective algebras are stably equivalent of Morita type. Moreover, The-
orem 1.1 allows us to obtain a lot of (usually not self-injective) algebras
which are both derived-equivalent and stably equivalent of Morita type. By
the corollary below, we can even repeatedly construct derived equivalences
satisfying the almost v-stable condition.

COROLLARY 1.3. Let k be a field, and let F' be an almost v-stable derived
equivalence between two finite-dimensional k-algebras A and B. Then,

(1) for any finite-dimensional self-injective k-algebra C, there is an almost
v-stable derived equivalence between the two tensor products A @ C and
B®,C;

(2) let F be the stable equivalence induced by F in Theorem 1.1; then, for
each A-module X, there is an almost v-stable derived equivalence between
the endomorphism algebras Enda(A @ X) and Endg(B @ F(X));

(3) if X is an A-module such that F(X) is isomorphic to a B-module Y,
then there is an almost v-stable derived equivalence between the one-point
extensions A[X] and B[Y].

This article is organized as follows. In Section 2, we recall some basic
definitions and facts required in proofs. In Section 3, we first show that
every derived equivalence F' between two Artin algebras A and B gives rise
to a functor F' between their stable module categories, and we then give
a sufficient condition for the functor F to be an equivalence. In Section 4,
we deduce some properties of the functor F' and then compare homological
dimensions of A with that of B. In particular, we get Corollary 1.2. As a
by-product, we reobtain a result in [12] that a derived equivalence preserves
the finiteness of finitistic dimension. In Section 5, we show that the condi-
tion given in Section 3 is sufficient for F' to induce a stable equivalence of
Morita type when we work with finite-dimensional algebras over a field. In
Section 6, we give several methods to construct inductively derived equiv-
alences satisfying the almost v-stable condition. Finally, in Section 7, we
exhibit a couple of examples to explain our points about the main result.

82. Preliminaries

In this section, we recall basic definitions and facts required in our proofs.
Let C be an additive category.
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Convention. For two morphisms f: X - Y and ¢g: Y — Z in C, the
composition of f with ¢ is written as fg, which is a morphism from X
to Z. But for two functors F': C - D and G : D — &£ of categories, their
composition is denoted by GF'.

For an object X in C, we denote by add(X) the full subcategory of C
consisting of all direct summands of finite direct sums of copies of X.

Throughout this article, unless specified otherwise, all algebras will be
Artin algebras over a fixed commutative Artin ring R. All modules will
be finitely generated unitary left modules. If A is an Artin algebra, the
category of all modules over A is denoted by A-mod; the full subcategory
of A-mod consisting of projective (resp., injective) modules is denoted by
A-proj (resp., A-inj). We denote by D the usual duality on A-mod. The dual-
ity Homg(—, A) from A-proj to A°P-proj is denoted by *; that is, for each
projective A-module P, the projective A°P-module Hom 4(P, A) is denoted
by P*. We denote by v4 the Nakayama functor D Homy(—, A) : A-proj —
A-inj.

The stable module category A-mod of an algebra A is, by definition, an
R-category in which objects are the same as the objects of A-mod and, for
two objects X,Y in A-mod, their morphism set, denoted by Hom 4(X,Y),
is the quotient of Hom4(X,Y) modulo the homomorphisms that factorize
through projective modules. Two algebras are said to be stably equivalent
if their stable module categories are equivalent as R-categories.

For finite-dimensional algebras over a field k, there is a special class of
stable equivalences, namely, stable equivalences of Morita type. Recall that
two finite-dimensional algebras A and B over a field k are called stably equiv-
alent of Morita type if there are two bimodules 4 Mp and N4 satisfying
the following properties:

(1) all of the one-sided modules 4M, Mp, pN, and N4 are projective,
and

(2) there is an A-A-bimodule isomorphism 4 M ®p Ny~ A@ U for a
projective A-A-bimodule U, and there is a B-B-bimodule isomorphism
BN ®4 Mp~B&V for a projective B-B-bimodule V.

If two finite-dimensional algebras A and B over a field are stably equiv-
alent of Morita type, then the functor Ty : A-mod — B-mod defined by
BN ®4 — is an equivalence and is also called a stable equivalence of Morita
type. (Note that if we extend the definition of a stable equivalence of Morita
type from finite-dimensional algebras to R-projective Artin R-algebras, then
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there is an open problem of whether T could induce a stable equivalence
on stable module categories, namely, whether 4U ®4 X is projective for
every A-module X.)

Now we recall some definitions relevant to derived equivalences.

Let C be an additive category. A complex X*® over C is a sequence of
) ) ) Jim1 4 ) Jit1
morphisms d% between objects X% in C: --- — X7t %5 X0 5 xiHl X,

X2 — ... such that didi! =0 for all i € Z. We write X* = (X', d).
For each complex X°®, the brutal truncation o-;X°® is a quotient complex
of X* such that (0-;X*)* is X* for all k <4 and zero otherwise. We define
0>;X* similarly. The category of complexes over C is denoted by % (C).
The homotopy category of complexes over C is denoted by .#(C). When C
is an abelian category, the derived category of complexes over C is denoted
by Z(C). The full subcategory of #(C) and Z(C) consisting of bounded
complexes over C is denoted by .#>(C) and 2"(C), respectively. Moreover,
we denote by €~ (C) the category of complexes bounded above, and by
2 ~(C) the homotopy category of €~ (C). Similarly, we have the category
€T (C) of complexes bounded below and the homotopy category # *(C) of
¢t (C). As usual, for a given Artin algebra A, we simply write ¢’ (A) for
€ (A-mod), # (A) for # (A-mod), and .#P(A) for #"(A-mod). Similarly,
we write Z(A) and Z°(A) for ?(A-mod) and Z°(A-mod), respectively.

It is well known that, for an Artin algebra A, the categories £ (A) and
P(A) are triangulated categories. For basic results on triangulated cate-
gories, we refer to Happel [5]. Throughout this article, we denote by X|[n]
rather than 7" X the object obtained from X by shifting n times. In par-
ticular, for a complex X*® in % (A) or Z(A), the complex X*[1] is obtained
from X* by shifting X*® to the left by one degree.

Let A be an Artin algebra. A homomorphism f : X — Y of A-modules is
called a radical map if, for any A-module Z and homomorphisms h : Z —
X and g: Y — Z, the composition hfg is not an isomorphism. A complex
over A-mod is called a radical complex if all of its differential maps are
radical. We have the following basic properties of radical complexes.

(a) Every complex over A-mod is isomorphic in the homotopy cate-
gory # (A) to a radical complex. Indeed, let X® = (X' ,d%) be a com-
plex in ¢ (A), and let d% be not radical. Then there is an indecomposable
A-module Y and maps f : Y — X% and g : X! — Y such that fd%g=1y.
Let Y* be the complex -+ — 0 —Y 25 Y -0 — ... with the left ¥ in
degree 0. We can define a chain map s® : Y* — X* with s = f, s' = fd%,
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and s° =0 for all i # 0, 1. Let Z* be a cokernel of s* in €' (A). Then we have
an exact sequence of complexes: 0 — Y*® — X®* — Z* — 0 in € (A).
Moreover, for each integer 7, the exact sequence 0 — Y’ — X' — Z¢ — ()
is split-exact. By [5, Chapter I, Sections 2 and 3.2], we have a distinguished
triangle Y* — X* — Z* — Y*[1] in % (A). Since Y* ~0 in # (A), we
see that X® ~ Z*® in #(A). In this way, we can reduce every nonradical
differential map of a complex to a radical map in JZ (A).

(b) If two radical complexes X*® and Y'® are isomorphic in .# (A), then X*
and Y'® are isomorphic in ¢’ (A). In fact, if f*: X* —-Y*® and ¢*: Y* — X*
are morphisms in % (A) such that f®¢® — 1 is null-homotopic, then there is
amap s : X*— X1 such that fig' — 1 =di sl + sidégl for each . The
conclusion now follows from the fact that d% and d% are radical maps for
all 4.

(c) For a radical complex X*® = (X? d’) € €°(A) with all terms projec-
tive, if Homgn(4)(X®, A[m]) =0 for all m > 0, then Xt =0 for all i <O0.
Indeed, we may suppose that there is a maximal integer ¢ > 0 such that
X7t £0. Then there is a homomorphism f: Xt — A, which is not a radi-
cal map. Since X*® is a radical complex, we see that f, considered as a chain
map from X*® to A[t], is nonzero in #(A); this contradicts our assumption.
Thus, (c) holds. Similarly, we can prove the following.

(d) For aradical complex Y* = (Y, d’) € €°(A) with all terms projective,
if Homgn(4)(A,Y*[m]) =0 for all m > n, then Y =0 for all i > n.

Two algebras A and B are said to be derived-equivalent if their derived
categories ZP(A) and 2°(B) are equivalent as triangulated categories.
Rickard [14] proved that two algebras are derived-equivalent if and only
if there is a complex T in #(A-proj) satisfying

(1) Homgu(4) (T, T*[n]) =0 for all n # 0, and

(2) add(T*) generates .# P (A-proj) as a triangulated category,
such that B >~ Endgu(4)(T*). A complex in ¢’ b(A-proj) satisfying the above
two conditions is called a tilting complex over A. By condition (2), each
indecomposable projective A-module is a direct summand of 7% for some
integer 4. It is known that, given a derived equivalence F' between A and B,
there is a unique (up to isomorphism) tilting complex T'® over A such that
F(T*) ~ B. This complex T is called a tilting complex associated to F.

Let F be a derived equivalence between two Artin algebras A and B, and
let Q°® be a tilting complex associated to F'. Without loss of generality, we
may assume that Q°® is radical, that Q* =0 for i < —n and i > 0, and that
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Q" #0# Q. Then we have the following fact; for the convenience of the
reader, we include here a proof.

LEMMA 2.1. Let A and B be two Artin algebras, and let F' and Q° be
as above. If G : 2°(B) — P°(A) is a quasi-inverse of I, then there is a
radical tilting complex Q® associated to G of the following form:

0 QO Ql . Qn 0.

Proof. Note that the tilting complex @)® associated to F' is radical and of
the form

0 Q—TL . Q—l QO 0.

Let Q*® be a radical complex in #P(B-proj) such that Q* is isomorphic to
F(A)in 2"(B). Then G(Q®) ~ GF(A) ~ A in 2(A), which means that Q°®
is a tilting complex associated to G. Moreover, on the one hand, we have

HOHl@b(B) (Q.7 B[m]) ~ HOIn@b(A)(A, Q'[m]) =0

for all m > 0, and consequently, Q® has zero terms in all negative degrees.
On the other hand, we have

Homgn ) (B, Q*[m]) = Homgn 4)(Q*, A[m]) =0

for all m >n and Hom@b(B)(B,Q'[n]) #0. Thus, the complex Q® has zero
terms in all degrees larger than n, and its nth term is nonzero. 0

The following lemma will be used frequently in our proofs. Again, we
include here a proof for the convenience of the reader.

LEMMA 2.2. Let A be an arbitrary ring, and let A-Mod be the category
of all left (not necessarily finitely generated) A-modules. Suppose that X*®
18 a complex over A-Mod bounded above, and suppose that Y® is a complex
over A-Mod bounded below. Let m be an integer. If one of the following two
conditions holds:

(1) X°? is projective for all i >m and Y7 =0 for all j <m;

(2) Y7 is injective for all j <m and X* =0 for all i >m,
then Oxeye : Hom y(anod)(X®,Y®) — Homgamoa) (X*®,Y®) induced by
the localization functor 0 : & (A-Mod) — Z(A-Mod) is an isomorphism.
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Proof. For simplicity, we write .2 = J#(A-Mod) and 2 = Z(A-Mod).
The category of all left (not necessarily finitely generated) projective A-
modules is denoted by A-Proj. By applying the shift functor, we may assume
that m = 0. Suppose that (1) is satisfied.

First, we consider the case X* =0 for all i < 0. Let

™

p1 pY X0 0

be a projective resolution of X°. Then the complex

0
mdx

. . P—l PO Xl X2 ceey,

denoted by P¥, is in # (A-Proj) and bounded above since X" is projective for
all i > 0 by our assumption, and there is a quasi-isomorphism 7°* : Py — X*:

de(
s P—l PO Xl
l \L d())(
0 X0 X!

We claim that Hom » (7°,Y®) : Hom 4 (X*®,Y*®) — Hom » (P%,Y*) induced
by 7* is an isomorphism. Actually, if f* € Hom_ (P%,Y*®), then f0 fac-
torizes through the map 7: PY — X°. Suppose that f0 = mg" for some
g% X° - YO Let ¢g':= f for all 4 >0. Then ¢g* = (¢*) is a chain map
from X*® to Y* and f®* = 7*¢®. Consequently, the map Hom 4 (7*,Y*) is
surjective. Further, we shall show that the map Hom 4 (7*,Y*) is injec-
tive. In fact, if 7*a® =0 for a morphism «® in Hom  (X*,Y®), then there
is map h': X* — Y ! for all integers i > 1 such that ma® = ﬂdg(hl and
ol = di ht! + hidi ! for all i > 0. Thus, o’ = d%h! since 7 is an epimor-
phism. Hence, a® = 0, which implies that Hom y (7®,Y*®) is injective. It
follows that Hom - (7®,Y®) is an isomorphism.
Note that 7*® induces a commutative diagram:

exo’yo

Hom 4 (X°*,Y®) —— Homg(X*,Y*)
(ﬂ'. 7Y.)l (ﬂ'. 7Y.)l

9 (] [ ]
Hom_y (Py,Y*) —<— Homg(Py,Y*)
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Since 7° is a quasi-isomorphism, the right vertical map is an isomorphism.
We have shown that the left vertical map is an isomorphism. Moreover, since
P% is a complex in J# (A-Proj) and bounded above, the map fpg ye is an
isomorphism. It follows that fxe ye : Hom 4 (X*®,Y*) — Homg(X*®,Y*) is
an isomorphism.

Now, let X'® be an arbitrary complex satisfying condition (1). Then there
is a distinguished triangle

0‘<0X.[—1] — UZOX. LX. —>O’<0X.

in 2. This triangle can be viewed as a distinguished triangle in 2. Applying
the functors Hom » (—,Y*) and Homg(—,Y®) to this triangle, we have an
exact commutative diagram

%(pvy.)
Hom (09 X*,Y*) Hom ¢ (X*,Y*)

l Oxe e l

Homg (o9 X*, Y*) Homg(X*,Y*)

Hom%(020X°, Y.)

GUZOX‘,Y’ \L

@(p,y.)

Hom@ (O’Z()X., Y.)

Hom ¢ (00 X°*[—1],Y*)

05 oxo[—1],v* l

Homg (o< X°*[—-1],Y*)

By our assumption, we have Y = 0 for all i < 0, and therefore Hom (0.0 X*®,
Y*) =0. Note that 0.9 X* is isomorphic in Z to a complex Py in J# (A-Proj)
such that P = 0 for all i > 0. It follows that Homg (0.0 X*,Y*®) ~ Homg (P},
Y*®) ~ Hom_¢ (P?,Y*®) = 0. Thus, both maps »(p,Y*) and 4(p,Y*) are
injective. Note that 0>0X*® is a complex satisfying condition (1) and that
the terms of 0>¢9X*® in all negative degrees are zero. By the first part of
the proof, we see that the map 6, xe ye is an isomorphism. It follows that
Oxe ye is injective. In particular, the map 05 xe[—1),y* is injective. By the
five lemma (see [18, Exercise 1.3.3, page 13]), the map Oxe ye is surjective.
Thus, Oxe ye is an isomorphism.

The proof for situation (2) proceeds similarly. 0

REMARK. Suppose that X® and Y*® are given as in Lemma 2.2. It follows
from Lemma 2.2 that if the pair (X°,Y*) satisfies one of the conditions
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in Lemma 2.2 and if the pair (Y*, X*®) satisfies one of the conditions in
Lemma 2.2, then an isomorphism of X*® with Y'* in Z(A-Mod) induces an
isomorphism of X*® with Y* in ¢ (A-Mod).

In the following, we point out a relationship between the Nakayama func-
tor and a derived equivalence. Let F : 2°(A) — 2°(B) be a derived equiv-
alence between Artin algebras A and B over a commutative Artin ring
R. By [14, Theorem 6.4], F induces an equivalence from .#P(A-proj) to
P (B-proj). Note that the Nakayama functor v, : A-proj — A-inj induces
an equivalence from .# " (A-proj) to #P(A-inj), which is again denoted by
v4. When A and B are finite-dimensional algebras over a field k, Rickard [15]
shows that F(vaP®) ~vgF(P*) in 2°(B) for P* ¢ J#P(A-proj). We can
prove this isomorphism for Artin algebras by using the notion of Auslander-

Reiten triangle. Recall that a distinguished triangle X TSy,

X[1] in 2"(A) is called an Auslander-Reiten triangle if

(AR1) X and Y are indecomposable,
(AR2) w#0, and
(AR3) if t: U — Y is not a split epimorphism, then tw = 0.

For a given object Y in PP(A), if there is an Auslander-Reiten triangle

x Lty x [1], then it is unique up to isomorphism [5, Proposi-

tion 4.3, page 33].

The first statement of the next lemma is essentially due to Happel (see
[5, Theorem 4.6, page 37]), where the case of finite-dimensional algebras
was considered. The second statement follows from the uniqueness of an
Auslander-Reiten triangle ending at Y.

LEMMA 2.3. Let A be an Artin algebra over a commutative Artin ring
R. Then, for each indecomposable complex P*® in HP(A-proj), there is an
Auslander-Reiten triangle

(vAP®*)[~1] —> L* — P* — v, P*

in P°(A). Furthermore, we have F(voP®) ~vgF(P*) in 9°(B).

Finally, let us remark that, given a functor F': C — D, if we fix an object
Fx in D for each object X in C such that Fy ~ F(X), then there is a functor
F':C— D such that F' ~ F and F'(X) = Fx for every X in C. Actually,
let sx denote a fixed isomorphism from Fx to F'(X) for each X, and define
F'(f):=sxF(f)sy" for each f: X —Y. Then F’ is a desired functor.
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83. Stable equivalences induced by derived equivalences

In this section, we first construct a functor F : A-mod — B-mod between
the stable module categories of two Artin algebras A and B from a given
derived equivalence F' : 2P(A) — 2"(B), and then we give a sufficient con-
dition to ensure that the functor F is an equivalence. In Section 5, we shall
see a stronger conclusion when we work with finite-dimensional algebras
instead of general Artin algebras.

Let us first recall some notions and notations. Let A be an Artin alge-
bra. The homotopy category .#P(A-proj) can be considered as a triangu-
lated full subcategory of ZP(A). Let 2"(A)/#P(A-proj) be the Verdier
quotient of ZP(A) by the subcategory .#(A-proj). (For the definition, we
refer the reader to the excellent book [11].) Then there is a canonical func-
tor X' : A-mod — 2"(A)/.#P(A-proj) obtained by composing the natural
embedding of A-mod into 2P(A) with the quotient functor from 2P(A)
to 2"(A)/#P(A-proj). Clearly, ¥'(P) is isomorphic to zero for each pro-
jective A-module P, so Y/ factorizes through the canonical functor from
A-mod to A-mod. This gives rise to an additive functor ¥ : A-mod —
PP(A) /P (A-proj).

Rickard [13] proved that ¥ is an equivalence provided that the algebra A
is self-injective. But for an arbitrary algebra, this is no longer true in general;
for instance, if A is a nonsemisimple Artin algebra of finite global dimension,
then the quotient category 2"(A)/.#P(A-proj) is zero, and therefore the
functor ¥ is a zero functor, which cannot be an equivalence.

Let A and B be two Artin algebras. Suppose that F : 2°(A) — 2°(B)
is a derived equivalence between A and B. Then F induces an equiv-
alence between the quotient categories Z°(A)/#P(A-proj) and 2°(B)/
P(B-proj). For simplicity, we denote this induced equivalence also by F.
Thus, if A and B are self-injective, then A-mod and B-mod are equiva-
lent. However, this is not true in general for arbitrary finite-dimensional
algebras; namely, we cannot get an equivalence of stable module categories
from a given derived equivalence in general. Nevertheless, we may ask if
there is any “good” functor F: A-mod — B-mod induced by F, which
could be a possible candidate for a stable equivalence under certain addi-
tional conditions and would cover the most interesting known situations.

In the following, we shall construct an additive functor F: A-mod —
B-mod from F' such that the diagram
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A-mod —=— PP(A) /P (A-proj)

di [
B-mod —— 2"(B)/#"(B-proj)

of additive functors is commutative up to natural isomorphism. Further-
more, we shall construct a possible candidate for the inverse of F' under an
additional condition.

From now on, A and B are Artin R-algebras and F' is a derived equiva-
lence between A and B with a quasi-inverse G. Let QQ® be a tilting complex
over A associated to F' of the form

Q0 —= Q" = == QT = Q' ——=0

such that all differentials are radical maps. By Lemma 2.1, there is a tilting
complex ()°® associated to G of the form

Q°: 0 QO Q! Q" —= 0

with all differentials being radical maps. We define Q@ = @, QP and Q =
®;, Q. Furthermore, we assume throughout the article that Q° # 0 #

Q™.
LEMMA 3.1. Let X be an A-module. Then F(X) is isomorphic in 2°(B)
to a radical complex Q% of the form

0 — Q% QX Q% 0

with Q' € add(pQ) for alli=1,2,...,n. Moreover, the complex Q% of this
form is unique up to isomorphism in €°(B). In particular, if X is projective,
then Q% is isomorphic in €°(B) to a complex in add(Q*®).

Proof. Let H' be the ith cohomology functor on complexes. First of all,
we have H'(F(X)) ~ Hom g ) (B, F(X)[i]) =~ Homgn4)(Q®, X[i]) =0 for
all 4 >n and all i < 0, which means that F(X) has trivial homology in
negative degrees and degrees larger than n. Clearly, we may assume that X
is indecomposable.

If X is projective, then X is isomorphic to a direct summand of A. Con-
sequently, F(X) is isomorphic in 2°(B) to a direct summand L*® of the
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complex Q°. Since all terms of Q® in positive degrees are in add(pQ), all
terms of L® in positive degrees are in add(p@). This shows that for every
projective A-module P, the complex F(P) is isomorphic in 2°(B) to a
complex with all of its terms in positive degrees in add(gQ). Now we show
that if P*® is a complex in #(A-proj) with P! =0 for all i > 0, then F(P*)
is isomorphic in 2°(B) to a complex in which all of its terms in positive
degrees belong to add(gQ). In fact, if P® has only one nonzero term, then
we may write P®* = PJt] for a projective A-module P and a nonnegative
integer t. In this case, F/(P*) is isomorphic to a direct summand of Q°[t]
in which all terms in positive degrees are in add(gQ), as desired. Now, we
assume that P® has at least two nonzero terms. Then there is an integer
s < 0 such that the brutal truncations o4 P*® and o>4P*® have fewer nonzero
terms than P*® does. By induction, the complexes F/(0.,P*®) and F(o>sP*®)
are respectively isomorphic to complexes Y'* and Z*® in .#P(A-proj), such
that their terms in all positive degrees are in add(g@Q). Since P* is the map-
ping cone of the map d5 * from (0. P*)[~1] to o5 P*, the complex F(P*)
is isomorphic to the mapping cone of a chain map from Y*[—1] to Z°*, and
consequently, all of its terms in positive degrees lie in add(zQ).

Now, suppose that X is an arbitrary indecomposable A-module and sup-
pose that P® = (P? d') is a minimal projective resolution of X. We denote
by Q"(X) the nth syzygy of X and by P{ the complex

0 —— anJrl o P7n+2 PO 0.

Then we have a distinguished triangle in 2°(A):

Q"(X)[n—1] PP X Q"(X)[n].
From this triangle one gets the following distinguished triangle in 2°(B):
F(QX))n—1] — F(P!) — F(X) — F(Q"(X))[n].

The complex P{ is in #P(A-proj), and all the terms of P} in positive
degrees are zero. Hence, F(P}) is isomorphic to a complex Q3 in .#°( B-proj)
with Q% in add(gQ) for all i > 0. Since Q"(X) is an A-module, the com-
plex F(Q"(X)) has trivial homology in all degrees larger than n. Thus, the
complex F(Q"(X)) is isomorphic in Z(B) to a complex Py € £~ (B-proj)
with zero terms in all degrees larger than n. It follows that P3[n — 1] has
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zero terms in all degrees larger than 1. Hence, F'(X) is isomorphic to the
mapping cone con(u) of a map p from Pg[n — 1] to 3, and all the terms of
con () in positive degrees are in add(pQ). Note that F'(X) has zero homol-
ogy in all negative degrees and degrees larger than n. Thus, con(u) has the
same homology property and is isomorphic in Z(B) to a radical complex

0 — Q% Q% Q% 0

with Q% € add(pQ) for all i=1,2,...,n.

Suppose that U® and V'*® are two radical complexes of the form in Lemma 3.1
such that both U® and V*® are isomorphic to F(X) in 2”(B). Then U® and
V* are isomorphic in #P(B) by Lemma 2.2. Since U® and V* are radical
complexes, we know that U® and V* are isomorphic as complexes.

If X is projective, then X € add(A) and F/(X) € add(F'(A)). Since F(A) ~
FG(Q®) ~Q* in 2°(B), we see that F(X) is isomorphic in % (B-proj) to
a complex Y* € add(Q®). Thus, Q% is isomorphic in 2°(B) to Y*. Since
Y* is a complex with the properties in Lemma 3.1, we have Y*® ~ Q;( as
complexes by the uniqueness of Q%. This shows that Q% € add(Q*). Thus,
Lemma 3.1 is proved. 0

Similarly, we have the following lemma.

LEMMA 3.2. Let U be a B-module. Then G(U) is isomorphic in 2" (A)
to a radical complex QF; of the form

0= Qg e Qg = Q) - 0

with Q&Z € add(vaQ) for all i=1,2,...,n. Moreover, the complex Qf; of
this form is unique up to isomorphism in €°(A).

REMARK. One can easily see that if X ~Y & Z in A-mod, then the
complex Q% defined in Lemma 3.1 is isomorphic in ¢*(B) to the direct
sum of Q% and Q%. Similarly, if U~V & W in B-mod, then the complex
Qf; defined in Lemma 3.2 is isomorphic in 6°(A) to the direct sum of Q%

and QY-
The next lemma, is useful in our proofs.

LEMMA 3.3. Let A be an Artin algebra, and let f: X —Y be a homo-
morphism between two A-modules X and Y. Suppose that P® is a complex
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in HP(A) with P* projective for all i >0 and injective for all i < 0. If
f factorizes in P°(A) through P®, then f factorizes through a projective
A-module.

Proof. Suppose that
f=gh for g€ Homgn 4 (X, P*) and h € Homgn 4 (P°,Y).

By Lemma 2.2(2), we have g = g* in 2P(A) for some chain map ¢* from X
to P*, and by Lemma 2.2(1), we get h = h® in ZP(A) for some chain map h®
from P® to Y. Hence, f = g°h® in 2°(A). Since A-mod is fully embedded
in 2°(A), we see that f = g°h° factorizes through the projective A-module
PY in A-mod. []

Now we define the functor F. Pick an A-module X; by Lemma 3.1, we
know that F(X) is isomorphic in 2°(B) to a radical complex Q% of the
form

0 Q% Q% Q%x —= 0

with Q% € add(pQ) for all i =1,2,...,n. From now on, for each A-module
X, we choose (once and for all) such a complex QB( For each homomorphism
J: X —Y, we denote by f the image of f under the canonical surjective
map from Hom4(X,Y) to Hom,(X,Y).

PROPOSITION 3.4. Let F: PP(A) — 2°(B) be a derived equivalence
between Artin algebras A and B. Then there is an additive functor F :
A-mod — B-mod sending X to Q% such that the diagram of additive func-

tors
Amod —=— PP(A)/AP(A-proj)

7| |7
B-mod —=— 9°(B)/.# " (B-proj)
1s commutative up to natural isomorphism.

Proof. By Lemma 3.1 and the remark at the end of Section 2, we may
assume that F(X) is just Q% for each A-module X, where Q% is the com-
plex that we have fixed above. Let Q} denote the complex 0216_23(. Then
we have a distinguished triangle in 2°(B):

Qf - F(X) e Q% - QRN
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For each homomorphism f: X — Y of A-modules X and Y, there is a

commutative diagram

Qf —2— F(X) 5 Q% -2 Q%[

l“f lF(f) lbf laf[l]

QF YL RY) Q) 2 QF 1]

The map ay exists because ixF(f)my belongs to Hom@b(B)(Q},Q?/) ~
Hom%b(B)(Q}, Q%) = 0. Since B-mod is fully embedded in Z(B), the mor-
phism b; is a homomorphism of modules. If we have another A-module
homomorphism ', such that 7x b’ = F'(f)my, then mx (by —b}) = F(f)my —
F(f)my =0 and by — b, factorizes through Q¥[1]. By Lemma 3.3, the
B-module homomorphism b — b'f factorizes through a projective B-module.
Thus, for each A-module homomorphism f in Homy4(X,Y'), the morphism
b in Homg(Q%, @Y ) is uniquely determined by f.

Suppose that f: X — Y and ¢g: Y — Z are two homomorphisms of
A-modules; we can see that F(fg)mz = nxbyy and F(fg)mz = mx(bsbg).
By the uniqueness of by,, we have by, = bybg.

Moreover, if X is zﬁ)rojective A_—mom then F(X)~ Q% and Q% €
add(Q®) by Lemma 3.1. In particular, Qg( is projective. Thus, if f factorizes
through a projective module P, say, f = gh with g € Hom4 (X, P) and h €
Homa(P,Y), then by factorizes through a projective B-module since by =
bgn = (bgn, — bybp,) + byby, and since both bgh —byby, and byby, factorize through
projective B-modules.

For each A-module X, we define F(X) = Q%. Note that Q% is, up to
isomorphism, uniquely determined by X (see Lemma 3.1). For each homo-
morphism f in Hom 4 (X,Y), we set F/(f) =bs. Then the above discussions
show that F is well defined on Hom-sets and that F is a functor from A-mod
to B-mod. Note that F is additive since F is additive.

To finish the proof of the proposition, it remains to show that 7x : F/(X) —
F(X) is anatural isomorphism in the quotient category #°(B)/.#®(B-proj).
That the morphism 7x is an isomorphism follows from the fact that Q} is
isomorphic to the zero object in 2°(B) /" (B-proj). Clearly, Tx is natural
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in X since we have a commutative diagram
F(X) — Q%

P | &

F(Y) —— QY
in the quotient category 2°(B)/.#(B-proj). U

Now, it is appropriate to introduce a name for the functor F. Given a
derived equivalence F', the functor F' constructed in Proposition 3.4 is called
a stable functor of F' throughout this article.

ProprOSITION 3.5. If add(4Q) = add(rvaQ), then there is an additive
functor G : B-mod — A-mod sending U to Q?] such that the diagram of
additive functors

B-mod —=— 9"(B)/ 4 (B-proj)

di K5
A-mod —=— PP(A)/H# P (A-proj)

is commutative up to natural isomorphism.

Proof. The idea of the proof is similar to that of Proposition 3.4. We
outline only the key points of the construction of G.

For a B-module U, by Lemma 3.2, G(U) is isomorphic in 2°(A) to a
complex Qf; such that Q’b € add(raQ) for all i <0 and Q{J =0 for all
j > 0. By the remark at the end of Section 2, we can assume that G(U)
is just Q. Let Q; denote the complex o-oQy;,. We have a distinguished
triangle in 2P (A):

Bu Au T

Q-1 — QY — G(U) — Q.

Now, if g: U — V is a homomorphism of B-modules, then we have a
commutative diagram

Qyl-1] _Pu Q% AN G(U) _u Qy

|woln o | [

Qul-1 2 @) 2 q(v) 2 @y
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The existence of u, follows from the fact that the morphism A\yG(g)yv
belongs to HOHI@b(A)(Q(()], Qy) ~ Hom o4 (QY, Q) = 0. Since A-mod is
fully embedded in Z(A), the map uy can be chosen to be an A-module
homomorphism. Moreover, if u;: Q?J — Q(‘), is another morphism such
that up Ay = AyG(g), then (uy — ug)A\y =0 and uy — uj, factorizes through
Qy/[—1]. Since add(4Q) = add(v4@Q), all the terms of the complex @Qy,[—1]
are projective-injective. By Lemma 3.3, the morphism u, — u;] factorizes
through a projective module. Thus, for each B-module homomorphism g,
the morphism u, in Hom 4 (QY, QY) is uniquely determined by g.

As in the proof of Proposition 3.4, we can show that the composition of
two morphisms is preserved; namely, ug, = uguy for all g € Homp(U, V') and
all h € Homp(V,W). -

Moreover, if P is a projective B-module, then Q% is isomorphic in Z®(A)
to a complex Q% in add(Q*®). Since add(4Q) = add(r4Q), the complex Qf is
of the form in Lemma 3.2. By the uniqueness of ()%, we have an isomorphism
QP ~ Q% in €P(A). Hence, Q% ~ QY and Q% is a projective A-module.
Thus, if g : U — V factorizes through a projective B-module P, that is, if
g=stfor s:U— Pandt: P—V, then uy =ty = (s — Usty) + sty
factorizes through a projective A-module. This shows that the map g+ u,
is well defined. o

Now, we define G(U) := QY for each B-module U and G(g) := ug for
each morphism g in B-mod. Note that QOU is, up to isomorphism, uniquely
determined by U (see Lemma 3.2). Thus, we obtain an additive functor G
from B-mod to A-mod. Moreover, the map Ay is a natural isomorphism in
the quotient category 2(A)/.# P (A-proj) since Qy; is in &P (A-proj). [J

PROPOSITION 3.6. Suppose that add(4Q) = add(vaQ). Let F and G be
the functors constructed in Proposition 3.4 and Proposition 3.5, respectively.
Then the composition GF is naturally isomorphic to the identity functor
1 4-mod- In particular, G is dense, and the restriction of G to Im(F) is full.

Proof. For each A-module X, we may assume that F'(X) is the complex
Q% defined in Lemma 3.1. For each B-module U, we assume that G(U)
is the complex @Qf; defined in Lemma 3.2. We set Q} = aleE( and Qp; =
0<0Qy - Then all the terms of ();; are projective-injective since add(4Q) =
add(v4Q). By definition, we have F(X)= Q% for each A-module X (see
Proposition 3.4) and G(U) = QY, for each B-module U (see Proposition 3.5).
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Thus, for each A-module X, there is a distinguished triangle

_ 1X TX _ ax .
Qx — F(X) — F(X) —= Qx[1]
in 2°(B) and a distinguished triangle
_ Brx AFX _ TFx _
Qrxl-l —= GF(X) — GF(X) — Q5

in 2*(A). Applying G to the first triangle, we obtain the following commu-
tative diagram in 2°(A):

GQL  EX Gr(x) S5 GR(X) S 6oL

N

Qryl—1] 225 GR(X) 255 GR(X) 225 Qn,
The existence of nx follows from the fact that G(7x)yzy belongs to

Hom@b(A) (GF(X), Q;X) ~ Hom@b(A) (X, Q}X)
o~ HOI’H%b(A)(Xa QEX) =0.

Since GF' is naturally isomorphic to the identity functor 1gv 4, there is
a natural morphism ey : X — GF(X) in 2P(A) for each A-module X.
Let 0x be the composition exny. Then fx : X — GF(X) is an A-module
homomorphism since A-mod is fully embedded in 2" (A).

We claim that fx is a natural map in A-mod. Indeed, for any A-module
homomorphism f : X — Y, by the proof of Proposition 3.4, we have a homo-
morphism by : F(X) — F(Y) of B-modules such that mxbs = F(f)my in
9°(B). By the proof of Proposition 3.5, there is a homomorphism u; ;o
G(F(X)) — G(F(Y)) of A-modules such that uy Apy = ApxG(by) in
PP(A). Thus, we have in 2°(A):

(Oxup, — fOy)Apy = (exnxup, — feyny)Apy
= (exnxup, — exGF(f)ny) A\py
= ex (nxup, Apy — GF(f)ny Mgy )
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nxApxG(by) — GE(f)nyApy)
G(rx)G(br) — GF(f)G(my))
G(mx)G(by) — G(F(f)my))
G(mx)G(by) = G(xby))

This implies that the map Oxuy, — ffy factorizes through Q% [-1]. It
follows by Lemma 3.3 that Oxuy, — ffy factorizes through a projective
module. Note that up, = GF(f). Thus, 0xGF(f) — ffy =0 in A-mod and
Ox is natural in X.

To finish the proof, we have to show that fx is an isomorphism in A-mod
for each A-module X . Clearly, we can assume that X is an indecomposable
nonprojective A-module. Using the method similar to that in the proof of
Lemma 3.1, we can prove that G(Q¥) is isomorphic in ZP(A) to a radical
complex Q% in # P (A-proj) with Q} € add(4Q) for all i <0. Since both X
and GF(X) have zero homology in positive degrees, the complex G(Q})
has zero homology in degrees greater than 1, and therefore Q% =0 for all
i > 1. Now we may form the following commutative diagram in Z°(A):

dx

Q7 2 —2 s con(px) ——  Q3[1]

X
s L
GQY) % GF(X) 5 GF(X) —— G(Q})I]
[ |
GFX X, GR(X)

1 is a chain

where s is an isomorphism from Q% to G(Q%), ¢x = sG(ix)e~
map, and \ is induced by the canonical map A° from X to Q1 @® X defined by
the mapping cone. Since Q¢ is in add(4Q) for all i <0 and zero for all i > 1,
the mapping cone con(¢x) has terms in add(4@Q) for all negative degrees
and zero for all positive degrees. Note that add(4Q) = add(ra@) and that
the A-module @ is projective-injective. Consequently, the terms of con(¢x)
in all negative degrees are projective-injective. Note that G(F(X)) = Q%
by our assumption. Thus, by definition (see Lemma 3.2), all terms of Q%
in negative degrees are projective-injective. Moreover, both con(¢x) and

https://doi.org/10.1215/00277630-2010-014 Published online by Cambridge University Press


https://doi.org/10.1215/00277630-2010-014

128 W. HU AND C. C. XI

FX
Hom g (4 (con(dx ), Q%) = Hom b4y (con(dx ), Q% ). Since the two mor-
phisms ex and s are isomorphisms in 2"(A), the morphism ¢ is also an

isomorphism in 2”(A). Hence, t is an isomorphism from con(¢x) to Q%

have zero terms in all positive degrees. By Lemma 2.2(2), we have

in & b(A). Moreover, since X is indecomposable and nonprojective, the
complex con(¢yx) is a radical complex. Thus, the chain map t is actu-
ally an isomorphism between con(¢x) and Q% in €°(A), and the mor-
phism % : (con(¢x))’=Ql® X — Q%X in degree 0 is an isomorphism of
A-modules. From the above commutative diagram, we have OxApy — At =0
in 2°(A). By Lemma 2.2(2), we see that OxApy — At is null-homotopic
in ¢°(A). This means that 6y — A% factorizes through the projective
A-module Q;& Hence, 0x = A0 is an isomorphism in A-mod since A°
and t° both are isomorphisms in A-mod. [l

REMARK. Without the condition add(4Q) = add(r4Q) in Proposition 3.5,
we can similarly define a functor G’ : B-mod — A-mod, as was done in
Proposition 3.4. But the disadvantage of using G’ is that we do not know
any behavior of the composition of F' with G’.

We say that a derived equivalence F' between Artin algebras A and B is
almost v-stable if add(4Q) = add(v4Q) and add(pQ) = add(v5Q).

The following theorem shows that the almost v-stable condition is suffi-
cient for F' to be an equivalence.

THEOREM 3.7. Let A and B be two Artin R-algebras, and let F :
PP(A) — 2"(B) be a derived equivalence. If F is almost v-stable, then
the stable functor F is an equivalence.

Proof. Since F is almost v-stable, we have add(4Q) = add(ra@). By
Proposition 3.6, we have GF ~ 1 4mo

also have add(pQ) = add(vpQ). With a proof similar to that of Proposi-
tion 3.6, we can show that F'G is naturally isomorphic to the identity functor
15 mod- Thus, F and G are equivalences of categories. U

d- Since F' is almost v-stable, we

Theorem 3.7 gives rise to a method of getting stable equivalences from
derived equivalences. In Section 5, we shall prove that, for finite-dimensional
algebras, one can even get a stable equivalence of Morita type, which has
many pleasant properties (see [3], [19], [20] and the references therein).

In the following, we develop some properties of almost v-stable functors,
which will be used in Section 5.
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Let 4F be a direct sum of all those nonisomorphic indecomposable pro-
jective-injective A-modules X that have the property that l/f4X is again
projective-injective for every i > 0. The A-module 4F is unique up to iso-
morphism and is called the mazimal v-stable A-module. Similarly, we have a
maximal v-stable B-module gpE. Note that the maximal v-stable modules,
and their endomorphism rings, have previously played an important role in
the study of stable equivalences in [10].

The following result shows that an almost v-stable functor is closely
related to the maximal v-stable modules.

PROPOSITION 3.8. The following are equivalent:

(1) F is almost v-stable; that is, add(vaQ) = add(4Q) and add(vpQ) =
add(50).

(2) 4Q €add(4E), and pQ € add(gE).

(3) AQ and vgQ are projective-injective.

Proof. Clearly, we have (1) = (2) = (3). Now we show that (3) implies (1).
Assume that 4Q is injective. By Lemma 3.2, G(B) is isomorphic in 2"(A)
to a radical complex Q% = (Q%,d") with Q% in add(v4Q) for all i < 0. In
particular, Q% is injective for all i < 0. Since G(B) ~ Q*, the complexes Q*
and Q% are isomorphic in ZP(A). Since 4Q is injective by assumption, all
the terms of @Q°® in negative degrees are injective. By Lemma 2.2, the com-
plexes Q* and Q% are isomorphic in #P(A). Since both Q* and Q% are
radical, they are also isomorphic in C55’(14). In particular, we have Q° ~ QjB
for all i < 0, and therefore 4Q := @, " ; Q"' ~ D, ; Q% € add(vaQ). Since
A4Q and v4(Q have the same number of isomorphism classes of indecompos-
able direct summands, we have add(4Q) = add(r4Q). Similarly, we have
add(pQ) = add(vpQ). This proves (3) = (1). U

REMARK. From Proposition 3.8, we can see that every derived equiva-
lence between two self-injective Artin algebras induces an almost v-stable
derived equivalence. Thus, we can reobtain the result of Rickard [13, Corol-
lary 2.2] by Theorem 3.7.

LEMMA 3.9. Suppose that Q € add(4E) and that Q € add(gE). Then,

(1) for each P* in X#°(add(4F)), the complex F(P®) is isomorphic in
P°(B) to a complex in #°(add(pE));

(2) for each P* in #"(add(gE)), the complex G(P®) is isomorphic in
PP(A) to a complex in #P(add(4F)).
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Proof. (1) It suffices to show that, for each indecomposable A-module U
in add(4E), the complex F(U) is isomorphic to a complex in .#P(add(sE)).
Suppose that U € add(4F). By Lemma 3.1, F(U) is isomorphic in 2°(B)
to a radical complex Q'U

0 Q) —= Q@ —— - ——= G —— 0.

with @}, € add(5Q) for all i > 0. For simplicity, we assume that F(U) is
just Qf. Since Q}; € add(pQ) C add(gE) for i > 0, it remains to show that
)Y, is in add(gE). Clearly, QY is projective since U is projective. Note
that we have an isomorphism vgF(U) ~ F(vaU) in 2°(B), that is, that
vpQY is isomorphic to Q;AU. Note that vpQt; € add(vpQ) for all i >0
and that add(vp@) C add(gE) by the definition of gFE. Thus, vpQj; is
projective-injective for all 7 > 0, and I/BQ;] and Q;AU are isomorphic in
P(B) by Lemma 2.2. Since both I/BQ’U and Q;AU are radical complexes,
VBQ'U and Q;AU are actually isomorphic in Cfb(B), and particularly we
have vpQY, ~ _(V)AU. Note that if U € add(4E), then v4U € add(4E) for
all ¢ > 0 by definition. Hence, for each integer m > 0, we have ugb(Q%) ~
yg_l( 78AU) ~ QBXU? and therefore v7(QY) is projective-injective.
Thus, QY € add(gE) by definition.

Statement (2) is a dual statement of (1). [

The next result is a consequence of Lemma 3.9.

COROLLARY 3.10. If F is an almost v-stable derived equivalence between

Artin algebras A and B, then there is a derived equivalence between the
self-injective algebras End4(E) and Endp(E).

Proof. By Lemma 3.9, F' induces an equivalence between %" (add(4F))
and #P"(add(pFE)) as triangulated categories. Since .#P(add(4F)) and
P (End(4 E)-proj) are equivalent as triangulated categories, we obtain an
equivalence between #P(End(4FE)-proj) and #®(End(gE)-proj) as tri-
angulated categories. By [14, Theorem 6.4], the algebras End4(FE) and
Endp(E) are derived-equivalent. Note that End4(E) is self-injective (see

[10]). [

Let us end this section by the following result, which tells us how to get
an almost v-stable derived equivalence from a tilting module.

Let A be an Artin algebra. Recall that an A-module T is called a tilting
module if
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(1) the projective dimension of 7' is finite,

(2) Exty(T,T) =0 for all i >0, and

(3) there is an exact sequence 0 — A — T° — ... — T™ — ( of
A-mod with each T in add(4T).

It is well known that a tilting A-module 47 induces a derived equiv-
alence between A and End4(T") (see [5, Theorem 2.10, page 109] and [4,
Theorem 2.1]).

PropOSITION 3.11. Let A be an Artin algebra. Suppose that AT is a
tilting A-module with B =End4(T). Let

0—>Pnﬂ>Pn,1—>---—>P0ﬂ>T—>0

be a minimal projective resolution of AT. Set P := @?;01 P;. If add(4P) =
add(v4P), then there is an almost v-stable derived equivalence between A
and B.

Proof. By [4, Theorem 2.1], the functor F' = 4T®% — : 2°(B) — Z°(A)

is a derived equivalence. Now we denote F'[—n] by F. Let P® be the complex

0—>Pnﬁ>Pn,1—>~-—>Po—>O

with P, in degree 0. Then we have F(B) = (4T ®% B)[—n] = AT[-n] ~ P*
in 2°(A). Let G be a quasi-inverse of F. Then G(P*) ~ G(F(B)) ~ B in
2%(B), and therefore P* is a radical tilting complex associated to G.

Since add(v4 P) = add(4P), the module 4P is projective-injective. Thus,
AP €add(4T) and P; € add(47) for all 0 <i<n—1. We denote by T the
complex

[

0— P 1@P' 5 Pyg—se— Py 2T — 0
with T in degree 0. Then Hom® (7T, T*) is a complex in .#"(B-proj), and

F(Hom®(T,T*)) = 4T ®% Hom® (T, T*)[—n] ~ 4T ®% Hom® (T, T*)[-n]
~T*—n|~P,®P

in Z°(A). Since P* is a tilting complex over A, we have 4A € add(P, @
P). Thus, there is a radical complex P® in .#(B-proj) such that P*® ¢
add(Hom®%(T,T*)) and F(P*®)~ A in 2"(A). By definition, P* is a tilting
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complex associated to F'. (For the unexplained notations appearing in this
proof, we refer the reader to Section 5 below.)

We claim that G is almost v-stable. In fact, @; " | P’ is in add(Hom (7,
P)), and @}, P' = @) P, = P. Let oE (vesp., gE) be the maximal
v-stable A-module (resp., B-module). Then 4P € add(4£). Note that we
have the following isomorphisms of B-modules:

vgHomy (T, P) = DHomp (HomA(T, P),Homy (T, T))
~ DHomy(P,T)~D(P*®4T)~Homy(T,vsP).
Since add(4P) = add(v4P), we have
add(vg Homa (T, P)) = add (Hom (T, P)),

that is, Homa (T, P) € add(gE). It follows that @, ; P'isin add(gE). By
Proposition 3.8, the functor G is almost v-stable. 0

REMARK. Let A be a self-injective Artin algebra, and let X be an A-mod-
ule. By [6, Corollary 3.7], there is a derived equivalence between End s (A &
X) and Ends(A @& Q4(X)), which is induced by the almost add(A)-split
sequence 0 — Q4(X) — Px — X — 0, where Px is a projective cover of
X. By Proposition 3.11, it is easy to check that this derived equivalence is
almost v-stable. Thus, the algebras Enda(A @ X) and End4(A ® Qa(X))
are stably equivalent by Theorem 3.7.

84. Comparison of homological dimensions

In this section, we shall deduce some basic homological properties of
the functor F and compare homological dimensions of A with that of B.
Throughout this article, we keep the notation introduced in the previous
sections.

Recall that the finitistic dimension of an Artin algebra A, denoted by
fin.dim(A), is defined to be the supremum of the projective dimensions of
finitely generated A-modules of finite projective dimension. The finitistic
dimension conjecture states that fin.dim(A) should be finite for any Artin
algebra A. Concerning the new advances on this conjecture, we refer the
reader to [21] and the references therein.

For an A-module X, we denote by pd(4X) the projective dimension of
X, and by gl.dim(A) the global dimension of A, which is by definition the
supremum of the projective dimensions of all finitely generated A-modules.
Clearly, if gl.dim(A) < oo, then fin.dim(A4) = gl.dim(A).
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PROPOSITION 4.1. Let F be the stable functor of F defined in Proposi-
tion 3.4. Then,

(1) for each exact sequence 0 — X Ly 24z —0in A-mod, there
is an exact sequence

b
0 —— F(x) 2L po Ry Ll F(Z) —— 0
in B-mod, where P € add(5Q), F(f)=f', and F(g9)=¢';

(2) for each A-module X , we have a B-module isomorphism: F(Q4(X)) ~
Qp(F(X))® P, where P is a projective B-module and € is the syzygy oper-
ator;

(3) for each A-module X, we have

pd(pF(X)) < pd(aX) <pd(xF (X)) +n;
(4) if F is an equivalence, then A and B have the same finitistic and
global dimensions.

Proof. For each A-module X, we may assume that F'(X) is the complex
QB( defined in Lemma 3.1.
f

(1) From the exact sequence 0 — X ——Y -+ Z — 0 in A-mod, we

have a distinguished triangle in 2P (A):

X f

y 4 7z < X[1].
Applying the functor F', we get a distinguished triangle

Ao P me Fl@)  =e Fl) A4

Qx —— @y —— Qy —— Okl
in 2°(B). Moreover, by Lemma 2.2, the morphisms F(f) and F(g) are
induced by chain maps p® and ¢°, respectively. So, we may assume that
F(f)=p® and F(g) = ¢°®. Let con(q®) be the mapping cone of the chain
map ¢°*. Then we have a commutative diagram in 2°(B),

Qyl-1 — Q% P QY —— QY
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for some isomorphism s, where 7* = (7?), with 7% : Q% @ Q;l — Q% the
canonical projection for each integer i. By Lemma 2.2, the morphism s is
induced by a chain map s®. By definition, con(s®) is the complex

[-a.5]

—d u w
30 A1 30 0 —d¢°
0 —— QX — QX S Qy
Q% 0,
where s! = [u,v] : Q% — Q) ® Q% and the modules Q%, Q% , and Q%, are
projective for 4 > 0. Since s is an isomorphism in 2°(B), the mapping cone

con(s®) of s* is an acyclic complex. Note that the map —d: Q) — Q3
is a radical map. Thus, dropping the split direct summands of the acyclic

Q% ®Qy QY

complex con(s®), we get an exact sequence

[a,s°]

) 0 — Q% 2 peqy LOT

QY 0

in B-mod, where P is a direct summand of Qﬁ( and a and b are some homo-
morphisms of B-modules. It follows from p* — s*7®* =0 that the morphism
p® — s*m® is null-homotopic by Lemma 2.2. Therefore, p® — s° factorizes
through Qk, and BO = 5", By setting f/ = s” and ¢’ = ¢°, we rewrite (x) as

with P € add(gQ), F(f)=f', and F(g) = g'. This proves (1).

(2) Let X be an A-module. We have an exact sequence 0 — €24 (X) —
Px — X — 0 in A-mod with Px projective. By (1), we get an exact
sequence 0 — F(Q4(X)) — P @& F(Px) — F(X) — 0 in B-mod for
some projective B-module P. By the definition of F, the B-module F(Px)
is projective. Thus, (2) follows.

(3) The inequality pd(gF (X)) < pd(4X) follows from (2). In fact, we
may assume that pd(4X)=m < oo. Then Q}(X) is projective. Therefore,
QT (F(X)) is projective by (2), and pd(5F (X)) < m.

For the second inequality in (3), we may assume that pd(pF (X)) =m <
co. Let Y be an A-module. We claim that

n [aqu

0 —— F(X) —— P F(®) F(Z) —— 0

Ext’y (X,Y) = Homgn 4)(X, Y[i]) = Homgn ) (F(X), F(Y)[i]) = 0

for all ¢ > m + n. Indeed, by Lemma 3.1, the complex F(X) is isomorphic
in 2°(B) to a complex QB( with QS( being projective for all ¢ > 0. Since
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pd(5Q%) = pd(pF(X)) =m, we see that Q% is isomorphic in 2"(B) to a
complex P* in #P(B-proj) with P¥ =0 for all k < —m. Note that F(Y) is
isomorphic to the complex QY with QY =0 for all k£ > n. Clearly, we have

Homgpy ) (F(X),F(Y)M) ~ Homgp (p (P*,Q%[4])
= Hom ) (P*, QY [i]) = 0

for all ¢ > m + n. Then the second inequality follows.

(4) This is a consequence of (2). In fact, suppose that F' is an equivalence.
Then, for an A-module X and a positive integer m, the A-module '} (X)
is projective if and only if F(Q7(X)) is projective. By (2), F(Q7(X)) is
projective if and only if Q7 (F (X)) is projective. It follows that pd(4X) <m
if and only if pd(pF (X)) < m, and consequently, pd(4X) = pd(pF (X)) for
arbitrary A-module X. Thus, (4) follows. 0

REMARK. Proposition 4.1(3) can be regarded as an alternative proof of
the result in [12] that if two Artin algebras A and B are derived-equivalent,
then fin.dim(A) < oo if and only if fin.dim(B) < oco.

In Proposition 3.5, we have constructed a functor G : B-mod — A-mod
under the condition add(4Q) = add(v4Q). This functor G has many prop-
erties similar to those of F.

PROPOSITION 4.2. Suppose that add(4Q) = add(raQ). Let
G : B-mod — A-mod

be the functor defined in Proposition 3.5. Then,

(1) for each exact sequence 0 — U Ty Sw ——0in B-mod, there
is an exact sequence

[a,f']
—_—

0 —— G(U) PaG(V) —— GW) —— 0

in A-mod, where P € add(4Q), G(f) =
(2) for each B-module Y, we have G(Qp(Y
for a projective A-module P;
(3) for each B-module Y, we have pd(4G(Y)) < pd(gY);

(4) if I is an injective B-module, then G(I) is an injective A-module,
and moreover, G(D(B)) ~ Q.
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Proof. Statements (1), (2), and (3) are dual statements of Proposition 4.1,
and their proofs will be omitted here. We prove only (4). Let I be an injective
B-module. Then I =vgP for a projective B-module P. Since G(B) ~ Q°,
we know that G(P) is isomorphic in #P(A-proj) to a radical complex Q% €
add(Q®). Thus, the complex @} defined in Lemma 3.2 is isomorphic to
G(I) ~vaG(P) ~v4Q% by Lemma 2.3. Moreover, all the terms of 4@} in
negative degrees are in add(v4Q). Thus, by Lemma 3.2, the complexes Q9
and v4Q} are isomorphic in €(A), and consequently, G(I) = Q% ~v4Q" is
injective. In particular, if we take P = pB and Q] = Q°, then G( (B)) =
G(vgB) ~v4Q°. U

Let A be an Artin algebra, and let X be an A-module. Suppose that
0— X — Iy — I — --- is a minimal injective resolution of X with
all I; injective. The dominant dimension of X, denoted by dom.dim(X), is
defined to be

dom.dim (X)) := sup{m | I; is projective for all 0 <i<m —1}.

The dominant dimension of the algebra A, denoted by dom.dim(A), is
defined to be the dominant dimension of the module 4A. Concerning the
dominant dimension of an Artin algebra, the Nakayama conjecture states
that an Artin algebra with infinite dominant dimension should be self-
injective. It is well known that the finitistic dimension conjecture implies
the Nakayama conjecture.

Usually, a derived equivalence does not preserve the global, finitistic, and
dominant dimensions of an algebra. However, under the condition add(4Q) =
add(v4Q), we have the following inequalities about these homological dimen-
sions.

COROLLARY 4.3. Let F: 9*(A) — P®(B) be a derived equivalence be-
tween Artin algebras A and B. If add(4Q) = add(vaQ), then

(1) fin.dim(A) < fin.dim(B),

(2) gl.dim(A) < gl.dim(B),

(3) dom.dim(A) > dom.dim(B).

Proof.

(1) and (2) For each A-module X, we have pd(4X) = pd(4GF(X))
Proposition 3.6. According to Proposition 4.2(3), we have pd(AGF'(X))
pd(BF(X)). By Proposition 4.1(3), we have another inequality pd(p F (X))
pd(4X). Thus, pd(aX) = pd(pF(X)). This implies that gl.dim(A)

IA A |/\3
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gl.dim(B). Moreover, if pd(4X) < co, we have pd(4X) = pd(pF(X)) <
fin.dim(B). Hence, fin.dim(A) < fin.dim(B). This proves (1) and (2).

(3) Suppose that dom.dim(B) =m. Let 0 — gB — [j — I} — - -~
be a minimal injective resolution of gB. Then, by definition, the injective
B-modules Iy, ..., I,,—1 are all projective. By Proposition 4.2(1), we get an
exact sequence

0—4Q" — Py® G(Ip) — PL & G(I1) — -
with P; € add(4@Q). From this sequence we get another exact sequence
0—4Q°®4Q — PR &Glo) ®aQ — P aG(l) — -

Since add(4Q) = add(v4Q) and G(I;) is injective for all i by Proposition 4.2,
the A-module P; @ G(I;) is injective for all 4. Thus, the above exact sequence
actually gives an injective resolution of 4Q°® 4Q. Set I, := Po® G (Ip) ® A4Q,
and set I := P; & G(I;) for i > 0. Since I; is projective for all i <m — 1,
we see that G(I;) is projective for all 0 <i <m — 1, and consequently,
I! is projective for all 0 <i < m — 1. Hence, dom.dim(4Q @& 4Q°) > m.
Moreover, since Q° is a tilting complex, we have 4A € add(@i Qi); that is,
4A € add(4Q ® 4Q). Hence, dom.dim(A) > m = dom.dim(B). []

85. Stable equivalences of Morita type induced by derived equiv-
alences

In this section, we shall prove that an almost v-stable derived equivalence
F between two finite-dimensional algebras actually induces a stable equiv-
alence of Morita type. Our result in this section generalizes a well-known
result of Rickard [15, Corollary 5.5], which states that, for finite-dimensional
self-injective algebras, a derived equivalence induces a stable equivalence of
Morita type.

Throughout this section, we keep the notations introduced in Section 3
and consider exclusively finite-dimensional algebras over a field k.

Let A be an algebra. By ¢+ (A) (resp., €~ (A)) we denote the full sub-
category of €' (A) consisting of all complexes bounded below (resp., bounded
above). Analogously, one has the corresponding homotopy categories
AT (A) and #~(A) as well as the corresponding derived categories 21 (A)
and 27 (A). Recall that the category 2~ (A) is equivalent to the category
# ~(A-proj) and that the category 21 (A) is equivalent to the category
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H T (A-inj) (see, e.g., [18, Theorem 10.4.8, page 388]). Thus, for each com-
plex U® in 2 (A) (resp., 27 (A)), we can find a complex P € %~ (A-proj)
(resp., Ity € T (A-inj)) that is isomorphic to U® in Z(A).

Now, let X'® be a complex in 27 (A°P), and let Y'* be a complex in 7~ (A).
By X*®} Y* we mean the total complex of the double complex with (4, j)-
term X'®, Y7, and by X*® ®k Y* we mean the complex X*®% Py-. Up to iso-
morphism of complexes in Z(k), we know that X®®% Y® does not depend on
the choice of Py. It is known that X*®®Y — is a functor from 2~ (A) to 2~ (k)
and is called the left derived functor of X*®% —: &~ (A) — &~ (k). Note
that if we choose Py € 27 (A°P) such that Py ~ X*® in Z(A°P), then there
is a natural isomorphism between X°®®% Py and Py @} Y* in Z(k) (see [18,
Exercise 10.6.1, page 395]). Thus, X* ®k Y'*® can be calculated by Py ®% Y*.

Let X7 be a complex in 27 (A°P), and let X3 be a complex in 21 (A).
By Hom{ (X7, X5) we denote the total complex of the double complex
with (4, )-term Homy (X *, XJ). Choose I%, € A (A-inj) with I§, ~ X3
in Z(A). We define RHomy (X7, X3) = Homj (X7, I%,). It is known that
RHomy (X, —): 27 (A) — 27 (k) is a functor. This functor is called the
right derived functor of Hom}(X?,—): # T (A) — # T (k). Note that if
we choose Py, € %~ (A-proj) with P§ ~ X7 in Z(A), then the complexes
Homj (P%,, X3) and Hom} (X7, I%,) are naturally isomorphic in Z(k) (see
[18, Exercise 10.7.1, page 400]). Thus, RHomy (X7, X3) can be calculated
by Homj (P% , X3).

Suppose that A; and Ay are two algebras. Let T} be a tilting complex
over A; with I'; = Endgp (s, (T}") for i =1,2. By a result of Rickard [15,
Theorem 3.1], TP ®; Ty is a tilting complex over A; ®; Ay, and the endo-
morphism algebra of 17 ®3, T3 is canonically isomorphic to I'y ®j I's. Thus,
the tensor products A1 ®p As and I'1 ® 'y are derived-equivalent.

Recall that Q° is a tilting complex over A with the endomorphism algebra
B. By [14, Proposition 9.1], Hom$%(Q*, A) is a tilting complex over A°P
with the endomorphism algebra B°P. Also, Q°® is a tilting complex over B
with the endomorphism algebra A, and therefore Hom%(Q*®, B) is a tilting
complex over B°P with the endomorphism algebra A. Thus, by taking tensor
products, we get four derived-equivalent algebras A ®j AP, A®y B°P, B ®y
B°P  and B ®j, A°P. Table 1, taken from [15], describes the corresponding
objects in various equivalent derived categories.

Using Table 1, one can easily find the corresponding objects in the above
four equivalent derived categories. For instance, we consider the derived
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Table 1
PP (A @y A°P) (A @k B°P) 2" (B ®, B°") 2" (B @, A°P)
Q* ®r Aa Q* ®; Homy(Q*, B) | 5B ®} Homy(Q*, B) BB @k Aa
Q* ®; Hom* (Q*, A) Q* ®! Bs BB @k Bp 5B ®; Hom% (Q°, A)
A4 A ®; Hom% (Q®, A) AA®, Bp _ Q'®LBp Q* ®; Hom% (Q°, A)
AA®r Aa 4A®; Homy(Q*, B) | Q° ®; Homp(Q*, B) Q° ®r Aa
AA4 o° BBB A°®

equivalence F : 2P(A®;, AP) — PP(B®), A°P) induced by the tilting com-
plex Q°® ®; A4. Table 1 shows that F sends Q°* ®; Ax to pB R Aa, Q° @5
Hom?* (Q*, A) to pB ®% Hom%(Q*, A), 44 ®; Hom%(Q*, A) to Q°* @} Ay,
and 4 A4 to A®. The following lemma collects some properties of these com-
plexes (see [15]).

LEMMA 5.1. Let A® and ©° be the complexes defined in Table 1. We have
the following.

(1) A*®%0°~pBg in 2°(B ®, B).

(2) ©° % A®~ 4 A, in PP(A @y A%P).

(3) The functor A®* @% —: PP(A) — PP(B) is a derived equivalence
with A®* @% X* ~ F(X*®) for all X* € 2°(A).

(4) The functor ©°® @% —: P*(B) — 2P(A) is a derived equivalence
with ©° % U® ~ G(U*®) for all U®* € 9°(B).

(5) ©® ~RHomp(A®, B) in 9°(A®), B°P).

(6) A® is isomorphic to Q® when considered as an object in 2°(B) and
to HomA(Q®, A) when considered as an object in P°(A°P).

(7) ©° is isomorphic to Q® when considered as an object in Z°(A) and
to Homp(Q*, B) when considered as an object in 9P (B°P).

Proof. Statements (1)—(5) follow from [15, Theorem 3.3, Proposition 4.1]
and the remarks after [15, Definition 4.2]. Statements (6) and (7) are taken
from [15, Proposition 3.1]. U

Note that it is an open question in [15] whether the two functors F' and
A* ®IA — are naturally isomorphic, although they have isomorphic images
on each object by Lemma 5.1(3).

Recall that a complex T in ZP(A ®;, B°P) is called a two-sided tilting
complex over A ®y, B if there is a complex T* in 2°(B ®j, A°P) such that
T* @5 T* ~ 4A4 in PP(A®y A°P) and T* @Y% T* ~ g Bg in 2°(B ®y, B°P).
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In this case, the complex T is called an inverse of T°. From Lemma 5.1,
we see that A® and ©° defined in Table 1 are mutually inverse two-sided
tilting complexes over A ® B°P and B ®; A°P, respectively.

The following lemma, which is crucial in our later proofs, describes some
properties of the terms of the two-sided tilting complex A® in Table 1.

LEMMA 5.2. The two-sided tilting complex A® is isomorphic in 2P (B @y
A°P) to a radical complex

0— A" Al —— ... A" 0

with A" € add(pQ ®x Q%) for all i > 0.

Proof. Thanks to Table 1, there is a derived equivalence F: PP(A @y
A°P) — PP(B ®j, A°P). Moreover, the complexes Q® @5 A4 and Q°® ®% A
are the associated tilting complexes to F and its quasi-inverse, respectively.
Note that the two complexes are radical and have the shape as assumed in
Section 3. By Table 1, the two-sided tilting complex A® over B ®; A°P is
isomorphic in 2°(B ®;, A°P) to ﬁ(AAA), and therefore, by Lemma 3.1, the
complex A*® is isomorphic in 2”(B ®;, A°P) to a radical complex R*:

0—R’—R'— ... —R"—0,

with R* € add(pQ ® A4) for all i > 0.

Similarly, by Table 1, there is a derived equivalence F: 9*(B®y, BP) —
PP (B ®, A°P) induced by the tilting complex B ®} Hom%(Q*, B) over
B ®y, B°?. From Table 1, we know that the complex pB ®; Hom%(Q*®, A) is
a tilting complex associated to the quasi-inverse of F. Moreover, it follows
from Table 1 that F(gBg) ~ A® in 2(B ®, A°?). By Lemma 3.1, F(5B3p)
is isomorphic in Z°(B ® A°P) to a radical complex S*:

0—8"—8l —...— 5" 0,

with S° € add(pB®y, Q%) for all i > 0. Thus, both R® and S® are isomorphic
to A® in 2°(B @ A°). By Lemma 2.2, the complexes R® and S* are
isomorphic in the homotopy category .# (B ®; A°P). Since R® and S°®
are radical complexes, they are isomorphic in €°(B ®j A°P). In particular,
R ~ S as B-A-bimodules for all i. Thus, for each i > 0, the bimodule
R’ lies in both add(pB ®) Q%) and add(gQ ®k Aa). As a result, we have
R € add(pQ ® Q%) for all i > 0. [
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Using Lemma 5.2, we now prove the following main result in this section.

THEOREM 5.3. Let A and B be two finite-dimensional algebras over a
field k, and let F : 9P(A) — 2" (B) be a derived equivalence. If F is almost
v-stable, then there is a stable equivalence ¢ : A-mod — B-mod of Morita
type such that ¢(X) ~ F(X) for any A-module X, where F is defined in

Proposition 3.4.

Proof. First, we show that A may be assumed to be indecomposable.
In fact, if A= Ay x Ay is a direct product of two algebras A;, then the
complex * associated to F' has a decomposition Q* = Q@ Q3 such that
Q? € #P(A;-proj) and Q% € #P(Az-proj). Correspondingly, the algebra
B, which is isomorphic to the endomorphism algebra of ()°, is a product of
two algebras, say, B = By X By, such that B; ~ End@b(Ai)(Q;) for 1 =1,2.
Thus, the derived equivalence F : ZP(A) — 2P(B) induces two derived
equivalences F; : ZP(A;) — 2°(B;) for i =1,2. Moreover, for each i, the
complex @7 is a tilting complex associated to Fj, and the tilting complex
associated to the quasi-inverse of F; is isomorphic to F;(A4;) ~ F(A;), which
is a direct summand of Q°®. Thus, if F is almost v-stable, then F; is almost
v-stable for ¢ = 1,2. Furthermore, if A; and B; are stably equivalent of
Morita type for i = 1,2, then A; x Ay and By X By are stably equivalent of
Morita type. Thus, we may assume that A is indecomposable.

Since derived equivalence preserves the semisimplicity of algebras, we
know that A is semisimple if and only if B is semisimple. Hence, we can
further assume that A is nonsemisimple. Now, let A be nonsemisimple and
indecomposable. Then B is also nonsemisimple and indecomposable.

Let A® be the complex in Table 1. By Lemma 5.2, the complex A® is
isomorphic in 2°(B ®;, A°P) to a radical complex

0—AY SAl—— ... S A",

with A? in add(5Q ®; Q%) for all i > 0. For simplicity, we assume that A® is
the above complex. By Lemma 5.1(6), the complex Q°® is isomorphic to A®
in 2°(B). Thus, there is a chain map o : Q* — A® such that the mapping
cone con(a) is acyclic. Since the terms of con(a) in positive degrees are
all projective, the acyclic complex con(a) splits. This means that gA° is a
projective B-module. Thus, all terms of A® are projective as left B-modules.
Similarly, by the fact that A® is isomorphic to Hom4(Q*, A) in 2°(A°P), we
infer that AY is a projective right A-module and that all the terms of A® are
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projective as right A-modules. Consequently, the complex RHompg(A®, B)
is isomorphic in 2°(A ®j B°P) to the complex Hom%(A®, B):

0 —— Hompg(A",B) Hompg(Al, B)

—— Homp(A°, B) —— 0.

Since A’ € add(pQ ®; Q%) for all positive i, we find that the A-B-bimodule
Homp(AY, B) is in add(Homp(pQ ®) Q%,B)) for each positive integer i.
Recall that there is a natural isomorphism

Homp(pQ ® Q%, B) ~vaQ ®; Q"

Since add(4Q) = add(v4Q), the term Hompg(A?, B) is in add(Q ® Q*) for all
i >0. As to Homp(gAY, B), we can use Lemma 5.1(7) and similarly prove
that Homp (gAY, B) is projective as a one-sided module on both sides.

Next, we show that A° and Homp(A®, B) define a stable equivalence
of Morita type between A and B. Indeed, by Lemma 5.1(5), the two-
sided tilting complex ©° defined in Table 1 is isomorphic in 2"(A ®;
B°P) to RHomp(A®,B), and the latter is isomorphic in 2"(A ®; BP)
to Hom$% (A®, B). For simplicity, we assume that ©°® equals Hom%(A®, B).
Since all the terms of A® are projective as right A-modules, the complex
A* ®@% ©° is isomorphic in Z°(B ®j, B°P) to the complex A® ®% ©°. The
mth term of A®* ®% ©° is

P A'wi0)= P (A'®sHomp(A™,B)).

i+j=m i+j=m

Let 4E be the maximal v-stable A-module, and let gE be the maxi-
mal v-stable B-module (see Section 3). Since add(4Q) = add(ra@Q) and
add(pQ) = add(rpQ), we have 4Q € add(4F) and pQ € add(pF). By Lem-
mata 5.1(3) and 3.9, the complex A®* ®% F is isomorphic in #°(B) to a
complex in #P(add(gE)). Since A’ € add(pQ ®; Q4) for i > 0, the ith
term A*®@4 FE of A® ®% E is in add(pQ) C add(gE) for all i > 0. It follows
that A’ ®4 E is in add(gFE), and therefore

E*©,0°=E*®,Homp(A%, B) ~Homp(A’ ® 4 E, B) € add(E*).

Note that, for each i > 0, we have A’ € add(Q ®;, Q*) C add(E ®; E*) and
O~ = Hompg (A, B) € add(Q ®; Q*) C add(E ®; E*). Thus, it is not hard
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to see that A’ ®4 ©7 is in add(E ® E*) for all i and j with i + j # 0. This
means that all terms in nonzero degrees of A® ®% ©° are in add(E ®; E*).
For the term in degree 0 of A® ®% ©°, except AY ®4 09 all of its other
direct summands are in add(F ®j E* ®4 FE ®j E*), which is contained in
add(E ®y, E*). Note that all the bimodules in add(pE @y E}) are projective-
injective.

Now, we have A®*®% 0©° ~ pBp in 2°(B®), B°P) by Lemma 5.1(1). Thus,
the complex A® ®% ©° has zero homology and projective-injective terms in
all nonzero degrees, and therefore it splits and is isomorphic to gpBp in
the homotopy category #P(B ®) B°P). Since B is indecomposable and
nonsemisimple, the bimodule pBp is indecomposable and nonprojective,
and therefore it is a direct summand of A°® 4 ©0°. It follows that A°® 400 ~
BBp & U for a projective-injective B-B-bimodule U. Similarly, we have
O ®p A~ 4 A4 @V for a projective-injective A-A-bimodule V. Hence, A
and B are stably equivalent of Morita type.

Let ¢ : A-mod — B-mod be the stable equivalence induced by A’ ® 4 —.
It follows from Lemmata 5.1(3) and 3.1 that ¢(X) ~ F(X) in B-mod for all
A-modules X. []

Let A be an algebra. An A-module M is called a generator-cogenerator for
A-mod if A® D(A) € add(M). The representation dimension of A, denoted
by rep.dim(A), is defined to be

rep.dim(A)
= inf{gl.dim(EndA(M)) ‘ M is a generator-cogenerator for A—mod}.

This notion was introduced by Auslander [1] to measure homologically how
far an algebra is from being representation-finite and has been studied by
many authors in recent years (see [17] and the references therein).

The following result is a consequence of Theorem 5.3 since stable equiv-
alences of Morita type preserve representation dimensions (see [19]).

COROLLARY 5.4. If F' is an almost v-stable derived functor between A and
B, then A and B have the same representation and dominant dimensions.

As another consequence of Theorem 5.3, we reobtain the following result
of Rickard [13] since every derived equivalence between self-injective alge-
bras is, up to shift, almost v-stable by Proposition 3.8.
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COROLLARY 5.5. Let A and B be finite-dimensional self-injective alge-
bras. If A and B are derived-equivalent, then they are stably equivalent of
Morita type.

REMARK. (1) Let A be a finite-dimensional self-injective algebra, and
let X be an A-module. By the remark at the end of Section 3, there is
a derived equivalence between the algebras End(A & X) and Enda(A &
Q(X)) satisfying the almost v-stable condition. Thus, we have an alternative
proof of the result of Liu and Xi [9, Corollary 1.2] by applying Theorem 5.3.

(2) Theorem 5.3 may be false if only one of the two equalities of the
almost v-stable condition is satisfied. For a counterexample, we refer the
reader to Example 7.2 in Section 7.

86. Inductive constructions of almost v-stable derived equiva-
lences

In this section, we shall give several inductive constructions of almost
v-stable derived equivalences. As a consequence, one can produce a lot of
(usually not self-injective) finite-dimensional algebras that are both derived-
equivalent and stably equivalent of Morita type.

In this section, we keep the notations introduced in Section 3. Our first
inductive construction is the following proposition.

PROPOSITION 6.1. Suppose that F is an almost v-stable derived equiva-
lence between finite-dimensional algebras A and B over a field k. Let F be
the stable functor of F' defined in Proposition 3.4, and let X be an A-module.
Then there is an almost v-stable derived equivalence between the endomor-

phism algebras End s (A @® X) and Endg(B ® F(X)).

Proof. We keep the notations in the proof of Theorem 5.3. By the last part
of the proof of Theorem 5.3, the two-sided tilting complexes A® and ©°® have
the properties A®* ®% ©® ~ gpBp in HP(B ®;, B°?) and ©° RF A® ~ 4 Al
in #P(A®j A°P). It follows that the functor (A® ®@% ©°) ®@% — is naturally
isomorphic to the identity functor 1,y and that (©° ®% A®) ®% — is
naturally isomorphic to the identity functor 1 b (4). Thus, A®* ®% — and
©°* ®% — induce mutually inverse equivalences between #P(A) and #P(B).
Now we prove that the restrictions of these two functors to # ™ (add(A® X))
and to ¢ " (add(B@® F(X))) are also mutually inverse equivalences for each
A-module X.
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In fact, the complex A® ®% X is of the form
0 —= A@u X — Al@gy X —  —= A"©oa X — 0.

Since A? is a projective bimodule for all i > 0, the term A’ ®4 X is a
projective B-module for all ¢ > 0. Moreover, by Theorem 5.3, we have
A’ ®4 X ~ F(X) in B-mod, and therefore A°®4 X is a direct summand
of F(X) & P for some projective B-module P. Hence, the complex A® ®%
X is in #P(add(B & F(X))). Note that, for each projective A-module
Py, the complex A® ®% P is in add(Q®). Thus, for each complex X*® in
AP (add(A& X)), the complex A®®% X*® is in ¢ " (add(B & F(X))). Simi-
larly, the functor ©°® ®%, — takes complexes in .# " (add(B® F(X))) to com-
plexes in #P(add(A @ X)). Thus, A®* ®% — and ©® ®% — induce mutually
inverse equivalences between the triangulated categories #P(add(A @ X))
and 2" (add(B & F(X))).

Let A=Ends(A® X), and let T' = Endg(B ® F(X)). Then #(A-proj)
and #P(T-proj) are canonically equivalent to #P(add(A @ X)) and
P (add(B @ F(X))), respectively. By [14, Theorem 6.4], there is a derived
equivalence F between A and T. Moreover, the tilting complexes asso-
ciated to F and its quasi-inverse are Hom%(A & X,Q° @ ©° ®% F(X))
and Hom%(B & F(X),Q® ® A®* ®% X), respectively. By the proof of The-
orem 5.3, the ith term ©% of ©° is in add(Q ®; Q*) for all i < 0. Hence,
O'®@p F(X) is in add(Q) for all i < 0, and all the terms in negative degrees
of Hom®% (A® X,Q°* ®0°* ®% F(X)) are in add(Homa(A® X,Q)). Similarly,
all the terms in positive degrees of Hom% (B @ F'(X),Q® @ A®* ®% X) are in
add(Homp(B @ F(X),Q)). Note that we have the following isomorphisms:

va(Homa(A® X,Q)) = DHomp (Homu (A® X,Q),Homa(A® X,A® X))
~ DHomx(Q,A® X)
~ D(Homyu (Q,4) ®4 (A® X))
~ Homy (A ® X, DHom(Q, A))
=Homu(A® X,v4Q).

Since add(4Q) = add(raQ), we have

add(Homu (A ® X,Q)) = add(va(Homa(A @ X,Q))).
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Similarly, we have add(Homp(B ® F(X),Q)) = add(vr(Homp(B & F(X),
Q))) This shows that the derived equivalence between A and I' induced by
the tilting complex Hom% (A& X, Q® @ ©° ®% F(X)) is almost v-stable. []

Our next construction uses tensor products.

PROPOSITION 6.2. Let k be a field. Suppose that F' is an almost v-stable
derived equivalence between finite-dimensional k-algebras A and B. Then,
for each finite-dimensional self-injective k-algebra C, there is an almost v-
stable derived equivalence between the tensor products A Qi C°P and B ®
C°p.,

Proof. By [15, Theorem 2.1], F' induces a derived equivalence F between
A®;, C° and B®; C°P. Let Q® and Q°® be the associated tilting complexes
of F" and its quasi-inverse, respectively. From Table 1 we know that Q* ®} Cc
and Q° ®}y Cc are the associated tilting complexes of F and its quasi-inverse,
respectively. Now we have the following isomorphisms:

Vag,cor(AQ ®p Cc) = DHom g, cor (4Q @1 Co, AA Ry Co)
~ D(Hom4(4Q, aA) @ Homeor (Ce, Cc))
~ DHomy(4Q, 4A4) @, DHomeor (Ce, Ce)
~ 14Q @5 veer Co

~vaQ ® Co (because C' is self-injective).
Since F' is almost v-stable, we have add(Q) = add(v4Q), and therefore
add(l/A@)kCop (4Q Rk Cc)) =add(4Q ®% Cc).

Similarly, we have add(vpg, cor (5Q @k Cc)) = add(5Q ® Cc). Hence, Fis
almost v-stable, and the proof is complete. 1l

Let A be a finite-dimensional algebra over a field &k, and let X be an
A-module. The one-point extension of A by X, denoted by A[X], is the tri-
angular matrix algebra [ £ §]. The canonical projection A[X] — A shows
that A is a quotient algebra of A[X] and that A-mod can be viewed as a
full subcategory of A[X]-mod. Let X denote the A[X]-module [ £]. Then,
for each A-module M, we have HomA[X](M,)?) ~ Homy (M, X).

Our third construction of an almost v-stable derived equivalence is given
by one-point extensions.
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PROPOSITION 6.3. Let k be a field. Suppose that F' is an almost v-stable
derived equivalence between finite-dimensional k-algebras A and B. If X 1is
an A-module such that F(X) is isomorphic in 2°(B) to a B-module Y,
then there is an almost v-stable derived equivalence between the one-point
extensions A[X] and B[Y].

Proof. Let G be a quasi-inverse of F. Recall that Q® and Q°® denote
the radical tilting complexes associated to I’ and G, respectively. Then Q°®
can be viewed as a complex in #P(A[X]-proj). By a result of Barot and
Lenzing [2], the complex Q°® @ X is a tilting complex over A[X] such that
its endomorphism algebra is isomorphic to B[Y], where X is regarded as
a complex concentrated only on degree 0. Moreover, Q°® ® Y is a tilting
complex associated to the quasi-inverse of the derived equivalence induced
by Q°* @ X. Recall that Q is the direct sum of all the terms of QQ® in negative
degrees. Then add(r4Q) = add(4Q) by assumption. Since the direct sum of
all terms in negative degrees of QQ°® & X equals @), we have to show that
add(vax)Q) = add(ax)Q).

Since @ is projective, there is a unique maximal submodule L of X with
respect to the property Homy(Q, L) = 0. By assumption, F/(X) is isomor-
phic in 2°(B) to the B-module Y; hence, we have Hom(Q*, X[i]) = 0 for all
i # 0. This shows that 0 = Homgpn4)(Q®, X[i]) ~ Homgn4)(Q°®, (X/L)[i])
for all integers i > 0. If X/L # 0, then Hom4(Q,soc(X/L)) # 0 by the def-
inition of L. This implies that Homgpn4)(Q®, (X/L)[i]) # 0 for some i > 0,
a contradiction. Thus, X/L =0, Hom4(Q, X) =0, and HomA[X](Q,)?) =0.
Consequently,

vax)@ = D Hom 4(x)(Q, A[X]) ~ D Homx|(Q, A & X)
= DHomA[X}(QvA) = VAQ'

Hence, add(vsx)Q) = add(4x]Q). Similarly, we have add(VB[y]Q)

add(p[y)@). This finishes the proof. 0

87. Examples and questions
In the following, we shall illustrate our results with examples.

EXAMPLE 1. Let A and B be finite-dimensional k algebras given by
quivers with relations in Figure 1 and Figure 2, respectively. Let Py4(1),
I4(3), and S4(i) denote the indecomposable projective, injective, and simple
A-modules corresponding to the vertex i, respectively. We take a nonzero
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« 2l

e ___~ e __~ o
v B 1 B 2 & 3
3 e ay=903=0
afya = Byal =~vaBy=0 afa=6v) = La—~v5=0.
Figure 1 Figure 2

homomorphism f: P4(2) — P4(1). Then there is a tilting complex of A-
modules

Q°:0 —— P4s(2)® Pa(2) ® P4(3) —— P4(1) —— 0.

The endomorphism algebra of @Q* is isomorphic to B. Let F: 2°(A) —
2°(B) be a derived equivalence with Q* as its associated tilting complex.
Clearly, F' is almost v-stable since A and B are symmetric algebras. Now
we consider the quotient algebras A = A/soc(Pa(1)) and B = B/soc(Pg(1)).
Then one can check that the complex

[£,0,07
QRY:0 —— Pz(2)® Ps(2) ® P4(3) — Ps(1) —= 0

is a tilting complex over A and that the endomorphism algebra of Q% is
isomorphic to B. In other words, Q% induces a derived equivalence Fj :
PP(A) — ZP(B). This follows also from [7, Theorem 4.3]. Moreover, the
tilting complex associated to a quasi-inverse of F} is of the following form:

Q7 :0— Pp(l) — Pp(2) ® Pg(2) ® Pg(3) — 0.

Clearly, the two complexes satisfy the conditions add(zQ1) = add(vzQ1)
and add(5Q1) = add(v5Q1). Hence, the algebras A and B are both derived-
equivalent and stably equivalent of Morita type by Theorem 5.3. We know
that F;(S(1)) is isomorphic to the simple B-module Sg(1).

The one-point extensions A[S4(1)] and B[Sz(1)] are given in Figure 3
and Figure 4, respectively.

By Proposition 6.3, there is a derived equivalence between A[S7(1)] and
B[Sp(1)], which induces a stable equivalence of Morita type.
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Figure 5 Figure 6

A calculation shows that F(I4(1)) is isomorphic to the B-module I5(1).
The algebras End ;(A® I 4(1)) and Endg(B @ I5(1)) are given by Figures 5
and 6, respectively. Thus, they are derived-equivalent and stably equivalent
of Morita type by Proposition 6.1.

The next example, taken from [13], shows that Theorem 5.3 may fail if
only one of the conditions of an almost v-stable functor is satisfied.

EXAMPLE 2. Let A be the 17-dimensional algebra given by the quiver

1 € 2
o _ i )

0
a
°
3

with relations ya 8 = v = ea3 = 0,de = a3y. As before, we denote by P4(i)
the indecomposable projective A-module corresponding to the vertex i. Let

“[

°
4
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@* be the direct sum of the following two complexes:
0— Py(l) — P4(2) — 0,
0— 0 —>PA(2)@PA(3)@PA(4)—>O,

where P4(1) is in degree —1. One can check that Q° is a tilting complex
over A. Let B=Endgn4)(Q*). Then B is a 20-dimensional algebra given
by the quiver

«
—

>

-~ — O+

We <— 0N
@

-
v

with relations afyda = 0 = dafy, where the indecomposable projective
B-modules at vertices 1, 2, 3, and 4 correspond respectively to the indecom-
posable direct summands P4 (1) — P4(2), Pa(2), Pa(3), and P4(4) of the
complex Q°. Let F': 2°(A) — 2°(B) be the derived equivalence induced
by the tilting complex Q°®. Then F'(Pa(i)) = Pg(i) for i =2,3,4. Let Q% be
the direct summand P4 (1) — P4(2) of Q°. Applying F' to the distinguished
triangle in 2°(A)

Pa(2)[-1] — Q1[=1] — Pa(1) — Pa(2),
we see that F'(P4(1)) is of the form
0 — Pp(2) — Pp(1) — 0,

where Pg(2) is in degree 0. Thus, F((A) is isomorphic in 2°(B) to a complex
Q°*, which is the direct sum of the following two complexes:

0— Pgp(2) — Pp(1) — 0,
0— Pp(2)® Pp(3)@ Pg(4) — 0 ——0.

Let G be a quasi-inverse of F. Then Q°® is a tilting complex associated
to G. Clearly, 4Q = Q™! = Pa(1) and gQ = Q' = Pg(1). It is easy to see
that F satisfies the condition add(gQ) = add(vgQ) but not the condition
add(4@Q) = add(r4Q). Note that B is a Nakayama algebra and has 16 non-
projective indecomposable modules, while A has more than 16 nonprojective
indecomposable modules. Thus, A and B cannot be stably equivalent.

This example also shows that Corollary 3.10 may be false for derived
equivalences in general. In fact, we have gF = Pg(1) and 4F =0 in this
example.
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Finally, we mention the following questions suggested by the results in
this paper.

(1) What new conditions for a derived equivalence induce a stable equiv-
alence of Morita type?

(2) Suppose that R is an arbitrary commutative Artin ring. Does Theo-
rem 5.3 hold true for Artin R-algebras A and B such that A and B both
are projective over R?

Note that if A and B both are projective over R, then a two-sided tilting
complex over A ®pr B exists. However, we do not know whether X Qr Y
is an injective A ® g B-module if X and Y are injective over A and B,
respectively.

(3) Let F': 2°(A) — 2*(B) be a derived equivalence between Artin
algebras A and B, and let QQ°® be the tilting complex associated to F'. If
add(4Q) = add(raQ), is it true that rep.dim(A) < rep.dim(B)?
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