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Abstract

Let ϕ0 and ϕ1 be regular functions on the boundary ∂D of the unit disk D in R2, such that
∫ 2π

0
ϕ1 dθ = 0

and
∫ 2π

0
sin θ(ϕ1 − ϕ0) dθ = 0. It is proved that there exist a linear second-order uniformly elliptic operator

L in divergence form with bounded measurable coefficients and a function u in W1,p(D), 1 < p < 2, such
that Lu = 0 in D and with u|∂D = ϕ0 and the conormal derivative ∂u/∂N |∂D = ϕ1.
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1. Introduction

Let D be the unit open disk in R2, n the outer normal to ∂D and L a linear second-order
uniformly elliptic operator, with bounded measurable coefficients in D, of the form

L := a11∂11 + 2a12∂12 + a22∂22. (1.1)

In [1], Manselli and the second author proved that, given two arbitrary functions
f (0), f (1) on ∂D (with some appropriate regularity assumption, such as d f (0)/dθ and
f (1) Hölder continuous with exponent η > 1

2 ), there exist an operator L of the form
(1.1) and a function u ∈W2,p(D), 1 < p < 2, satisfying

Lu = 0 in D,

u|∂D = f (0),

∂u
∂n

∣∣∣∣∣
∂D

= f (1).

Such a pair (u, L) was called an elliptic extension of f (0), f (1) in D.
Here we consider the following similar question for elliptic operators in divergence

form. Given two functions ϕ0 and ϕ1 on ∂D, do there exist a function u and a linear
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second-order uniformly elliptic operator L in divergence form, such that
Lu = ∂i(ai j∂ ju) = 0 a.e. in D,

u|∂D = ϕ0,

∂u
∂N

∣∣∣∣∣
∂D

= ϕ1,

(1.2)

where ∂u/∂N|∂Ω = ai jux j ni is the conormal derivative of u?
Wolff [3] studied this problem on smoothly bounded domains Ω ⊂ Rn, n ≥ 3. He

proved that in order to have a solution with u and L smooth, the functions ϕ0 and
ϕ1 must satisfy suitable necessary and sufficient compatibility conditions. He also
remarked that, for the case n = 2, additional assumptions on ϕ0 and ϕ1 are required.

Here, using the result in [1], we prove that, if ϕ0 and ϕ1 are regular functions on ∂D
such that ∫

∂D
ϕ1 ds = 0 and

∫
∂D

n2(ϕ1 − ϕ0) ds = 0,

then there exist an operator L in divergence form, with bounded measurable
coefficients, and a function u in W1,p(D), 1 < p < 2, which satisfy (1.2) in a suitable
weak sense.

2. The main result

Consider the problem (1.2), where L is a linear second-order uniformly elliptic
operator in divergence form, with bounded measurable coefficients, and u is a function
in W1,p(D), p ≥ 1. Notice that, due to the low regularity of u and L, the conditions
of (1.2) have no meaning, unless they are reinterpreted in a weaker sense, which we
now specify. Recall that, if Ω is a bounded domain in R2, a function u in W1,2(Ω) is
considered a solution of the problem

Lu = ∂i(ai j∂ ju) = 0 a.e. in Ω,

∂u
∂N

∣∣∣∣∣
∂Ω

= ϕ1,

if it satisfies the identity∫
Ω

ai j∂ ju∂iη dx =

∫
∂Ω

ϕ1η dσ for any η ∈W1,2(Ω)

(see, for example, [2, p. 161]).
By analogy with such interpretation, in the following a function u ∈W1,p(D), p ≥ 1,

will be considered a solution of (1.2) if
∫

D
ai j∂ ju∂iη dx =

∫
∂D
ϕ1η dσ for any η ∈ C1(D),

trace of u on ∂D = ϕ0.
(2.1)

Our result is the following.
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T 2.1. Let 1 < p < 2 and ϕ0, ϕ1 be of class C∞ on ∂D and such that:

(i)
∫
∂D
ϕ1 ds = 0;

(ii)
∫
∂D

n2(ϕ1 − ϕ0) ds = 0.

Then there exist a linear second-order uniformly elliptic operator L in divergence
form, with bounded measurable coefficients, and a function u ∈W1,p(D), which is a
solution of (1.2) (that is, satisfies (2.1)).

P. Let (ψ0, ψ1) be the solution on ∂D of the system
n1ψ1 − n2

dψ0

dθ
= ϕ0,

d
dθ

(
n2ψ1 + n1

dψ0

dθ

)
= −ϕ1.

(2.2)

The functions ψ0 and ψ1 exist and are regular on ∂D by the hypotheses on ϕ0,
ϕ1. In particular, condition (ii) is equivalent to the condition

∫
∂D

(dψ0/dθ) ds = 0 by
integration by parts.

By [1, Theorem 3.3], there exist v ∈W2,p(D) and a second-order uniformly elliptic
operator in nondivergence form and with bounded measurable coefficients, L̃ :=
ã11∂xx + 2̃a12∂xy + ã 22∂yy, such that

L̃v = 0 in D,

v|∂D = ψ0,

∂v
∂n

∣∣∣∣∣
∂D

= ψ1.

Let u = vx ∈W1,p(D). The equation L̃v = 0 can be written as

ã11

ã 22
vxx + 2

ã12

ã 22
vxy + vyy = 0 a.e. in D,

and, by formally differentiating with respect to x,

Lu = (a11ux)x + (a12uy)x + uyy = 0, (2.3)

where a11 = ã11/ ã 22 and a12 = 2̃a12/ ã 22. According to our definition, u ∈W1,p is a
solution to (1.2) for the operator L defined in (2.3) if and only if the trace of u on ∂D
is equal to ϕ0 and ∫

D
(a11uxηx + a12uyηx + uyηy) dx dy =

∫
∂D
ϕ1η ds

for any η ∈ C1(D). On the other hand,∫
D

(a11uxηx + a12uyηx + uyηy) dx dy

=

∫
D

ã11vxxηx + 2ã12vxyηx + ã22vxyηy

ã22
dx dy
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=

∫
D

( ã11vxx + 2ã12vxy + ã22vyy

ã22
ηx + (vxyηy − vyyηx)

)
dx dy

=

∫
D

(vxyηy − vyyηx) dx dy.

If we consider a sequence vn ∈ C
3(D) converging to v in W2,p(D), then∫

D
(vxyηy − vyyηx) dx dy = lim

n→∞

∫
D

((vn)xyηy − (vn)yyηx) dx dy.

However,∫
D

((vn)xyηy − (vn)yyηx) dx dy =

∫
D

(((vn)xyη)y − ((vn)yyη)x) dx dy

=

∫
∂D

(n2(vn)xy − n1(vn)yy)η ds

= −

∫
∂D

(d(vn)y

dθ

)
η ds =

∫
∂D

(vn)y
dη
dθ

ds

and

lim
n→∞

∫
∂D

(vn)y
dη
dθ

ds =

∫
∂D

vy
dη
dθ

ds.

Moreover, since

v|∂D = ψ0 ∈ C
∞(∂D) and

∂v
∂n

∣∣∣∣∣
∂D

= ψ1 ∈ C
∞(∂D),

we have also that
vy|∂D = n2vr |∂D + n1vθ|∂D ∈ C

∞(∂D)

and ∫
∂D

vy
dη
dθ

ds = −

∫
∂D

dvy

dθ
η ds.

This implies that∫
D

(a11uxηx + a12uyηx + uyηy) dx dy = −

∫
∂D

dvy

dθ
η ds,

which means that u solves 
Lu = 0 a.e. in D,
∂u
∂N

∣∣∣∣∣
∂Ω

= −
dvy

dθ
.

Since, from (2.2),

u|∂D = vx|∂D = n1ψ1 − n2
d
dθ
ψ0 = ϕ0,

∂u
∂N

∣∣∣∣∣
∂D

= −
dvy

dθ
= −

d
dθ

(
n2ψ1 + n1

dψ0

dθ

)
= ϕ1,

it follows immediately that u is a solution to (1.2) with L defined in (2.3). �
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