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A note on locally finite varieties

John S. Wilson

Evidence is presented which suggests that the following assertions

about a variety V_ of groups may be equivalent:

(a) V_ is locally finite,

(b) all V-grouPs satisfying the maximal condition for normal

subgroups are finite, and

(c) all ^-groups satisfying the minimal condition for normal

subgroups are finite.

1. Introduction

In this note we are concerned with three conditions which may be

satisfied by a variety .V of groups:

(A) all finitely generated V-grouPs a r e finite,

(B) all V-groups satisfying max-n are finite, and

(C) all ^-groups satisfying min-w are finite.

Here, max-n and min-tt denote respectively the maximal condition and the

minimal condition for normal subgroups.

Condition (A) simply expresses the fact that V is a locally finite

variety, and it is not hard to see that each of (B) and (C) implies that V_

has finite exponent. It seems possible that (A), (B), and (C) may be

equivalent, and therefore that (B) and (C) may provide characterizations of

locally finite varieties. Our object here is to provide some evidence in

support of this statement.
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Let us begin by observing that (B) implies (A). Suppose that a

var ie ty Y contains an inf in i te f in i te ly generated group G . A well-

known resul t of Baer ( [ ? ] , §1, Lemma, 1) shows that G has an inf in i te

homomorphic image G a l l of whose proper homomorphic images are f i n i t e ;

and because G c learly sa t i s f ies max-n , the variety Y_ cannot satisfy

(B).

Further information connecting (A), (B), and (C) i s unfortunately less

complete: we need to impose (possibly vacuous) conditions on the var ie t ies

under consideration. We s ta te our main resul ts as follows:

THEOREM 1 . (a) If £ is a locally finite variety containing only

finitely many isomorphism classes of finite simple groups, then every

V^-group satisfying max-n is finite.

(b) If V. is a locally finite variety containing no infinite simple

groups, then every Vrgroup satisfying min-rc is finite.

THEOREM 2. Suppose that ^ is a variety of finite exponent

satisfying the following three conditions:

(i) V, contains no infinite finitely generated simple groups,

(ii) ^ contains only finitely many isomorphism classes of

finite simple groups, and

(Hi) for each integer r and prime p there is a bound on the

orders of finite r-generator p-groups in v_ .

Then V, is locally finite.

In particular, any variety V̂ satisfying (C) and conditions (H) and

(Hi) is locally finite.

I t follows from Theorem 6 of Kargapolov [3] that any infinite simple

locally finite group involves infinitely many non-isomorphic finite simple

groups. Further, for each integer n , there are among the known finite

simple groups only finitely many isomorphism classes of groups of exponent

n . I t is therefore plausible to suppose that the conditions on finite

simple groups in Theorem 1 (a) and Theorem 2 and on infinite simple groups

in Theorem 1 (b) are vacuous; indeed, unless (A) and (B) are equivalent

and imply (C), not only are there infinitely many unknown finite simple

groups, but also finite simple groups requiring arbitrarily many
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generators. The conjecture i s , of course, that every finite simple group
is a 2-generator group.

If we combine Theorem 1 with the result of Walter [6] that all finite
simple groups with abelian 2-subgroups are known (up to the determination
of the groups of Ree-type), and with Thompson's result that al l finite
simple groups of order prime to three are Suzuki groups, we obtain

COROLLARY 1. If £ is a locally finite variety of exponent not
divisible by 12 } then any V_-group satisfying max-n or min-n is
finite.

The condition on p-groups in Theorem 2 is of course the requirement
that the restricted Burnside problem should have a positive solution for
V-groups of prime-power exponent, and from the main result of Kostrikin
[4] , this will be the case if V_ has square-free exponent. Thus we have

COROLLARY 2. Let V be a variety of finite square-free exponent.
If V̂  contains no infinite finitely generated simple groups, then v_ is
locally finite.

So, at least for varieties V_ °f square-free exponent, conditions
(A), (B), and (C) are equivalent.

Conditions similar to (A), (B), and (C) may be studied in which the
role of the class of finite groups is played by some other class 2£ °f
groups. Classes X of finite groups may be chosen to avoid the
difficulties with finite simple groups encountered above. An implication
of type (B) =* (A) holds for any class X of finitely presented groups. It
is easy to show that a variety is locally nilpotent if and only if i t s
groups satisfying max-n are nilpotent, and that i t s groups satisfying
min-n are then also nilpotent. I t would be interesting to know what
happens for other classes X_ : whether, for example, a variety is
necessarily metabelian if a l l of i ts groups satisfying max-n are
metabelian.

2. Proofs

We begin %by proving two lemmas; the first of these is an extension of

a result in Wilson [9].

LEMMA 1. Let G be a locally finite group of (finite) exponent
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dividing e , and let p be a prime dividing e . If H is a subnormal

subgroup of G and if H has no non-trivial locally p-soluble

homomorphic images, then H is normalized by the group (f generated by

all mth powers of elements of G , where m = p~ e .

Proof. For G f i n i t e , th i s follows from Theorem A of Wi I son [9] . We

therefore suppose G i n f i n i t e , and choose an element x of H and an

element y of G ; we must show that x E H , where z = y . For each

f i n i t e group X we write X* for the leas t normal subgroup of X with

p-soluble quotient group X/X* . I t i s easy to see that X. 5 X^ implies

X* S X* and that the subgroups

{X*; X f i n i t e , X < H]

form a local system for a normal subgroup H* of H such that H/H* is

locally p-soluble. We conclude that H = H* , and that there is a finite

subgroup X of H with x € X* . We set X = < y, X > . Because

(H n X)* is a subnormal subgroup of the finite group X , the case of

Lemma 1 in which G is finite implies that (H n X)* is normalized by

s . But

x € X* 2 (H n X)* ,

so tha t xZ € (fl n X)* S H , and Lemma 1 follows.

Our second lemma concerns a si tuation ar is ing in the proofs of both

Theorem 1 (a) and Theorem 2.

LEMMA 2. Let G be an infinite group of finite exponent. If all

proper homomorphic images of G are finite, and if G has only finitely

many isomorphism classes of finite composition factors, then either

(a) G is a finite extension of a direct product of finitely

many infinite simple groups, or

(b) G is a finite extension of a residually finite p-group,

for some prime p .

Proof. Suppose f i r s t that G i s not residually f i n i t e ; then G

must have a minimal normal subgroup G. of f ini te index, and G sa t i s f ies
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min-n . Since by Theorem A of [7] the property min-n is inherited "by

normal subgroups of finite index, it follows that G is an infinite

characteristically simple group satisfying min-n , and assertion (a)

follows.

We therefore suppose G residually finite; we may also assume that

G is not a p-group, for any prime p . We let p. , ..., p be the

primes dividing the exponent e of G , and write m. = p. e , for each

m.
i . Then \G : G %\ is finite for each i , and \G : G | is finite,

m m
where G = G n ... n G . If L/M is a non-abelian chief factor of

G , then G/M is finite, and it follows from Lemma 1 that G M/M

normalizes each direct factor of L/M ; thus a maximal chain of

G-subgroups of G. may be refined to a descending chain C of normal

subgroups of G. in which all non-abelian factors are simple.

Let n be the maximal order of a simple non-abelian composition

factor of G , and let n = n ! . The centralizer in G of each non-

abelian simple factor in C contains the intersection G of all

subgroups of index at most n in G. ; thus C intersects (?? in a

descending chain all of whose factors are abelian, and G is residually

soluble. Because G satisfies the maximal condition for normal subgroups,

it has only finitely many subgroups of index at most n\G : G | , by

Theorem A of Wilson [S]; therefore \G : <?2| is finite.

We now choose a non-trivial normal subgroup P of G , contained in

Gp , such that P is a ttr-group where the set TD of primes is as small as

possible. We prove that P is a p-group for some prime p . Choose any

p € VI ; by Theorem A of Hal I and Higman [2], the p-lengths of the

quotient groups P/N with 1 # N < G are bounded, and it follows that P

itself has a finite characteristic series all of whose factors are

p-groups or p'-groups. Since the smallest non-trivial subgroup Q in

this series is normal in G and either a p-group or a p'-group, it
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follows from our choice of P that P = Q and that P i s a p-group.

This completes the proof of Lemma 2.

Proof of Theorem 1 (a). The hypothesis i s that V i s a local ly

f i n i t e variety containing only f in i te ly many isomorphism classes of f in i t e

simple groups; Theorem 6 of Kargapolov [3] implies that V_ contains no

in f in i t e simple groups. If G i s an inf in i te V-group satisfying max-rc ,

then G has a homomorphic image G a l l of whose proper homomorphic images

are f i n i t e , and we may apply Lemma 2 to deduce that G i s a f in i te

extension of an in f in i t e p-group P ; and P inher i t s the condition

max-n from G by Theorem A of [ 7 ] . However, local ly f in i te p-groups

sat isfying max-n are f i n i t e , by Theorem 3-2 of McLain [5 ] , and the resul t

follows.

Proof of Theorem 1 (b). Suppose that Theorem 1 (b) i s fa lse , and

choose a loca l ly f in i t e variety X , with exponent e as small as

poss ible , such that V̂ contains no inf in i te simple groups but does contain

an in f in i t e group G satisfying min-rc . By Theorem A of Wi I son [7 ] , we

may replace G by i t s l eas t subgroup of f in i te index, to suppose that G

sa t i s f i e s min-n and has no proper normal subgroups of f in i te index. I t

now follows from our choice of V_ that G has no non-t r iv ia l homomorphic

images of exponent less than e .

Suppose that L/M i s a chief factor of G which is not local ly

p-soluble , for some prime p , and le t If be a non- t r iv ia l normal subgroup

of L/M . We write N* for the smallest normal subgroup of N such that

N/N* i s local ly p-soluble . Then N* i s a subnormal, subgroup of G/M

having no non- t r iv ia l local ly p-soluble homomorphic images and so, by

Lemma 1, i s normalized by the group R/M generated by a l l (p e)th

powers of elements of G/M . Because G/R has exponent less than e , we

must have G = R ; thus N* is normal in G/M , and ei ther N* = 1 or

N* = L/M . But we cannot have N* = 1 , for L/M would then be generated

by local ly p-soluble normal subgroups, and so would be locally p-soluble.

Therefore N = N* = L/M , and L/M i s simple. I t follows from our

hypothesis on Y that L/M i s f i n i t e , so that i t s central izer in G i s a

proper subgroup of f in i t e index in G . Since th i s i s a contradiction, we

conclude that G i s local ly p-soluble for a l l primes p , and so is

loca l ly soluble.
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How suppose that G has elements of prime order p . Because G has

finite exponent, it follows from Theorem A of Hal I and Higman [2] that the

p-lengths of its finite subgroups are bounded; and because the property

"p-soluble of p-length at most n " is a local property, we conclude that

G has a finite series each factor of which is either a p-group or a

p'-group. So either G has a non-trivial factor group with exponent less

than e , or G is a locally finite p-group of finite exponent satisfying

min-n , and so is finite, by Theorem 3-1* of McLain [5]. In either case we

have a contradiction, and the proof of Theorem 1 is complete.

Proof of Theorem 2. We suppose that V̂ satisfies the hypotheses of

Theorem 2 and contains an infinite finitely generated group; then the

argument of Baer [7] used in the introduction shows that \T contains an

infinite finitely generated group G all of whose proper quotient groups

are finite. Now G cannot be a finite extension of a direct product D

of finitely many infinite simple groups, because D would also be finitely

generated and because \T contains no infinite finitely generated simple

groups. Thus, by Lemma 2, G is a finite extension of a residually finite

p-group P , and P is finitely generated. This contradicts hypothesis

(Hi) of the theorem, and Theorem 2 follows.
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