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ON DETERMINING THE GROWTH OF MEROMORPHIC
SOLUTIONS OF ALGEBRAIC DIFFERENTIAL
EQUATIONS HAVING ARBITRARY
ENTIRE COEFFICIENTS®

STEVEN B. BANK

1. Introduction: In this paper, we treat the problem of determining
the rate of growth of meromorphic functions on the plane, which are
solutions of n™ order algebraic differential equations whose coefficients
are arbitrary entire functions (i.e., equations of the form, 2(z,y, dy/dz,
-..,d™y/dz") = 0, where £ is a polynomial in y,dy/dz, - - -, d"y/dz" whose
coefficients are arbitrary entire functions of z.)

One attack on this problem has been to restrict the class of equa-
tions considered. For example, in [8; pp. 221-223], Valiron (and also
Wittich [9; pp. 70-71]) considered a very special class of n™ order
algebraic differential equations having polynomial coefficients, and it was
shown that all entire solutions of equations in this special class were of
finite order of growth. Of course, for n > 1, arbitrary »® order equa-
tions with polynomial coefficients may possess entire solutions of infinite
order. (See also Nikolaus [7; p. 625].) More recently, Yang [10; p. 6]
treated a special class of n'®* order equations (with restrictions similar
to those imposed by Valiron and Wittich), having arbitrary coefficients,
and he obtained results on the growth of the logarithmic derivative of
certain solutions.

In our investigation here, no restrictions are imposed on the form
of the equations we treat, and we seek to determine what factors affect
the growth of a solution. The second fundamental theorem of
Nevanlinna [5; p. 69] (or [6; p. 261, Formula (1.1)] shows that the
growth of an arbitrary meromorphic function f(z) in the plane (regard-
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less of whether it solves an algebraic differential equation) can be
estimated if for three distinct values of 2 (finite or infinity), one knows
the growth of the counting functions N(r,2) for the 2-points of f.
However, when f(z) is a solution of a first-order algebraic differential
equation with entire coefficients, it was shown in [3] that the growth of
f can be estimated in terms of the counting function N(r,2) for just
the one value 2 = o, and the growth of the coefficients in the equation.
(For the reader’s convenience, this result from [3] is stated in §3 below.
For the special case of entire solutions (i.e., N(r, ) = 0), this result
can be found in [1; p. 109], in a slightly different formulation). The
fact that N(r, «») must be involved in the estimate for the growth of an
arbitrary meromorphic solution is indicated by the following phenomenon:
In the special case of first-order equations whose coefficients are entire
functions of finite order, it was shown in [1; p. 116] that for any
entire solution, or more generally, for any meromorphic solution f
whose sequence of poles has a finite exponent of convergence, the
estimate, T(r, f) = O (exp r4) holds for some constant A as r — + .
However, it was shown in [4], that no such uniform growth estimate
exists for arbitrary meromorphic solutions of such equations, since for
any preassigned function @(r) on (0, + =), one can construct a mero-
morphic solution of such an equation, whose Nevanlinna characteristic
dominates @(r) at a sequence of 7 tending to + .

In the case of equations £ =0 of order higher than 1, having
arbitrary entire coefficients, it was shown in [2; §3] (see §5 below),
that regardless of the order of the equation, the growth of certain solu-
tions can be estimated in terms of the counting functions N(r,2) for
the two values 1= 0, o, and the growth of the coefficients in the equa-
tion. This result holds for those solutions of an %n™ order equation
2 = 0, which fail to be solutions of some equation £, =0, where £, is
the homogeneous part of 2 of total degree ¢ in the indeterminates
y,dy/dz, ---,d*y/dz". One of the main results of the present paper
(§6 below) shows that the above result can be extended to any mero-
morphic solution of any second-order algebraic differential equation with
entire coefficients (i.e., the growth of any solution can be estimated in
terms of the two counting functions N(r,0) and N(r, ) and the growth
of the coefficients in the equation. For the precise statement of how
the growth can be so estimated, see §6 below.)
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In §9, we treat equations 2 =0 of order higher than two. As
mentioned above, the growth of those solutions which fail to be solutions
of some equation £, = 0 can be estimated in terms of N(r, 0), N(r, )
and the growth of the coefficients. It is easy to see that this result
cannot be extended to all solutions of all algebraic differential equations.

For example, if we set ¢,(z) = ¢?, and ¢,,,(?) = exp (rg,,(c)dﬁ) for n > 1,
0

then by induction it is easy to verify that each g, satisfies an n*™ order
equation with constant coefficients and that ¢, has no zeros and no poles
(i.e., N(r,0) =0, N(r, ©) =0). Hence since the growth of g¢,,, is
roughly like the exponential of the growth of g,, it is clear that just
knowing N(r,0), N(r, ) and the growth of the coefficients in the equa-
tion, cannot lead to an estimate on the growth of a solution. In §9,
we investigate the other quantities which are required in estimating the
growth of a meromorphic solution f of an %™ order equation where
n > 2. As the above example indicates, these other quantities involve
the counting functions for the zeros of certain successive logarithmic
derivatives, f; = f'/fy fo=Sf{/fis s e = fu-1/Sr-1 for some k<n — 2.
In §9, we discuss the precise determination of %k, that is, the number
of these counting functions that actually can play a role in determining
the growth of the solution f.

2. Notation: For a meromorphic function f(z) on the plane, we
will use the standard notation for the Nevanlinna functions m(r, f),
N(r, ) and T(r, f) introduced in [5; pp. 6, 12]. We will also use the
notation n(r, f) to denote the number of poles (counting multiplicity) of
fin |z] < r. As in [2], we shall say that a certain property P(r) holds
“nearly everywhere’’ (briefly, n.e.) if P(#) holds for all r > 0 with the
possible exception of a set of finite measure. We will make use of the
following fact: If g(r) and h(r) are monotone nondecreasing functions
on (0, + o) such that g(v) < h(r) n.e., then for any a« > 1 there exists
7, > 0 such that g(v) < h(ar) for all r > r. (This follows very easily,
for if o is the measure of the exceptional set E, then for any
r > o/(a — 1), the interval [r,ar] cannot be contained in E.)

3. The following result was proved in [3]:

THEOREM: Let Az, y,y") = >, f1;@y*W') be a polynomial in y and
Yy whose coefficients f,,(2) are entire functions. Let p = max{k + J:
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frs £ 0} Let M(r) and M,(r) be monotone nondecreasing functions on
[0, + o) such that the following conditions hold n.e.:

A) M(r) > M) >1.
(B) | fesR < M(r) on |z|=1r if kE+5j<p.
© | [ < My(r) on |z|=7r if k+j=Dp.

Let m = max{j: f,_;; = 0} and let A(r) be a monotone nonincreasing
function on [0, + ) which satisfies A@r) >0 on [0, + ) and for
which the following condition holds n.e.:

(D) | foemm@)| > A(®) on |z|=71.

Let v(z) be a meromorphic function on the plane which satisfies
Az, v(2),v'(2)) = 0. Then for any real number a > 1, there exist
positive constants K and r, such that for all r > r,, we have

(1) T(r,v) < K(J(ar) ,

where
J(r) = log* M,(r) + r*M,(r)]A(r) + rN(r,v) .

4. Definition and Notation:

(a) Under the hypothesis and notation of §3, we will say that the
triple of functions, (M,,M,, A) is a bounding triple for the first order
differential polynomial 4.

(o) If Q@,y,v, - --,y™) is a differential polynomial of order < n
(i.e., a polynomial in y,v’, .-,y whose coefficients are entire functions
of 2), then for each nonnegative integer g, we denote by £, the homo-
geneous part of 2 of total degree ¢ in the indeterminates v, v/, - -, y™.
We say 2 is non-trivial if at least one coefficient of £ is not identically
zero. Now by induction, it is easy to see that if we set w = y’/y, then
for each j > 1,y /y can be written as a polynomial in w,w’, --.,w"™?
with nonnegative integer coefficients. Hence if ¢ > 0, and we divide
the homogeneous polynomial 2, by ¢ and set w=y'/y, it easily
follows that we obtain a differential polynomial in w,w’, ..., w" ",
whose coefficients belong to the additive group generated by the coeffi-
cients of 2,. We denote this differential polynomial of order <n — 1
by [2,]. We require the following fact: If £, is non-trivial, then [2,]
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is non-trivial. This can be seen as follows: Since £, is non-trivial,
we can assume that some coefficient of £, is non-vanishing at the origin
(by dividing 2, if necessary, by some positive power of 2). If [2,]
were trivial, then clearly every meromorphic w solves [£,] = 0. But
then if ¥ is any meromorphic function (not identically zero), w = ¥'/y
would solve [2,] =0 and hence clearly ¥ would solve £, = 0. (Since
qg>0,y=0 also solves £, =0.) Thus every polynomial Q(z) would
solve £,=0. Hence if z,.--,z, are any complex numbers, then
>roxs2! would solve 2, =0. Substituting into £, and evaluating at
z =0, we would obtain a polynomial in =z, «,,:--,x,, Where the coeffi-
cient of any term ajoxi*...xi» is (2!)%2...(n!1)» times the value at 2 =0
of the coefficient in 2, of the term yio(y)#...(y™)/». Since the poly-
nomial in z,, x,---,%, is identically zero, it follows that each coefficient
of 0, would vanish at the origin which contradicts our initial assump-
tion. Hence [£2,] must be non-trivial.

5. The result proved in [2; §3], when combined with the fact
stated in §2 above, can be stated as follows:

THEOREM: Let Q(z,9,Y,---,Y™) be a non-trivial differential poly-
nomial whose coefficients are any entire functions of z. For each
r >0, let @(r) be the maximum of the Nevanlinna characteristics of the
coefficients of 2. Let u(z) be a meromorphic function on the plane
which is not identically zero and which satisfies the equation 2 = 0, but
which for some mnonnegative integer q does mot satisfy the equation
2,=0. Then for any real number a > 1, there exist positive constants
K, and 7, such that for all » > r,, we have

(2) T(r,w) < K,[N(ar,u) + N(ar,1/w) + @(ar) + logr] .

6. We now state our main result for second-order algebraic differ-
ential equations:

THEOREM: Let 2(,y,y,y") be a non-trivial differential polynomial
whose coefficients are entire functions of z. For each r > 0, let @(r) be
the maximum of the Nevanlinna characteristics of the coefficients of £2.
Let y,(z) be a meromorphic function on the plane which is not identi-
cally zero and which satisfies the equation 2 =0, Then:

(a) If for some mnonnegative integer q, y,(2) does nmot satisfy the
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equation Q,= 0, then for any a > 1, there exist constants K, and 7,
such that for all r > 7y,

(3) T(r,y,) < K,[N(ar,y,) + N(ar,1/y,) + @(ar) + log 7] .

(b) If for all monnegative integers q, y,(2) is a solution of £, =0,
then let (M,,M,, A) be any bounding triple for any non-trivial [2,]. (At
least one such q exists by §4(b) since some £, is non-trivial.) Then
for any a > 1, there exist positive constants K, K, and r, such that for
all r > r,

(4) T(r,y,) < K(exp(K,E(ar))) ,

where

E(r) = log *M,(r) + r*M,(r)| A(r)
+ (N(r,y) + N(r,1/yy) (r + log *N(r,y,) + log *N(r,1/y,)) .

Hence, in any case, the growth of a solution y, can be estimated in
terms of the counting functions N(r,y,) and N(r,1/y,) for the poles and
zeros respectively, and the growth of the coefficients in the equation.

Before proving the above result, we first prove a lemma which
estimates the growth of an arbitrary meromorphic function in terms of
the growth of its logarithmic derivative.

7. LEMMA: Let y(z) be any meromorphic function in the plane
which s not identically zero, and let w = y'/y. Then for any a > 1,
there exist positive constants c, ¢, and r, such that for all r > 7,

(5) T(r,y) < c(rN(ar,y) + r* exp(c,¥(am)) ,

where
()= T(r,w) + N(r,w) logr + N(r,w) log *N(r,w) .

Proof. Clearly we can assume w % 0.

Given a > 1, let ¢ > 1 be such that ¢* =a. Let {a,} and {b,} be
the sequences of zeros and poles respectively of w in the plane (each
arranged in order of increasing moduli). Let » > 0, and let 2z = re*® be
any point on |2| = r which is not a zero or pole of w. Then if R = g7,
we have by the Poisson-Jensen formula [5; p. 3] that,
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log [w(z)| = (1 /2n)ﬁ" log [w(Re™)| G(r, R, 6, p)do

R? — @,z
0 —_ "
laal<R & R(z — a,)

(6) -
! R* — b,z

16m<R g Rz — b, |’

where G = (R* — 1) /(R* + r* — 2Rrcos (0 — ¢)). Clearly G < (R* — 1Y)/
(R — 1 Also, since |z| = r < R, it follows that if |a,| < R, then the
term, log|R? — @,2)/R(z — a,)| is positive. Hence from (6), we obtain,

R+ ‘ R* — b,z

7 1 < R, log | —— "™ | .

(7) og|w(?)| < - m( w)+'mel<R og RG =5

For |b,| < R, we have |R* — b,2| < 2R?. Furthermore, if r # |b,|, then

|2 — bp| > |r — |Dnll. Since R = or, we have thus shown that if r is not
equal to any |a,| or |b,|, then on |z] = r, we have

o+im(ar,w)+ > log2er 4+ > 1 1
|

(8) loglw(@| < 0g ——— .
g — 1omI<or dml<or 7 — |ball

Now from the definition of N(s,w), it follows easily that if s > e/s,
we have,

(9) n(s, w) < (26 — 1)/(e — 1)N(os, w) .

For the moment, let us assume that the sequence of poles {b,} is non-
empty. If this sequence is infinite, let m, > 1 be an index such that
|bm| > /o for m > m,. If the sequence is finite, say {b,, - - -, b,}, set m, = t.
Now for any m,n(bn|, w) > m. Hence if we set, a, = (N(d|bn|, w))~° for
m > m,, then since ¢ > 1, it follows from (9) that > ..., an converges.
Let E, be the union of all intervals [|b,]| — @n,|bn| + an] for m > m,, to-
gether with the set {{a,|: n > 0}. Hence E| is of finite measure. We refer
now to the last term in (8). If > |bn,|+ 1, and r¢ E,, then clearly
|7 — |bnll > an for m > m, and |[r — |by| > 1 for m < m, Hence the
last term in (8) is < 3 o log N(o|by,|, w), the sum being over all m > m,
for which |b,| < or. Since N(—,w) is increasing, and since there are
< n(er,w) terms in this sum, we see that the last term in (8 is at
most on(er, w) (log *N(o*r,w)). Since the second term on the right
of (8 has at most n(er,w) terms, we see that this term is
< n(or,w) log (207). Thus, if we let F be the union of E, and
[0,|bm,] + 1], then E is of finite measure, and we have shown that if
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r¢ E, then on |z| = r, we have

log |w(2)| < ot+1

(10) 1 mlom, w) + nlor, w) log (o)

+ on(or, w)(log* N(¢*r, w)) .

This was derived under the assumption that the sequence {b,} was non-
empty. However, if this sequence is empty, then the last two terms on
the right of (8) are zero, and so clearly (10) holds in this case too, if
we take E = {|a,|: n > 0}.

Now let V(r) denote the right side of the inequality (10). Let ¢ be
a positive number such that y has no zeros or poles on 0 < |z| <e. By
Jensen’s formula [6; p. 166], there is constant 1> 0 such that for all
r >0,

(@8)) Tr,1/y) =T,y + (1),
where
[h(r)| < 2.

Set b = n(0,y) + n(0,1/y).
We now assert that if » > 1 and r¢ E, then on |2] = r we have,

12) log* |y(2)| < B(7) ,

where
B(r) = (r/e)(@n(r,y) + r(exp V(1)) + 2 + b(log 1) + 2zr(exp V(7)) .

To prove (12), we assume the contrary. Hence there exists r > 1
with r¢ E, and a point 2z, = re‘® on |z2| = r such that log*|y(z,)| > B(7).
Since B(r) > 0, \

13) log|y(zy)| > B(r) .

Now let 2z, = rei®* (where 6, <6, <6, + 2r) be any point on |z|=17
distinet from 2, and let I' be the arc { =re %, — 0, < o < — 6, Now
by construction of the set E and the fact that r¢ E, w has no poles on
|z| = r. Thus clearly ¥ is analytic and nowhere zero on some simply-
connected neighborhood of the arc I'. Hence there exists an analytic
branch g of logy on this neighborhood. Since ¢’ = ¥'/y = w, we have,
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(14) 0(z) — g(z) = jpw(odc .

Taking- the exponential of (14), we see that,

15) (9| < [y exp| [ w(@dz] .
Hence in view of (10) and (13), we obtain,

(16) log |y(z)| > B(r) — 2rxr(exp V(7)) .

Of course by (18), (16) also holds for z, = z, so that (16) is valid for all
points 2, on [z| = r. Hence,

an m(r,y) > B(r) — 2zr(exp V(7)) .

However, from the definition of B(r) it follows that the right side of
(16) is positive so that |y(z,)| > 1 for all points z, on |z| = 7. Thus,

18 m(r,1/y) = 0.

Now from the definitions of N(r,%) and ¢, we have,
19) N(r,y) < (r/on(r,y) + n(0,y) logr .
Similarly, we have,

(20) N(r, 1/y) < (r/n(r,1]y) + n(0,1/y) log r .

But since ¥ has no zeros or poles on |2| = 7, we have by the argument

principle,

@ nr,1/y) —nr,y) = /200 | w(@dt ,
and hence in view of (10),

(22) n(r,1/y) < n(r,y) + r(exp V(7)) .

However, by (11) and (18), we clearly have,
(23) m(r,y) < N(r,y) + N, 1/y) + 2.

Using the estimates (19), (20) and (22), and the definitions of b and
B(r), we easily obtain from (23) an inequality which is in direct con-
tradiction to (17). This contradiction proves the assertion (12).

In view of (12), we have,
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(24) mr,y) < B(») if r>1 and rekFk.

Since V(r) > 0, it follows easily from the definition of B(7), that there
exists 7, > 0 such that for » > r,

(25) B(r) < @r/en(r,y) + (4r*/e) exp V(r) .

Now examining V(r), it follows easily from (9) that there are positive
constants ¢, and r, such that,

(26) V(r) < e, ¥(@@*r) for r>17,,

where ¥'(r) is as defined in the statement of the lemma (see (5)). Add-
ing N(r, y) to both sides of (24), and using (9) for y instead of w, in
the estimate for B(r) in (25), it follows in view of (26), that there exist
positive constants ¢ and 7, such that the conclusion (5) holds with ¢? in
place of o for all » > r, for which re¢ E. Since both sides of (5) are
monotone nondecreasing and since ¢ > 1 and E is of finite measure, it
follows from the fact stated in §2, that there exists 7, such that the
conclusion (5) holds for all » > r, without exception, with ¢* in place of
e and ¢’c in place of c¢. Since ¢° = a, the proof is complete.

8. Proof of the Theorem of §6: We need only prove Part (b), since
Part (a) follows from the result in [2] stated in § 5. Hence we suppose
that the solution ¥, of 2 = 0 is also a solution of each equation 2, = 0.
Let (M,,M,,A) be any bounding triple for any non-trivial [2,], and
given o > 1, let ¢ > 1 be such that ¢ =a. By construction of [2,],
the function w, = ¥;/¥, is a solution of the first-order equation [2,] = 0.
Since ¢ > 1, it follows from the result proved in [3] which is stated in
§ 3 above, that there exist positive constants K and 7, such that for all
r > 1y, the inequality (1) holds with w, replacing v and ¢ replacing a.
Using this estimate for T(r,w,), together with the fact that N(r,w,) <
N(r,y,) + N(r,1/y,), it easily follows that for the quantity ¥ (+) defined
in the statement of the previous lemma, the following is true: There
exist constants K, and », > 7, such that for » > r,

27 (r) < K,E(r) ,

where E(r) is as defined in (4). Hence by (5) of the previous lemma,
(using ¢ for a), there are positive constants ¢, ¢, and 7, such that for
2>y
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(28) T(r,y) < e(rN(ar,¥,) + 7 exp (¢,E(c’))) .

Since (M,,M,, A) is a bounding triple, it follows (see (C) and (D) in §3)
that M,(r)/A(r) > 1 n.e. Hence for all sufficiently large r,(M,(¢*r)/
A(®r) >1 by §2. Thus E(¢*r) > r* for all sufficiently large », and
hence clearly, 7 < exp(c,E(¢*r)) for all r greater than some 7;. Further-
more, for r > 1, clearly E(r) > rN(r,¥,). Since FE(r) is increasing and
tends to + o« as 7— 4 «, it easily follows that rN(or,¥,) <
exp (2¢,E(¢*r)) for all r greater than some 7,., Hence from (28), for all
r greater than some r;, we have

(29) T(r,y,) < (20) exp (2¢,E(o°7)) .
Since a = ¢?% this proves Part (b) of the theorem.

9. Higher Order Equations: In this section, we investigate the
growth of meromorphic solutions of algebraic differential equations of
order n > 2. The actual estimates on the growth of solutions that one
obtains in these cases (i.e., the analogues of (3) and (4)), can be quite
complicated, and hence we will content ourselves with determining those
quantities which enter into the growth estimates. However, we em-
phasize that the actual growth estimates themselves can be derived by
following the method outlined below.

Let %,() be a meromorphic solution of an »n™ order algebraic differ-
ential equation Q =0, with » > 2, and let y, £ 0. We set ¥, = ¥;/¥0,
and by induction, we set y;,, = ¥:/¥: if ¥ = 0. (We can exclude from
consideration here, any solution y, for which %, = 0 for some k with
1<k<n—2. Such functions y, can be treated by solving successively
the first-order equations ¥, = Yn, Yn for m =k — 1,k —2,...,0, and it
is easy to see that any such y, is entire, and its growth satisfies the
condition that for some constant K, the maximum modulus M(r,y,) is
< exp,_,(Kr) for all sufficiently large », where exp,_; is the (& — 1)
iterate of the exponential function. Hence we can assume that y, %= 0
for1 <k <n —2) From the fact that N(r,y;,.) < N(r,¥,) + N(»,1/y,),
it follows easily by induction that for each k£ > 1,

(30) N(r,y») < N,y + z N(r,1/y,) .

Let @&(r) be an unbounded monotone nondecreasing function on (0, + o)
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with the property that the maximum of the Nevanlinna characteristics
of the coefficients of 2 is O@()) as r— + . Let ¢ > 1. If gy, fails
to solve some equation £, = 0, then by §5, T(r,y,) can be estimated in
terms of N(or,y,), N(or,1/y,) and @(er). If y, is a solution of each
equation £, = 0, then clearly y, solves each equation [£,] = 0. There
are again two possibilities. If for some ¢ and ¢, ¥, fails to solve the
equation [2,],, =0, then in view of §5 and (30), T(r,y) can be
estimated in terms of N(or,¥,), N(or,1/y,), N(or,1/y,) and O(er). Since
Yy = Yo/Yo it follows from §7, that T(r,y,) can be estimated in terms
of N(o*r,yy), N(d*r,1/yy), N(¢*r,1/y;) and @(¢*r). The second possibility
is that for all choices of ¢ and g¢;,y, solves each [£,1,, = 0. Then, of
course, Y, solves each equation [[£,],]] =0. These equations are of
order <n —2. If n —2=1, then by §3, T(r,y,) can be estimated in
terms of N(or,y,), log® M,(¢r), and M,(or)/Aler), where (M,, M,, A) is any
bounding triple for any nontrivial equation [[2,],] =0. Using §7 to
estimate T(r, y,) in terms of T(or,¥,), and using it again to estimate
T(r,y, in terms of T(r,y,) we obtain (in view of (30)) that T'(r,y,) can
be estimated in terms of N(d¢*r,¥,), N(¢*r,1/y,), N(@*r,1/y), log* M,(c*r),
and M,(¢*r)/A(e’r) if n —2=1. If n—2>1, then the case where ¥,
solves each equation [[2,],,] = 0, leads again to two possibilities. If for
some q, q,,q,, the function y, fails to solve the equation [[2,],], =0,
then by §5, T(r,y,) can be estimated in terms of N(o7,,), N(o7,1/y,) and
@(or). Using §7 twice as above (and (30)), we see that T(r,y,) can be
estimated in terms of N(¢’r,%,), N(d¢*r,1/y,), N(o*r,1/y), N(*r,1/y,) and
@(*r). The other possibility is that for all choices of ¢, ¢, ¢,, the function
y, solves each equation [[2,1,.],,=0. Then of course ¥, solves each
equation [[[2,],],,] =0 and we are faced with either n — 3 =1 or the
usual two possibilities. (Of course, if the second of these two possibilities
continually holds, it is clear that we are eventually led to a first-order
situation where §3 is applicable.) Continuing in this manner (and for
a given a > 1, taking ¢ > 1 such that ¢” = a), we clearly obtain the
following result:

THEOREM: Let 2z, v,vy’, --,y™) be o non-trivial differential poly-
nomial with n > 2, whose coefficients are entire functions of ¢. Let
&) be an unbounded monotone mondecreasing function on (0, + o)
with the property that the maximum of the characteristics of the coeffi-
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cients of 2 is O(@(r)) as r — + oo. Let y,(2) be a meromorphic solution
of the equation Q2 =0, and inductively let y;,, = ¥;/y, assuming that
Y, EO0 for 0<k<n—2. Let a >1. Then:

(@) If for some k, 0 < k< n — 2, and some choice of nonnegative
integers q, Qy, + -+, qx, the function y, is not a solution of the equation,

[' : '[[‘940]111]‘12' ) .](Ik = O ’

then T(r,y,) caon be estimated in terms of N(ar,y,), N(ar,1/yy,
N(ar,1/y), --+,N(ar,1/y,) and O(ar).

by If for all choices of momnegative integers, Qy, iy -+ s Qn_y the
function y,_, ©s a solution of the equation,

[' o [[‘Q%]lh](h. ‘ ']Qn—z =0 ’
and if (M,,M,, A) is any bounding triple for any non-trivial equation,
(- '[[‘qu]rn]tzz‘ : ']qn-z] =0,

then T(r,y,) can be estimated in terms of N(ar,vy,), N(ar,1/y,), N(ar,1/y,),
-y N(ar,1/y,_,), log* M,(ar) and M,(ar)/A(ar).
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