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SOBOLEV AND LIPSCHITZ ESTIMATES FOR
WEIGHTED BERGMAN PROJECTIONS

DER-CHEN CHANG anD BAO QIN LI!
Dedicated to the memory of Professor Yau-Cheun Wong

Abstract. Let 2 be a bounded, decoupled pseudo-convex domain of finite
type in C™ with smooth boundary. In this paper, we generalize results of
Bonami-Grellier [BG] and Bonami-Chang-Grellier [BCG] to study weighted
Bergman projections for weights which are a power of the distance to the bound-
ary. We define a class of operators of Bergman type for which we develop a
functional calculus. Then we may obtain Sobolev and Lipschitz estimates, both
of isotropic and anisotropic type, for these projections.

81. Introduction

Let €2 C C" be a bounded, smooth pseudo-convex domain. Then, §2 is
said to be decoupled of finite type near ¢ € 99 if there exists a holomorphic
coordinate system (z1,...,2,) mapping ¢ onto 0 and a neighborhood U of
¢ onto a neighborhood U of 0 and smooth, sub-harmonic but not harmonic
functions {fj}{j=1,. n-1}, fj : C — R with f;(0) = 0, and each f; vanishing
to finite order at O, such that

n—1
(1.1) {z eU:p(z) =2Im(z,) — Z fi(z) > 0} ~QNU.
j=1

Let us denote by m;(¢) the order of vanishing of f; at 0.

Notice that the finiteness condition here is equivalent to finite type in
the case of real analytic pseudo-convex hypersurface Z C C™ since the Levi
form of €2 is diagonalizable (see Kohn [K1], [K2]).

Let ¢ € 992. We denote by

(my,...,mp_1) = ?é%(ml(g), cooymp—1(0)).
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As usual, the domain Q is called of finite type m with m = max{mi,..
my—1} if m < oo. Let fj be the functions given by (1.1) and denote

of; 0
az, 5, oo

A

Z; = forj=1,...,n—1.
Then {Z1,...,Z,_1} is a basis of T(l’o)(BQ) near (. Let Z, = N +1iT a
complex normal vector field, i.e., Z, is a (1,0)-vector field which is C*°(€2)
and satisfies Z,(p) = 1 on 9. It means that Z, goes outwards of €2, and
T = 0/0t, t = Re(zy,), is transverse to the complex tangent space at the
boundary.

As in Nagel-Rosay-Stein-Wainger [NRSW] and Chang-Nagel-Stein
[CNS] for every (-tuple of integers (iy,...,1s) we define smooth functions

2\

215000520

ﬂz(f) g0 and ’y(l) ig» in a neighborhood of ¢ by the equation

(2

Koo [+ Xy X ) = A2 T+ B2+ %

1

with X;, € {Z,, Z;} forv=1,... fand j=1,...,n— 1.
For each integer 2 < £ < m;, we define a smooth function A;»e) i
neighborhood of ¢ by the equation

A0 = [T, (@.2]%

v<d

na

Finally set

Let h — p;(z, h) be the function inverse to 6 — Aj(z,6). Thus

wile )~ min ( AJ( ))% ~ (ei (A]@)(:c))% ‘h_%>

=2

—~1

For z, y € 0N near (, we may consider the distance d(z,y) on 9 (see
Nagel-Stein-Wainger [NSW]) defined by:
d(z,y) =min{6 >0: ®: [0,1] — 9Q, ®(0) ==z, (1) =y,
n—1
such that ®'(t) = > (a;(t)Z; + b;(t)Z;) + c(t)T;
j=1
with [a; (D] ~ [b; ()] < sy 8), le(t)] < 6}
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To obatin a globally defined pseudo-metric, we use a coordinate patch over
0f). This pseudo-metric is well defined and by the Campbell-Hausdorff
formula, we can show that the corresponding balls B(z, ¢) are equivalent, up
to a holomorphic change of coordinates, to a polydisc whose size is § in the T’
direction and p;(z,6) in the direction corresponding to Z;, j =1,...,n—1
(see McNeal [Mc2]). Furthermore, we have the following additional property
on the functions y;’s which is that if z € B(y, 6) then u;(x,6) ~ p;(y,9).

The behavior of the Bergman kernel of finite type domains in C? (see
[Mc1], [NRSW]) as well as convex domains in C" (see McNeal-Stein [McS],
[Mc3]) are now well known. In this paper, we shall generalize results
of Bonami-Grellier [BG| as well as Bonami-Chang-Grellier [BCG] about
weighted Bergman projections on finite type domains in C? to decoupled
domains in C".

It is well-known that the Bergman projection operator (even with re-
spect to a smooth weight function) is smooth away from the diagonal
Y ={(z,y) € 00x9IN : = y} on the boundary. Therefore, the correspond-
ing Bergman kernel function and its derivatives are uniformly bounded on
compact subsets of €2, we may concentrate the behavior of the kernel func-
tion near a neighborhood U of 9§ in € where the projection 7 : U — 9
is well-defined.

Let dV denote the Lebesgue measure in C", and let dV,, @ € Z, =
{0,1,2, ...}, denote the weighted measure

dVu(z) = p*(2)dV (z).

Let B, be the weighted Bergman projection for the measure dV,, i.e.,
the orthogonal projection in L?(dV,) onto H?(dV,), the subspace of all
L?(dV,,) holomorphic functions. We use the notation B, (z,w) to represent
the corresponding weighted Bergman kernel, i.e.,

Bo(/)(2) = [ Balzw)f(w)dVa(w)

= [ Butz.w)f(w)o® (w)av (w).
For z, w € U, we define

D(z,w) = d(n(z),7(w)) + p(z) + p(w).
Furthermore, for any w € U, we define the “tent” over the ball

B(r(w),6) = {z € 09, d(z,7(w)) < 6}
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as the set
B#(w,8) =Qn{ze€C", D(z,w) <6}
Then
n—1
Volg [B# (w, 6)] ~ [H 13 (w, 5)] x 52,
=1

The first step to understand the weighted Bergman projection is to
establish the following size estimates for B,(z,w) for (z,w) € Q x Q\ T.

THEOREM 1.1. Let oo € Zy. For each ¢, there exists a constant Cy so
that if Y1,...,Y; are vector fields (acts either in z or w variable), each of
which is one of{Z],7J}?:1, with By either Zy or Z, k=1,...,n—1, and
Bn =L~ (B1+ -+ Bn_1) either Z, or Z,, then

=4 57 (2, Dz, w)| x D= (2,w)
(1.2)  |Y1...YeBa(z,w)| < Cy Volo B% (=, D(z,w))]

for any (z,w) € A x Q\ X.

Next, we may use techniques in [BCG] to obtain the commutation rela-
tions with vector fields 7" and Z;, j = 1,...,n—1. From these commutation
relations, it is easy to show Sobolev and Lipschitz estimates, both isotropic
and anisotropic, for the operator B,. Inspire of the work in [McS], we
shall discuss BMO(£2, dV,,) estimate for the operator B, in the last section.
The first author would like to thank Sandrine Grellier and Jeff McNeal for
inspiring conversations about this project.

§2. Operators of weighted Bergman type

In order to obtain the commutation relations between the operator B,
with vector fields T" and Z;, 7 = 1,...,n — 1, we need to introduce a class
of operators called “operators of weighted Bergman type” and get some
estimates for this class. For the convenience of our computation, let us fix
the number o € Z4 in the wieghted function dV,, in the rest of the paper.

DEFINITION 2.1. A kernel K(z,w) € C®(f2 x 2\ ) corresponding to
an operator K is a kernel of weighted Bergman type of order 7 = (r1,...,7,)
if it satisfies the following estimates:

For each ¢, there exists a constant Cy so that if Y7,...,Y, are vector
fields, each of which is one of {Zj,ij}?:l, with ) either Z; or Zi, k =
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1,...,n—1,and B, =€ — (B1 + -+ + Bn_1) either Z, or Z,, then

L= ™" (0(2), Dz, w)] x Dz w5
Vola [B#(z, D(z,w))]

(2.1) ’Y]}/[K(Z,w)’ S Cg

for (z,w) € 2 x Q\ E. Each Y, acts either in z or w.
Remarks.

(1) Operators of weighted Bergman type of order 0 do not form an algebra.
We need a further assumption on this class which is the action of B,
on a suitable collection of bump functions. We shall discuss this point
later. For more detail, see Stein [S, pp. 293-297].

(2) If K is a weighted Bergman type operator of order 7 = (ri,...,7,),
then from the definition, we know that Z;K and 7]K are weighted
Bergman type operator of order (ry,...,r; —1,...,7m,), j=1,...,n.

As we have mentioned in the above remark, we shall need to define a
class of normalized “bump functions” as follows.

DEFINITION 2.2. Let M € N. A function ¢ of class CM in Q is said to
be a bump function of order M if ¢ is supported in some B#(w,§) and if,
for any £ € N, £ < M,

n—1
sup [H Mf‘j(w,é)] S8 YL Yep(2)] < 1

z€B#(w,6) Lj=1

whenever 3 of the Y,’s arc either Z, or Z, k =1,...,n— 1, and 3, =
¢ — (B1+ -+ Bn1) are either Z, or Z,,.

DEFINITION 2.3. We call a weighted Bergman type operator K of order
7 is “resticted regular” if both K and its adjoint K* satisfy the following
estimates:

For any ¢ € N, there exists a constant Cy and a positive integer Ny such
that, whenever ¢ is a bump function of order > N, supported in B#(w, 5),

then
n—1 5
sup  |Y1...YiK(p)(2)] < Cf[H ,U;J_ J(w,é)] o« &§Tn—bn
z€B#(w,6) j=1

whenever By of the Y}’s are either Z; or Zp, k = 1,...,n — 1, and 3, =
¢~ (B1+ -+ Bn_1) are either Z, or Z,,.
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From now on, we denote the class of all restricted regular weighted
Bergman type operators of order 7 by 137(ra)(9). In fact, it can be shown

that Uzczn B;a)(Q) forms an algebra.

Remark. For the case Q CC C? of finite type with smooth boundary, it
has been proved independently in [Mc1] and in [NRSW] that the Bergman

projection belongs to the class Béa)(Q) with o = 0.
Define functions h; : R — {2,m;}, j =1,...,n — 1, as follows
hj (t) = 2x (t>01 + MjX{1<0}
where x g is the characteristic function of the set E.

LEMMA 2.4. There exists a constant C such that, for any € > 0, any
Y1y n € R, and any ¢ € 01,

En 1 n—1
/ (¢ t) - tmdt < C T wf (G e) - et
j=1 n—1 i
if ! 4y, +1>0
j=1 hj(_ ])
n—1
I Hu (G orde< 0 [T @e)-
n—1 .
if Y4y, 1<
j=1 hj(’)/j)

Proof. By the definition of numbers m; and a basic property of func-
tions 1;(¢, ), we know that

1

(53) (. 8) < (¢ 8) < (;)h wi(C.8).

for all z € 80 and 0 < § < § < e. Now we have

en—1
/ Hujct St dt

o] 9—k+1. n—1
_ Yy Yn
= ,t) -t dt
> L. JICHED
oo rm—1
<C- S MLy te) ke
k=1tj=1
n—1 o'} n—1 vy
S O L R B D i
j=1 k=1
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For the other integral, the computation is similar. 0
LEMMA 2.5. For any operator K € ’B;a)(Q), there exists a constant C,
such that, for any z € Q, for any ¥ = (y1,-..,%n) with

n—1 7"_*_'7‘
> —— T 7 +1>0,
I hil=ri =)

and

————+ 7+, <0,
j=1 hj(rj +’Yj) " "

such that the kernel K(z,w) of K satisfying the following estimate:
n—1
[t < [ TL g rw),plw))| o7 (w)aVa(w)
7=1
n—1
< | TLi ™" () o(a))] % 77 o).
=1
Proof. We may rewrite the above integral as follows:

n—1
1wl < [ TL i (rw), )| 57 (w)aVatw)
Q e

Jowirnr " 2
B#(w(2),0(2)) =g/ B# (r(2),25F1p(2))\B# (n(2),2%p(2))

Ifw € B#(m(2), p(2)), then m(w) € B(7(2), p(2)). It follows that p(w) <

p(z) and pj(m(w), p(w)) = pi(w(z),p(w)) < pi(w(z),p(z)). Besides, we
know that

p(z) < D(z,w) < 3 rho(z).

Therefore, the integral

n—1
/13#(7r(z),p(z)) K (2, w)| Ll;ll ij(ﬂ(w),/)(w))] X " (w)dVia (w)

n—1
< [T @) 00] 67 (),
7=1
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Similarly, we have

Z /B#("(z 2k p(2))\B# (W(Z) 2kp(2))

(K (z,w)| H py (m(w), p(w)) x 7 (w)dVe(w)
=1 s

< C, Z 2’c =1 Tt +w)+”+7"

The above infinite series converges if 7'~} (r;4+7;)/ (hj (rj +7)) +7n+7n <
0. This completes the proof of the lemma. 0

COROLLARY 2.6. Let o € Zy and let K € ’B(%a)(Q) be a restricted

reqular weighted Bergman type operator of order 0. Then the operator K
orginally defined on C*®(Q2) can be extended to a bounded operator from
LP(dV,) to itself with 1 < p < co.

Proof. As usual (see [BG] and [BCG]), we may deduce this corollary by
using Schur’s Lemma (see Rudin [R]). In fact, It suffices to find a positive
function g such that

| 1K G wlg* @)ava(w) < ¢ g°(2)

where s = p, p/. By Lemmas 2.4 and 2.5, the function g = p~¢, with &
small enough has this property (0 < e < 1). The proof of the corollary is
therefore complete. ]

THEOREM 2.7. Let o € N. Let Ty and T4 be two operators in B(a (Q)

and in B;a)(ﬂ) respectively. Then T1Ts is in %£+s( Q) if the following
condition holds:

“orts -2
T 5
1/=E — 4 rp+ s, —a—2<0.
bl +s—2) "

Proof. When a = 0, the proof can be reduced to composition of NIS
operators in finite type domains in C? (see [NRSW]) and decoupled domains
in C" (see Chang-Grellier [CG]). When o > 0, we borrow the same ideas
from [BG] and [BCG]. For completeness, we give some details of the proof
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here. It suffices to consider the operator T T4, the conditions for its adjoint
will follow.

First, we show that, under the assumption of the proposition, the ker-
nel of T{Ts and its derivatives satisfy the right pointwise estimates. For
(z,w) € @ x Q, let § = D(z,w). Let K; and K> be the corresponding
kernels of Ty and T4 respectively. We shall show that

C - [T} iy, 8)7H] x 87t

| K Ko (2,w)] < Vol, [B#(z,6)]

The estimates for the derivatives will follow the same argument.
Let ¢; be some bump function supported in B#(z, C) and

Y1(z) =1 on BY <z, %)

for some C > 1 depending on the pseudo—dibtance D. We also assume that
1y is a bump function supported in B# (w, C) and (2) = 1 in B (w, 2C)
Define

3 =1—11 — 1o
By definition

K1 Ko (z,w) = /Q Ki1(2, Q) Ko (€, w)dVa ().
So

K1 Ko (z,w) = /Q K1 (2, Q) Ka (¢, w)hr (Q)dVa (€)
+ / K1 (2, Q) Ka (¢, w)th2(C)dVa (C)

+/QKl(z,C)Kz(Q,w)¢3(€)dVa(C)
= Il + IQ + 13-

But

L] < |Ti(1)(2)] x  sup  [Ka(C, w)

¢esupp(¢1)
(22320 1y(w, D(G,w))*] x D(¢,w)™
= ITl(wl)(Z)’ 65181:)1[13(1/11) VOIOL[B#('ZaD(Zaw))]
O - [T e, 87+ x 57t
= Vol [B%(z,6)]
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since, on supp(¢1), D(¢,w) ~§
To handle I3, the argument is similar (it uses the assumption on the
adjoint of T9). It remains to estimate the last term I3. Denote by E the

set of ¢ € Q where D(z,() > —2@ and D(w,() >

II3) = } / Kl(z,4)K2<4,w>¢3<¢)dva<<)1
<cC /E K1 (2, Q) Ko (¢, w)|dVa(C)
: /En{mz,ogzé} " /En{D(z,c)zm
=1V 1.

In the region of the integral Iél), we have D(z,() ~ ¢ and D(w,() ~ 6.
Therefore,

C . n—l i ,6 r,+s 67"n+8n
W S mEar e
(Vola[B#(z,6)]) D(2,()<26
C - [S021 iy (=, 6)75+9] x g7ton
= Volo [B#(z,6)]

In the region of the integral I:gz), we have D((,w) ~ D(z,(). Hence, by
Lemma 2.5,

1(2 - C/ [Z;:ll Mj(zjé)rg-i-s]] x §Tntsn
- (z0)>26  (Vola[B# (2, D(z,()])?

S e
=1 Jars<p(z0)<2kt1s (Vola[B# (2, D(2,()])?

0 [S0E (2,8 ] x Groten

dVa(C)

Il

dVa(C)

< .

<C k;l Vol [B#(szké)]

< C - [Z52) milz,6)5] x grnten ) i@
< Vol [B#(z, 6)] 2

It remains to show that T; Ty is restrictedly regular. Let ¢ be a bump
function supported in some B (w,§) of order sufficiently large.

As in [NRSW], it is possible to construct a partition of unity 1 =
S k>0 Pk With ¢ a bump function supported in B# (w,c2%6) \ B¥ (w, 2%6),
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k > 1, where ¢ > 1 is some fixed constant, and g is a function supported
in B (w, cd).
We have

0) Y @rTa(¢)

k>0

But, using the properties of T2, we have

0 T2(0)(2) = ¢r(z / Ks(z Va(€)
= Y or(2z

where ¢y, is a bump function supported in B (w, 28§) and

Vol [B7 (w, §)) & k
z,2%6)® Sn
© ot [ (w 2k5 [Z iz } < (2°9)

For k = 0, this follows immediately from the estimates on T3(¢). For

Yk =

k > 1, we use only the size estimates of the kernel K(z,() and its deriva-
tives which give (with the notations of Definition 2.1)
(S0 (2, 246) ) x (2b6)0 e

Vol [B#(z, 2k8)]

Y. YK (2,0)| <

when ¢ € B#(w,8) and z € B¥ (w, c2k8) \ B¥ (w, 2%8) (since D(z,() ~ 2¥6).
So

Tﬂm@:LKW@BwMMMO
=Y wTi(or)(2)
k>0
so that
sup  |T1T2(¢)(2)] < Z% sup |T1(¢r)(2)]

zeB#(w,8) k>0 2€B#(w,6)

n—1 o]

<c S mwoyto] x oo Yy
j=1 k=0
n—1

< O3 witw ey | ot
7=1

The proof of the proposition is therefore complete. 0
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The next two results give simple rules of functional calculus in the
operators of weighted Bergman type. The proofs of these two lemmas can
be also founded in Bonami-Grellier [BG].

LEMMA 2.8. Let & € N and let K € ﬂff)(Q) be a restricted regular
weighted Bergman type operator of order 7. Define the operator K* as
follows:

K*f = K(pf).

* (a+1)
Then K* € BF+(0,...,0,1)(Q)'

Proof. 1t is easy to see that the kernel K*(z, w) of K* satisfies the right
pointwise size estimates since Volo [B%(z,w)] x D(z,w)~Vol(441)[B# (z,w)].
Next, we want to show that K* belongs to the class B;i?é) “70’1)(9). Let
¢ be any bump function supported in B#(w, 6) of order sufficiently large.
With the notations of Definition 2.3,

sup  [Y1... YV K*(p)|(z) = sup [V1...YiK(pp)|(2)

2€B#(w,6) 2€B# (w,8)
n—1
< C{H uj(w,é)”‘ﬁa] gt B

j=1

since C£¢ is a bump function. The same holds for the adjoint in L*(dV4)
since the adjoint operator of K* equals to K*(py). 0

LEMMA 2.9. Let € N and K be an operator in ’Bgl)(ﬂ). Let
n—1
1[1(2,’11)) = H @bj(z,w)
j=1

be a C®-function in  x Q satisfying
9.
¥y(z,w) = O (1) (2, D(z,w)))
for8; € {0,1}, j=1,...,n— 1. Let us consider the operator K defined by

Kf(z) = TK(¥(z,)f)(2).

()

Then, K € B(T+(91,...,0n71,—1))(Q)'
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Proof. It is obvious that the kernel of K is equal to
n—1

K(z,w) = [T,K(z,w)] x {H ¢j(z,w)]
71=1

and that it satisfies the right pointwise estimate. So is the kernel of its
adjoint.

Let us consider the action of K on bump functions. Let © be any bump
function supported in B¥ (w, §) of order sufficiently large.

sup  |K(p)|(z) = sup [TK(¢(z,)¢)|(2)

zeB# (w,8) 2€B#(w,8)
n—1

<0 [Tl wstwoy o] o
j=1

since [H;;ll ¥, (z,w)/1(z,6)%] - ¢ is bump for any z € B (w, ).

Next, let us consider the action of the adjoint operator of K on bump
functions. Here we use the same bump function ¢. Then, by integration by
parts, we have

R (o(2)) = [ [T (w,2)J(w, 2p(w)Va(w)

=K (¢(,2)To + aalz,-)p)(2)

where a,, is a smooth function. Therefore, we have

n—1
sup K (0)2)| < € { | TL mytws o] ot
ZGB#(IU,6) j=1
n—I1
+ > py(w, 8)" [H pi(w, 6)7+ 0% ‘W}
1=1 k+#j
n—1
<. [H m(w,é)’f’*"ﬂ} Tl
j=1
since

l: 6 ;Z(a Z)

1521 1 (w, 6)%
is a bump function for any z € B¥(w,§) and dp;j(w,8)~% < 62 < O for
j=1,...,n—1. The estimates for the derivatives are similar. The proof

]TSD

of this proposition is therefore complete. U
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§3. The weighted Bergman projection

In the introduction, we have mentioned that the first step to obtain
Sobolev and Lipschitz estimates for weighted Bergamn projections is to
establish the size estimates. The following theorem will achieve this goal.

THEOREM 3.1. The weighted Bergman projection B, belongs to the
class Béa) (Q) for any o € N.

Proof. We are going to prove this result by induction on «. As we
noticed before, the result is well known when a = 0 (see [BGC|, [Mc1] and

[NRSW]). Now, assume that B(,_1) € 3(({1—1)(9) for some o > 1. We want
to prove that B, € Béa) (Q). O
We first prove the following result by using the same method in [BG].

THEOREM 3.2. There exist an operator H, € 3%‘1) () and two C*-
functions Uy, Wy in Q x Q such that

B,.=H,+E,B,=H, - B,E,.
with
E,=—t [BaflT(\Illpf) - TBafl(\Illpf)]
an operator in the class BET,)_”,LO)(Q). Here HY, is the adjoint of H, taken
in L2(dV,).
Remark.
(1) From Theorem 3.2, it is easy to see

M
B, = Y (-1)'HLEL + (-1)MH'B,EN

k=0
for any M € N. This identity holds for general finite type domains in
C? as well as convex domains in C”, i.e.,  is not necessary a domain
like {(z1,22) : Im(z2) > fi(z1)}. When Q is a decoupled domain,
then we have E, = 0. This can be derived easily by using the special
coordinates (21, ..., zn—1,t, p) on the neighborhood U, and integration
by parts. Here

n—1
p=2Im(z,) - Z Fi(z5), t = Re(zn).
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(2) The idea is to construct H, as a non-canonical projection in L?(dV,)
to “approximate” the Bergman projection B,. Such a construction
has been first used in Kerzman-Stein [KS] for strictly pseudo-convex
cases. However, the kernel for H, still relies on the kernel B,_;.
Therefore, we don’t have a similar formula as [KS].

Proof of Theorem 3.2. First, since by assumption Z,p = 1 on 94, there
exist two functions 11, 19 in C*°(Q), ¥; = 1 on 91, so that

1= Y1 (w) Znp(w) + Ya(w)p(w).

Let f be a holomorphic function in C°°(£2). By the reproducing prop-
erty, we have, for any z € Q,

- /gz Bo-1(z,w) f(w)dVo-1(w)

- /Q Bo1(2,0) £ (w) 101 (w) Znp(w) + 1 (w) p(w)]dVa_y ()

Zn(p(w))* 4V (w)

/Ba 1(z,w) f(w)hy (w) ——"—
+ /Q Bae1(z,w) f (w0 (w)p(w)dVa—y (w).

By integration by parts, there exists some smooth function 3 such that

f(z):/ [ Y (w >7 Ba—1(z,w) + 3(w)Ba—1(2,w)| f(w)dVy(w).
Q

a

But B,—1(z,w) is antiholomorphic in the w-variable, it follows that
ZpyBo_1(z,w) = =2iTy,By_1(z,w).
Therefore, we have

(3.1) f(z):/Q{%dzl(w)Tu,BQ_l(z,w)+¢3(u))Ba_1(z,w) fw)dVy(w).

This gives us two C*(Q2)-functions ¥; and Wy with ¥; real valued on
0R, such that

HQ(Z, w) = illfl(w)TwBa_l(z,w) + \Ilg(w)Ba_l(z,w)
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is a reproducing kernel for the holomorphic functions in C*°(§2) with respect
to the measure dV,,. From a result of Ligocka [L|, we know that B, f €

C>(2) if f € C*(Q2), then we have

(3.2) B.f=H,B.f.

On the other hand, we may use the identity
H.f=BH,f

to obtain HY,(f — B, f) = 0 since the operator B, is self-adjoint. Plugging
in (3.2), we get

Bof =H.f +H,Bof ~H,f =H.f + H.,Bof —~ H B.f
=H,f+ (H, - H,)B.f
Therefore, we have
(3.3) B.f =H.f -B.(H,—H})f
for f € C*°(Q2) which is dense in L?(dV,). Hence, (3.3) holds for f €
12(dV,,).
It remains to show that H, € Bgy)(ﬂ) and that

. * (@)
E,=H, — Hoz € 3(1,...,1,0) (Q)

First, let us consider H,. By construction, we know the kernel H}(z, w) of
the operator HY, is

H(z,w) = —iV1(2)[T,Ba_1](z,w) + ¥o(2) Ba_1(2,w).
It follows that

H, (f)(2) = =10 (TBa-1)(pf)(2) + ¥2Ba-1(pf)(2)-

By assumption, B,_1 € Béa_l)
H, € 3 (9).

Next, let us consider the operator E,. We first look at the term corre-
sponding to the kernel

(), then Lemmas 2.8 and 2.9 conclude that

iV (w)TywBa—1(z,w).
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We have

/TBQ (2, 0) T (w) f () dVi (w)
i / B (2,0) [=T(p: £)(w) + s () p(w) f () Va1 ()
—1)[Ba- 1T(‘I’1ﬂf)]( )+ Ba-1(¥3pf)](2).
Hence,
Eo(f)(2) = Ba—1((¥2 + ¥3)pf)](2) — Wa(2)[Ba—1(pf)](2)
—i[Ba1T(1pf)](2) + iW1(2)[TBa—1(pf))(2)
= [Ba—1((Y2 4+ ¥3)pf)](2) = ¥2(2)[Ba—1(pf)|(2)
—i[Ba1T(V1pf)](2) + i[TBa-1(¥1pf)](2)
—i[Wy(2) = ¥ (2)]TBa-1(pf)(2)
i{TBo i ([0 — W1 (2)]0)](2)

Notice that

Wy (w) - Wy (2) = o(n (2 DGz )

and that, since ¥q is real valued on 952,

Wy (2) - Ty (2 (H py(2 DGz w))

Therefore, by Lemmas 2.8 and 2.9, the corresponding operators of the last

two terms are in BE?) 71’0)(9) Similarly, by Lemma 2.8, the first two terms

are in BEO) )(Q), $0 1In BE(X) 1 0)(9)

It remains to prove that the remaining term,
i{Ba1T(V1pf)] = [TBo-1(¥1pf)]} (2),
is smoothing. In order to do that, we need the following lemma.
LEMMA 3.3. There exist two C®-functions ®1 and ®o in QU x Q so that

Bo 1T (pf) — TBa_1(pf)
= Bo_1[®20f] + Ba1(@1Ba_1(pf)) + [R} + Ri)(pf)
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where
Rif(2) = Y11= Batl [ 5 Bact | (6n(20)()

k=1
with

oytesw) = O TL (2, D, )

7=1
and R} is the adjoint of Ry in L?(dV, 1).

Remark. We are going to show that the right hand side is smoothing.
Close commutation properties can be found in the context of NIS operators

(see [CNS]).

Proof of Lemma 3.3. Let (-, -) be the inner product in the Hilbert space
L?(dV,_1). Denote

T.B Z’Yk (Z w)
since By_1(z,w) is holomorphic in the z. For a g € L*(dV,_1), we have
(TBa-1(pf)(2),9(2) = [Ba-19](2))
- Z< 2= Bt (u(2) = W(pI(2),9(2) ~ [Ba-rg](2))

. z<-8%[Ba_1<wfn<z>, ()~ Ba-19()

k=

= (I Bera){ g B s ()~ WD ), 902))
= (Ri(pf),9).

Here we use the fact that
5 (o Bans (w2 9() - Baro(2)
sz ’

k=1
o, (Ba1(wpf)](2),9(2) = Baag(2))

=
Il
-

Il ll
D}ﬂ: P‘ﬂ:

>

Il

—
e

(I = Ba—1][Ba-1(vpf)l(2),9(2))

z

([(Ba—1 = Ba_1)(wnf)l(2), 9(2)) = 0.

Il
M=
%o

?r

Il

—_
S
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Similarly,

(I-Ba 1](pf)(2),TBa-1(g)(2)) = (Ri(pf),9).

This gives us

(34) - <Ba71(pf)a TBaflg> = _<:0f, TBOL—LQ) + (Rik(pf), g>
Therefore, by integration by parts, we have

(TBW—l(pf)vg> = <TBa—1(pf)7 Ba—lg> + <R1 (pf)’ g>
(3.5) = —(Ba-1(pf), TBa-19)
(Ba—1(pf), ®1Ba—19) + (Ri(pf), 9).

Plugging (3.4) into the last line of (3.5), we have

(TBa-1(pf),9) = —(pf, TBa-19)

+(RT +Ril(pf),9) + (Ba1(pf); L1Ba-19)
=(T(pf),Ba-19) + (®2pf, Ba-19)

+([RT + Ral(pf),9) + (Ba—1(pf); P1Ba-19)
= (Ba—1T(pf), 9) + (Ba—1(®20f), 9)

+(RT +Ral(pf), 9) + (Ba-1(®1Ba-1(pf)), 9)-

The last line of (3.6) holds because integration by parts. Hence we have
TB(y—l(pf) - B(y~lT(pf)
= Bo-1(P2pf) + Ba1(®1Ba-1(pf)) + [R] + Ri|(pf).

Conclusion of the proof of Theorem 3.2. Now we may apply Lemma 3.3
to complete the proof of Theorem 3.2. By Lemmas 2.8 and 2.9, we get that

(3.6)

the two first operators appearing in the preceding lemma are in ’BEO’)‘“,O 1)(Q)
It remains to consider R;. Let us prove that the operator defined by

i Bo 1(¢x(2 )0f)(2)

is in Bgl) 1 0)(9). It is first obvious that the kernels of K and its adjoint
satisfy the right estimates. Assume now that ¢ is a bump function of order
sufficiently large supported in some B¥ (w, §). It follows immediately from

the definition of B(a 1)(Q) that K (y) satisfies the right property. Let us
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consider the action of its adjoint. Since o € N, then by integration by parts,
we have

K * _y i z,w) o (w, 2)e(w w
K016 = 3 [ [Pt (it potwiavae)

v — dp
—géﬂuwwhw@%ymmWwaw
+/ Ba_1(z,w)[B1(z, w)p(w)ds(w, 2)
Q
+B?(Z7w)@(w)p(w)]dva—l(w)
i Bo- 1‘:¢k( z) P+B1( )tpak(~,z) +Bg(2,~)cppil,

The result follows from the assumption on B,_1 and from the fact that

ak('v Z)
@ iw,8)"V¢

is a bump function for any z € B¥ (w, §). 0

Once we have Theorem 3.2, we may conclude the proof of Theorem 3.1
as follows.

Conclusion of the Proof of Theorem 3.1. By Theorem 3.2, we have
B, = H} + E,B,.
So, by iteration,
M-1
B, = Y E;H,+E)B..
k=0
Taking the adjoint in L?(dV,), we have also
M-

= Z B, (E,)"

By substitution in the above, we get

M-1 M-1
B, = Y EFH,+EN Y H.(E,)"+ENBL(E,)Y
k=0 k=0

=B,y + EYB,(E)Y
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where B, ps is, by Proposition 2.7, an operator in B%a)(Q) for each M.
Therefore it suffices to show that, for each fixed ¢, M can be chosen large
enough so that Y) ... Y, EM B, (E)M(z,w) is bounded. This kernel corre-
sponds to an operator of the form

Yi... Y, EMBL(EL)M (Y] ... Yy,)"

for some ¢1,¢5 so that ¢ + €5 = £. So, it suffices to prove that for M large
enough, this operator sends L!(dV,) into L*°. Since B, maps L?(dV,)
into itself, it remains to show that for M large enough, Y7 .. .YglE(Jy maps
L%*(dV,,) into L> and that (EX)™(Y;...Y,,)* maps L'(dV,) into L?(dV,).
By Proposition 2.7, for J large enough, we may assume that Y7 ... YglEi
is in Bg)‘)(Q). So, we can see Y] ...Yy, EJ as a product of M — J operators
in B

(17.“71’0)(9). Now, let K be an operator in (BE?,)...,LO)(Q)' From the

pointwise estimates of the kernel of K, it is easy to see that
[ K wl v, w) < c
Q

independently of z as long as

1 << 2m+mo¢+2.
- T 2m+ma+1

Here m = max{m,...,m,—1} is the type of the domain Q. The same
estimate holds for the adjoint of K.

Hence such an operator maps L'(dV,) into L"(dV,) and L" (dV,,) into
L*. By interpolation, we conclude that such an operator maps LP!(dV},)
into LP2(dV,) if 1/p; = 1/p; — 1/r’. This completes the proof of Theorem
3.1, O

Remarks.

(1) From Theorem 3.2, it is easy to see the following identity:
B, (z,w) = DyBy—1(z,w) + F,(z,w)

where F, € BE?)I O)(Q) is the operator —B,E, and D is a first order
differential operator with C°°(2)-coefficients. Once again, if we use
the coordinates (z1,...,2,-1,t, p) on a decoupled domain, we do have

the exact identity By (z,w) = DyBa-1(z,w).
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(2) Instead of f, we may consider B,_1f in (3.1). Then by the same
integration by parts, we get

Bo1f(2) = Haf (2) = | Bat (2, w) RS (w)s (w)dVa(w)

if f is not a holomorphic function. By Theorem 3.2, we have
" 0
Ba_ :Ba—Ba; ~——_— ‘-F
; (s > Tz ) - Fa

84. Sobolev and Lipschitz estimates for weighted Bergman pro-
jections

The main object of this section is to prove the following:
B, : LV (dV,) — LE(dVL),

boundedly for 1 < p < oo and k € Z,. In order to achieve this goal, we
need the following result on commutation properties for B,.

THEOREM 4.1. Let M N o € N.
(1) There exist operators {Bai}M, in Bg)) (Q) such that
M .
VYBg =Y Ba "
i=0
(2) Let Z; = 0/0z; +i0f;/0zj 0/0zn, j = 1,...,n — 1, be one of the
complex tangential vector field on 9Q. Then there exists {Ba,}Y,

operators in ng) N 0)(9) such that

~

J

N .
B, =) Ba:Z.
1=0

(3) Let {Y;} M, be M vector fields, each of which is Zj or Z;, j =1,...,n—

1, then there exist operators {Ba}M, in 3%3) Mo O)(Q) such that
J
M '
Yi...YuBa =) BaZ.
2=0
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Proof. Let ¥;(C) be the vector as follows

i
7,(¢) = 0,...,0,?,0...,0,—1'%(() .

aG;
We first observe that there exist two smooth functions n; and 7y such that,
for any z, ¢ € Q,

1= m1(z, OZ;)e (¢ = 2,7,(0))") + ma(2,€)
with 7(z,¢) = 0 in a neighborhood of the diagonal 89 x 9. Then we have
Ba(/)(2)
= [ Ba(z. O (. O(Z); (1€ = #5,(0))") + ma(z QLA Cava(c),

After 7 integrations by parts, using the fact that Z; is tangent at the bound-
ary and that B,(z,() is antiholomorphic in ¢, we obtain

N
Ba(f)(2) = 3. [ Bale N OZNLFQ) - (€ = 2,550 dVa(c)
1=0
+ [ Bale Oz, O S(Qaval0)

So, we conclude that

N
Ba(f)(2) = Y_Ba.ilZ;f)(z)
i=0
where B, ; is the operator of kernel

Ba,l(z, C) = BOK(Z’ C))‘Z(z’ C) ' <C - Z?{)‘j(C»i

for 7 > 1 and

Ba,O(Za C) = Ba(z, C))\O(Za C) ' <C - Z’ﬁj(C)y + Ba(za g)n2<zv C)

J
The fact that B, ;, for 0 < i < N, is of type (0,...,0, 7,0,...,0) follows
from the estimate

(¢ = 2,5 (O)] < Ciy (2, D(z, ().

This completes the proof of assertion (2). From (2) and the holomorphicity
of B,(z,(¢) in the z-variable, conclusion (3) follows immediately. For (1),
we refer to Theorem 4.1.1 in [BCG| where the proof for o = 0 is given. The
general case needs a slight modification. We omit the details here. 0
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Before we state the main theorem of this section, we introduce some
notations. Let k be an integer. Let L?(dV,) be the usual Sobolev space
related to the measure dV,,. Similar to [CNS], let NI} (dV,) be the set of
all f e LP(dV,) so that

P(Z,Z)f € LP(dV,)

for all (noncommutative) polynomials P in Z; and 2j, j=1,...,n—1, of
degree at most k. To define the norm, let A, be any (fixed) basis for the
vector space of these polynomials and set

I lnzzavey = D 1P(Z, 2) fllo(ava)-

PEAL

For more detail of the spaces NL}(dV,,), see Stein [S, pp. 605-610].
Define

Ly p(dVa) = {f € LP(dVa); T'f € LP(dVa), 1 <i <k},
and

L} 5 (dVa) = {f € LP(dVa); Z)f € LP(dVa), 1 <i <k}

Now the following theorem can be easily deduced from Theorem 4.1
and Corollary 2.6.

THEOREM 4.2. The weighted Bergman projection maps
Li,T(dVa) — LP(dVa)

and

L} , (dVa) — NIf(dVa)

forl < p <ooandj =1,...,n— 1. In particular, the isotropic and
anisotropic spaces, L7 (dV,) and NI} (dV,), are left invariant by B,.

Next, let us consider Lipschitz estimates for B,. We first introduce
spaces A%as(Q) as well as Agj’as(Q), j =1,...,n — 1 as follows. More

precisely, for a function g of one real variable let us define Aﬁg(t) as the
k-th symmetric difference, which is obtained by induction from

Apg(t) =gt +h) —g(t).
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Let &p = &7 (-, () be the integral curve of T" such that ®7(0) = ¢, and let
AT f(Q) = Af(f 0 21)(0).

The space A% a5 (§2) is the space of functions f which are asymptotically
Lipschitz in the T direction. More precisely, let

Qe ={z e p(z) <e},

where p denotes the distance to the boundary, and assume that, for ¢ € Q,
&7 (-, ¢) is defined for [t| < gg < €.

DEFINITION 4.3. A function f € L*(Q) belongs to Ag as(£2) if there
exist an integer k, k > [ and a constant C' > 0, such that

[ALFOI S CIR (o) + 1), £=0,1,.. K
for every ¢ € Q, and |h| < 2.
Similarly, we may define spaces AgJ’aS(Q), j=1,...,n—1 as follows:

DEFINITION 4.4. A function f € L*(2) belongs to A’% as(§2) if the
exist an integer k, k > (8 and a constant C' > 0, such that

A% L F(O] = [AL(f 0 ®2,)(0)] < CIRI"*(p(C) +|R])",
0 =0,...,k, for every ¢ € Q, and |h| < L.

Remarks.

(1) Tt can be shown (see [BCG]) that a function f € L*°(2) belongs to
A?as(fl) if and only if there exist an integer k, k£ > [ and a constant
C such that, for every £ > 0, f may be written as b + g1 + g2, where
g2 is supported outside 2. /5, b and g; supported in (2,, and

b(¢)] < C(p(¢) +27%)°

(4.1) YZ: T2 1(Q)] < C2*(p(¢) + 27"
j=0

(2) Similar to (4.1), it can be shown that a function f € L°°(£2) belongs to
Agj as(§2) if and only if there exist an integer k, km > ( and a constant
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C such that, for every £ > 0, f may be written as f = b+ g1 + g2,
where g is supported outside (2, /5, b and g; supported in 2, and:

O] < Cp(¢) +27)°

42 (1j(¢,27 ZlZLgl )| < Cp(C) +275°.

Now we may write our theorem on Lipschitz estimates for the operator
B,.

THEOREM 4.5. Let o € Zy. Then weighted Bergman projection B,
maps A%aS(Q) and Agj’as(Q), j=1,...,n—1, into A%(Q).

Proof. The proof of this theorem follows [BCG] where the case o =0
is considered.

Part (1). The Bergman projection maps Ag () into AP(Q).

As B,/(f) is holomorphic, we have to show t’hat, for z € Q,

IV*Ba(f)(2)| < Cp(z)"*

for some k > (3. Let z € Q be fixed, p(z) < €9, and let f = b+ g1 + g2, with
p(z) ~ 27¢. There is no problem for V¥B,(g2) since it is supoorted in a
compact subset of 2. By assumption on b, we have

J19"Balz, 01 Q) laVal¢)
< C [ I9"Balz, 01 (6(Q) + 27 dVa(0) < Cp(2)",

by Lemma 2.5 since 3 < k and since the Bergman kernel B, (z,w) belongs

to the class Bgl)(Q).
So, we have to deal with the term g;. Now, let kg be the integer involved
in the definition of A%as(Q). Assume k > kg. By Theorem 4.1 (1), we can

write:
ko

V¥ (Bag1) = Y Ba,T'g1,
=0

where B,, ; is of Bergman type (ko — k,0). Then, by (4.1), we have

ko
V¥Bagi(2) € €3 [ 1Bailz, 0l - 2%(o(0) + 27)ava (<)
=0

< Cp(z)*
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by Lemma 2.5 applied to each B, ; for k > 3 — ko.

Part (2). The Bergman projection maps Ag],as(Q)7 j=1,...,n—1,
into A?(€2). Without of loss generality, we may assume j = 1. Now we may
fix variables (29,...,2,_1). Then as before, it is enough to show that

Y1 VB (f)(2)] < Cp(2)"

for some A > 3. Here Y, = T, Z, or Z;. Take again f = b + g1 + go, with
p(z) ~ 27%. Majorization for gy is obvious. For the term b, we can do as
Part (1).

For the terms coming from g¢;, we use Theorem 4.1 (2) to write

ko
Y- YiBagi =Y Y1+ ViBaiZig
1=0

where the Y7 ---Y;By,’s are Bergman operators of type (ko,0,...,0,—k)
and kg > mp. We choose k > 3+ ko/2 and by Lemma 2.5 again, we get

J 192 Bas: Ol p(0) 1€ () aVa(0) < Col)”

This gives the result by the assumption on g;. By a result of Grellier [G],
we know that B, (f) € A%as(Q). Now we may use the same result to obtain

B.(f) € Agj’as(ﬂ), j=1,...,n— 1. The proof of the theorem is therefore
complete. [

Remarks. We may also consider the extremal cases for Lipschitz esti-
mates. When f3 tends to 0, the space A”(Q) NH(Q) can be replaced either
by the Bloch space B(2) or by the space BMOA(S2). Let us recall the
definitions:

A holomorphic function F' belongs to B(2) if and only if

sup p(C)|VF(Q)] < o0;

cen
a holomorphic function F belongs to BMOA(S?) if and only if F is in H?(Q),
and its boundary values F™* are in the space BMO(9Q2) which is defined in
terms of the anisotropic distance d:

1
sup

o(B(C.7) F*(2) — Fje |?do(2) < oo;
¢r o(B(C,T)) /B(g,r)‘ ) = Fp(¢,n|"do(2)
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here o denotes the Euclidean measure on 02 and F; B(Cr denotes the mean-
value of F' on B((,r). Since boundary values of holomorphic functions
involved in definitions of spaces B(€2) and BMOA(S2), we just consider the
measure dV = dV} in the extremal cases.

Let v be a positive measure on §2. We shall say that v is a Carleson
measure (i.e., v € C(Q)) if there exists a constant C' such that v(Q) < C
and if, for any ¢ € 99, any 0 < ¢ < &g,

V(B#(C,s)) < Co(B(¢,¢e)).

The smallest constant C satisfying the preceding property is called the
Carleson norm of v and is denoted by ||v||c.

It can be shown that F' € BMOA(Q) if and only if p(2)|VF|?dV (z) is a
Carleson measure (see Krantz [Kr| for strongly pseudo-convex domains in
C" and [BCG] for finite type domains in C?), i.e.,

L, p&IVFPAV(2) < Co(B(C,r).
B#(¢,r)

In fact, following the idea in [BCG], we have:
THEOREM 4.6.

(1) The Bergman projection By maps the space

n—1
{5 € 2@ 3 ms(ColeNISQ)1 +12:5)1 < €}
j=1

into the Bloch space B().

(2) The Bergman projection By maps the space

2( - 2 , 2 4V
{ser@ z::ugcp PUAOR +12,/OP) 5 @)}

into BMOA(SQ).

§5. Estimates of weighted Bergman projections in BMO(£,dV,,)

In this section, we will study the behavior of weighted Bergman pro-
jections on L°°(§2). The main idea of this section should go back to [McS].
Let Q(z,¢) denote the Euclidean cube in C™ centered at z of diameter €.
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DEFINITION 5.1. A function f belongs to the space BMO(Q2,dV,,) if
f € L} _(dV,) satisfying

1
sup

Vo omm 2) — foldVa(z) <
D O] o ) FalVal) <

where fg denotes the average value of f on Q(w,¢), i.e.,

1

Je = JeL 100w, =)

/ FE)aVa(©).
Qwe)

We need the following estimate of the kernel B, (z,w) for which we
need to obtain our BMO result.

LEMMA 5.2. Let Bo(z,w) be the kernel of the weighted Bergman pro-
jection on 2. There is a constant C, independent of z € €1, such that

/Q |V.Bo(z,w)|dVy(w) < C - ()7L

Proof. Let U be a local coordinate patch as we have mentioned in
Section 1 and z = (z1, ..., z,) be the coordinates of z. Since each component
of the gradient V, can be represented as

Sz 8977, t=1,..n

=1

and antiholomorphic derivatives of the kernel By(z,w) vanish, it suffices

to estimate each 3°7_; a ; )Z applied to B, (z,w). The pointwise estimate

(1.2) of the kernel B,(z,w) implies

{Za Zz} (z w)‘dV (w)

5 wi(z, D(z,w))™!

o) ~ Z/ Vol [B% (2, Dz, w))] - ()
D(z,w)™!

Q VOla[B#(Za D(Z7w))]

AV (w)

where

D(z,w) = d(n(z), 7(w)) + pl2) + p(w).
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As we have discussed in Section 1, we know that

n—1
Volo[B# (2, D(z,w))] =~ [ pi(z, D(z,w))? x D(z,w)*"
j=1
n—1 ' 2 9
~ (Z Ag )(z)?D(z,w)_7> x D(z,w)*"™.
j=1 \e=2

Using the same idea of [McS, Lemma 4], the integral (5.1) is bounded by
p(2)~! and the conclusion of the lemma follows immediately. U

ProPoSITION 5.3. If f € CY(Q) and
Vi) S p(2) 7,
then f € BMO(Q, dV,,).

Proof. Let Q(w,e) C Q be a cube in © and consider an arbitrary
z € Q(w, ). Then, by mean value theorem,

However, we know that
plw + 1z — w)) > pw) — t]z — wl.

It follows that

(5.2) )p—(;}l)z —w|
S8 )~ 2 —ul

Therefore, it follows form (5.2) that

[ 156) = f@)dVa(z)  Vola[Q(w, <))
Qw,e)
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Thus,

z) — dV,(z
INCRCLAC

< [ 1) - fw)ava(z) +
Qw,e)
< Vol [Q(w, &)]

Ly ) = Salava (2

1
" /Q(w‘e) Vola[Q(w, )] /Q o) |£(€) = f(w)|dVa(z)dVa(€)
S VOla[Q(U), 6)]

This completes the proof of the proposition. 0

Now Lemma 5.2 and Proposition 5.3 combine to give the following
theorem.

THEOREM 5.4. Let B, be the weighted Bergman projection associated
to 2 for the measure dV,, with a € Zy. Then B, maps L () to BMO(RQ,
dVy) boundedly.
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