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A SIMPLE STOCHASTIC KINETIC
TRANSPORT MODEL
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Abstract

We introduce a discrete-time microscopic single-particle model for kinetic transport.
The kinetics are modeled by a two-state Markov chain, and the transport is modeled
by deterministic advection plus a random space step. The position of the particle after
n time steps is given by a random sum of space steps, where the size of the sum is
given by a Markov binomial distribution (MBD). We prove that by letting the length
of the time steps and the intensity of the switching between states tend to O linearly, we
obtain a random variable S(¢), which is closely connected to a well-known (deterministic)
partial differential equation (PDE), reactive transport model from the civil engineering
literature. Our model explains (via bimodality of the MBD) the double peaking behavior
of the concentration of the free part of solutes in the PDE model. Moreover, we show
for instantaneous injection of the solute that the partial densities of the free and adsorbed
parts of the solute at time ¢ do exist, and satisfy the PDEs.
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1. Introduction

We consider a mathematical model for the displacement of a solute through a medium which
apart from a constant flow (advection) and a dispersion (diffusion) interacts with the medium
by intermittent adsorption (the kinetics). Our goal is to connect a stochastic single-particle
model to the well-known deterministic model which describes this process by a pair of partial
differential equations (PDEs). In Section 2 we introduce the deterministic reactive transport
model (as in, e.g. [9]) characterized by a pair of PDEs. In Section 3 we give our simple discrete-
time microscopic single-particle stochastic reactive transport model. In Section 4 we calculate
the probability generating functions of the Markov binomial distribution which is described in
Section 3. These are helpful to consider the convergence of our simple discrete-time stochastic
model by letting the time step go to 0. This will be discussed in Section 5. In Section 6 we
show for instantaneous injection of the solute that the partial probability densities of the free
and adsorbed parts of the solute do satisfy the PDEs defined in Section 2. In Section 7 we
compute the means and variances of our stochastic reactive transport model. Actually, our
formula fills a gap in [9]: since the authors erroneously stated that the variances are linear in
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the initial distribution, they gave only the result for two initial distributions. In Section 8 we
study the probability density function of our stochastic reactive transport model. This gives us
a new and more precise point of view at the double peaking behavior in the concentration of
the free part of the solute discussed by Michalak and Kitanidis [9].

2. The PDE reactive transport model

We briefly describe the model used by Michalak and Kitanidis [9] (see [8] for a more extensive
treatment). Given is a solute that has an adsorbed part that does not move, and a free part that
moves in the x-direction by advection and dispersion. Let Cr(¢, x) and C (¢, x) respectively
denote the concentration functions of the free and the adsorbed parts of the solute at time ¢ at
position x. By applying mass conservation and Fick’s law, we can establish the following pair
of differential equations:

ACp(t,x) 9CA(, x) 92Crp(t, x) ACE(t, x)
+ :D -V )

Jat ot ax2 0x (2])

dCA(t, x)
= —uCa(t, x) + ACE(t, x).

Here D is called the dispersion coefficient and v the advection velocity. The parameters A and
w respectively denote the rates of changes from free to adsorbed and from adsorbed to free.
The initial and boundary conditions are given by

aC(t, x)

C:(0,x) =v:6(x), xllﬁn;{j C:(t,x) = lerI;oT =0 fort>0, t €{F, A},

where (Vg, vp) is a probability vector and § the Dirac delta function.

3. A simple stochastic reactive transport model

We describe the behavior of a single particle in the solute. Time ¢ is discretized by choosing
some 7, and dividing [0, ¢] into n intervals of the same length: At = ¢/n. We suppose in such
an interval of length At that the particle can be in only one of two states, ‘free’ or ‘adsorbed’,
which we code by the letters F and A. The particle can move only when it is ‘free’, and in this
case its displacement has two components, dispersion and advection. Let X, k > 1, be the
displacement of the particle due to the dispersion the kth time that it is ‘free’. We model the
X as independent, identically distributed random variables satisfying

E,[Xk] =0, E,[X7]1=2DAt, and E,[X;]=o0(Ar) asAr]0, (3.1

where D > 0 and v = (vp, va) is the initial distribution describing the state of the particle
at time 0. When the particle is free during the interval [(k — 1)At¢, kAt] for some k, the
displacement due to advection is given by vAr with v the (deterministic) advection velocity.

In order to model the kinetics, let {¥Yx, kK > 1} be a process taking values in {F, A} (we will
make a choice for {Y;} below), and let

n
K, = Z Liy,=F)
k=1

be the occupation time of the process {Y%} in state F up to time n.
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Now let S, (¢) be the position of the particle at time t = nAt¢, where S,,(0) = 0. Then by
the above we can write S,,(¢) as

Ky
Su(0) = ) _(Xi + vAD).
k=1
Here we assume that K, is independent of the dispersion X¢, k =1, ..., K.

We want to compare our stochastic model with the PDE model of Michalak and Kitanidis
from Section 2. Since these authors considered the solute with given states (‘free’ or ‘adsorbed”)
at time 7, we need to consider the conditional random variables S,f (¢) and S,f‘ (1), i.e. the position
of the particle at time ¢ given that it is ‘free’ and ‘adsorbed’, respectively, at time ¢ = nAt.
Let K be the random variable K, conditioned on ¥,, = t with = € {F, A}, i.e. K;} counts the
number of intervals [(k — 1)At, kAt], 1 < k < n, where the particle is free, conditioned on
the particle being in state t in [f — At, ¢]. Then S () can be written as

Ky
Si() =Y (Xi +vAn).

k=1

The distributions of K, and K} are determined by the process {Y;}. We take for {Yy, k > 1}
a Markov chain on the two states {F, A} with initial distribution v = (vg, vs) and transition

matrix
P P(F,F) PFEA)|_ |1-a a
o |:P(A, F) P(A, A)i| B |: b 1-— b} ’

where we assume that 0 < a, b < 1. The distribution of K, is then well known, and is called
a Markov binomial distribution (MBD) (see, e.g. [4] and [10]).

Clearly, the stationary distribution (;tg, wa) of the Markov chain {Yy, k > 1} is given by
g = b/(a + b) and mp = a/(a + b). It is useful to consider the excentricities eg and ep of
an initial distribution v given by

e = (v)=1-— il for v € {F, A}
bid

T

We can then write P,(Yy = 7) = 71,(1 —e; ¥~ 1) fork > 1, where y = 1 —a — b is the
smallest eigenvalue of P (see also [4] for the computations).

4. Probability generating functions of K,,, K 5 , and K ,1,*

Given n > 1, let f, be the probability mass function of K, i.e.
fn(]) =P, (K, = ])
In particular, f,,(j) = 0if j < Oor j > n. Straightforward computations as in [4] or [12] yield

S+ D=0=0)fur1(G+ 1D+ A =a) fuy1(j) = A —a—=b)fu(j)

with initial conditions

f1(0) = va, fi(1) = vg,
£200) =va(l = D), f2(1) = vab + vEa, £22) =vr(l —a).
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Let G, be the probability generating function of K,,, i.e.
n
Gu(s) = Ey[s51 =" fu(i)s/.
j=0
It follows from the above recursion equation for f;, that
Gnya(s) = (A —a)s + (1 =) Gpy1(s) — (1 —a — b)sGp(s)
with initial conditions
G1(s) = va + VEs, Go(s) = va(l = b) + (vab + vra)s + vp(1 — a)sz.

By solving the difference equation of G,, with these initial conditions we obtain the probability
generating function of K,, (see also [12]):

Gn(s) = gn(a1(s), az2(s)) + gulaa(s), a1 (s)). 4.1
Here
vVA(l=y+b(s—1) +vpsta—y+s(l—a) ,_;
gl’l(xv )’) = X )
xX—=y
and

ai1(s) = 1 = a)s + (1 = b) + V(1 —a)s — (1 — b)) + dabs),
a2 (s) = (1 = a)s + (1 = b) — V(1 — a)s — (1 — b)) + 4abs).

4.2)

We now consider the probability generating function of K} for v € {F, A}. Givenn > 1,
let f,7 be the probability mass function of K, i.e.

fnT(J) = Pv(K;: =j)=Py(Ky=j|Yya=71).
In order to deal with f7, it is simpler to deal with the partial probability mass functions
A =Pu(Ky = j, Yo =1) = f{(HPy(Yn = 1),

since these satisfy the same recursion equation as f;,. Therefore, G, the probability generating
function of K}, can be obtained similarly to G, by using the appropriate initial conditions (see
also [12]). We find that

Gr(s) = Z iy (j)sj = g, (a1(5), a2(s)) + g1 (aa(s), a1 (s)) fort € {F, A}, 4.3)
j=1

where
vab — v ve(l —
g, y) = — Y £ Vi al)ssx”_l,
(x —y)me(l — epy"™1)
va(l = b) + vpas —vay ,_
gn(x,y) = X

C(x —y)ma(l —eay™h
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5. Towards continuous time

To get closer to the PDE model in Section 2, we have to fix 1 = nAt > 0 and then let the
time step At tend to 0, or, equivalently, let n — oco. We consider the rates of changes A and
wu from Section 2. Since the probability that a particle changes its state is proportional to the
length of the time step At (if At is small), we should put

_ At ot

a=AAt = —, b=puAt =— 5.1
n n

in the transition matrix P in Section 3. Consider the characteristic function of S, (),

Ky

Qi) = E [ ] = E, [exp (iu > X+ vAt))] = G, (E,[e"X1TVAD]),
k=1

where G, is the generating function of K, givenin (4.1). Since ¢ is always assumed to be fixed,
we obtain, by (3.1) (cf. [2]),

2
. 1
B, [e“®1HA0] = | Ly B [X) 4 vAf] — ”? Eu[(X1 + vAD?] + o<—>
n

_ g vz D) 0(%) (5.2)

n

Substituting (5.1) and (5.2) into (4.2), and letting n go to oo, we obtain

iu(Xl-l-vAt)])n 01 (u)t iu(X1+vAt)])n 0> (u)t

lim o (E,fe =e Jim o> (E,[e =e
where
01(u) = %(—Du2 +ivu — A — 4V (Du? —ivu + A — p)? + 4rp), 5.3)
02(u) == 3(— Du +ivu — 1 — pu — V(Du? —ivu + h — )2 + 4ap).

Here we chose the complex square root of (Du? — ivu + A — ) + 4iu with positive real part.
So, by substituting (5.1) and (5.2) into (4.1) we find that the limit of the characteristic functions
¢ n of S, (¢) is a function ¢; given by

@i (u) = Y (01(u), O2(u)) + Y (02 (u), 01(u)), (5.4
where
VE(x +A 4+ @) —vpay
wl‘ ('x’ y) = eXI .
X —y
Since ¢; is continuous at # = 0, there exists a random variable, which we call S(¢), such that,
asn — 00,

S,(t) — S(t) in distribution.

Similarly, for S} (¢), T € {F, A}, we consider its characteristic function

¢fn () = By[e"5 ] = GI (B, [e" X104,

https://doi.org/10.1239/aap/1346955268 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1346955268

A simple stochastic kinetic transport model 879

where G, is the probability generating function of K} given in (4.3). Substituting (5.1) and
(5.2) into (4.3), and letting n go to oo, we find that the limit of the characteristic functions <p§ n
of 7 (¢) is a function ¢/ given by

of W) = Y O1(u), 62(w)) + ¥/ (62(w), 01 (u)) fort € {F, A}, (5.5)
where
VEX + U ot VEA — VA(y + 1) xt
(x = y)mp(l — epA(l)) (x = Y)mA(l — eaA(1))

with A () = exp (—(A + n)t). Here we point out that the stationary distribution (g, wa) and
the excentricities er and €5 do not depend on the time step A¢. Again, there exists a random
variable, which we call S?(¢), such that, as n — oo,

Yl (x,y) = . YLy =

)

Sg(t) — S'(t) in distribution.

6. Densities and PDEs

We will show in this section that, for instantaneous injection of the solute, i.e. with initial
distribution v = (1, 0), the partial probability density functions fSF (t, x) and f?(r, x) of SF(#)
and SA(¢) do satisfy the PDEs in (2.1).

Let f¢ (¢, x) denote the probability density function of S¥(z) for T € {F, A}. Note that the
probability of a particle being in state T at time 7 is given by

lim Py(Y, = 7) = lim 7 (1 = ery" ™) = o (1 — e A®)).

n—oo

We define the partial probability density functions of S*(¢) by

f3t,x) =7 (1 — e:AWD) f3 (2, ). 6.1)
Lemma 6.1. Let 61 (1) and 6> (u) be defined as in (5.3). Then
) A 02 (u)
2 _ M7 —
u]ggo Orwu” = D’ Ltan;o w2

Proof. 1t is straightforward to check these formulae.

Lemma 6.2. The probability density function fSF(t, ) of S¥(t) can be written as

1 .
f5t,x) = E/G_W%F(M)du,

where (pf is the characteristic function of S¥ (t) given in (5.5).

Proof. We need to only show that gof is integrable. Obviously, go,F is a continuous function.
So it suffices to show that fu|>M |<ptF(u)| du < oo for some M > 0. From Lemma 6.1 and
(5.5), it follows that, for all large |u|,

(VEO) () + p)ef 1 (VEO2 (1) + )21
(01 (u) — O2(u))7r(l — epA(r)) (62 (1) — 01 (u)7r(1 — epA(r))

C 2
< _21 + Cze—Dtu /2’
u

loF ()| <

where C; and C; are constants independent of . This completes the proof.
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Surprisingly, Lemma 6.2 does not hold for S”(¢), but we still have the following result.

Lemma 6.3. The distribution ju of the random variable S*(t) can be written as
A =k + (1 —«)jia,

where Kk = vae M [(ma(1 — eaA(t))) and [ia is the distribution of a continuous random
variable having probability density function

1 .
e, x) = mfeﬂ“(q;;*(u) — k) du,

with (p,A the characteristic function of S (t) defined in (5.5).

Proof. 1t follows from Lemma 6.1 and (5.5) that, for all large |u]|,
o7 () — | < c1 5+ Ce™ D2,

where C| and C; are constants. So the integrand in the lemma is integrable.
Without loss of generality, we may suppose that vo > 0, so x > 0. Using the above
inequality, we obtain

1 T
—/ <ptA(u) du —
-T

lim =0.
T—oo | 2T

= l1m —‘/ (got (u) —k)du| =

This implies that the point 0 is an atom of p 4, and that it is unique follows by using the uniform
boundedness of ¢; Au) (see [2, p- 306]).

It follows from Lemma 6.3 that SA(¢) is a continuous random variable if and only if v =
(1, 0), i.e. for instantaneous injection of the solute.

Theorem 6.1. The partial probability density functions fST of ST (t) for T € {F, A} satisfy the
PDEs in (2.1) fort > 0, i.e.
of§a,x)  aftax affw ) affax)
+ =D -V )
ot ot ax2 dx
3 f&t, x)
at

with initial and boundary conditions

fE(0, x) := 8(x), f&00,x) := 0,
AfEt,x)
0x

= —Mf?(t,x) +)\fSF(t,x),

lim fi(t,x)= lim =0 fort>0, 7 e{F A}
X—>00 X—>00

Proof. The initial conditions imply that v = (1, 0). It follows from Lemmas 6.2 and 6.3
and (6.1) that, for T € {F, A},

rT _ 1 71MXA1
fs(l,x)—gf ¢ () du,

where ¢f (u) = (1 — &A(Z))(pt (u) with ¢/ the characteristic functions of S*(z) given in
(5.5). It is easy to see that fS and fs satisfy the initial and boundary conditions.
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Using Lemma 6.1, it is not hard to check that the partial derivatives of e_”“‘ /(1) with respect
to x and with respect to ¢ are all bounded by a function of the form Cy/u? + Cpe= D */2 for
large |u|, where C and C3 are constants independent of u. Thus, we can exchange the integral
and differential operators in the PDEs (cf. [5, p. 417]). Hence, to complete the proof, we need
to only show that

a“’gf’” —DUPGF () + tugF () — 265w + ng (),
0
*"’at(”) — ) + AgF ).

These can be checked by using (5.5), vo = 0, and the easily verified equality (67 (1) + ) (62 (1) +
H) = —Ap.

We would like to point out that Lindstrom and Narasimhan [8] gave an analytical solution of
the PDEs with different initial and boundary conditions by using Laplace and inverse Laplace
transforms. Their method can also be used with our initial and boundary conditions to give the
same densities as we have obtained via our stochastic model as in Theorem 6.1.

7. Moments of S(¢), S¥(¢), and SA(¢)

The mean and variance of S(¢) and S™(¢), t € {F, A}, can be obtained by differentiating
their characteristic functions in (5.4) and (5.5), or, more leisurely, by taking the limits of
E,[S, ()], var, (S, (2)), Ev[Sy; (¢)], and var, (S} (¢)), respectively. These are allowed (see, e.g.
[2, Theorem 25.12]) by the easily proved uniform integrability of S, (¢), (S, ()2, SI(t), and
(ST(1))?, which is implied by the uniform boundedness of (S, (¢))* and (S7 (¢))>.

Since Xy is independent of K,, from (4) and Proposition 2.1 of [4] together with (3.1),
we can determine the first and second moments of S, (#). The following proposition can be
obtained by substituting (5.1) into the moments of S, (¢) and letting n — oo.

Proposition 7.1. The mean and variance of S(t) are given by

E,[S(?)] = gt —

Sfliv(l — AD)

and
2(ma + ep(ma — JTF)A(I)) 2

var, (S(t)) = 2Dngt — F (1 — A®) + e 02t
N ep(mp — nA) 27a — ep (A — VE) 0
O+ )2 r
A + ep(ma — VE) TReR ) s
2 - . 2 . 7.1
+A(Z)< ()\—f‘//L)Z A(t)()\—ku,)z TRV (7.1)

If we start in the stationary distribution, i.e. v = (7, wa), then egp = €4 = 0. Substituting
mr = W/ (A+pn), ta = A/(A + n), and A(t) = exp (—(A + w)t) into (7.1), we obtain

Du 2ur 5 2UA

— 2 J— J—
A+ut+(k+u)3vt Gt (1 = exp (=4 )1).

var, (§(1)) =

We then recover a (more general and more detailed) version of the main result of Gut and
Ahlberg [6, p. 251].
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In a similar way as for Proposition 7.1, the mean and variance of S,lf (t) can be obtained by
using (5) and Proposition 3.1 of [4] together with (3.1). Substituting (5.1) into the moments of
SF(t) and letting n — oo, we obtain the following result.

Proposition 7.2. The mean and variance of St (t) are given by

E,[SF(1)] = TF — emAA(t)v (T — epmp) (1 — A(1))
1 — epoA(t) (A + w) (1 — epA(r))
and
var (sF (1)) = TEZEFTAAD )y TATERTE 55— Ay
b 1 — epoA(t) A+ w)(1 — epA(D))
nk — epm At 22 ZanI% + 73 AW) — 2namE(1 + epA(l)) 2
1 — epA(r) A+ w)(1 — epA(1))
TR — ERTAA(T) A — EFTF 2 2
— 1—
( 1 — epA(r) A+ ) (1 — epA(t)) ( Mm) 0
2 2
L2 A(t))anF +my — 2manr(l + €F) , 7.2)

O+ w21 — epA (1))

Now, we will use our model to illustrate a mistake made by Michalak and Kitanidis [9].
They did not directly use A and p, but rather considered a distribution coefficient K; and a
mass transfer coefficient k, which are given by

K
w=pk=""4k  u=k

n

If we let the solute be ‘free’ at time 0, i.e. the initial distribution is v = (1, 0), then

A 7 1 A B
81:‘:——:—/3’ M= ——— = ——, A= T—"T""=—"-.
u At B+1 Atp B+l

Substituting these parameters into (7.2) yields

2 2 12 2 B
varp(SF(1)) = =AMV BB —1) t( 2D 2028 ) 4DB(1 — A(1))

B2 pAa?  \Br1 Tk r 7)) TRAFpAB 1 12
42 B(—BAM) — B2 — B+ 1) 2D(B — 1)

* t"“”( K1t BAORB D (BrDU+ ﬁ«A(t)))

202B(1 — AW)GEAD) — 3 — BAWD) ® 1))
(1 BADZE+ 1)

)

where varg(SF (1)) := var(1,0)(SF(#)) and A4(t) = exp(—(A +w)t) = exp(—(B + Dkt).
Indeed, this gives the formula in [9, p. 2136] (the ‘@’ is ‘+’ in [9], but should be ‘—’).
Michalak and Kitanidis stated in their paper that var, (S (¢)) can be obtained by a linear
combination of vargp(S”(¢)) and vara (ST (¢)) (i.e. var, (ST (¢)) with initial distributions v =
(1,0) and v = (0, 1)). This is not true, and we provide the correct formula for the free case in
Proposition 7.2. The formula for the adsorbed case can be obtained in a similar way.
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8. Double-peak behavior in reactive transport models

Double peaks in the ‘free’ concentration distribution Cr are discussed by Michalak and
Kitanidis [9] using simulations. Theorem 6.1 tells us that Cg(¢, -) can be seen as the partial
probability density function fSF (t,-) of S¥(¢) if the initial distribution v = (1, 0). We will
show in this section how double peaks can also be mathematically explained by means of our
stochastic reactive transport model. Let fL s, (1, ) be the probablhty density function of SF (1)
defined in Section 3. We are going to approximate fS (t,-) by fS (t,-) since SF (t) converges
to S¥(¢) in distribution.

Michalak and Kitanidis considered Gaussian diffusion, i.e. the Xys are normally distributed
random variables with mean O and variance 2D A¢, which satisfy (3.1). So the characteristic
function of S,lf (t) can be written as

n
of ) = Ey[e"5 O] = GR(E, [e"X1TA0]) = Y £5(j) exp (ivAtju — DALju?),
j=0
where f, F'is the probability mass function of K,. F_Obviously, f_ |go, ,()du < oo. Thus, by
the inverse Fourier transformation, using the fact that f, F(0) = 0, we obtain

F L DY T S () (= jvAr?
fsn(r,x>—2n/_oo @1, () du = Zm p( ~4DAr ) 8.1)

So S}f (t) is a mixture of Gaussian distributions with mean jvAt and variance 2j D At. Recall
from [4] that the probability mass function f,f of K ,lf can be unimodal or bimodal. This property
of K,lf gives rise to the same phenomenon for Sf (1), i.e. one peak or two peaks appear in the
probability density function fS]jL (¢, x) of S¥ = SF(t) for large n.

Michalak and Kitanidis focused on the case in which the solute is initially in the free phase
and evenly distributed over an interval of length L, i.e. the initial conditions of the PDEs in
(2.1) are given by

1
Cr(0,x) = — 1[0 £1(x), Ca(0,x) =0.
So, to make the comparison, we look at the probability density function f 5 (t, x) of
$i (1) = 8, (1) + UL,

where Uy is a uniformly distributed random variable over the interval [0, L]. Michalak and
Kitanidis pointed out that the double peaking behavior of the free concentration distribution is
a function of the so-called Damkdohler number of the first kind, Da; = uLR /v, where R is the
dimensionless retardation coefficient. They stated that the timing of its appearance is controlled
by the mass transfer rate and the retardation factor, i.e. the dimensionless time t* = u(R — 1)t.
The so-called Péclet number Pe = vL /D is kept constant at a value of 100. We translate these
parameters into our paper as follows:

t* t* vL t t*LR

a=—, b= ———, D=—, At=—-= ————.
n n(R—1) Pe n  nv(R —1)Da;
The left-hand graphs in Figure 1 are a copy of the graphs of the normalized aqueous

concentration functions Cg(¢, -)/ max, Cr(t, x) (consisting of the free particles) in Michalak

https://doi.org/10.1239/aap/1346955268 Published online by Cambridge University Press


https://doi.org/10.1239/aap/1346955268

884 M. DEKKING AND D. KONG

5 _ 1.0
£3 1.0 1
5% 059 g
20
28 wes 0.8
© 0.0 T ~
1 2 3 4 5 6 17 =
Dimensionless longitudinal :é 0.6 1
displacement (xkR/v) E
9E 05 ~_ 0.4
252 e
52 00| ose———
EZ 05—
o 1 2 3 4 5 6 7 8 0.0 . . . ;
Dimensionless longitudinal : 0 2 4 6 8
displacement (xkR/v) ( R/ )
— x (Xu v
0.00.1020.3040.50.60.70.8091.0
= 1.0
£~ 1.01
o
5§89 0579 s
“5’ S oy 0.8
© 0.0 T T T T T T T ~
0 1 2 3 4 5 6 71 8 2 0.6
Dimensionless longitudinal :é )
displacement (xkR/v) E
252 ~ 0.4
& =
D52 0] o—— oy
5735 1 - ~ 0.2
&3 0 1 2 3 4 5 6 7 8
Dimensionless longitudinal 0.0 - - - -
displacement (xkR/v) 0 2 4 6 8
—
0.00.10.20.3 0.4 0.50.60.70.8 09 1.0 X (XMR/V)
e 1.0
EiE :
L g
1S S i
iS L5 08
© 0.0+—F—F—F—"—"T—T——— S~
01 2 3 45 6 7 8 910 = 0.6
Dimensionless longitudinal :é :
displacement (xkR/v) E
o E 5 = 041
282 04 e R
S 029
=2 =5 — T
® 01 2345678910 00
Dimensionless longitudinal . i j ) i
displacement (xkaR/v) 0 2 4 6 8
x (xuR/Vv)

C
0.00.1020.304050.60.70.8091.0

FIGURE 1: The left-hand graphs are the normalized concentration functions Cg(¢, -)/ max, Cg(¢, x)
copied from Michalak and Kitanidis [9]. The right-hand graphs are the normalized probability density
functions f§ (t,-)/ maxy fSF (t, x) given in our paper. All graphs have Pe = 100,v = L = 1, and
400 0
R =2, with Da; = 0.1 and * = 3.6 (top row), Daj = 0.33 and t* = 3.2 (middle row), and Da;y = 1.0
and t* = 3.0 (bottom row).

and Kitanidis [9] using simulations corresponding to different choices of the Damkdhler number
Da; and dimensionless time ¢*. The right-hand graphs in Figure 1 are the normalized density
functions ng4 " (t, )/ max, f; , (t, x) calculated using (8.1), and the same choices of Daj
and 7*. The number # is chosen large enough such that max (a, b)) = max (AAt, uAt) < 0.01.
From Figure 1, it is obvious that our model gives a much better view at the double peaking
phenomenon.

Moreover, for each t*, by a numerical calculation we can obtain upper bounds for Da; such
that double peaks appear (see Table 1). For example, when t* = 2.0, two peaks occur for
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TABLE1: R=2,Pe =100,v=1,L =1,n = 400.

r* 15 20 25 30 35 40 45 50 60 70 80 9.0 100
Dap®™ 012 043 145 142 073 045 030 021 0.1 0.07 004 0.02 0.02

all Da; > 0 until Da; = Da®* = 0.43. Table 1 suggests that double peaking is pronounced
for 2 < t* < 5, and almost dies out when t* < 1.5 or * > 10.

9. Final remarks

We emphasize that the so-called ‘random walk method’ or ‘particle tracking method’ first
proposed by Kinzelbach [7] has a relation to our model, but has typically been used as a
simulation tool to perform numerical experiments (for a recent example, see [1]). In fact, it
was shown in [11] for the first time that if one takes an appropriate limit (in a similar way as in
[3]), then the Fokker—Planck equations of an extended version of our simple model to a Markov
chain, which also involves discrete steps in space, yield the partial differential equations in (2.1).

Finally, we remark that if we consider a continuous-time model, with displacement modeled
by Brownian motion with drift v, and kinetics induced by the natural continuous-time 2 x 2
Markov chain with rates A and w, then we can show that the same random variables S(z), S F),
and S2(r) are obtained.
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