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Abstract
We prove that for polynomials 𝑓 , 𝑔, ℎ ∈ Z[𝑥] satisfying 𝑓 = 𝑔ℎ and 𝑓 (0) ≠ 0, the ℓ2-norm of the cofactor ℎ is
bounded by

‖ℎ‖2 ≤

√
‖𝑔‖0
deg 𝑔

· ‖ 𝑓 ‖1 ·
(
𝑂

(
‖𝑔‖2.5

0 · deg2 𝑓√
deg 𝑔

)) ‖𝑔 ‖0−1

,

where ‖𝑔‖0 is the number of nonzero coefficients of g (its sparsity). We also obtain similar results for polynomials
over C. These bounds are an improvement over the bounds presented in an earlier conference version of this paper
[NS24].

This result significantly improves upon previously known exponential bounds (in deg 𝑓 ) for general polynomials.
It further implies that, under exact division, the polynomial division algorithm runs in quasi-linear time with respect
to the input size and the number of terms in the quotient ℎ. This resolves a long-standing open problem concerning
the exact divisibility of sparse polynomials.

In particular, our result demonstrates a quadratic separation between the runtime (and representation size) of
exact and nonexact divisibility by sparse polynomials. Notably, prior to our work, it was not even known whether
the representation size of the quotient polynomial could be bounded by a sub-quadratic function of its number of
terms, or even by a subquadratic function of deg 𝑓 .
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1. Introduction

Let 𝑓 , 𝑔, ℎ ∈ C[𝑥] be polynomials such that 𝑓 = 𝑔ℎ. Classical results of Gel’fond, Mahler and Mignotte
provide upper bounds on the height of h (ℓ∞ norm of its vector of coefficients) given information on the
coefficients of g and f [Gel60, Mah62, Mig74, Mig88]. These results were used by Gel’fond in the study
of transcendence and are widely used in computer algebra to prove upper bounds on the running time of
algorithms, such as in the polynomial factorization algorithm of Lenstra, Lenstra, and Lovász [LLL82].

The first of these bounds was proved by Gel’fond [Gel60] (see also [Mah62] and [BG06, Lemma
1.6.11]).

Theorem 1.1 (Gel’fond’s Lemma). Let 𝑓 , 𝑔, ℎ ∈ C[𝑥] such that 𝑓 = 𝑔ℎ. Then,

‖ℎ‖∞ ≤ 2deg 𝑓 ‖ 𝑓 ‖∞
‖𝑔‖∞

. (1)

Improved bounds were provided by Mahler [Mah62] and consequently by Mignotte [Mig74].

Theorem 1.2 (Mignotte’s Bound [Mig74, Theorem 2]). Let 𝑓 , 𝑔, ℎ ∈ Z[𝑥] such that 𝑓 = 𝑔ℎ. Then,

‖ℎ‖1 ≤ 2deg ℎ ‖ 𝑓 ‖2 (2)

Discussions about this classical inequality can be found in [Mig88, Section 2] and [Mig12, Chapter
4]. This bound is also known to be quite tight; for any 𝑑 ∈ N there exists ℎ ∈ Z[𝑥] of degree d and
𝑓 ∈ Z[𝑥] such that

‖ℎ‖1 ≥ Ω

(
2𝑑

𝑑2 log 𝑑

)
‖ 𝑓 ‖2.

When ‖ℎ‖0 is guaranteed to be small relative to its degree, tighter bounds can be obtained. For
instance, Giorgi, Grenet and Perret du Cray established the following bound by a straightforward
induction on the polynomial division algorithm [GGPdC21].

Lemma 1.3 (Lemma 2.12 in [GGPdC21]). Let 𝑓 , 𝑔, ℎ ∈ Z[𝑥] satisfy 𝑓 = 𝑔ℎ. Then

‖ℎ‖∞ ≤ ‖ 𝑓 ‖∞(‖𝑔‖∞ + 1)
‖ℎ‖0+1

2 . (3)

While the bound given in (2) is close to being tight, in this paper we ask whether one can get an
improvement if the factor g is sparse. For example, Khovanskiĭ′s theory asserts that when studying
real roots of polynomial equations, results analogous to Bézout’s theorem can be obtained, where the
number of monomials in the equations takes the place of the degree in Bézout’s theorem [Kho91].

Besides being a self-motivated question, bounding the norm of cofactors of sparse polynomials has
important applications in computer algebra which we discuss next.

1.1. The sparse representation

The sparse representation of polynomials is widely used in computer algebra as it is the most natural
and succinct representation when polynomials are far from being “dense,” that is, when most of their
coefficients are zero, or, equivalently, when they are supported on a small number of monomials
[vzGG13, DST93]. In this representation, a polynomial is described by a list of coefficient and degree
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pairs that correspond to its terms with nonzero coefficients. For example, a polynomial 𝑓 ∈ 𝑅[𝑥] over the
ring R with t nonzero coefficients, 𝑓 =

∑𝑡
𝑖=1 𝑐𝑖𝑥

𝑒𝑖 , is represented as {(𝑐𝑖 , 𝑒𝑖) | 𝑖 = 1 . . . 𝑡}. Particularly
interesting cases are when 𝑅 = Z or R is a finite field. When working over the integers, the size of the
sparse representation of a polynomial 𝑓 ∈ Z[𝑥], denoted size( 𝑓 ), is

size( 𝑓 ) = ‖ 𝑓 ‖0(log2 ‖ 𝑓 ‖∞ + log2 deg 𝑓 ),

where ‖ 𝑓 ‖0 and ‖ 𝑓 ‖∞ are the number of nonzero coefficients in f, and the maximal coefficient of f (in
absolute value), respectively.1 This makes the sparse representation especially useful for applications
involving polynomials with high degree where most of the coefficients are zero. In particular, it is used
by computer algebra systems and libraries such as Maple [MP13], Mathematica [Wol99], Sage [S+08],
and Singular [Sch03].

In the sparse representation, the degree could be exponentially larger than the representation size.
Algorithms that run in polynomial time in terms of the sparse-representation size (i.e., number of terms,
their bit complexity and the logarithm of the degree) are called sparse polynomial algorithms.

Although the basic arithmetic of sparse polynomials is fairly straightforward [Joh74], the sparse
representation poses many challenges in designing efficient algorithms, and many seemingly simple
problems are known to be NP-hard. For example, Plaisted proved that determining whether 𝑥𝑛 − 1
divides a product of sparse polynomials (such that the size of the input is poly(log 𝑛)) is NP-complete
[Pla77, Pla84]. Other NP-hard problems concerning sparse polynomials include: deciding whether there
exists a common divisor of two polynomials and testing whether a polynomial has a cyclotomic factor
[Pla77].

The surveys of Davenport and Carette [DC09] and of Roche [Roc18] give a good picture of known
results and open questions concerning sparse polynomials.

One of the long-standing open problems concerns exact divisibility of sparse polynomials. There
are two versions to this problem. The decision problem asks, given two sparse polynomials f and g,
to decide whether g divides f. The search problem, or the exact division problem, asks to compute the
quotient polynomial 𝑓 /𝑔 when it is known that g divides f.

The two problems are closely related but also differ in what we can hope to achieve. In the decision
problem, the output is a single bit, allowing us to analyze the complexity in terms of the input size.
Conversely, in the search (exact division) problem, the output size depends on the number of monomials
in 𝑓 /𝑔, and thus may require an exponential number of bits (compared to the size of the input) to
represent.

There are two quantities that affect the complexity of the exact division problem. The first, mentioned
above, is the number of terms of the quotient 𝑓 /𝑔. It is easy to find examples in which 𝑓 /𝑔 has
exponentially many monomials. The second quantity is the height of the quotient 𝑓 /𝑔.

Prior to this work the only bounds on the height were exponential in deg ℎ, as in Equations (1),(2)
and(3) (see also [Mig12]). In particular, Davenport and Carette note that even in the case where g
exactly divides f, we need to perform Ω(‖ 𝑓 /𝑔‖0 · ‖𝑔‖0) operations on coefficients, and the number of
bits required to represent a coefficient may be as large as deg 𝑓 [DC09, Section III.B]. Therefore, in
terms of the input size and ‖ 𝑓 /𝑔‖0 the only provable bounds on the running time of the exact division
algorithm were of the form

Ω(‖ 𝑓 /𝑔‖0 · ‖𝑔‖0 · deg 𝑓 /𝑔). (4)

1.2. Our results

Our main result gives a new bound on the ℓ2-norm of 𝑓 /𝑔, for 𝑓 , 𝑔 ∈ C[𝑥] such that g divides f. This
result improves the classical bounds of Gel’fond [Mah62] and Mignotte [Mig74] when the factor g is

1As we think of ‖ 𝑓 ‖0 as being considerably smaller than log2 ‖ 𝑓 ‖∞ and log2 deg 𝑓 , we do not pay attention to the case where
bit lengths of coefficients vary.
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sparse. In what follows we assume without loss of generality that 𝑓 (0) ≠ 0 as we can always remove
powers of x that divide the polynomials without affecting their coefficients. In the general case, deg 𝑔
should be replaced by deg 𝑔 − ord0𝑔 throughout.

Theorem 1.4. Let 𝑓 , 𝑔, ℎ ∈ C[𝑥] such that 𝑓 = 𝑔ℎ and 𝑓 (0) ≠ 0. Define 𝐿(𝑛) = 𝑛 log 𝑛, and let

M ≥ max
⎧⎪⎪⎨⎪⎪⎩ min{|LC(𝑔) |, |TC(𝑔) |} ·

√
𝑒
(
‖𝑔 ‖0
4𝑒

) ‖𝑔‖0−1
2 (deg 𝑔)

‖𝑔‖0
2

max{|LC(𝑔) |, |TC(𝑔) |} · deg 𝑔

⎫⎪⎪⎬⎪⎪⎭. (5)

where LC(𝑔) and TC(𝑔) are respectively the leading coefficient and the trailing coefficient of g and e is
the basis of the natural log. Then

‖ℎ‖2 ≤
√

2 ‖ 𝑓 ‖1
M

(
2‖𝑔‖0 · 𝐿(12‖𝑔‖0 deg 𝑔 + 2 deg 𝑓 )2

) ‖𝑔 ‖0−1
. (6)

Remark 1.5. We note that in (6) there must appear a term that inversely depends on |LC(𝑔) | or on
|TC(𝑔) | since if ℎ𝑔 = 𝑓 then for every constant c we also have (𝑐 · ℎ) · (𝑔/𝑐) = 𝑓 . This scales ‖ℎ‖2 by
a factor of c.

The following is an immediate corollary.

Corollary 1.6. Let

◦ 𝑓 , 𝑔, ℎ ∈ Z[𝑥] such that 𝑓 = 𝑔ℎ and 𝑓 (0) ≠ 0, or
◦ 𝑓 , 𝑔, ℎ ∈ C[𝑥] such that 𝑓 = 𝑔ℎ, 𝑓 (0) ≠ 0, and |LC(𝑔) |, |TC(𝑔) | ≥ 1.

Then, it holds that

‖ℎ‖2 ≤

√
‖𝑔‖0
deg 𝑔

· ‖ 𝑓 ‖1 ·
(
𝑂

(
‖𝑔‖2.5

0 · deg2 𝑔 +
√
‖𝑔‖0 · deg2 𝑓√

deg 𝑔

)) ‖𝑔 ‖0−1

≤

√
‖𝑔‖0
deg 𝑔

· ‖ 𝑓 ‖1 ·
(
𝑂

(
‖𝑔‖2.5

0 · deg2 𝑓√
deg 𝑔

)) ‖𝑔 ‖0−1

.

In terms of bit representation size we have

log2 ‖ℎ‖∞ ≤ log2 ‖ℎ‖2 ≤ log2 ‖ 𝑓 ‖∞ +𝑂
(
‖𝑔‖0 · log2 deg 𝑓

)
. (7)

If all we know is that one among LC(𝑔), TC(𝑔) is large then, using the estimate M ≥
max{LC(𝑔),TC(𝑔)} · deg 𝑔, we obtain the following bound.

Corollary 1.7. Let 𝑓 , 𝑔 ∈ C[𝑥] such that 𝑓 = 𝑔ℎ and g is monic. Then it holds that

‖ℎ‖2 ≤ ‖ 𝑓 ‖1
deg 𝑔

· 𝑂
(
‖𝑔‖3

0deg2 𝑓
) ‖𝑔 ‖0−1

.

Unlike the bounds in Equations (1), (2) and (3), our bound on the height of h is not exponential
in the degree or number of coefficients of h, but rather in the sparsity of the factor g, which for
sparse polynomials may be exponentially smaller. Thus, when ‖𝑔‖0 is small, this gives an exponential
improvement over the bounds of Gel’fond and Mignotte (Theorems 1.1, 1.2). In addition, Theorem 1.4
gives an exponential separation between exact and nonexact division since log2 ‖ℎ‖∞ can be as large as
Ω(deg 𝑓 · log2 ‖𝑔‖∞) when allowing nonzero remainder. As noted in [DC09, Section III.A], for division
with remainder, this coefficient growth is intrinsic.
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Observation 1.8. Let 𝑓 , 𝑔 ∈ C[𝑥] and let 𝑞, 𝑟 be the quotient and the remainder of f divided by
g, respectively. For any ‖ 𝑓 ‖∞, ‖𝑔‖∞, deg 𝑓 , and deg 𝑔, there exists f and g of sparsity 2 such that
‖𝑟 ‖∞ = ‖ 𝑓 ‖∞‖𝑔‖deg 𝑓 −deg 𝑔+1

∞ .

Proof. Let 𝑑1, 𝑑2 ∈ N and 𝑎 ∈ C with |𝑎 | ≥ 1. We conclude the claim by noting that

𝑥𝑑1 mod (𝑥𝑑2+1 − 𝑎𝑥𝑑2 ) = 𝑎𝑑1−𝑑2𝑥𝑑2 . �

Theorem 1.4 also provides the following guarantee regarding the performance of the polynomial
division algorithm in the exact case.

Theorem 1.9. When the division is exact, the bit complexity2 of the (deterministic) polynomial division
algorithm for polynomials 𝑓 , 𝑔 ∈ Z[𝑥] is

𝑂 (‖ 𝑓 /𝑔‖0 · ‖𝑔‖0 · (log ‖𝑔‖∞ + log ‖ 𝑓 ‖∞ + ‖𝑔‖0 log deg 𝑓 )).

Note that when ‖𝑔‖0 = poly(log ‖ 𝑓 /𝑔‖0) or ‖𝑔‖0 = poly(log(‖𝑔‖∞ · ‖ 𝑓 ‖∞ · deg 𝑓 )), the bound in
Theorem 1.9 is 𝑂 (‖ 𝑓 /𝑔‖0 (log deg 𝑓 + log 𝐻)) where H is an upper bound on the heights of f and g.

Finally, we recall the following result of Giorgi et al. [GGPdCR22, Theorem 1.3], specialized to the
case of univariate polynomials.

Theorem 1.10 [GGPdCR22, Theorem 1.3]. There exists a Monte Carlo randomized algorithm that,
given two sparse polynomials 𝑓 , 𝑔 ∈ Z[𝑥] such that g divides f, and a bound T on the sparsity of the
quotient 𝑓 /𝑔, computes the sparse representation of 𝑓 /𝑔 with probability at least 2/3. The algorithm
requires

𝑂((‖ 𝑓 ‖0 + ‖𝑔‖0 + 𝑇) (log deg 𝑓 + log 𝐻))

bit operations, where H is an upper bound on the heights of the polynomials f, g, and 𝑓 /𝑔.

In combination with Theorem 1.4, we derive the corollary below.

Corollary 1.11. There exists a randomized algorithm that, given two sparse polynomials 𝑓 , 𝑔 ∈ Z[𝑥],
such that g divides f, the algorithm outputs the quotient polynomial 𝑓 /𝑔, with probability at least 2/3.
The running time of the algorithm is

𝑂 ((‖ 𝑓 ‖0 + ‖𝑔‖0 + ‖ 𝑓 /𝑔‖0) · (log ‖𝑔‖∞ + log ‖ 𝑓 ‖∞ + ‖𝑔‖0 log deg 𝑓 )).

While Corollary 1.11 speaks about a randomized algorithm and not a deterministic one as in sub-
section 1.9, it has the advantage of having the term (‖ 𝑓 ‖0 + ‖𝑔‖0 + ‖ 𝑓 /𝑔‖0), whereas Theorem 1.9 has
‖ 𝑓 /𝑔‖0 · ‖𝑔‖0, which in the relevant case is larger by a factor of Ω(‖𝑔‖0).

1.3. Proof outline and comparison to [NS24]

We explain the ideas behind the proof of Theorem 1.4 as all the other results mentioned above are
simple corollaries of it. We first discuss the overall idea that led to the result of [NS24] and then the
improvement obtained in this paper.

The proof of Theorem 1.4 starts, as in [GR11, Theorem 2.9], by considering the discrete Fourier
transform of the coefficient vector of h. Parseval’s identity gives

‖ℎ‖2
2 =

1
𝑝

∑
0≤𝑖<𝑝

��ℎ(𝜔𝑖)
��2, (8)

2Bit complexity measures the running time of an algorithm as the total number of elementary operations on bits.
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where 𝜔 is a primitive p-th root of unity for a prime 𝑝 > deg ℎ. Hence, ‖ℎ‖2 ≤ |ℎ(𝜃) | for some p-th
root of unity 𝜃. Since |𝑔(𝜃) | · |ℎ(𝜃) | = | 𝑓 (𝜃) | ≤ ‖ 𝑓 ‖1,

‖ℎ‖2 ≤ |ℎ(𝜃) | ≤ ‖ 𝑓 ‖1
|𝑔(𝜃) | .

Hence, it suffices to lower bound the values of g at roots of unity in order to upper bound ‖ℎ‖2. As g
may vanish at 1, the above approach cannot be applied directly. To overcome this, we observe that if
𝑝 > 2 deg 𝑓 then the contribution of ℎ(1) to the overall sum in (8) is not too large. Consequently, we
can upper bound ‖ℎ‖2 by a similar expression, except that now 𝜃 is a primitive root of unity.

Consider the restriction of g to the unit circle, 𝑔̃(𝑥) = 𝑔(𝑒𝑖𝑥) : [0, 2𝜋) → C. We prove by induction
on the sparsity of g that outside the neighborhood of a small set of bad points 𝐵(𝑔) ⊂ [0, 2𝜋) (intuitively,
these are zeros of g and points at which 𝑔′ attains unusually small values), 𝑔(𝑒𝑖𝑥) attains large values.
Indeed, when deg 𝑔 = 1 this is relatively simple to show as g must be of the form 𝑥 − 𝛼 (after
rescaling) and since primitive roots of unity of relatively prime orders are somewhat far from each
other, we can find many primes p so that the values of g on primitive p-th roots of unity are not too
small.

For higher degrees, we note that if the derivative of g is not small in a large enough region then g
is large on most of that region. Thus, by moving further away from the bad set for the derivative of g,
𝐵(𝑔′) in which 𝑔′ attains unusually small values, we get that on this set g always attains large values.
We then prove by a simple pigeonhole principle that there exists a prime p such that all primitive p-th
roots of unity are far away from the bad set and conclude the result. This is the approach behind the
proof of the main result in [NS24].

Theorem 1.12 [NS24, Theorem 1.5]. Let 𝑓 , 𝑔 ∈ C[𝑥] such that 𝑓 = 𝑔ℎ and g is monic. Then it holds that

‖ℎ‖2 ≤ ‖ 𝑓 ‖1 · 𝑂
(
‖𝑔‖3

0deg2 𝑓
) ‖𝑔 ‖0−1

.

Note that this is similar to Corollary 1.6, except that it is larger by a factor of deg 𝑔. We next explain
how to regain that factor and more strongly, the additional factor of M appearing in Theorem 1.4.

Improvement over [NS24].
To get the improved result, we note that in the sketch above, every time that we take a derivative of g,
its leading coefficient grows by a factor equivalent to the degree. Intuitively, this should help increase
the value of the derivative, and this is the source of the improvement. Note that for linear factors the
proof considered monic polynomials, and this is also the inductive assumption that we make. Thus,
the coefficient of the top monomial will contribute a multiplicative factor to the value of g, when we
make g monic. This is sufficient to obtain the extra factor of deg 𝑔 in Corollary 1.6 compared to [NS24,
Theorem 1.5] (see Theorem 1.12).

One may notice, however, that after taking derivatives we need to remove all powers of x that
divide the polynomial, so that the next derivative will reduce the sparsity. This can cause an abrupt
drop in the degree, which will not give us the saving of roughly (deg 𝑔)𝑂 ( ‖𝑔 ‖0) (see (5)). This can
happen only if most of the monomials have degrees close to deg 𝑔. In this case however, if we consider
𝑔rev (𝑥) = 𝑥deg 𝑔𝑔(1/𝑥), then this makes most of the monomials of degrees that are considerably smaller
than the top degree, thus allowing us to gain large factors in every derivative. On the other hand, once
we move to 𝑔rev, it may not be monic, and in fact, it may have a small leading term which will cost us a
large factor in the bound. Balancing these two cases leads to the bound of (5), and is the main technical
part of subsection 3.4.
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2. Preliminaries

In this section, we set our notation, and state some basic facts that we shall later use.

2.1. General notation

Let R be a unique factorization domain (UFD) and let 𝑔, 𝑓 ∈ 𝑅[𝑥] be two polynomials. We say that g
divides f, and denote it with 𝑔 | 𝑓 , when there is a polynomial ℎ ∈ 𝑅[𝑥] such that 𝑔 · ℎ = 𝑓 . We denote
𝑔 � 𝑓 when this is not the case.

Let 𝑓 =
∑

𝑖 𝑓𝑖𝑥
𝑖 ,. We shall use the following notation: ‖ 𝑓 ‖0 denotes the sparsity of f (the number of

nonzero 𝑓𝑖’s); ‖ 𝑓 ‖ 𝑝 = (
∑

𝑖 | 𝑓𝑖 |𝑝)1/𝑝; if 𝑅 ⊆ C then ‖ 𝑓 ‖∞ = max𝑖 | 𝑓𝑖 | is the height of f ; ord𝛼 𝑓 denotes
the multiplicity of a root 𝛼 in f, in particular, ord0 𝑓 = max

{
𝑖 : 𝑥𝑖 | 𝑓

}
; LC( 𝑓 ) ∈ 𝑅 denotes the leading

coefficient in f, that is, the coefficient of the highest degree term in f. Similarly, TC( 𝑓 ) ∈ 𝑅, the trailing
coefficient of f, denotes the coefficient of the smallest degree term in f.

For a polynomial g we denote 𝑔0 � (𝑔/𝑥ord0𝑔) and 𝑔rev � 𝑥deg 𝑔 · 𝑔(1/𝑥). For example, if
𝑔 =

∑𝑠
𝑖=1 𝑐𝑖 · 𝑥𝑛𝑖 then 𝑔0 =

∑𝑠
𝑖=1 𝑐𝑖 · 𝑥𝑛𝑖−𝑛1 and 𝑔rev =

∑𝑠
𝑖=1 𝑐𝑖 · 𝑥𝑛𝑠−𝑛𝑖 . Observe that (𝑔rev)0 = (𝑔0)rev and

that 𝑔0 = (𝑔rev)rev.
We denote the derivative of g by 𝑔′.
For any real or complex-valued function f, we define 𝑉 ( 𝑓 ) to be the set of zeros of f, that is,

𝑉 ( 𝑓 ) = {𝛼 | 𝑓 (𝛼) = 0}, over the corresponding field. For a complex-valued function f we denote by
� 𝑓 and 
 𝑓 the real and imaginary parts of f, respectively.

For an integer 𝑘 ∈ N, we denote [𝑘] = {1, . . . , 𝑘}. Throughout this paper, log refers to the natural
logarithm. We use 𝜋 to denote the mathematical constant, while 𝜋(·) refers to the prime counting
function.

2.2. Useful facts

The following facts are simple and well known but for completeness we provide their proof.

Claim 2.1 (Discrete Parseval’s Identity). Let 𝑓 ∈ C[𝑥] and let 𝑛 > deg 𝑓 . Then,

‖ℎ‖2
2 =

1
𝑛

∑
0≤𝑖<𝑛

��ℎ(𝜔𝑖)
��2

where 𝜔 ∈ C is a primitive n-th root of unity.

Proof. Recall that the 𝑛 × 𝑛 Discrete Fourier Transform (DFT) matrix is

1
√
𝑛

(
𝜔 𝑗𝑘

)
0≤ 𝑗 ,𝑘<𝑛

where 𝜔 ∈ C is a primitive n-th root of unity. Since the DFT matrix is unitary, applying it to the
coefficient vector of h we conclude that

‖ℎ‖2
2 =

∑
0≤𝑖≤deg ℎ

|ℎ𝑖 |2 =
1
𝑛

∑
0≤𝑖<𝑛

��ℎ(𝜔𝑖)
��2. �

Claim 2.2. Let 𝑓 ∈ C[𝑥]. Then ‖ 𝑓 ‖2 ≤ ‖ 𝑓 ‖1 ≤
√

deg 𝑓 + 1‖ 𝑓 ‖2.

Proof. The first inequality is immediate from definition and the second follows from the Cauchy-
Schwartz inequality. �

Claim 2.3. Let 𝑓 ∈ C[𝑥] and let 𝑥 ∈ C such that |𝑥 | = 1. Then | 𝑓 (𝑥) | ≤ ‖ 𝑓 ‖1.

Proof. This is a consequence of the triangle inequality. �
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Claim 2.4. For all 0 ≤ 𝑡 < 1,

(1 − 𝑡) ≥ 𝑒−
𝑡

1−𝑡

Proof. Take the logarithm of both side and observe that the derivative is nonnegative (and that at 𝑡 = 0
there is an equality). �

2.2.1. Complex analysis
For general facts about complex analysis, see [Ahl21, Tit02]. For the definition of harmonic functions,
see [Ahl21, Chapter 4.6] and [ABW13].

Claim 2.5. Let 𝑓 : C→ R be a harmonic function. If 𝑓 (𝜔) = 0 for every𝜔 such that |𝜔| = 1, then 𝑓 = 0.

We give the proof of this well known fact for completeness.

Proof. Let,

𝐷 = {𝜔 ∈ C : |𝜔| ≤ 1}

be the unit disc. From the Maximum Modulus Principle for harmonic functions (see [Ahl21, Chapter
4.6.2, Theorem 21]) and compactness of D we get that 𝑓 (𝜔) = 0 for all 𝜔 ∈ 𝐷. It follows that f must
vanish everywhere [ABW13, Theorem 1.27]. �

Claim 2.6. Let 𝑓 ∈ C[𝑥] be a polynomial. If � 𝑓 (or equivalently, 
 𝑓 , � 𝑓 + 
 𝑓 or � 𝑓 − 
 𝑓 ) is
nonzero, then it has at most 2 deg 𝑓 roots on the unit circle.

Proof. Let 𝑆 ⊆ C be the set of roots of � 𝑓 on the unit circle. We can write � 𝑓 (𝑥 + 𝑖𝑦) = 𝑢(𝑥, 𝑦) where
𝑢 : R2 → R is a bi-variate polynomial of total degree deg 𝑓 . Hence,

|𝑆 | = |𝑉 (𝑢) ∩𝑉 (𝑥2 + 𝑦2 − 1) |.

Since f is analytic, � 𝑓 is harmonic. Claim 2.5 implies that � 𝑓 does not vanish on the unit circle. Thus,
from the irreducibility of 𝑥2 + 𝑦2 − 1, we deduce that 𝑉 (𝑢) and 𝑉 (𝑥2 + 𝑦2 − 1) have no component in
common. From Bézout’s theorem (see, e.g., [Har92, Theorem 18.3]) we conclude that

|𝑆 | ≤ deg 𝑢 · deg (𝑥2 + 𝑦2 − 1) = 2 deg 𝑓 . �

Claim 2.7. If |𝑥 − 𝑦 | ≤ 1
2 , then

��𝑒2𝜋𝑖𝑥 − 𝑒2𝜋𝑖𝑦
�� ≥ 4|𝑥 − 𝑦 |.

Proof. Since ��𝑒2𝜋𝑖𝑥 − 𝑒2𝜋𝑖𝑦 �� = ���𝑒2𝜋𝑖 (𝑥−𝑦) − 1
���,

we may assume without loss of generality that 𝑦 = 0. Let 𝑡 = 2𝜋𝑥. Since |𝑥 | ≤ 1
2 , we have |𝑡 | ≤ 𝜋. If

|𝑡 | ≤ 𝜋/2, then ��𝑒𝑖𝑡 − 1
�� = √

(1 − cos(𝑡))2 + sin2(𝑡) ≥ |sin(𝑡) | ≥ 2
𝜋 |𝑡 |,

where the last inequality follows from the fact that sin(𝑡) is concave on [0, 𝜋] and convex on [−𝜋, 0]. If
𝜋/2 ≤ |𝑡 | ≤ 𝜋, then ��𝑒𝑖𝑡 − 1

�� = √
(1 − cos(𝑡))2 + sin2(𝑡) ≥ |1 − cos(𝑡) | ≥ 2

𝜋 |𝑡 |,
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where the last inequality follows from the fact that 1 − cos(𝑡) is positive and concave on both [ 𝜋2 ,
3𝜋
2 ]

and [− 3𝜋
2 ,− 𝜋

2 ]. Substituting 𝑡 = 2𝜋𝑥, we obtain��𝑒2𝜋𝑖𝑥 − 1
�� ≥ 2

𝜋 · 2𝜋 |𝑥 | = 4|𝑥 |. �

2.2.2. Number theory
Fact 2.8 [RS62, Corollary 1]. Let 𝜋(𝑛) = |{𝑝 ≤ 𝑛 : 𝑝 is prime}| be the prime-counting function. Then
𝜋(𝑛) ≥ 𝑛

log 𝑛 for 𝑛 ≥ 17.

The following fact is a strengthening of Bertrand’s postulate by Ramanujan.

Fact 2.9 [Ram19]. Let 𝑛 ∈ N such that 𝑛 ≥ 6. Then, there exist at least two primes in the interval (𝑛, 2𝑛].

3. A Bound on the ℓ2-norm of the cofactor polynomial

In this section, we prove our main result, Theorem 1.4. We first give the main two claims that are required
for the proof and show how they imply the theorem, and then prove the claims in the next sections. To
state the claims we require some definitions.

Definition 3.1. For a polynomial 𝑔(𝑥) =
∑𝑠

𝑖=1 𝑐𝑖𝑥
𝑛𝑖 with 𝑛1 < 𝑛2 < . . . < 𝑛𝑠 and

∏𝑠
𝑖=1 𝑐𝑖 ≠ 0 we define

𝑑 (𝑔) �
∏𝑠−1

𝑖=1 (𝑛𝑠 − 𝑛𝑖). When 𝑠 = 1 we set 𝑑 (𝑔) = 1.

Intuitively, 𝑑 (𝑔) captures the coefficient growth when we take derivatives of g (and clear factors of
the form 𝑥𝑘 ).

To obtain an improved bound over the results in [NS24], we introduce the function below.

Definition 3.2. For a polynomial 𝑔 ∈ C[𝑥] we denote

M � max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)}.

We next express our upper bound on the norm of the cofactor in terms of M.

Theorem 3.3. Let 𝑓 , 𝑔, ℎ ∈ C[𝑥] such that 𝑓 = 𝑔ℎ. Denote 𝐿(𝑛) = 𝑛 log 𝑛. Then,

‖ℎ‖2 ≤
√

2‖ 𝑓 ‖1
M

(
2‖𝑔‖0 · 𝐿(12‖𝑔‖0 (deg 𝑔 − ord0𝑔) + 2 deg 𝑓 )2

) ‖𝑔 ‖0−1
.

We prove Theorem 3.3 in subsection 3.3. We now state our upper bound on M, which is the source
of the improvement over [NS24].

Lemma 3.4. Let 𝑔 ∈ C[𝑥]. Let M = max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)}. Then,

M ≥ max
⎧⎪⎪⎨⎪⎪⎩ min{|LC(𝑔) |, |TC(𝑔) |} ·

√
𝑒
(
‖𝑔 ‖0
4𝑒

) ‖𝑔‖0−1
2 (deg 𝑔 − ord0𝑔)

‖𝑔‖0
2

max{|LC(𝑔) |, |TC(𝑔) |} · (deg 𝑔 − ord0𝑔)

⎫⎪⎪⎬⎪⎪⎭.
We prove this result in subsection 3.4. Given the bounds above we can prove Theorem 1.4 and

Corollary 1.6. We recall their statements.

Theorem 1.4. Let 𝑓 , 𝑔, ℎ ∈ C[𝑥] such that 𝑓 = 𝑔ℎ and 𝑓 (0) ≠ 0. Define 𝐿(𝑛) = 𝑛 log 𝑛, and let

M ≥ max
⎧⎪⎪⎨⎪⎪⎩ min{|LC(𝑔) |, |TC(𝑔) |} ·

√
𝑒
(
‖𝑔 ‖0
4𝑒

) ‖𝑔‖0−1
2 (deg 𝑔)

‖𝑔‖0
2

max{|LC(𝑔) |, |TC(𝑔) |} · deg 𝑔

⎫⎪⎪⎬⎪⎪⎭.
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where LC(𝑔) and TC(𝑔) are respectively the leading coefficient and the trailing coefficient of g and e is
the basis of the natural log. Then

‖ℎ‖2 ≤
√

2 ‖ 𝑓 ‖1
M

(
2‖𝑔‖0 · 𝐿(12‖𝑔‖0 deg 𝑔 + 2 deg 𝑓 )2

) ‖𝑔 ‖0−1
.

Proof of Theorem 1.4. This is exactly the statement of Theorem 3.3 with the lower bound on M estab-
lished in Lemma 3.4. �

Corollary 1.6. Let

◦ 𝑓 , 𝑔, ℎ ∈ Z[𝑥] such that 𝑓 = 𝑔ℎ and 𝑓 (0) ≠ 0, or
◦ 𝑓 , 𝑔, ℎ ∈ C[𝑥] such that 𝑓 = 𝑔ℎ, 𝑓 (0) ≠ 0, and |LC(𝑔) |, |TC(𝑔) | ≥ 1.

Then, it holds that

‖ℎ‖2 ≤

√
‖𝑔‖0
deg 𝑔

· ‖ 𝑓 ‖1 ·
(
𝑂

(
‖𝑔‖2.5

0 · deg2 𝑔 +
√
‖𝑔‖0 · deg2 𝑓√

deg 𝑔

)) ‖𝑔 ‖0−1

≤

√
‖𝑔‖0
deg 𝑔

· ‖ 𝑓 ‖1 ·
(
𝑂

(
‖𝑔‖2.5

0 · deg2 𝑓√
deg 𝑔

)) ‖𝑔 ‖0−1

.

In terms of bit representation size we have

log2 ‖ℎ‖∞ ≤ log2 ‖ℎ‖2 ≤ log2 ‖ 𝑓 ‖∞ +𝑂
(
‖𝑔‖0 · log2 deg 𝑓

)
.

Proof of Corollary 1.6. By Theorem 3.3

‖ℎ‖2 ≤
√

2‖ 𝑓 ‖1
M

(
2‖𝑔‖0 · 𝐿(12‖𝑔‖0(deg 𝑔 − ord0𝑔) + 2 deg 𝑓 )2

) ‖𝑔 ‖0−1
, (9)

for 𝐿(𝑛) = 𝑛 log(𝑛). As 𝑔(0) ≠ 0, ord0𝑔 = 0. Hence,

‖𝑔‖0𝐿(12‖𝑔‖0(deg 𝑔 − ord0𝑔) + 2 deg 𝑓 )2 = 𝑂̃
(
‖𝑔‖3

0 deg2 𝑔 + ‖𝑔‖0 deg2 𝑓
)
. (10)

Either of the assumptions in the statement implies that LC(𝑔),TC(𝑔) ≥ 1. Thus, Lemma 3.4 gives

M ≥
√
𝑒

(
‖𝑔‖0
4𝑒

) ‖𝑔‖0−1
2

· (deg 𝑔)
‖𝑔‖0

2 . (11)

Substituting (10) and (11) into (9) we obtain

‖ℎ‖2 ≤
√

2‖ 𝑓 ‖1
M

(
2‖𝑔‖0 · 𝐿(12‖𝑔‖0 (deg 𝑔 − ord0𝑔) + 2 deg 𝑓 )2

) ‖𝑔 ‖0−1

≤

√
2‖ 𝑓 ‖1

(
𝑂̃
(
‖𝑔‖3

0 deg2 𝑔 + ‖𝑔‖0 deg2 𝑓
)) ‖𝑔 ‖0−1

√
𝑒
(
‖𝑔 ‖0
4𝑒

) ‖𝑔‖0−1
2 · (deg 𝑔)

‖𝑔‖0
2
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=
‖ 𝑓 ‖1√
deg 𝑔

����
𝑂̃
(
‖𝑔‖3

0 deg2 𝑔 + ‖𝑔‖0 deg2 𝑓
)

√
‖𝑔‖0 deg 𝑔

��� 
‖𝑔 ‖0−1

=
‖ 𝑓 ‖1√
deg 𝑔

(
𝑂̃

(
‖𝑔‖2.5

0 deg2 𝑔 +
√
‖𝑔‖0 deg2 𝑓√

deg 𝑔

)) ‖𝑔 ‖0−1

. �

The remainder of this section is devoted to proving Theorem 3.3 and Lemma 3.4.

3.1. Evaluations on the unit circle

To prove Theorem 3.3 we use a well known relation between the norm of a polynomial and its values at
roots of unity of high orders.

The following lemma uses simple Fourier analysis to bound the norm of the quotient polynomial in
a similar fashion to Theorem 2.9 of [GR11].

Lemma 3.5. Let 𝑓 , 𝑔, ℎ ∈ C[𝑥] such that 𝑓 = 𝑔ℎ. Then,

‖ℎ‖2 ≤
√

2‖ 𝑓 ‖1 · max
1≠𝜔∈C
𝜔𝑝=1

1
|𝑔(𝜔) |

where p is a prime such that 𝑝 > 2 deg 𝑓 and g does not vanish at any primitive root of unity of order p.

Proof. When g is constant the statement is trivial (see Claim 2.2), so we assume deg 𝑔 > 0. From
Parseval’s identity (Claim 2.1) we conclude ‖ℎ‖2

2 = 1
𝑝

∑
0≤𝑖<𝑝

��ℎ(𝜔𝑖)
��2, where 𝜔 is a primitive p-th root

of unity. Claim 2.2 implies that��ℎ(𝜔0)
��2 = |ℎ(1) |2 ≤ ‖ℎ‖2

1 ≤ ‖ℎ‖2
2(deg ℎ + 1) ≤ ‖ℎ‖2

2 deg 𝑓 .

By the choice of 𝑝 > 2 deg 𝑓 , it follows that

1
𝑝

∑
0<𝑖<𝑝

��ℎ(𝜔𝑖)
��2 = ‖ℎ‖2

2 −
��ℎ(𝜔0)

��2
𝑝

≥ ‖ℎ‖2
2 −

deg 𝑓

𝑝
‖ℎ‖2

2 >
1
2
‖ℎ‖2

2.

In other words, the average value of
��ℎ(𝜔𝑖)

��2 for 0 < 𝑖 < 𝑝 is larger than 1
2 ‖ℎ‖

2
2. Hence, there exists a

p-th root of unity 𝜃 ≠ 1 such that

‖ℎ‖2 <
√

2|ℎ(𝜃) |.

Since 𝑓 = 𝑔ℎ we conclude that | 𝑓 (𝜃) | = |𝑔(𝜃) | |ℎ(𝜃) |. By Claim 2.3, | 𝑓 (𝜃) | ≤ ‖ 𝑓 ‖1. Hence,

‖ℎ‖2 <
√

2|ℎ(𝜃) | =
√

2
| 𝑓 (𝜃) |
|𝑔(𝜃) | ≤

√
2
‖ 𝑓 ‖1
|𝑔(𝜃) | .

By taking the maximum over all p-th roots of unity 𝜔 ≠ 1 we get

‖ℎ‖2 ≤
√

2‖ 𝑓 ‖1 · max
1≠𝜔∈C
𝜔𝑝=1

1
|𝑔(𝜔) |

as claimed. �

Lemma 3.5 shows that in order to upper bound ‖ℎ‖2, we have to lower bound the value of g at
primitive roots of unity of some prime order 𝑝 > 2 deg 𝑓 .
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To build intuition for the proof of Theorem 3.3 we next consider the case where g is a simple linear
factor of f, 𝑔(𝑥) = 𝑥 − 𝛼. The general case is handled in subsection 3.3.

3.2. Linear factors

We first consider the special case where g is linear. We show that there exists a point 𝛼̃ on the unit circle
such that g attains large values on any point on the unit circle that is far enough from 𝛼̃. To conclude,
we prove that there exists a prime p such that every p-th root of unity is far from 𝛼̃.

Lemma 3.6. Let 𝛼1, . . . , 𝛼𝑘 ∈ R. Then, any set of 𝑘 + 1 prime numbers P contains 𝑝 ∈ 𝑃 such that
|𝑎/𝑝 − 𝛼𝑖 | > 1

2(max 𝑃)2 for every integer 0 < |𝑎 | < 𝑝 and 𝑖 ∈ [𝑘].

Proof. Assume for the sake of contradiction that the statement is false. Thus, for every 𝑝 ∈ 𝑃 there
exists 𝑖 ∈ [𝑘] such that |𝑎/𝑝 − 𝛼𝑖 | ≤ 1

2(max 𝑃)2 for some 0 < |𝑎 | < 𝑝. By the Pigeonhole Principle, there
exists 𝑖 ∈ [𝑘] such that for two different primes 𝑝, 𝑞 ∈ 𝑃, 0 < |𝑎 | < 𝑝 and 0 < |𝑏 | < 𝑞 we have

|𝑎/𝑝 − 𝛼𝑖 | ≤
1

2(max 𝑃)2 and |𝑏/𝑞 − 𝛼𝑖 | ≤
1

2(max 𝑃)2 .

This, however, leads to a contradiction

1
(max 𝑃)2 ≥

���� 𝑎𝑝 − 𝛼𝑖

���� + ����𝛼𝑖 −
𝑏

𝑞

���� ≥ ���� 𝑎𝑝 − 𝑏

𝑞

���� = ����𝑎𝑝 − 𝑏𝑞

𝑝𝑞

���� ≥ 1/𝑝𝑞 >
1

(max 𝑃)2 . �

We use this lemma to claim that for any two different primes 𝑝1 and 𝑝2, any point on the unit circle
is somewhat far from either all primitive roots of unity of order 𝑝1 or from those of order 𝑝2.

Lemma 3.7. Let 𝛼 ∈ C, and let 𝑝1, 𝑝2 ∈ N be two primes. Then for either 𝑝 = 𝑝1 or 𝑝 = 𝑝2 it holds
that |𝜔 − 𝛼 | > 1

(max{𝑝1 , 𝑝2 })2 for any primitive p-th root of unity 𝜔 ≠ 1.

Proof. First, observe that if 𝛼 is 1
(max{𝑝1 , 𝑝2 })2 -far from any point on the unit circle, then we are done. So,

assume that there exists a point 𝛼̃ on the unit circle such that |𝛼 − 𝛼̃ | < 1
(max{𝑝1 , 𝑝2 })2 . Let 𝑐 ∈ [− 1

2 ,
1
2 )

such that 𝛼̃ = 𝑒2𝜋𝑖𝑐 . By Lemma 3.6 with 𝑘 = 1 and 𝛼1 = 𝑐 either 𝑝 = 𝑝1 or 𝑝 = 𝑝2 satisfies���� 𝑎𝑝 − 𝑐

���� > 1
2(max{𝑝1, 𝑝2})2 ,

for any integer 0 < |𝑎 | < 𝑝. Let 𝜔 ≠ 1 be any primitive p-th root of unity. Let 𝑎 ∈ Z, 0 < |𝑎 | < 𝑝, such
that 𝜔 = 𝑒2𝜋𝑖 𝑎𝑝 . By the periodicity of 2𝜋𝑖𝑥, we can choose a to satisfy

��� 𝑎𝑝 − 𝑐
��� ≤ 1

2 . By Claim 2.7 it
holds that

|𝜔 − 𝛼̃ | =
���𝑒2𝜋𝑖 𝑎𝑝 − 𝑒2𝜋𝑖𝑐

��� ≥ 4
���� 𝑎𝑝 − 𝑐

���� > 2
(max{𝑝1, 𝑝2})2 .

The triangle inequality implies

|𝜔 − 𝛼 | ≥ |𝜔 − 𝛼̃ | − |𝛼̃ − 𝛼 | > 1
(max{𝑝1, 𝑝2})2 . �

The claim about the norm of the cofactor of a linear factor now follows easily.

Proposition 3.8. Let 𝑓 ∈ C[𝑥] with a root 𝛼. Then

‖ 𝑓 /(𝑥 − 𝛼)‖2 ≤ 16
√

2‖ 𝑓 ‖1 deg2 𝑓 < 23‖ 𝑓 ‖1 deg2 𝑓 .
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Proof. Lemma 3.5 applied to 𝑔 = (𝑥 − 𝛼) and ℎ = 𝑓 /𝑔 implies that

‖ 𝑓 /(𝑥 − 𝛼)‖2 ≤
√

2‖ 𝑓 ‖1 · max
1≠𝜔∈C
𝜔𝑝=1

1
|𝜔 − 𝛼 | , (12)

for any prime p satisfying 𝑝 > 2 deg 𝑓 such that 𝛼 is not a primitive root of unity of order p. By Fact
2.9, if deg 𝑓 ≥ 2 then the interval (2 deg 𝑓 , 4 deg 𝑓 ] contains at least two primes3 𝑝1, 𝑝2. Lemma 3.7
guarantees that for either 𝑝 = 𝑝1 or 𝑝 = 𝑝2 it holds that the distance of 𝛼 from any primitive p-th root
of unity is larger than 1

(max{𝑝1 , 𝑝2 })2 ≥ 1
(4 deg 𝑓 )2 . Hence,

‖ 𝑓 /(𝑥 − 𝛼)‖2 ≤
√

2‖ 𝑓 ‖1 · max
1≠𝜔∈C
𝜔𝑝=1

1
|𝜔 − 𝛼 | ≤

√
2‖ 𝑓 ‖1 · (4 deg 𝑓 )2 < 23‖ 𝑓 ‖1 deg2 𝑓 ,

as claimed �

3.3. Sparse factors

In this section we prove Theorem 3.3. As discussed in subsection 3.1, we do so by giving a lower bound
on the value of g at suitable roots of unity. Similarly to the proof of Proposition 3.8, we will show that g
attains large values everywhere, with the possible exception of a small neighborhood of a small number
of points. We achieve this using induction on ‖𝑔‖0.

We start with two simple claims.
Claim 3.9. Let 𝑓 : R → R be a continuously differentiable function, and 𝛿 > 0. Let 𝐼 = [𝑎, 𝑏] be
an interval in which both f and 𝑓 ′ do not change sign. That is, each of them is either nonnegative or
nonpositive in I. Then, | 𝑓 (𝛽) | ≥ 𝛿 min𝛼∈𝐼 | 𝑓 ′(𝛼) | for every 𝛽 ∈ [𝑎 + 𝛿, 𝑏 − 𝛿].
Proof. If 𝑏 − 𝑎 < 2𝛿 there is nothing to prove. Assume without loss of generality that 𝑓 ≥ 0 in I,
otherwise analyze − 𝑓 . If 𝑓 ′ ≥ 0 in I, then f is nondecreasing in I and so for every 𝛽 ∈ [𝑎 + 𝛿, 𝑏 − 𝛿] it
holds that

𝑓 (𝛽) ≥ 𝑓 (𝛽) − 𝑓 (𝑎) =
∫ 𝛽

𝑎
𝑓 ′(𝑦)𝑑𝑦 ≥ (𝛽 − 𝑎) min

𝛼∈𝐼
𝑓 ′(𝛼) ≥ 𝛿 min

𝛼∈𝐼
| 𝑓 ′(𝛼) |.

Similarly, if 𝑓 ′ ≤ 0 in I, then for every 𝛽 ∈ [𝑎 + 𝛿, 𝑏 − 𝛿] it holds that

𝑓 (𝛽) ≥ 𝑓 (𝛽) − 𝑓 (𝑏) =
∫ 𝑏

𝛽
− 𝑓 ′(𝑦)𝑑𝑦 ≥ (𝑏 − 𝛽) min

𝛼∈𝐼
| 𝑓 ′(𝛼) | ≥ 𝛿 min

𝛼∈𝐼
| 𝑓 ′(𝛼) |,

as claimed. �

Claim 3.10. Let 𝑓 : R → C be a continuously differentiable function, 𝛿 > 0 and denote 𝑓1 = � 𝑓 ,
𝑓2 = 
 𝑓 . Let 𝐼 = [𝑎, 𝑏] be an interval in which each function among 𝑓1, 𝑓

′
1 , 𝑓2, 𝑓

′
2 , 𝑓

′
1 − 𝑓 ′2 and 𝑓 ′1 + 𝑓 ′2

is either nonnegative or nonpositive. Then, | 𝑓 (𝛽) | ≥ 𝛿√
2

min𝛼∈𝐼 | 𝑓 ′(𝛼) | for every 𝛽 ∈ [𝑎 + 𝛿, 𝑏 − 𝛿].

Proof. Our assumption implies that any of the four functions ± 𝑓 ′1 ± 𝑓 ′2 has fixed sign in I. Since this
also holds for 𝑓 ′1 and 𝑓 ′2 we conclude that

�� 𝑓 ′1 �� − �� 𝑓 ′2 ��, which is equal to one of these four functions, is
either nonnegative or nonpositive in I, as well. Without loss of generality assume

�� 𝑓 ′1 �� ≥ �� 𝑓 ′2 �� in I. For
every 𝛽 ∈ 𝐼, 𝑓 ′(𝛽) = 𝑓 ′1 (𝛽) + 𝑖 · 𝑓 ′2 (𝛽). Hence,

2
�� 𝑓 ′1 (𝛽)��2 ≥

�� 𝑓 ′1 (𝛽)��2 + �� 𝑓 ′2 (𝛽)��2 = | 𝑓 ′(𝛽) |2 ≥ min
𝛼∈𝐼

| 𝑓 ′(𝛼) |2.

Thus,
�� 𝑓 ′1 (𝛽)�� ≥ 1√

2
min𝛼∈𝐼 | 𝑓 ′(𝛼) | for every 𝛽 ∈ 𝐼. The result follows by Claim 3.9 and the fact that

| 𝑓 (𝛽) | ≥ | 𝑓1(𝛽) |. �

3Fact 2.9 only gives deg 𝑓 ≥ 3 but the interval (4, 8] also contains two primes (we avoid the problematic interval (5, 10]).
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In what comes next, we say that two points 𝛼 and 𝛽 are 𝛿-far from each other if |𝛼 − 𝛽 | ≥ 𝛿. Similarly,
we say that a point is 𝛿-far from a set S if it is 𝛿-far from every point in S.

We next prove our main lemma that shows that with the exception of a small neighborhood of a small
number of points, a sparse polynomial obtains not too small values on the unit circle.

Lemma 3.11. Let 𝑔 ∈ C[𝑥] be a monic polynomial. Then, there exists a set 𝐵(𝑔) ⊆ [0, 2𝜋), satisfying
|𝐵(𝑔) | ≤ 12(‖𝑔‖0 − 1) · (deg 𝑔 − ord0𝑔), such that for every 𝛿 > 0, and every 𝛼 ∈ [0, 2𝜋) which is

(‖𝑔‖0 − 1)𝛿-far from 𝐵(𝑔), it holds that
��𝑔(𝑒𝑖𝛼)�� ≥ 𝑑 (𝑔)

(
𝛿√
2

) ‖𝑔 ‖0−1
.

Proof. We prove the lemma by induction on 𝑠 = ‖𝑔‖0. The claim holds for 𝑠 = 1 since clearly
|𝑔(𝑒𝑖𝛼) | = 1 for any 𝛼, when 𝑔(𝑥) = 𝑥𝑚.

For the inductive step, suppose that the claim holds for s, and let 𝑔 ∈ C[𝑥] be of sparsity 𝑠 + 1. Since��(𝑔/𝑥ord0𝑔) (𝜔)
�� = |𝑔(𝜔) | for every 𝜔 on the unit circle we can consider 𝑔0 = (𝑔/𝑥ord0𝑔) instead of g,

which is of degree deg 𝑔0 = deg 𝑔 − ord0𝑔.
Let 𝑓 : [0, 2𝜋) → C be defined as 𝑓 (𝑥) = 𝑔0 (𝑒𝑖𝑥). Denote with

𝑔̂(𝑥) =
𝑔′0(𝑥)
deg 𝑔0

,

the monic polynomial which is a scalar multiple of 𝑔′0. By Claim 3.15, 𝑑 (𝑔̂) = 𝑑 (𝑔′0). Let

𝐻 = {� 𝑓 ,� 𝑓 ′,
 𝑓 ,
 𝑓 ′,� 𝑓 ′ − 
 𝑓 ′,� 𝑓 ′ + 
 𝑓 ′} and
𝐵(𝑔) = 𝐵(𝑔̂) ∪ {𝛽 ∈ [0, 2𝜋) : ℎ(𝛽) = 0 for a nonzero ℎ ∈ 𝐻}.

(13)

By Claim 2.6, each nonzero function in H has at most 2 deg 𝑔0 zeros in [0, 2𝜋). Since 𝑔̂(𝑥) is monic and
has sparsity s, we conclude by the inductive assumption that

|𝐵(𝑔) | ≤ 12(𝑠 − 1) deg 𝑔̂ + 12 deg 𝑔0 < 12𝑠 deg 𝑔0.

Let 𝐼 = [𝑎, 𝑏] ⊆ [0, 2𝜋) be an interval that is (𝑠 − 1)𝛿-far from 𝐵(𝑔). By the definition of 𝐵(𝑔),
each functions in the set H, as defined in Equation (13), does not change its sign within I, since any sign
change would have to go through a zero of the function. As 𝑓 ′(𝑥) = 𝑖𝑒𝑖𝑥 · 𝑔′0(𝑒

𝑖𝑥), Claim 3.10 implies
that for every 𝛽 ∈ [𝑎 + 𝛿, 𝑏 − 𝛿] it holds that��𝑔(𝑒𝑖𝛽)�� = ��𝑔0 (𝑒𝑖𝛽)

�� = | 𝑓 (𝛽) | ≥ 𝛿
√

2
min
𝛼∈𝐼

| 𝑓 ′(𝛼) |

=
𝛿
√

2
min
𝛼∈𝐼

��𝑔′0 (𝑒𝑖𝛼)�� = 𝛿 · deg 𝑔0√
2

min
𝛼∈𝐼

��𝑔̂(𝑒𝑖𝛼)��. (14)

By definition, 𝐵(𝑔̂) ⊆ 𝐵(𝑔). As ‖𝑔̂‖0 = 𝑠 and each 𝛽 ∈ 𝐼 is at least (𝑠 − 1)𝛿-far from 𝐵(𝑔), we get from
the induction hypothesis applied to 𝑔̂, Equation (14) and Claim 3.15��𝑔(𝑒𝑖𝛽)�� ≥ 𝛿 · deg 𝑔0√

2
min
𝛼∈𝐼

��𝑔̂(𝑒𝑖𝛼)��
≥ 𝛿 · deg 𝑔0√

2
· 𝑑 (𝑔̂)

(
𝛿
√

2

)𝑠−1

=
𝛿 · deg 𝑔0√

2
· 𝑑 (𝑔′0)

(
𝛿
√

2

)𝑠−1

= 𝑑 (𝑔)
(
𝛿
√

2

)𝑠
.
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In other words, every 𝛽 that is 𝑠𝛿 far from the set 𝐵(𝑔) satisfies
��𝑔(𝑒𝑖𝛽)�� ≥ 𝑑 (𝑔)

(
𝛿√
2

)𝑠
, which proves the

step of the induction. �

Corollary 3.12. Let 𝑔 ∈ C[𝑥] be a polynomial. Then, there exists a set 𝐵(𝑔) ⊆ [0, 2𝜋), of size
|𝐵(𝑔) | ≤ 12(‖𝑔‖0 − 1) (deg 𝑔 − ord0𝑔), such that for every 𝛿 > 0 and every 𝛼 ∈ [0, 2𝜋) which is
(‖𝑔‖0 − 1)𝛿-far from 𝐵(𝑔), it holds that��𝑔(𝑒𝑖𝛼)�� ≥ max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)} ·

(
𝛿
√

2

) ‖𝑔 ‖0−1
.

Proof. Let 𝑔rev = 𝑥deg 𝑔𝑔(1/𝑥). Since for every 𝛼,
��𝑔(𝑒𝑖𝛼)�� = ��𝑔rev(𝑒−𝑖𝛼)

��, we can consider either g
or 𝑔rev in order to prove the claim (replacing 𝐵(𝑔) with 𝐵(𝑔rev) if required). Note that 𝑔/LC(𝑔) and
𝑔rev/LC(𝑔rev) = 𝑔rev/TC(𝑔) are monic polynomials. From Lemma 3.11 we have (where 𝛼 is 𝛿-far from
either 𝐵(𝑔) or 𝐵(𝑔rev), respectively)����𝑔(𝑒𝑖𝛼)LC(𝑔)

���� ≥ 𝑑 (𝑔)
(
𝛿
√

2

) ‖𝑔 ‖0−1
⇒

��𝑔(𝑒𝑖𝛼)�� ≥ |LC(𝑔) | · 𝑑 (𝑔)
(
𝛿
√

2

) ‖𝑔 ‖0−1

����𝑔rev(𝑒𝑖𝛼)
LC(𝑔rev)

���� ≥ 𝑑 (𝑔rev)
(
𝛿
√

2

) ‖𝑔 ‖0−1
⇒

��𝑔(𝑒𝑖𝛼)�� ≥ |TC(𝑔) | · 𝑑 (𝑔rev)
(
𝛿
√

2

) ‖𝑔 ‖0−1
. �

Remark 3.13. Lemma 3.11 and Corollary 3.12 strengthen [NS24, Lemma 3.6] that proved the weaker

bound
��𝑔(𝑒𝑖𝛼)�� ≥ (

𝛿√
2

) ‖𝑔 ‖0−1
. This is also reflected in Lemma 3.14 that improves upon [NS24, Lemma

3.7] by the same factor. Our improved bound in Theorem 3.3 will come from giving a lower bound on
M = max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)}.

Lemma 3.14. Let 𝑔 ∈ C[𝑥]. Let 𝑝min ∈ N and 𝐿(𝑛) = 𝑛 log 𝑛. Set 𝑝max = �2𝐿(𝑝min + 12‖𝑔‖0(deg 𝑔 −
ord0𝑔))�. Then, there exists a prime 𝑝 ∈ (𝑝min , 𝑝max ] such that

|𝑔(𝜔) | ≥ 𝑀 ·
(

𝜋
√

2 · ‖𝑔‖0 · 𝑝2
max

) ‖𝑔 ‖0−1

,

for any p-th root of unity 𝜔 ≠ 1.

Proof. If ‖𝑔‖0 = 1, then the statement is trivial since |𝑔(𝜔) | = |LC(𝑔) | = |TC(𝑔) | for every root of
unity 𝜔. Hence, we can assume that ‖𝑔‖0 ≥ 2 and deg 𝑔 ≥ 1.

Let 𝑡 = 𝑝min + 12‖𝑔‖0(deg 𝑔 − ord0𝑔), and let 𝜋(𝑛) be the prime counting function. Our assumption
implies that 𝑡 ≥ 24. By Fact 2.8 we conclude that

𝜋(𝑝max ) = 𝜋(�2𝑡 log 𝑡�)

≥ 2𝑡 log 𝑡
log 2 + log 𝑡 + log log 𝑡

>
2𝑡 log 𝑡
2 log 𝑡

= 𝑡.

Let 𝐵(𝑔) be as in Lemma 3.11 and

𝑃 = {𝑝min < 𝑝 ≤ 𝑝max : 𝑝 is prime}.

We bound the size of P by counting the primes in the interval (𝑝min , 𝑝max ]:

|𝑃 | ≥ 𝜋(𝑝max ) − 𝑝min > 𝑡 − 𝑝min = 12‖𝑔‖0(deg 𝑔 − ord0𝑔) ≥ |𝐵(𝑔) |.
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By Lemma 3.6, there exists 𝑝 ∈ 𝑃 such that for any integer 0 < 𝑎 < 𝑝 and any 𝛼 ∈ 𝐵(𝑔)

|𝑎/𝑝 − 𝛼/2𝜋 | ≥ 1
2𝑝2

max
.

Thus, ����2𝜋 𝑎𝑝 − 𝛼

���� ≥ 𝜋

𝑝2
max

.

In particular, every nontrivial p-th root of unity is 𝜋
𝑝2

max
-far from 𝐵(𝑔). Finally, by applying Corollary 3.12

with 𝛿 = 𝜋
‖𝑔 ‖0 ·𝑝2

max
, we conclude that for any p-th root of unity 𝜔 ≠ 1,

|𝑔(𝜔) | ≥ max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)} ·
(

𝜋
√

2 · ‖𝑔‖0 · 𝑝2
max

) ‖𝑔 ‖0−1

= 𝑀 ·
(

𝜋
√

2 · ‖𝑔‖0 · 𝑝2
max

) ‖𝑔 ‖0−1

. �

We can now prove Theorem 3.3. We repeat its statement for convenience.

Theorem 3.3. Let 𝑓 , 𝑔, ℎ ∈ C[𝑥] such that 𝑓 = 𝑔ℎ. Denote 𝐿(𝑛) = 𝑛 log 𝑛. Then,

‖ℎ‖2 ≤
√

2‖ 𝑓 ‖1
M

(
2‖𝑔‖0 · 𝐿(12‖𝑔‖0 (deg 𝑔 − ord0𝑔) + 2 deg 𝑓 )2

) ‖𝑔 ‖0−1
.

Proof. Let 𝑝min = 2 deg 𝑓 and 𝑝max as in Lemma 3.14. From Lemma 3.14 we conclude that there exists
a prime 𝑝 ∈ (𝑝min , 𝑝max ] such that

|𝑔(𝜔) | ≥ M ·
(

𝜋
√

2 · ‖𝑔‖0 · ( �2𝐿(12‖𝑔‖0 (deg 𝑔 − ord0𝑔) + 2 deg 𝑓 )�)2

) ‖𝑔 ‖0−1

for any primitive p-th root of unity 𝜔 ≠ 1. The theorem then follows from Lemma 3.5. �

As 𝑑 (𝑔) ≥ 1 we have M ≥ LC(𝑔). Hence Theorem 3.3 implies the bound stated in [NS24, Theorem
3.8]. We next prove stronger lower bounds on M.

3.4. Improved lower bound on M

In this section we prove Lemma 3.4 which lower bounds M = max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)}.
For this we first lower bound the product 𝑑 (𝑔) · 𝑑 (𝑔rev).

To fix notation, denote

𝑔(𝑥) =
𝑠∑
𝑖=1

𝑐𝑖𝑥
𝑛𝑖 (15)

and recall 𝑑 (𝑔) as given in Definition 3.1. For the rest of the section we recall the notation from
subsection 2.1: 𝑔0 = 𝑔/𝑥ord0𝑔 and 𝑔rev = 𝑥deg 𝑔 · 𝑔(1/𝑥).

Claim 3.15. Let 𝑔 ∈ C[𝑥]. Then 𝑑 (𝑔) = 𝑑 (𝑔0) = deg 𝑔0 · 𝑑 ((𝑔0)′).

https://doi.org/10.1017/fms.2026.10202 Published online by Cambridge University Press

https://doi.org/10.1017/fms.2026.10202


Forum of Mathematics, Sigma 17

Proof. The claim follows by an easy calculation. Using (15) we have

𝑑 (𝑔0) =
𝑠−1∏
𝑖=1

((𝑛𝑠 − 𝑛1) − (𝑛𝑖 − 𝑛1)) =
𝑠−1∏
𝑖=1

(𝑛𝑠 − 𝑛𝑖) = 𝑑 (𝑔).

Next, observe that

(𝑔0)′ = (
𝑠∑
𝑖=1

𝑐𝑖𝑥
𝑛𝑖−𝑛1)′ =

𝑠∑
𝑖=2

(𝑛𝑖 − 𝑛1)𝑐𝑖𝑥𝑛𝑖−𝑛1−1.

Hence,

deg 𝑔0 · 𝑑 ((𝑔0)′) = (𝑛𝑠 − 𝑛1) ·
𝑠−1∏
𝑖=2

((𝑛𝑠 − 𝑛1 − 1) − (𝑛𝑖 − 𝑛1 − 1))

=
𝑠−1∏
𝑖=1

(𝑛𝑠 − 𝑛𝑖) = 𝑑 (𝑔). �

Claim 3.16. Let g as in (15). Then, 𝑑 (𝑔rev) =
∏𝑠

𝑖=2(𝑛𝑖 − 𝑛1).

Proof. The case 𝑠 = 1 is clear. For 1 ≤ 𝑖 ≤ 𝑠 let 𝑚𝑠−𝑖+1 = 𝑛𝑠 − 𝑛𝑖 . Clearly, 0 = 𝑚1 < 𝑚2 < . . . < 𝑚𝑠 =
𝑛𝑠 − 𝑛1. Then, 𝑔rev =

∑𝑠
𝑖=1 𝑐𝑖𝑥

𝑛𝑠−𝑛𝑖 =
∑𝑠

𝑖=1 𝑐𝑠−𝑖+1𝑥
𝑚𝑖 and we get that

𝑑 (𝑔rev) =
𝑠−1∏
𝑖=1

(𝑚𝑠 − 𝑚𝑖) =
𝑠−1∏
𝑖=1

((𝑛𝑠 − 𝑛1) − (𝑛𝑠 − 𝑛𝑠−𝑖+1)) =
𝑠∏
𝑖=2

(𝑛𝑖 − 𝑛1). �

The next propositions contain the main technical calculations used to estimate M.

Proposition 3.17. Let g as in (15). Denote 𝑁 � 𝑛𝑠 − 𝑛1 and 𝑘 � � 𝑠−2
2 �. If 𝑠 ≥ 2 then,

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥
√

2𝜋𝑘𝑁
(
𝑘 (𝑁 − 𝑘)

𝑒

) 𝑠−2
2

.

Proof. Using Claim 3.16,

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥
√
𝑑 (𝑔)𝑑 (𝑔rev)

=

(
𝑠−1∏
𝑖=1

(𝑛𝑠 − 𝑛𝑖) ·
𝑠∏
𝑖=2

(𝑛𝑖 − 𝑛1)
)1/2

=

(
(𝑛𝑠 − 𝑛1)2 ·

𝑠−1∏
𝑖=2

((𝑛𝑠 − 𝑛𝑖) (𝑛𝑖 − 𝑛1))
)1/2

. (16)

For 1 ≤ 𝑖 ≤ 𝑠 − 2 let 𝑧𝑖 = 𝑛𝑖+1 − 𝑛1. Clearly, 1 ≤ 𝑧1 < · · · < 𝑧𝑠−2 < 𝑁 . We rewrite (16) as

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥ 𝑁 ·
(
𝑠−2∏
𝑖=1

(𝑧𝑖 (𝑁 − 𝑧𝑖))
)1/2

. (17)

We next lower bound the RHS of (17). Denote 𝜙(𝑥) = 𝑥(𝑁 − 𝑥). Clearly 𝜙(𝑥) = 𝜙(𝑁 − 𝑥). Furthermore
𝜙(𝑥 + 1) − 𝜙(𝑥) = 𝑁 − 1 − 2𝑥 making 𝜙 monotone increasing for 1 ≤ 𝑥 ≤ 𝑁/2 and decreasing for
𝑥 > 𝑁/2. We thus have that
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𝜙(1) = 𝜙(𝑁 − 1) < 𝜙(2) = 𝜙(𝑁 − 2) < · · · < 𝜙(�𝑁/2�) = 𝜙(�𝑁/2�).

Denote 𝛿 = �s is odd. Substituting into (17), and recalling 𝑘 = � 𝑠−2
2 �, we get

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥ 𝑁 ·
(
𝑠−2∏
𝑖=1

𝜙(𝑧𝑖)
)1/2

= 𝑁 · ((𝑘 + 1) (𝑁 − 𝑘 − 1)) 𝛿/2
𝑘∏
𝑖=1

(𝑖(𝑁 − 𝑖))

≥ 𝑁 · ((𝑘 + 1) (𝑁 − 𝑘 − 1)) 𝛿/2 · 𝑘! · (𝑁 − 𝑘)𝑘 .

By Robbin’s estimate of the factorial function [Rob55]
√

2𝜋𝑘 (𝑘/𝑒)𝑘 ≤
√

2𝜋𝑘𝑘 𝑘𝑒−𝑘𝑒
1

12𝑘+1 ≤ 𝑘!,

and the fact that in our setting (𝑘 + 1) (𝑁 − 𝑘 − 1) ≥ 𝑘 (𝑁 − 𝑘), we conclude that

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥ 𝑁 · ((𝑘 + 1) (𝑁 − 𝑘 − 1)) 𝛿/2 ·
√

2𝜋𝑘 ·
(
𝑘 (𝑁 − 𝑘)

𝑒

) 𝑘
≥ 𝑁 ·

√
2𝜋𝑘

(
𝑘 (𝑁 − 𝑘)

𝑒

) 𝑘+𝛿/2

= 𝑁 ·
√

2𝜋𝑘
(
𝑘 (𝑁 − 𝑘)

𝑒

) 𝑠−2
2

. �

Proposition 3.18. Let g as in (15). Denote (as before) 𝑁 � 𝑛𝑠 − 𝑛1 and 𝑘 � � 𝑠−2
2 �. If 𝑠 ≥ 6 then,

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥ 𝑁 ·
√

2𝜋𝑘
(
𝑠(𝑁 − 1) − 3

4𝑒

) 𝑠−2
2

.

Proof. Since 𝑠 ≥ 6, it holds that 𝑘 = � 𝑠−2
2 � ≥ 2. By Proposition 3.17, it is enough to show that

𝑘 (𝑁 − 𝑘) ≥ 𝑠 (𝑁−1)−3
4 . Since 𝑁 = 𝑛𝑠 − 𝑛1 ≥ 𝑠 − 1 and by the monotonicity of 𝑘 (𝑁 − 𝑘) for 𝑘 ≤ 𝑁/2 it

holds that,

𝑘 (𝑁 − 𝑘) =
⌊
𝑠 − 2

2

⌋ (
𝑁 −

⌊
𝑠 − 2

2

⌋)
≥ 𝑠 − 3

2

(
𝑁 − 𝑠 − 3

2

)
=

1
4
(𝑁 (2𝑠 − 6) − (𝑠 − 3) (𝑠 − 3))

=
1
4

(
𝑁𝑠 + 𝑁 (𝑠 − 6) − (𝑠 − 3)2

)
≥(∗) 1

4

(
𝑁𝑠 + (𝑠 − 1) (𝑠 − 6) − (𝑠 − 3)2

)
=

𝑠(𝑁 − 1) − 3
4

,

where (∗) holds as 𝑠 ≥ 6 and hence 𝑁 (𝑠 − 6) ≥ (𝑠 − 1) (𝑠 − 6). �
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Proposition 3.19. Let g as in (15). If 𝑠 ≥ 2 then

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥
√
𝑒
( 𝑠

4𝑒

) 𝑠−1
2 (𝑛𝑠 − 𝑛1)

𝑠
2 .

Proof. We first note that for 𝑠 = 2, trivially 𝑑 (𝑔) = 𝑑 (𝑔rev) = (𝑛𝑠 − 𝑛1) and for 𝑠 = 3

max{𝑑 (𝑔), 𝑑 (𝑔rev)} = (𝑛𝑠 − 𝑛1) max{𝑛𝑠 − 𝑛2, 𝑛2 − 𝑛1}

≥ 1
2
(𝑛𝑠 − 𝑛1)2 >

3
4
√
𝑒
(𝑛𝑠 − 𝑛1)

3
2 ,

and the claim holds in both cases. For the cases of 𝑠 = 4 and 𝑠 = 5, we use Proposition 3.17 with 𝑘 = 1
to deduce that,

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥ 𝑁 ·
√

2𝜋
(
𝑁 − 1
𝑒

) 𝑠−2
2

For 𝑠 = 4 we have 𝑁 = 𝑛𝑠 − 𝑛1 ≥ 3, which implies 𝑁 − 1 ≥ 2
3𝑁 and so,

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥ 𝑁 ·
√

2𝜋
(

2𝑁
3𝑒

)
≥ 𝑁2

𝑒
.

Similarly, for 𝑠 = 5 we have 𝑁 = 𝑛𝑠 − 𝑛1 ≥ 4, which implies 𝑁 − 1 ≥ 3
4𝑁 and so,

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥
√

2𝜋 𝑁

(
3𝑁
4𝑒

) 3
2

≥
√
𝑒

(
5
4𝑒

)2
𝑁

5
2 .

From now on we shall assume 𝑠 ≥ 6. Now observe that,

𝑠(𝑁 − 1) − 3 = 𝑠𝑁 − (𝑠 + 3) = 𝑠𝑁 ·
(
1 − 𝑠 + 3

𝑠𝑁

)
≥ 𝑠𝑁 ·

(
1 − 𝑠 + 3

𝑠(𝑠 − 1)

)
.

Applying Claim 2.4 with 𝑡 = 𝑠+3
𝑠 (𝑠−1) yields

𝑠(𝑁 − 1) − 3 ≥ 𝑠𝑁 ·
(
1 − 𝑠 + 3

𝑠(𝑠 − 1)

)
≥ 𝑠𝑁 · 𝑒−

𝑠+3
𝑠 (𝑠−1)−(𝑠+3) = 𝑠𝑁 · 𝑒−

𝑠+3
(𝑠−3) (𝑠+1)

Substituting in Proposition 3.18 we get,

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥ 𝑁 ·
√

2𝜋𝑘
(
𝑠𝑁

4𝑒

) 𝑠−2
2

· 𝑒−
(𝑠+3) (𝑠−2)

2(𝑠−3) (𝑠+1)

We observe that for 𝑠 ≥ 6,

𝑒−
(𝑠+3) (𝑠−2)

2(𝑠−3) (𝑠+1) = 𝑒−
1
2 (1+ 1

𝑠−3 )(1+ 2
𝑠+1 ) ≥ 𝑒−

1
2 (1+ 1

3 )(1+ 2
7 ) ≥ 1

√
6

and that 𝜋(𝑠 − 3) ≥ 3
2 𝑠. We can therefore deduce that,

max{𝑑 (𝑔), 𝑑 (𝑔rev)} ≥ 𝑁 ·
√

𝜋𝑘

3

(
𝑠𝑁

4𝑒

) 𝑠−2
2

≥ 𝑁 ·
√

𝜋(𝑠 − 3)
6

(
𝑠𝑁

4𝑒

) 𝑠−2
2
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≥ 𝑁 ·
√

𝑠

4

(
𝑠𝑁

4𝑒

) 𝑠−2
2

=
√
𝑒
( 𝑠

4𝑒

) 𝑠−1
2
𝑁

𝑠
2 =

√
𝑒
( 𝑠

4𝑒

) 𝑠−1
2 (𝑛𝑠 − 𝑛1)

𝑠
2 ,

as claimed. �

We are now ready to prove Lemma 3.4. We recall its statement.

Lemma 3.4. Let 𝑔 ∈ C[𝑥]. Let M = max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)}. Then,

M ≥ max
⎧⎪⎪⎨⎪⎪⎩ min{|LC(𝑔) |, |TC(𝑔) |} ·

√
𝑒
(
‖𝑔 ‖0
4𝑒

) ‖𝑔‖0−1
2 (deg 𝑔 − ord0𝑔)

‖𝑔‖0
2

max{|LC(𝑔) |, |TC(𝑔) |} · (deg 𝑔 − ord0𝑔)

⎫⎪⎪⎬⎪⎪⎭.
Proof. Recall M = max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)}. Clearly 𝑑 (𝑔), 𝑑 (𝑔rev) ≥ (deg 𝑔 − ord0𝑔)
and therefore

M ≥ max{|LC(𝑔) |, |TC(𝑔) |} · (deg 𝑔 − ord0𝑔).

In addition, since max{|LC(𝑔) | · 𝑑 (𝑔), |TC(𝑔) | · 𝑑 (𝑔rev)} ≥ min{|LC(𝑔) |, |TC(𝑔) |} ·
max{𝑑 (𝑔), 𝑑 (𝑔rev)}, Proposition 3.19 implies that

M ≥ min{|LC(𝑔) |, |TC(𝑔) |} ·
√
𝑒

(
‖𝑔‖0
4𝑒

) ‖𝑔‖0−1
2

· (deg 𝑔 − ord0𝑔)
‖𝑔‖0

2 . �

4. Polynomial division algorithm

In this section, we analyze the polynomial division algorithm (see [CLO13, Chapter 1.5] or [vzGG13,
Chapter 2.4]), also called long division or Euclidean division algorithm. We consider a version in which
we are given upper bounds on the sparsity and height of the quotient polynomial. Namely, if the sparsity
of the quotient polynomial is bounded by s, and its coefficients are bounded (in absolute value) by c, then
we execute s steps of the division algorithm and return True if and only if at termination the remainder
is zero. If at any step ‖𝑞‖∞ > 𝑐, we return False.

Algorithm 1 Bounded Polynomial Division over Z
Input: 𝑔, 𝑓 ∈ Z[𝑥], a bound 𝑠 ∈ N on ‖ 𝑓 /𝑔‖0, and a bound 𝑐 ∈ N on ‖ 𝑓 /𝑔‖∞.
Output: True and a factor 𝑓 /𝑔 if 𝑔 | 𝑓 and ‖ 𝑓 /𝑔‖0 ≤ 𝑠, ‖ 𝑓 /𝑔‖∞ ≤ 𝑐; False otherwise.

1. Set 𝑞 = 0, 𝑟 = 𝑓 , 𝑖 = 1, and 𝑡 = 0.
2. While deg 𝑟 ≥ deg 𝑔, |LC(𝑟) | ≤ 𝑐, and 𝑖 ≤ 𝑠:

(a) If LC(𝑔) � LC(𝑟), return False.
(b) Set 𝛼 = LC(𝑟 )

LC(𝑔) . If |𝛼 | > 𝑐 then return False.
(c) Set 𝑡 = 𝛼 · 𝑥deg 𝑟−deg 𝑔.
(d) Set 𝑞 = 𝑞 + 𝑡.
(e) Set 𝑟 = 𝑟 − 𝑡 · 𝑔.
(f) Set 𝑖 = 𝑖 + 1.

3. If 𝑟 = 0 return True and the quotient polynomial 𝑞; Otherwise, return False.
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The correctness of Algorithm 1 is due to the fact that in every step of the loop, we reveal a single
term of the quotient. By definition of c and s, the coefficient of the term cannot exceed c, and the number
of terms cannot be larger than s, unless 𝑔 � 𝑓 .

Proposition 4.1. The bit complexity of Algorithm 1 is

𝑂 ((‖ 𝑓 ‖0 + 𝑠 · ‖𝑔‖0) · (log ‖𝑔‖∞ + log ‖ 𝑓 ‖∞ + log 𝑐 + log deg 𝑓 ))

Proof. We first prove upper bounds on ‖𝑟 ‖0 and ‖𝑟 ‖∞ at each step of the algorithm. As at the beginning
𝑟 = 𝑓 . At each iteration of the While loop the number of terms of r increases (additively) by at most
‖𝑔‖0 − 1 (as we subtract 𝑡 · 𝑔 from r, and we know that the leading terms cancel). Similarly, ‖𝑟 ‖∞
increases (additively) in each step by at ‖𝑔‖∞ · 𝑐. As at the beginning 𝑟 = 𝑓 we get that in every step of
the algorithm it holds that

‖𝑟 ‖0 ≤ ‖ 𝑓 ‖0 + 𝑠(‖𝑔‖0 − 1),
‖𝑟 ‖∞ ≤ ‖ 𝑓 ‖∞ + 𝑠 · 𝑐 · ‖𝑔‖∞.

This implies that at every step the representation size of r is at most

size(𝑟) = ‖𝑟 ‖0 · (log2 ‖𝑟 ‖∞ + log2 deg 𝑟)
≤ (‖ 𝑓 ‖0 + 𝑠 · (‖𝑔‖0 − 1)) · (log2 ‖ 𝑓 ‖∞ + log2 𝑠 + log2 𝑐 + log2 ‖𝑔‖∞ + log2 deg 𝑓 ).

The algorithm performs in-place addition and subtraction to the polynomials 𝑞, 𝑟 . Each iteration of
the While loop requires ‖𝑔‖0 multiplications (for computing 𝑡 · 𝑔), ‖𝑔‖0 additions (for subtracting 𝑡 · 𝑔
from r) and a single division, of integers (for computing t), whose absolute values are at most

𝐵 ≤ ‖𝑟 ‖∞ + 𝑐 · ‖𝑔‖∞ ≤ ‖ 𝑓 ‖∞ + (𝑠 + 1) · 𝑐 · ‖𝑔‖∞.

Each of these integers requires at most 𝑏 = �log2 𝐵� bits to represent, and so these arithmetic
operations can be performed in time

𝑂 (𝑏 log 𝑏) = 𝑂 (𝑏) = 𝑂 (log‖ 𝑓 ‖∞ + log 𝑠 + log 𝑐)

(see [HvdH21]). In addition, we perform operations on the exponent that require 𝑂 (log deg 𝑓 ) time and
we have to store both q and r in memory. Storing q requires storing s terms, each term has degree at
most deg 𝑓 and coefficient which is at most c in absolute value. Thus, the cost of storing q is at most
size(𝑞) ≤ 𝑠(log2 deg 𝑓 + log2 𝑐).

Combining all these estimates we get that the running time is at most

𝑂 ((‖ 𝑓 ‖0 + 𝑠 · ‖𝑔‖0) · (log ‖𝑔‖∞ + log ‖ 𝑓 ‖∞ + log 𝑐 + log deg 𝑓 )). �

The proof of Theorem 1.9 easily follows.

Proof of Theorem 1.9. Set 𝑠 = deg 𝑓 ≥ ‖ 𝑓 /𝑔‖0 and let 𝑐 = log2 ‖ 𝑓 ‖∞ +𝑂 (‖𝑔‖0 · log deg 𝑓 ) ≥ ‖ 𝑓 /𝑔‖∞
be the upper bound given in (7) on the absolute value of coefficients of 𝑓 /𝑔. Note that deg 𝑓 is a very
rough upper bound on ‖ 𝑓 /𝑔‖0, but as the division is exact the algorithm will terminate after ‖ 𝑓 /𝑔‖0
iterations. Thus, we may assume in the upper bound calculations that 𝑠 = ‖ 𝑓 /𝑔‖0. Substituting these
values to Proposition 4.1 (and observing that ‖ 𝑓 ‖0 ≤ ‖𝑔‖0‖ 𝑓 /𝑔‖0), gives the desired result. �
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