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Abstract

A result of Bleher, Chinburg, Greenberg, Kakde, Pappas, Sharifi and Taylor has initiated the topic of
higher codimension Iwasawa theory. As a generalization of the classical Iwasawa main conjecture,
they prove a relationship between analytic objects (a pair of Katz’s 2-variable p-adic L-functions)
and algebraic objects (two ‘everywhere unramified’ Iwasawa modules) involving codimension two
cycles in a 2-variable Iwasawa algebra. We prove a result by considering the restriction to an
imaginary quadratic field K (where an odd prime p splits) of an elliptic curve E, defined over Q,
with good supersingular reduction at p. On the analytic side, we consider eight pairs of 2-variable
p-adic L-functions in this setup (four of the 2-variable p-adic L-functions have been constructed by
Loeffler and a fifth 2-variable p-adic L-function is due to Hida). On the algebraic side, we consider
modifications of fine Selmer groups over the Zi—extension of K. We also provide numerical
evidence, using algorithms of Pollack, towards a pseudonullity conjecture of Coates—Sujatha.

2010 Mathematics Subject Classification: 11R23 (primary); 11G05, 11G07, 11R34, 11S25
(secondary)

1. Introduction

Fix an odd prime p. Let R denote a Noetherian, complete, integrally closed, local
domain of characteristic zero with Krull dimension n + 1 and whose residue field
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has characteristic p. To a continuous Galois representation

pan : Gal(Q/Q) — GL4(R),

satisfying the ‘Panchishkin condition’, which is a type of ‘ordinariness’
assumption for Galois deformations introduced in [14, Section 4], Greenberg [14]
has formulated a main conjecture in Iwasawa theory. The Iwasawa main
conjecture provides a relation involving codimension one cycles in the divisor
group of the ring R, relating a p-adic L-function, satisfying suitable interpolation
properties, to a Selmer group. The divisor group, denoted by Z'(R), is the free
abelian group on the set of height 1 prime ideals of the ring k.

One could consider Z*(R), the free abelian group on the set of height 2
prime ideals of the ring R. Many standard conjectures in Iwasawa theory predict
that pseudonull modules are ubiquitous. For example, see Conjecture 3.5 in
Greenberg’s article [15] and Conjecture B in the work of Coates and Sujatha [10].
These pseudonull R-modules are supported in codimension at least two. One
desirable extension of the Iwasawa main conjecture is an answer to the following
question:

QUESTION 1.1. Can we use codimension two cycles from Z*(R) to associate
analytic invariants to pseudonull modules in Iwasawa theory?

The crucial insight in the seven-author paper [3], to obtain such an association,
is to study a situation when the Galois representation p, , satisfies two distinct
Panchishkin conditions. We will use this insight and obtain a result by considering
the restriction to an imaginary quadratic field, where an odd prime p splits, of an
elliptic curve defined over Q with good supersingular reduction at p.

Let K denote an imaginary quadratic field where the prime p splits. Let p and q

denote the two prime ideals in K containing p. We fix an isomorphismi : Q, = C

along with embeddings K — QandQ — @p = C. The embedding i, : K — @p
fixes a prime ideal, say p, in K lying above p. Let Gg and G ¢ denote the absolute
Galois groups of (Q and K respectively. Let K, denote the compositum of all the
Z,-extensions of K. Let Q. and K. denote the cyclotomic Z,-extensions of
Q and K respectively. Let K (p™)z, denote the unique Z,-extension of K that is
unramified outside p. Let r, Iy and I', denote the Galois groups Gal(EOo /K),
Gal(Qeye/Q) and Gal(K (p™)z,/K) respectively. To summarize, we have the
following isomorphisms of topological groups:

[ =Gal(Kwo/K) 272, Tye = Gal(Keye/K) = Z,,
I, = Gal(K (p°)z,/K) = Z,.
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The natural restriction maps r — Iy and r — I', provide us the following
isomorphism of topological groups:

F%I“Cycx['p.

We shall consider the Iwasawa algebras Zp[[F 11, Zp[[ Iyl and Z,[[1}]]. Note
that we have the following topological ring isomorphisms involving power series
rings over Z,:

Z;)[[ﬁ]] = Zp[[xl’ Xz]], Zp[[rcyc]] = Zp[[xcyc]]’ Zp[[Fp]] = Zp[[xp]]~
We shall also consider the following tautological characters:

K:Gg — I < GLI(ZT), Keye: Gg = Teye = GL(Z,[[Tyel),
Ky : GK - Fp — GLI(Z[)[[FFI]])

Let E denote an elliptic curve defined over Q with good supersingular reduction
at p with a,(E) = 0. Let fi denote the weight two cuspidal newform associated
to the elliptic curve E. The p-adic Tate module, denoted by 7, (E), has a natural
action of the Galois group Gg. We let Resg, T,,(E) denote the restriction of 7, (E)
to the Galois group G . We have a four-dimensional Galois representation:

pas i Gg — GL4(Z,[[I°1])

given by the action of G on the following free Z p[[F 1]-module of rank four:

Ty, = Ty(E) &z, Indg (Z, [T 110, ) Bz, Z, [Tyl 1k 0).-

Here, @Zp denotes the completed tensor product over Z,. We will also consider
the following discrete Z,[[1"]]-module:

Dy, = Ty, @z, 117 Homeon (Zp[[l“]], %)
P
Let px denote the two-dimensional Galois representation, defined over the ring
Z,[[I,1, given by the action of Gg on Indgf (Zp[IT 10 M).

The Galois representation p,, satisfies Greenberg’s Panchishkin condition.
Following Greenberg’s approach in [14], it is possible to define a discrete Selmer
group, denoted by Sel“’(Q, D,,,), attached to the Galois representation o4 ».
The Pontryagin dual of Sel®"(Q, D,,,), denoted by Sel(Q, D,,,)", is a finitely
generated Z,, [[F 1]-module.

Corresponding to the tensor product of the Galois representation associated to
the newform fr and pg, Hida has constructed a two-variable Rankin—Selberg

04,2
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p-adic L-function, denoted by ef;, in the fraction field of the Iwasawa algebra

Z, [[f 1]. For the p-adic L-function ef;, one can vary the weight variable and the
cyclotomic variable. See Hida’s works in [21, 22]. One can consider the Iwasawa
main conjecture for p4, formulated by Greenberg.

CONIJECTURE 1.2 [14, Conjecture 4.1]. The Zp[[F]] -module SelG"(Q D,, )Y i
torsion. Furthermore, we have the following equality in Z' (Z,,[[F 1m:

Div(Sel*(Q, D,,,)") = Div(6%%).

Though the Galois representation p, , satisfies the Panchishkin condition, it is
also possible to consider Selmer groups and p-adic L-functions, that are truly
artefacts of working in the supersingular case. On the analytic side, there are four
“2-variable p-adic L-functions’, which we denote 6,7, 0,7, 6,5 and 6, ; , that are
elements of the fraction field of the ring Z, [[F ]]- The construction of these p-adic
L-functions is essentially due to Loeffler [32]. On the algebraic side, Kim [26]
has constructed four discrete Selmer groups Sel™™ (Q, D,,,), Selt~(Q, D,,,),
Sel ™ "(Q, D,,,) and Sel”((@ D,,,). One can view Loeffler’s construction of
the p-adic L-functions 94 ;- (and Kim’s construction of the Selmer groups
Sel**(Q, D,,,) respectively) as a generalization of the construction of the one-
variable &+ p-adic L-functions in [44] by Robert Pollack (and the Selmer groups
in [27] by Shinichi Kobayashi respectively). We have the following conjecture of
Wan, which is a modification of a conjecture of Kim [26, Conjecture 3.1]:

CONIJECTURE 1.3 [62, Conjecture 6.7]. Let e, 0 € {4, —}. The Z [[F]] module
Sel**(Q, D,,,)" is torsion. We have the following equaltty inZ! (Z [[F]])

Div(Sel*(Q, D,,,)") = Div(6;3).
Our main theorem is the following:

THEOREM 1. Let {6y, 0y} denote one of the following unordered pairs:
007,050, 105.0,5), 10,5001 {6,560,
05, 05) (65,055), (055,005 {045, 6,5).
Suppose that the following two conditions hold:
(1) Conjectures 1.2 and 1.3 hold.

(2) The elements 6; and 6y of the unique factorization domain (UFD) 7 p[[F 1]
have no common irreducible factor.
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Then, we have the following equality in ZZ(ZP[[F]]).'
7,
cz( P11

_ ®) .
(91’ 911) ) - CZ(Z(Q9 Dp4,2)) + CZ(Z (Q’ Dp4yz))

+ > (H Q. D) o).

leX\{p}

Let us briefly review the notations used in Theorem 1. One can consider the
Selmer groups Sel{(Q, D,,,) and Sely(Q, D,,,) appearing in Conjectures 1.2
and 1.3 corresponding to the p-adic L-functions 6; and 6y respectively. Here,
Z(Q, D,,,) denotes the Pontryagin dual of the intersection

SC]I(Q, Dp4,2) N SelII(Q7 Dp4_z)

inside the appropriate first discrete global Galois cohomology group. To make
the notation for Z(Q, D,,,) simpler, we have not included the indices I and
II. One can also define modules D,;, and Z®(Q, D,; ) for the Tate dual pj,
of the Galois representation p,,. See Section 7.2 for the explicit description
of Z2(Q, D,,,) and ZW(Q, Dpi,z) respectively. The invariant ¢, associates an
element in ZZ(ZP[[f]]) to a pseudonull Zp[[F]]-module. See Section 2.1 for
its definition. This invariant is the generalization of the ‘characteristic divisor’
appearing in the Iwasawa main conjecture formulated by Greenberg [14].

For each finite prime / in X' \ {p}, the Z,,[[F]]—module (H°(Q, D,,,))pN.
denotes the maximal pseudonull submodule of H(Q;, D,,,)". See Section 7.3
for a discussion of these fudge factors ¢, (H°(Q;, D,,,)")pn.) at primes [ # p.
The discussion is based on the criterion of Néron—Ogg—Shafarevich and the circle
of ideas in Tate’s algorithms [58].

Our main motivation in considering condition (2) of Theorem 1, which we
later label ‘Assumption GCD’, is a conjecture of Coates and Sujatha involving
the fine Selmer group. Let X denote a finite set of primes in Q containing p,
oo, the set of primes dividing the conductor of the elliptic curve E and the
primes ramified in the extension K/Q. Let Q5 denote the maximal extension
of Q unramified outside X. Let G x denote Gal(Qx/Q). The fine Selmer group,
denoted by 111" (Q, D,,,), is defined below:

P42

Q. D,,,) := ker(H' (G, D,,,) = @D H'(Gal@,/Q.). D,,.))-

veX

We now state the conjecture of Coates and Sujatha.

CONJECTURE 1.4 [10, Conjecture B]. The Zp[[f]]-module m'(@Q, D,,,)" is
pseudonull.
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Recall that a finitely generated torsion module M over the UFD Zp[[ﬁ 1] is said
to be pseudonull if Div(M) equals zero. We have the following natural surjection
of Z,[[1"]]-modules:

Sel**(Q, D,, )" — OIY(Q, D Sel“(Q, D,, )" — OIY(Q, D

Assume that Conjectures 1.2 and 1.3 are valid. Let Suppy,_; (M) denote the set of
height one prime ideals of Z [[F 1] in the support of a finitely generated Z p[[F 1]-
module M. Then, Supth:l(I_H (@Q, D,,,)") is a subset of

Z,011] Z,ILI] ZA1EN)

Supth:l ( (92}5 ) ﬂ Supth:l ( (9:; ) m Supp ( (9 4,2 ) >
2,071 1)

S =L S ===

ﬂ UPPhi=1 ( (04;24‘) ) ﬂ UPPHi=1 ( (94727) >

To investigate Conjecture 1.4, it seems instructive to consider the setup when
two of the above p-adic L-functions have no common irreducible factor in the
UFD Z p[[F ]1]. The motivation behind proving Theorem 1 is to provide a partial
answer to Question 1.1 in this setup. See Section 8, where we produce numerical
evidence towards the existence of elliptic curves E with good supersingular
reduction at p, such that 6,7 and 6;; have no common irreducible factors in
the UFD Z p[[F]]. If 6,75 and 6,7 have no common irreducible factor in Z,,[[f 11,
then the pseudonullity conjecture of Coates—Sujatha is also valid, assuming the
validity of the Iwasawa main conjectures. Hence, these example provide evidence
towards Conjecture 1.4 as well.

The examples in Section 8 are based on computations of Robert Pollack,
given on his website http://math.bu.edu/people/rpollack/Data/data.html. These
computations and the examples in Section 8 are based on the theory of
overconvergent modular symbols of Stevens [57], Pollack and Stevens [46]
and related to Pollack’s work with Kurihara [28].

P42 /042 ’ P42 p42

REMARK 1.5. The pseudonullity conjecture of Coates and Sujatha [10,
Conjecture B] is formulated in greater generality than the setting of
Conjecture 1.4. They formulate their conjecture for the fine Selmer group of
an elliptic curve over certain (admissible) p-adic Lie extensions whose Galois
group is a p-adic Lie group with dimension > 2. We refer the reader to works of
Ochi [39], Lim [31] and Shekhar [50] where there are other examples verifying
the pseudonullity conjecture of Coates—Sujatha. The setups in their works and
their approaches are completely different to ours.

Theorem 1 is a consequence of Theorem 4.3, which is applicable in a fairly
general setting. To explain the method of the proof of Theorem 4.3 in the
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Codimension two cycles in Iwasawa theory 7

introduction, we will consider the setup of Theorem 1. A key ingredient in
proving our results is the construction of an auxiliary Zp[[F 1]-module, denoted
by X(Q, D,,,). To make the notation simpler, we have not included the indices
I and II. Assuming the validity of Conjectures 1.2 and 1.3, this Zl,[[l:]]—module
turns out to be torsion-free and to have rank one. This module also fits into the
following surjection of Z p[[F]]-modules:

1 v Seli(Q,Dp, 5)" 1 v
H (Gx, D/J4.z) - %(Q’ D/M.z) - Seli(Q,Dp, ,)" - Z(Q’ Dﬁu) - I (Q! Dm,z) .
N—— g
Conjecturally Conjecturally Conjecturally Pseudonull,_assummg Conjecturally pseudonull
has Z,[[I"]]-rank two has Z,[[I"]]-rank one Zﬂ[[l':]]-torsion the hypotheses in Theorem 1

To prove Theorem 1, we first show that for every height two prime ideal Q in the
ring Z,[[I"]], we have the following short exact sequence of Z,[[I"]]o-modules:

Z,I "o

(61, On) _
— coker(X(Q, D,,,) — X(Q, D,,,)™) ®z, iy Zpll'1lg — 0. (1.1)

0— Z(Q’ Dm.z)Q -

Here, X(Q, D,,,)*" is the reflexive hull of the Z,,[[I:]]-module X(Q, D,,,).
The Zp[[F]]-module X, D,,,)* turns out to be free.

The Zp[[ﬁ]]—module coker(X(Q, D,,,) — X(Q, D,,,)*") is pseudonull. To
study the invariant ¢, associated to this pseudonull Zp[[F ]]-module and thus
complete the proof of Theorem 1, we use the duality theorems developed by
Jan Nekovér in his work on Selmer complexes [37]. We show that we have the
following equality in Z2(Zp[[f]]):

¢y (coker(X(Q, D,,,) — X(Q, D,,,)™))
=0 EZYQ. Dy )+ Y o(HYQ. D, ) ex).  (12)

leX\{p}

A key idea in establishing (1.2) involves a careful study of Ext groups. This
idea is based on the theory of Iwasawa adjoints, which was first conceived by
Iwasawa [23] and later developed in greater generality in works of Jannsen [24,
25]. Combining equations (1.1) and (1.2) completes the proof of Theorem 1.

To apply our theorem in the general setup (Theorem 4.3) to the setting of
Theorem 1, we use results of Kim [26] and Kobayashi [27]. These results of
Kim and Kobayashi are in turn built on earlier works of Perrin-Riou [42] and
Rubin [48].

REMARK 1.6. Since it is important to our methods to construct the rank-one
Z,[[I"]]-module X(Q, D,,,), we do not consider the case where {6, 6y} equals

{6;5,6,5) or {67, 6,5}. A similar construction of X(Q, D,,,,) in these cases
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would produce a Zp[[F ]]-module that has rank at least two (it is exactly two if
the Pontryagin dual of any of the corresponding Selmer groups is torsion over
Z p[[F]]). Another interesting point to note is that when the root number of the
elliptic curve E over K equals —1, it is known that ker(sr,.) belongs to the support
of the divisors Div(¢;5) and Div(6, 5 ). The map

Tae : ZolITN) = Z,[[ T3]l

denotes the natural projection map (which one can view as the ‘anticyclotomic
specialization’). Here, I,. denotes Gal(K,./K), the Galois group of the
anticyclotomic Z,-extension K,. of K. See [S, 8, 35]. However, at present,
we do not know when the root number of the elliptic curve E over K equals —1
whether ker(r,.) belongs to the support of Div(6,;) or Div(6, ;

REMARK 1.7. As a referee had pointed out to us, the construction of Hida’s
Rankin-Selberg p-adic L-function is in fact contingent on a choice of a prime
above p. On the algebraic side, this choice amounts to defining the filtration
Fil, T,,, for the Selmer group in Section 5.1 involving either the character «, or
kq. One can thus consider another Rankin—Selberg p-adic L-function. We do
not consider the pair of Rankin—Selberg p-adic L-functions in Theorem 1 since,
just as in Remark 1.6, the construction of X(Q, D,,,) does not yield a rank-one
7 [[F]] module. The discussion of Theorem 1 for the pair of p-adic L-functions
1nV01V1ng this additional Rankin—Selberg p-adic L-function and one of the
p-adic L-functions 6, zi is completely analogous to the discussion of the pairs

(025" 655).

REMARK 1.8. Analogues of the £+ p-adic L-functions and Selmer groups have
been constructed for cuspidal eigenforms with weight > 2 when p is a good
nonordinary prime (see [6, 7, 29, 56]). In the proof of Theorem 1, we rely on
results of Kim [26] to verify that the local Selmer conditions at p satisfy certain
freeness conditions (labelled Hypothesis LF in Section 3). At present, we are not
sure to what extent these freeness results are available and whether they can be
extended to the more general settings.

REMARK 1.9. The purpose of developing Theorem 4.3 in a general setting is
to pursue applications to other arithmetic setups. In [30], we obtain one such
application of Theorem 4.3 in the setting of cyclotomic twist deformations of
Hida families. We refer the interested reader to [30] for the exact details. An
added difficulty in this setting is that the (normalizations of) deformation rings,
appearing in Hida theory, are not always known to be regular (see [41, Section 4]
for examples when such rings are not even UFDs).
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Section 2 involves establishing preliminaries in commutative and homological
algebra. Section 3 describes the objects involved in the general setting of our main
theorem. Section 4 involves the proof of our main theorem in the general setting.

Section 5 describes the Iwasawa main conjecture formulated by Greenberg in
the setting of Theorem 1. Section 6 describes the =+ Iwasawa main conjectures
for elliptic curves with supersingular reduction at p, formulated by Kim. Section 7
describes the proof of Theorem 1. Section 8 deals with providing evidence
for Assumption GCD, and in turn the pseudonullity conjecture of Coates—Sujatha,
in the setup of Theorem 1.

Here is a brief summary of some of the notations and conventions used in this

paper.

e If 'R is a Noetherian, complete, integrally closed, local domain of characteristic
zero with Krull dimension n 4+ 1 and whose residue field has characteristic p,
we let R" denote Homew (R, Q,/Z,). For a finitely generated module M over
such a ring R, we let MV denote the Pontryagin dual of M and M* denote its
reflexive dual Homg (M, R). Similarly, if D is a discrete module over such a
ring R, we let D denote the Pontryagin dual of D. If I is an ideal of R, we
write D[I] for the R-submodule of D annihilated by all elements of the ideal 1.

e Suppose L is a field. If M is a discrete module with a continuous action of
the absolute Galois group G, we will let H (L, M) denote the continuous
cohomology group H' (G, M), for eachi > 0.

o If F is a formal group defined over the integral closure of Z, in an algebraic
extension L of Q,, we let F (L) denote the group of L -points on the
corresponding formal group. That is, if m; denotes the maximal ideal in the
integral closure of Z, in L, then F (L) would equal F (myp).

e Let L be an algebraic extension of Q,. Let Iy be a topological group
isomorphic to Z,. Let y; be a topological generator of I} and fix an
isomorphism Z,[[11]] = Z,[[T]] of rings by sending y; to T + 1. To
emphasize the choice of the topological generator, we may write Z,[[y, — 1]]
and L[[y, — 1]] instead of the power series rings Z,[[T]] and L[[T]]. If u
is an L-valued distribution on the topological group I}, we have the Amice
transform

/ (1+T)"u(x) € LIT]].
xel

Suppose I is another topological group isomorphic to Z,. Let y, be a
topological generator of I5. Fix an isomorphism of the completed group ring
Z,[[In x I;]] with Z,[[S, T1] byidentifying 4 — 1 and y, — 1 with S and T
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respectively. Once again, to emphasize the choice of the topological generator,
we may write Z,[[y1 — 1, y» — 111 and L[[y; — 1, y» — 1]] instead of the power
series rings Z,[[S, T1] and L[[S, T']]. Suppose w is an L-valued distribution
on I} x I3, its Amice transform is given by

/ 1+ 8"A+T) nlx, y) € LIS, TN
xel,yelh»

e The first subscript d of p, , indicates the dimension of the Galois representation,
while the second subscript n denotes a number one less than the Krull
dimension of the ring R. In the settings we are interested in, the number n
would denote the number of variables in the corresponding p-adic L-functions.

e Under our (nonstandard) convention, the kernel of a homomorphism ¢
in Homcom(ZP[[Fp]],@p) = Homcom(Fp,@;) corresponds to a weight k
specialization if ¢ is the p-adic character associated to an algebraic Hecke
character of K, with conductor equal to a power of p and of infinity type
(I =k)ioi,.

e As we explain in Remark 6.2, we have chosen to work with the normalizations
of the plus and minus 2-variable p-adic L-functions adopted by Xin Wan
instead of David Loeffler. The difference in normalizations is due to different
choices of complex periods.

e Our choice of signs + and — in the definition of plus and minus Selmer groups
is the same as Loeffler and Pollack. This choice is opposite to that of Kim and
Kobayashi.

2. Some commutative and homological algebra

Let R denote a Noetherian local ring. Let M be a finitely generated 7R-module.
In Section 2, we will simply accumulate the general results in commutative and
homological algebra needed for our purposes.

DEFINITION 1. The length of a finitely generated R-module M, denoted by
Leng M, is the length of a(ny) composition series of M (if a composition series
does not exist, we set the length to equal infinity).

We recall a few results on lengths of modules.
LEMMA 2.1 [2, Proposition 6.9]. Suppose we have a short exact sequence

O- M-M->M -0
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of finitely generated R-modules. Then, we have the following equality of lengths:
Leng M = Leng M’ + Leng M”.
The following lemma follows from [2, Propositions 6.3 and 6.8].

LEMMA 2.2. Suppose the local Noetherian ring ‘R is also Artinian. For every
finitely generated R-module M, we have Leng (M) < oo.

2.1. Pseudonull modules, Reflexive modules and Ext groups.

DEFINITION 2. A finitely generated R-module M is said to be a pseudonull
‘R-module if

M, =0, forall prime ideals p in R such that height(p) < 1.

Let Anngk (M) denote the annihilator of the /R-module M. If the R-module
M is pseudonull, then the height of the ideal Anng (M) is greater than or equal
to two.

LEMMA 2.3. Suppose Z is a pseudonull R-module. For every height two prime
ideal Q in R, we have Leng ,Z @r Rg < 0.

Proof. There exist a positive integer m and a surjection

Ro "
e ) Lz
(AnnR<Z)RQ> O Re.

of R g-modules. Note that R o is a Noetherian local ring with Krull dimension
two. The Ro-ideal Anng (Z)R o has height two. As a result, the quotient ring
Ro/(Anng (Z£)Rg), being Noetherian and having Krull dimension zero, is
Artinian. See Theorem 8.5 in Atiyah and Macdonald [2]. The proof of this lemma
now follows from Lemma 2.2. O

Lemma 2.3 allows us to associate, to a pseudonull R-module, an element in
Z?(R) (the free abelian group on the set of height two prime ideals of R). If M is
a pseudonull R-module, we define an element ¢, (M) in Z>(R) as the following
formal sum:

aM):= > (Leng,Mo)Q. 2.1)

QCR
height(Q)=2

https://doi.org/10.1017/fms.2019.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.17

A. Lei and B. Palvannan 12

In the above formula, the summation is taken over all the height two prime ideals
Q of R. Since length is additive in exact sequences and since localization is exact,
we have the following lemma:

LEMMA 2.4. Suppose we have a short exact sequence

O- M- M->M -0
of finitely generated pseudonull R-modules. Then, we have the following equality
in Z*(R):

(M) = (M) + c2(M").

Theorem 4.4.8 in Weibel’s book [63] and Lemma 2.3 (see also [63, Standard
Facts 4.4.7]) automatically give us the following lemma:

LEMMA 2.5. Let Z be a finitely generated pseudonull R-module. Suppose Q
is a height two prime ideal in 'R such that Z ®r Ro # 0. Then, we have
DepthRQ (Z ®r RQ) =0.

Let us recall a theorem of Serre.

LEMMA 2.6 [36, Theorem 23.8]. Let R be a domain. The domain R is integrally
closed if and only if both the following conditions hold:

e R, is a discrete valuation ring (DVR), for every height one prime ideal p of R,
e Depthy (Ro) = 2, for all height two prime ideals Q of R.
For the rest of Section 2, we will let R be an integrally closed, local, Noetherian

domain. Let X be a finitely generated /R-module. The reflexive hull of X (denoted
by X**) is defined below:

X™ := Homg (Homg (X, R), R).
One can define a natural map iy : X — X™, as given below:
ix: X — X™
x = (¢ = ¢(x)).

DEFINITION 3. The R-module X is said to be a reflexive R-module if the map
ix 1s an isomorphism.

The following lemma is proved in Section 1 of Ch. V in the book by Neukirch
et al. [38].
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LEMMA 2.7.
(1) The R-module ker(ix) equals X,o;, the maximal R-torsion submodule of X.
(2) The R-module coker(ix) is a pseudonull R-module.

We also have the following useful result that follows from Propositions 1.2.12
and 1.4.1 in the book by Bruns and Herzog [4].

LEMMA 2.8. Suppose M is a finitely generated nonzero reflexive R-module. Let
Q be a height two prime ideal of R. Then, Depthg, ( Mo equals 2.

LEMMA 2.9 (Proposition 3.3.10 in Weibel’s book [63]). Let p be a prime ideal
in R. Let M be a finitely generated R-module. Let N be an R-module. We have
the following natural isomorphism of R,-modules, for all i > 0:

Extr (M, N) ®r Ry = Exty (M, Ny).

In particular, if M is a finitely generated reflexive R-module, then M, is a
finitely generated reflexive R ,-module for every prime ideal p since

M, = Homg (Homgz (M, R), R) = R,
= Homg, (Homg, (M, Ry), Rp).

LEMMA 2.10. Suppose M is a finitely generated reflexive R-module. Suppose
Q is a height two prime ideal in R. If the projective dimension of the R g-module
My is finite, then M g is a free R g-module. Furthermore, we have

Extp (M, R) ®r Ro = Ext (Mg, Rg) =0, Vi>1. (2.2)

Proof. If Mg equals zero, the lemma follows automatically. Let us work with
the case when Mg is not zero. Using the Auslander-Buchsbaum equality (see
Theorem 4.4.15 in Weibel’s book [63]) over the local ring Ro gives us the
following equality:

pdgr Mg = Depthy [ Ro — Depthp Mo =2—-2=0.

Here, pdy , denotes the projective dimension over the ring ‘R o. Finitely generated
projective modules over commutative Noetherian local rings are free. Equation
(2.2) then follows from Lemma 2 in Ch. 19 of Matsumura’s book [36]. [

Suppose M and N are two finitely generated R-modules. Since R is a
commutative Noetherian ring, Ext’, M, N)isa finitely generated R-module, for
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every nonnegative integer i. See Lemma 3.3.6 in Weibel’s book [63]. As indicated
by Lemma 2.10, localization commutes with Ext for finitely generated modules
over commutative rings. So, if Z is a finitely generated pseudonull R-module,
then Ext (2, R) is also a finitely generated pseudonull R-module, for every
nonnegative integer i.

LEMMA 2.11. Let Z be a finitely generated pseudonull R-module. Let Q be a
height two prime ideal in R. We have

EXt(;zQ (Z Qnr RQ, RQ) = EXt;zQ (Z Qr RQ, RQ) =0. 2.3)

Proof. By Lemma 2.3, one can consider a composition series for Z @ Rg of
finite length. Suppose the following chain of R g-modules is such a composition
series for Z @z Ro:

Z@rRo=M¢2M;2---2OM, =0.

Each quotient M;/M;,; in the composition series is isomorphic, as an Ro-
module, to kg, the residue field of Ro. One can then use a dévissage argument
to reduce to the case when Z ®% Rg equals kg. As Lemma 2.6 indicates,
Depthy, , R o equals 2. So, in this case when Z ®r R o equals ko, equation (2.3)
follows from Theorem 4.4.8 in Weibel’s book [63]. ]

Let Q be a height two prime ideal in R such that the localization Rg is a
Gorenstein local ring. In this case, the injective dimension of Ro, as an Ro-
module, equals two. See Corollary 4.4.10 in Weibel’s book [63]. As a result, we
have

Extgag (M, Rg) =0 forall Rg-modules M.

See Lemma 2 in Ch. 19 of Matsumura’s book [36]. These observations let us
deduce the following corollary to Lemma 2.11.

COROLLARY 2.12. Let Q be a height two prime ideal in R such that the
localization R is a Gorenstein local ring. Suppose we have a short exact
sequence 0 — Z' — Z — Z" — 0 of finitely generated pseudonull R-modules.
Then, we have the following short exact sequence of finitely generated Ro-
modules:

0— EthRQ (2" dr RQ, RQ) — EXt%Q (ZQr RQ, RQ) —

— Ext%Q(Z’ ®r Ro, Ro) — 0.

REMARK 2.13. A regular local ring is Gorenstein. See Corollary 4.4.17 in
Weibel’s book [63].
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2.2. Cokernels of maps defining reflexive hulls. The ring R is assumed to
be an integrally closed, Noetherian, local domain in Section 2.2.

PROPOSITION 2.14. Suppose the finitely generated R-module X is torsion-free.
Suppose also that for every height two prime ideal Q of R, the Rg-modules
X o and coker(ix) g have finite projective dimension. Then, we have the following
equality in Z*(R):

ca(coker(ix)) = cp(Exty (X, R)).
Proof. We will divide the proof into two parts:

Part One: For every height two prime ideal ©Q in R, we have the following
isomorphism of R g-modules:

Exty, (X, R) ®r Rg = Ext: (coker(ix), R) ®% Ro. (2.4)

Part Two: For every height two prime ideal Q in R, we have the following
equality of lengths of R o-modules:

Leng, (Ext%a(coker(i %), R) ®r Ro)
= Leng, (coker(ix) ®r Ro). (2.5)

The first part of the proof follows from Lemma 2.15. As Lemma 2.7 indicates,
coker(ix) is a finitely generated pseudonull R-module. The second part of the
proof would then follow from Lemma 2.16. It is clear that the proposition would
then follow from equations (2.4) and (2.5).

LEMMA 2.15. Follow all the notations and hypotheses of Proposition 2.14. For
every height two prime ideal Q in 'R, we have the following isomorphism of Ro-
modules:

Exty (X, R) ®r Ro = Ext} (coker(ix), R) ®r Ro. (2.6)
Proof. Let Q be a height two prime ideal in R. Note that since X is a torsion-
free R-module, ker(ix) equals zero. Consider the localization of the short exact
sequence 0 —> X — X** — coker(ix) — 0 at the prime ideal Q of R. We obtain

the following short exact sequence of R o-modules:

0—> Xg = X Q®r Rg — coker(ix) ®r Rog — 0. 2.7
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The hypotheses of the lemma tell us that the R o-module X** @z R ¢ has finite
projective dimension and hence is free (by Lemma 2.10). We have the following
equalities, for all i > 1:

Extr (X" ®r Ro, Ro) =0.

Applying the functor Homg , (—, R o) to the short exact sequence (2.7) given
above, we get the following isomorphism of R o-modules, for all i > 1:

Ext, (X, R) ®r Rg = Extyy' (coker(ix), R) ®r Ro. (2.8)
In particular, we have the following isomorphism of R g-modules:
Exty (X, R) ®r Ro = Ext, (coker(ix), R) ®% Ro- O

LEMMA 2.16. Let Z be a finitely generated pseudonull R-module. Let Q be
a height two prime ideal in R such that Ro is Gorenstein. Then, we have the
following equality of lengths of R o-modules:

Leng, (Bxty, (£ ®r Ro, Ro)) = Lenz,(Z @z Ro). (2.9)

Proof. Without loss of generality, assume Z Q@ Rg is not zero. As Lemma 2.3
indicates, we have

Leng,(Z ®r Ro) < 00, Leng, (Exty_(Z ®r Ro, Ro)) < oo.

Suppose the following chain of Rg-modules is a composition series for the
Ro-module Z @z Ro:

Z@rRo=My2 M, 2---2 M, =0.

Consider the following short exact sequence of finitely generated pseudonull
‘R o-modules:

0—>M1—>Z®RRQ—>%—>O. (2.10)
1

By Corollary 2.12, we have the following short exact sequence of finitely
generated pseudonull ‘R o-modules:

0— EXI%Q (%(:, RQ) — EthRg (Z®r RQ, RQ) —

— Ext, (M1, Rg) — 0. (2.11)
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If M, equals zero, then the Rg-module Z @z Rg is isomorphic to kg.
Otherwise, note that

M
Leng,(M,) < Leng,Z ®r Ro, Leng, (ﬁ) < Leng,Z ®% Ro.
1

Suppose we could establish the following equality of lengths:

Leng, (M) = Leng , (Exth _ (M, Ro)).

Lenz, (j\\%) < Leng, (Ext%g (%‘3 RQ>> (2.12)

As Lemma 2.1 indicates, length is additive in exact sequences. Equality in (2.12),
along with the short exact sequences (2.10) and (2.11), would then let us obtain
equation (2.9).

These observations let us use a dévissage argument to reduce to the case when
Z ®r Rg equals kg. The Rg-module R is a canonical module (sometimes
also called the dualizing module) for the Gorenstein local ring R . See Theorem
3.3.7 in the book by Bruns and Herzog [4]. Consequently, we have the following
isomorphism of 'R g-modules:

Exty,, (ko, Ro) = ko. (2.13)
As a result, we have the following equality of lengths of R o-modules:
Leng, (ko) = LenRQ(Extizg(kQ, Ro)) = 1.

This lets us deduce equation (2.9) when Z®x R o equals ko. Hence, Lemma 2.16
follows. [

Proposition 2.14 follows.

We would like to state one more application of Lemma 2.16. For each
finitely generated R-module M, we let Mpy. denote the maximal pseudonull
‘R-submodule of M.

LEMMA 2.17. For every finitely generated R-module M, the R-module
Ext%2 (M, R) is pseudonull. Furthermore, if we suppose that for every height two
prime ideal Q in R.:

e Ry is a Gorenstein local ring, and

o the Rgo-module MLPN ®r R has finite projective dimension.
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Then, we have the following equality in Z*(R) :
c2(Mpx) = c2(Bxty (M, R)). (2.14)

Proof. Let p be a height one prime ideal in the ring R. Since R is a Noetherian
integrally closed local domain, the localization R, is a DVR. As a result
the localization Exty (M, R) ®% R, which is isomorphic to the R,-module
Ext@zp (M, R;), vanishes for all i > 2. In particular, Ext%zp (M, R,) vanishes.
This lets us conclude that R-module Ext%2 (M, R) is pseudonull.

Let Q be a height two prime ideal in R. Since Rg is a Gorenstein ring, the
injective dimension of the Rg-module Rgo must equal two. By Lemma 2 in
Ch. 19 of Matsumura’s book [36]

M
Ext%Q <.A/l—pN RRr RQ, Rg) =0

We will argue that pdy QMLPN ®r Ro < 1. This is straightforward if

M . .
Ao DR Ro equals zero. Let us consider the case when M_PN ®r Ro is
not zero. Since Mpy. is the maximal pseudonull R-submodule of M, the
‘R-module % has no nonzero pseudonull submodules. As a result the Ro-
M
Mex.

have DepthR o MPN ®r Ro = 1. The hypotheses of the lemma tell us that

the R o-module M/\:N ®%r Ro has finite projective dimension. One can apply
the Auslander—Buchsbaum equality over the two-dimensional local ring R¢ to
conclude that pd | 77— ®r Ro < 1.

By Lemma 2 in Ch 19 of Matsumura’s book [36], we have

M
Exie (g @ Ro R =

Applying the functor Homg , (—, R ) to the short exact sequence

module ®R Ro has no nonzero pseudonull submodules. Hence, we

M
0—>MP_N,®RRQ—>M®RRQ—) M

P.N.

®r Rg — 0
of R o-modules lets us obtain the following isomorphism of R o-modules:
Exty, (M ®r Ro, Ro) = Exty, ,(Mpx. ®r Ro, Ro). (2.15)
Using Lemma 2.16, we obtain the following equality in Z*(R):
c(Mpn) = cz(Extgz(Mp,N,, R)) = cz(Ext%(/\/l, R)).

This completes the proof of the Lemma. O
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3. The general setup

We will obtain our results from a general perspective in Section 4. In this
section, we will simply outline the various objects involved in describing the
general results. Let R denote a Noetherian, complete, integrally closed, local
domain, with Krull dimension n + 1, characteristic zero and whose residue field
is finite with characteristic p. Cohen’s structure theorems tell us that there exists
a subring A, of R that is isomorphic to the power series Z,[[xi, ..., x,]]. Let
mz denote the maximal ideal of R. Let X' denote a finite set of primes of Q,
containing p, oo and a finite prime [y # p. Let Qx denote the maximal extension
of Q unramified outside X'. Let G x denote the Galois group Gal(Qx/Q).

Consider a continuous Galois representation

Pan s Gy — GL;(R).

Let T,,, denote the underlying free R-module of rank n on which G z-module
acts to let us obtain p,,. We will let d*(p,,) be the rank of R-submodule of 7, ,
fixed by complex conjugation. We let d~(p,.,) equal d — d*(p4.,). Note that R
denotes Homeon (R, Q,/Z,).

We shall also consider the Galois representation p; , : Gz — GL4(R), given
by the action of Gy on T,; := Homg(7,,,, R(x,)). Here, R(x,) is the free
‘R-module of rank one on Wthh G 5 acts via the p-adic cyclotomic character

p:Gs > L.

To each of these Galois representation, one can attach the following discrete
modules:

Dﬂd,n = Tpd,n ®R Rv’ D Tpd n ®R Rv.

Pin "

The various modules appearing in the general results are described in
Section 3.1.1. To define these modules, we will need to consider various
subgroups of the first discrete global Galois cohomology group H'(Gs, D,,,).
In turn, to define the subgroups of the first global Galois cohomology group, we
will need to consider local Selmer conditions, which are subgroups of the first
discrete local cohomology group at the prime p. We will simply suppose that we
have two discrete R-submodules, Loc(Q,, D,,,) and Locy(Q,, D,,,), inside
the first local Galois cohomology group H'(Q,, D,,,). That is, we have the
following inclusions of R-modules:

LOCI (@P 2 Pd.;n C H (QP’ Pd, n LOCH (QP’ Pd,;n C H (QP ’ Pd, n

The properties, that these local factors at p need to satisfy, will be described in
Section 3.1.2.

Pd.n
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3.1. Various modules, assumptions and hypotheses.

3.1.1. Descriptions of the various modules. We let X(Q, D,,,) denote the
Pontryagin dual of

Px H' Qp. Dp, )

- o @ H@.D )).
Locy(Qp, Dpg, ,,) +Loci(Qp, Dy, ) leg\a{p} 1> Pog n

ker(H1 (Gx.Dp,,)

We let X(Q, D,, )« denote the R-torsion submodule of X(Q, D, ).
We shall define two discrete Selmer groups Sel;(Q, D, ,) and Sely(Q, D, )
as follows:

¢ HI(QP’Dpd,n)

Self(Q. Dy, ,) :=ker(H' (Gg, Dy, ) = —— 01
Pd,n Pd,n LOCI(st D)Od’n)

® @ H'@, Dy,
leX\(p}
o HI(QP’Dﬂd.n)

Seliy(Q, Dp,,) i=ker(H' (G, Dy, ) = —————C1—
Pd,n Pd.n LOCH(QP* Dpd.n)

& P H'@. Dy,
leX\{p}

For each i € {1, 2}, we will define the following discrete subgroup, labelled
ar(Q, D, ), of the global Galois cohomology group H' (Gx, D,,,):

Pd.n

'@, b,,,) == ker<H" (Gs. D,,,) ~ P H @, D,,dy,,)>.
lex
For each i € {1, 2}, one can similarly define III'(Q, D,; ) inside the global
Galois cohomology group H (G 5, Dy ).
We let Z(Q, D, ) denote the Pontryagin dual of

H'(Qp, Dp,,)

’ ® H'(@Q. D )
Locp(Qp. Dy, ) (N Locn(Qp, Dy, ) Ieeap} Q1. Dpy,)
3.1

Pd.n

ker(Hl(GZ, Dp,,)

It will be helpful to keep following surjections of R-modules in mind:

1 Selj(Q, D, n)v
H (Gg, D,,,)” - X(Q, D,,,) Sel..(Q,D/j:_”)V - Z2(Q, D

) 1(Q, D,,,)"
(3.2)

Pd.n

REMARK 3.1. If one follows Greenberg’s definition of Selmer groups in [14], one
requires the global cocycles to be unramified at primes [ € X \ {p}. This point
will not matter to us since for our applications, we will be considering Galois
representations py, that are related to cyclotomic deformations (following the
notations in [14, Section 3]). For such representations, the natural restriction map
H'(Q, D,,,) — H'(I;, D,,,) turns out to be injective, whenever [ # p. Here, I,

is the inertia subgroup inside the decomposition group Gal(Q,/Q)).

https://doi.org/10.1017/fms.2019.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.17

Codimension two cycles in Iwasawa theory 21

3.1.2.  Statements of the various assumptions and hypotheses. We will deduce
our results under various conditions. Some of these conditions will have the prefix
‘Assumption’. Some of these conditions will have the prefix ‘Hypothesis’. The
conditions with the prefix ‘Hypothesis’ are those conditions which we will be able
to establish in the setting of Theorem 1. In the setting of Theorem 1, the conditions
labelled ‘Assumptions’ are currently not known to always hold unconditionally.

Assumption MC ~ We have the following equality of ranks

Rankz Seli(Q, D,,,)” =0, Rankg Sely(Q, D,,,)" =0.
3.3)

In addition, there exist two elements 6; and 6y in R such that
we have the following equalities in Z'(R):

Div(Seli(Q, D,,,)") = Div(6y),

Div(Sely(Q, D, )") = Div(6y). 3.4

Assumption GCD  The height of the ideal (6}, 8y) in R is greater than or equal
to two.

In the statement of Assumption GCD, 6; and 6y are the elements appearing in the
statement of Assumption MC.

Hypothesis Rank  We have the following equality of ranks:

Rankp LOCI(Q,D! Dpd.n)v
= Ranky LOCII(Qp? Dﬂd.n)v = d+’

Rankg (Loci(Q,, D,,,) +Locu(Q,, D,,,)"
=d"+1.

Hypothesis LF The following R-modules are free:

LOCI(Qp7 Dpd‘,,)v7 LOCII(st Dpdvn)va
( LOCH(Q[M Dpd,,,) )v
LOCI(Q}H Dpd,n) m LOCII(va Dpd,n) ’

( Loc; (QP s Dﬂd.n ) ) v
Loci(Q,, D,,,) (1Locu(Q,, D,,,) '

https://doi.org/10.1017/fms.2019.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.17

A. Lei and B. Palvannan 22

Hypothesis Loc,(0) The Gal(@p /Qp)-modules D,, [mz] and D/J;‘n [mz] have
no quotient isomorphic to the trivial representation.

Hypothesis Loc(0) For every [ in X', we have

Rankz H(Q;, D,,,)" = Rankg H*(Q;, D; )" = 0.

Hypothesis Reg(0) For every prime [ € X \ {p} and every height two prime
ideal Q in R, the Rg-module H°(Q;, D,,,)" ®r Rg has
finite projective dimension.

Hypothesis Gor ‘R is a Gorenstein local ring.

REMARK 3.2. In the setup of Theorem I, the ring R (which is isomorphic
to the power series ring Z,[[x;, x,]]) is a regular local ring. Hypothesis Gor
and Hypothesis Reg(0) are automatically valid.

REMARK 3.3. When the ring R is a UFD, Assumption GCD is equivalent to the
statement that the elements 6; and 6;; have no common irreducible factor.

REMARK 3.4. We would like to make a few remarks concerning Assumption MC.
Since our approach towards proving Theorem 1 only involves studying the
module theory of Galois cohomology groups, we have not defined p-adic L-
functions in the general setup. One must view the statements in Assumption MC
simply as abstract formulations of Iwasawa main conjectures (just as in Section 3
of the seven-author paper [3]). The content of equation (3.4) in Assumption MC
is significant only when the ring R is not a UFD.

When the Galois representation p,, satisfies the Panchishkin condition, the
Iwasawa main conjecture (formulated in [14]) predicts an equality between the
divisor associated to the p-adic L-function (say 6;) and the divisor

Div(Sel/(Q, D,,,)") — Div(H*(Gx, D,,,)") — Div(H*(G 5, D,; )")
in Z'(R). In our situation, Hypothesis Loc,(0) lets us deduce that
H'(Gx. D,,,) = H'(Gx, Dy ) = 0.

REMARK 3.5. While it seems reasonable to expect Assumption MC to always
hold in the setup of Theorem 1, we do not know whether Assumption GCD always
holds in this setup. However, we do produce some evidence towards the validity
of Assumption GCD in the setup of Theorem 1 in Section 8.
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3.2. Consequences of the various hypotheses and assumptions.

(a) Note that we have a natural isomorphism:

(LOCI(Qp, D,,,) + Locy(Q,, Dp,,,n))v
Loci(Q,, D,,,)

~ ( LOCII(QP’ Dpd_,,) )V

~ \Loci(Q,, D,,,) (N Locu(Q,, Dy, )

This observation, Hypothesis LF and the (split) short exact sequence

0 (LOCI«@W Dy,,) +Loeu(@y, Dpd,))v -
Loci(Q,, D,,,)
— (Loci(Q,, D, ) + Locy(Q,, D,, )" — Loci(Q,, D,,,)" —
— 0,

let us conclude that the R-module (Loc;(Q,, D,,,) + Locy(Q,, D,, )" is
free.

(b) As a result of local duality theorems (for example, see Section 0.3 in
Nekovar’s work on Selmer complexes [37]), Hypothesis Loc(0) and [16,
Proposition 3.10], for all primes [ € X', we have

Hy(Q, T,y ) = Hy(Q1, T,,,) =0,
H*(Qi, Dy,,) = H*(Q;, Dy ) = 0.
As a result, for the zeroth global Galois cohomology groups, we also have

Hy (G, T,,) = Hy(Gx, T, ) = 0. (3.6)

(3.5)

(c) Hypothesis Loc,(0) lets us conclude that

HO(Qp: Dpd_,,) = HO(Q[n Dp(jn) = 0’
Hz(@p7 Dpdv,,) = HZ(QIH Dp(;‘n) =0.

As aresult, for the zeroth global Galois cohomology groups, we also have

H%(Ggx,D,,,) = H(Gs, Dy ) =0. (3.8)

3.7

(d) By studying the local and global Euler Poincaré characteristics and using
equation (3.3) and Hypothesis Rank, one can conclude that the Weak
Leopoldt conjecture for p;, holds. That is, the R-module IIT*(Q, D, i)
is torsion (in fact, equal to zero). See [40, Proposition 4.6]. In fact, in our
situation, Proposition 6.1 in [16] lets us conclude that

H*(Gg, D,,,) =0. (3.9
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(e) The maps @; and @y are surjective. This follows by applying [17, Proposition
3.2.1] and using Hypothesis Loc,(0).

(f) All the hypotheses in Proposition 4.1.1 listed in [18] can be verified to let us
conclude that R-module X(Q, D,, ) has no nonzero pseudonull submodules.
The fact, that the R-module (Loc(Q,, D,,,) + Locu(Q,, D,,,))" is free,
comes into play.

3.2.1.  Various commutative diagrams. Let J € {I,1I}. To relate the various

modules in this general setup, it will be helpful to keep the following commutative
diagrams in mind:

11

H'(Gg, D,,,) H'(Gs, D,,,)
Ld)./ ld)x
H'(Qp,D d.n) H'(Q,.D, od.n)
Tocs (@, Dpy ) legap)H Q. D,,,) Toct(@y. Dy, )+ Loen @D,y ) 169\9[))1‘1 Q1. Dy,,)

(Commutative diagram A)

I

H'(Gs, D,,,) H'(Gx.D,,,)
l,aﬁz \Lde
H' (@p,D, od.n) 1 H! (@p.D /11n 1

Coct(@,. Dy, ) (Loen (@D, ) @legap) H'(Q, Dmn) - Loct(@p, Dy, ,)+Locn(@Qp. Dy ) @legap) H'(Q, Dpd,n)

(Commutative diagram B)

H'(Gx.D,,,) — H'(Gz.D,,,)
1052 Ld)./
H'(Q,.D, pdn) H'(Qp. Dy, )
Loci(Qp. Dy, ,,) (N Locn(Qp, Dy, ) legap) H' (Ql: Pdn 3 Locs (@) Dpy,) IEEQ[}) H' (le Pd. u

(Commutative diagram C)

LEMMA 3.6. Suppose all the hypotheses and assumptions in Section 3.1.2 hold.
Then, the map ¢x is surjective. We also have the following short exact
sequences of R-modules:

( LOC"(QP’ /Mn
Loci(Q,, D,,,) (1 Locy (Qp,

( Loc; (QP s Hpy, n
LOCI(QP9 Pd, ,,) m LOCII(Qp9

\
) — X(D,,,. Q) = Sel(Q, D,,,)" — 0, (3.10)
i)

A\
) — X(D,,,, Q) — Sely(Q, D,,,)" — 0, (3.11)
Pdn
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(LOCI (va Dp.l_“) + LOCH (st Dpu.n)

- X(@Q. D,,) = 2@ D,,) >0, (.12
LOCI(QI”Dﬂu,n)ﬂLOCII(QP,Dp‘,v,,)> Q D, Q. Dy, (3.12)

LOC](Qp? Dpd ) )v
L — Sel;(Q, D “)v —- Z(Q, D ) — 0, (3.13)
(LOCI(va Dp.;.,,) m LOCII(va Dp.l.,,) ! P o
LOCII(QP’ D/JJ ) )V
- — Sely(Q, D,,,)" — 2@, D,,,) > 0. (3.14
(Locl(@p, D,,,) NLocn(Q,, Dy,,) 1@ Du.) Q- De G

Proof. The maps @; and @y, are surjective. The lemma follows by applying the
Snake Lemma to the commutative diagrams given above. O

3.3. Consequences of duality theorems. Recall that the ring R is a
Gorenstein local ring whose residue field is finite with characteristic p. The
dualizing module, often denoted by wx, is isomorphic to K.

Let G denote a profinite group satisfying the following conditions:

(F) H'(G, M) is finite for all i > 0 and for every finite R-module M (that is, the
cardinality of M is finite) equipped with a continuous R-linear action of the
profinite group G.

(CD) The p-cohomological dimension of G is less than or equal to 2.

REMARK 3.7. Note that conditions (F) and (CD) are both valid when the profinite
group G equals the local decomposition Gal(Q,/Q;) for any prime / € X, or the
global Galois group G .

Let 7 denote a finitely generated /R-module with a continuous R-linear G-
action. Let D denote the discrete R-module T ® RY. Observe that D also has
a natural continuous R-linear action of G.

Let Dt (R — mod) denote the subcategory of the derived category of finitely
generated R-modules, whose objects are chain complexes that are bounded from
below. Proposition 4.2.5 in Nekovar’s work on Selmer complexes [37] shows that
we have

D(chom(g, D)) € D+(R - mod), chom(g7 T) € D+(R - mod),
such that we have the following isomorphism of R-modules, for all j > 0:

H/ (DRI (G, D)) = H'(G, D),  H'RIeou(G, T)) = Hi(G, T).
(3.15)

Here, H/(G, D) (and H.(G, T) respectively) denote the discrete (and compact
respectively) Galois cohomology groups for the continuous action of G on D
(and T respectively).
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2v9

To state Nekovar’s results, one needs to use the notion of hyperext groups
(denoted by Ext(—, —)) in the derived category D*(R — mod). See Section 6
in Ch. I of Hartshorne’s book on Residues and Duality [20] for the definition of
hyperext groups. Nekovér has deduced the following hyper-cohomology spectral
sequence:

Ext (H/(G,D)",R) = H.7(G,T). (3.16)

See equation (4.3.1.2) in Section 4.3 of his work on Selmer complexes [37]. Using
Corollary 6.1 in Ch. I of Hartshorne’s book [20] (see also Corollary 10.7.5 in
Weibel’s book [63]), we have the following isomorphism of /R-modules:

Ext' (H/(G,D)", R) = Ext, (H/(G, D)", R). 3.17)

We shall suppose the following conditions hold:
H*G,D)=0, HyG,T)=0. (3.18)
The spectral sequence (3.16) lets us obtain the exact sequences of R-modules:

0 — Ext,(H°(G,D)",R) — HY(G,T) —
— Ext%, (H'(G,D)", R) — Ext, (H"(G,D)", R), (3.19)

and

Exty, (H'(G, D)"Y, R) — Extx (H*(G,D)",R) — HX(G,T) —

— Exti, (H'(G,D)¥, R) — Exth (H(G,D)", R).
(3.20)

3.3.1. Consequences for local Galois cohomology groups, | = p. By equation
(3.5), we have

Hz(Qp’ D,,,) =0, Hc(i(@w Tpd.n)v =0.
Equation (3.7) lets us deduce that
HQ,,D,,)" =0.

Hypothesis Loc,(0) along with Proposition 5.10 (see also Remark 5.10.1) in
Greenberg’s work [16] lets us conclude that the R-module H'(Q,, D, )" 1s free.
So, we have

Extr (H'(Q,, D,,,)",R) =0, Viz>l. 3.2
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We have the following lemma:

LEMMA 3.8. Suppose all the hypotheses and assumptions in Section 3.1.2 hold.
Then, the R-module ((Hl((Q)p, D,, ) /(Loci(Q,, D,, ) +Locu(Q,, Dy, )))" is
free. Consequently,

Ext’ (( H'(@, Dy,,) )v R) =0, Vi>1
R LOCI(Q[:’ Dpd,n) + LOCII(va Dpd,n) ’ ’

Proof. The lemma follows directly using the following short exact sequence:

O _>< HI(QP’ D)Od,n)
LOCI(@[)’ Dp,lvn) + LOCH(Qp7 D

\
1
) — H(Q,, D,,,)" —
Pd,n) —
free over R

— (Loci(Q,, D, ) + Locu(Q,, D,,,))” — 0 O

free over R

The observations in Section 3.2 along with equation (3.19) let us obtain the
following isomorphisms of R-modules:

Hom'R(Hl(Qp’ Dpdv,,)v’ R) = Hclt(Qpa Tpd'n)’
= H'(Qp, D,; )", (local duality). (3.22)
The natural injection of /R-modules

LOCI (Qp ’ D/Od.n) + LOCH (Qp 4 Dpd.n) — Hl (Qp ’ Dp(l./t)

gives us the following natural surjections of R-modules (by considering
Pontryagin duals)

Hl(@ps Dpd,n)v - (LOCI(QP’ Dpd,,,) + LOCH(va Dpdﬁ,l))v,

which in turn let us obtain the following natural injections of R-modules (by
considering reflexive duals and the isomorphism in equation (3.22)):

((LOCI(Q;J ) Dpd,n) + LOCH (Qp9 Dp,L,, ))\/)* — Hcll(Qp9 Tpd,,,)'
Under the perfect pairing given by local duality

Q,
Z?

P

Hl(@])’ D,D(;J]) X Hcl[(QP’ Tpd.n) -

we define

Loci1(Qp, Dy,;,) C HI(QI” D/’é‘n)’

to be the orthogonal complement of ((Loci(Q,, D,,,) + Locu(Q,, D,, ))*)*
under the pairing given above.
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We define Z*(Q, D,; ) to be the Pontryagin dual of

1
ker(Hl(G);,ng) H Q. Dri,) ;@ P H#'@.D,, > (3.23)

n L0C1 II(QP’ pdn leX\{p}

Note that we have the following natural surjection of /R-modules:

Z"(Q, Dyy,) — II'(Q, Dy,

pdn

REMARK 3.9. This definition of Z*(Q, D, ) in equation (3.23) does not match
the description given in equation (3.1) for the Galois representation p; , and, in
fact, it need not in general. See Section 7.2 for a description of Z®(Q, D,; ) in
the setting of Theorem 1 and Remark 7.12 for when these descriptions do match.

LEMMA 3.10. Suppose all the hypotheses and assumptions in Section 3.1.2 hold.
We have the following natural isomorphism of R-modules:

(H'(@Qp. Dpy )"
((Locy(Qp. Dpy ) + Loci(Qp, Dy NY)*

(( H'(Qp, Dy, ) )V)
LOCI (@p’ Dpd,n) + LOCH (QP’ Dpd,n)

Proof. The lemma follows directly using the observation 3.2 in Section 3.2 and
the following short exact sequence of free R-modules:

O N ( H (Qp’ ﬂdn )\/ N
Loci(Q,, D,,,) + Locu(Q,, Dy,,)
g H](va D,Od,n)v g (LOCI(Q[M Dpdﬁnv Qp) + LOCH(Q‘D» Dpd_,,))v g
— 0. O

11

3.3.2.  Consequences for local Galois cohomology groups, | # p. Note
that Hypothesis Loc(0) lets us conclude that

Homgz (H'(Q;, D,,,)", R) = 0. (3.24)

Let Q be a height two prime ideal in the ring R. Since the ring R is Gorenstein,
the localization Rg is also a Gorenstein ring with Krull dimension two. The
injective dimension of the R g-module R o equals two. By Lemma 2 in Ch. 19 of
Matsumura’s book [36], we have

Exty, (H*(G,D)",R) ®r Ro = Ext%Q(HO(Q, D) ®r Ro,Ra) = 0.
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Using equation (3.20), we have the following short exact sequence of Ro-
modules:

0 — Ext, (H(Q,, D,,,)". R)o = Hi(Q, T, )0 —
— Exty, (H'(Q, D,,,)", R)o — 0. (3.25)

3.3.3.  Consequences for global Galois cohomology groups. By equations (3.6)
and (3.9), we have

H*(Gs,D,,,) =0, HYGs,T,,) =

Equation (3.8) lets us deduce that
H(Gs,D,,,)" =0.
Using (3.19) and (3.20), we have the following isomorphisms of R-modules:

H\(Gs,T,,) =Homg(H'(Gs, D,,,)", R),
H)(Gz,T,,) = Extp(H'(Gs, D,,,) ", R). (3.26)

3.3.4.  Consequences for the module X(Q, D

Pdn

PROPOSITION 3.11. Suppose all the hypotheses and assumptions in Section 3.1.2
hold. Then, the R-module Extk(%(@, D,,.), R) is pseudonull if and only if
Z™(Q, D) is pseudonull. Furthermore, if the R-module Z*(Q, Dy, ) is

pseudonull, then we have the following equality in Z*(R):

o2 (Exty (X(Q, D,,,). R)) = c2(2¥(Q. D))
2 el H QD) )

leX\{p}

Proof. To prove that an R-module M is pseudonull, it suffices to show that the
R o-module M5 is pseudonull for every height two prime ideal Q in R.

By Lemma 3.6, the map @y is surjective. So, we have the following short exact
sequence of R-modules:

( H (QP’ pdn) )v
LOCI (Q!” Pd, /1) + LOCH (QP’ Pd, n

— H' (Gs, Dﬂd,n)v — X(Q, D) — 0.

@ @ Hl(Ql’ D/Od.n)v g

leX\{p}
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Apply the functor Homgz (—, R). Use Lemmas 3.8 and 3.10 along with the
isomorphisms given in equations (3.24) and (3.26). We obtain the following long
exact sequence of R-modules:

HCII(QP’ Tptl,n) —
((LOCI(Qp’ Dpd_,,) + LOCH(QP’ Dpd,n))v)*
— Extp(X(Q, D,,,), R) —
— H}(Gyx.T,,) > €P Extp(H'@Q.D,,,)".R) >
leX\{p}

— Ext;(X(Q, D,,,), R).

HClt(GE ? ZPd.n )

The observations in Section 3.3.1 and Poitou-Tate duality along with the
arguments in Section 3.1 of Greenberg’s work on the surjectivity of the global-
to-local map defining Selmer groups [17] let us deduce that the cokernel of the
map

H(Q,. T,,,)
((Loci(Q,, D,,,) + Locy(Q,, Dy, )¥)*

HClt(GE’ szl,n) e

is isomorphic, as an R-module to ker(Z*(Q, D,; ) — IT'(Q, D, )¥). Thus,
one obtains the following short exact sequence of /R-modules:

0 — ker(Z¥(Q, D,; ) - ' (Q, D,; )¥) = Extp (X(Q, D,,,), R) —

—>ker<H§(G;, T,.) —> €P Extp(H'@Q:.D,,,)" R)) — 0.

leX\{p}
(3.27)
One can consider the following R-module:
2@ Ty,,)
—ker(H (Gs. M) = Q. Ty @ HAQLT, )
\ﬁ,_./

leX\{p}

Poitou-Tate duality provides us an isomorphism between the R-modules
11 (Q, DPJ,n)v and 11 (Q, T, .»)- Furthermore, Poitou-Tate duality also tells us

that the cokernel of the map ¢y;2 is isomorphic to H "Gy, D, )" and hence
zZero.
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Let us fix a height two prime ideal, say Q, in the ring R. Using equation (3.25),
we have the following commutative diagram of R g-modules:

Hi(G:.T,,) 0 H (G5, T,,)Q

| |

0 ——> ) 9;: )Exl%z(H“(Q,,DM”)\"R)Q —, ga( )Hj(@,.]‘m, g —> ) 99( )Ex['R(H'(@r,Dﬁ,,”)\aR)Q —> 0.
S\ B B

Applying the Snake Lemma, we obtain the following short exact sequence of
‘R o-modules:
0 — ('@, Dy, )0 =
— ker(H;(Gx, T,,,) — Extp(H'(Q, D,,,)", R)o —
- P Extx(H'(Q.D,,,)" . R)o — 0. (3.28)

leX\{p}

By Lemma 2.17, for each / € X'\ {p}, the R-module Ext;, (H*(Q;, D,,,)¥, R)
is pseudonull. As a result, equation (3.28) lets us deduce that the R o-module

ker(Hy(Gz, T,,,) — Extp(H'(Q1, Dy,,)", R))o

is pseudonull if and only if the R o-module (I (Q, D p2.)") o is pseudonull. This
observation along with equation (3.27) lets us deduce the following implications:
The R g-module (Exty (X(Q, D,,,), R)")o is pseudonull
= The Rg-modules (ker(Z™(Q, D,; ) — II'(Q, D; ,Q)"))o and
(I1'(Q, D,; )")o are pseudonull,
&= The Rg-module Z* (Q, D,; ) is pseudonull.

This lets us conclude that the R-module Extk(%(@, D,,.), R) is pseudonull
if and only if the R-module Z™(Q, D,y ) is pseudonull. Now, suppose the R-
module Z®(Q, D, ) is pseudonull. Equations (3.27) and (3.28) let us deduce
the following equalities in Z*(R):

C (EXt’IR (x(Qv Dpd‘,, ) 5 R))
= (Z9(Q, Dy ) — x(IHQ, Dy )Y) + e (HQ, Dy )Y)

d,n

+ Y aExt(H(Q, D,,,)", R)),

leX\{p}
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=a(ZYQ Dy )+ Y aExty(HQ, D,,)". R)),

leX\{p}

=aEZYQDy N+ Y a((H Q. D,,) )ex)

leX\{p}

using Hypothesis Reg(0) and by Lemma 2.17. This completes the proof of the
proposition. 0

4. The main theorem in the general setup

4.1. Alternative characterizations of Assumption GCD. Before proving
the main theorem in the general setup, we would like to provide alternative
characterizations of Assumption GCD.

PROPOSITION 4.1. Suppose all the hypotheses and assumptions in Section 3.1.2
hold.
Then, the following statements are equivalent:

(1) The height of the ideal (61, 0y) in R is greater than or equal to two.

(2) The R-modules Z(Q, D,, ) and X(Q, D

)or are pseudonull.

Pd.n Pd.n

(3) The R-modules Z(Q, D,,,) and Z ®(Q, D, ) are pseudonull.

Proof. We will first show Condition (1) = Condition (2).

Suppose Condition (1) holds. Let p be a height one prime ideal in R. Without
loss of generality, assume 6; ¢ p. By equation (3.4) in Assumption MC, we can
conclude that the prime ideal p does not belong to the support of the R-module
Seli(Q, D,,,)". As aresult, Sely(Q, D,, )" ®% R, would equal zero. By (3.13),
we have

Z2(Q, D,,,) ®r R, = 0.

By equation (3.10) and Hypothesis LF, we have the following isomorphism of
free R ,-modules of rank one:

( LOCII(QP’ Dpd,n)
Loci(Q,, D,,,) (1 Locy(Q,, D

free R , -module of rank one

)) Rr Rp =X@Q, Dpd,n) Qr RP'
Pd.n

As aresult, X(Q, D,, ,)ior ®& R, equals zero.
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Second, we will show Condition (2) = Condition (1).
Suppose Condition (2) holds. Let p be a height one prime ideal in R. It suffices
to show that 6; ¢ p or 6 ¢ p. We have

Z(Q’ DPJ,,,) Rr Rp = 0’ X(Q, Dpdy,,)tor Rr Rp =0.

By equation (3.12) and Hypothesis LF, we have the following surjection of free

‘R -modules:
Loc D M Loc D M
( I(Qp Pd.n ) ) ®r Rp ® < 11 (Qp Pd.n ) ) ®xr Rp
Loci(Qp, Dy,,) N Locu(Q,, Dy, ,) Loci(Qp, Dy,,) (N Locu(@Q,, Dy,,)
free R , -module of rank one free R , -module of rank one

- X(Q Dy,,)®r R, .

free R , -module of rank one

As a result, at least one of the two maps

LOCI(QP’ Dpd ) )V

= ® R - X s D . ® R ,

<LOCI(QP’ D,,,) (N Locu(Q,, D,,,) R Q. D,,,.) ®= Ry
LOCH(Q[N Dp[ ) )V

- QRr R, > X ’an® R..

(Loq(@p, Dy NLoen(@,. D) &% 7 & Do) O Ty

must be an isomorphism of free R,-modules of rank one. Without loss of
generality, assume that the first map is an isomorphism. By (3.10), we can
conclude that Sel;(Q, D,, )" ®& R, equals zero. That is, p does not belong to the
support of the R-module Sel;(Q, D,,,)". By equation (3.4) in Assumption MC,
we have 6; ¢ p.

We will now show that Condition (2) is equivalent to Condition (3). To do so,
we will need to show that the following statements are equivalent:

(i) The R-module Z®(Q, D,; ) is pseudonull.

(ii) The R-module X(Q, D, , ) is pseudonull.

Let p be a height one prime ideal in R. Note that R, is a DVR. Let 7, denote
a uniformizer in R,. Every finitely generated R,-module M is isomorphic to
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’Rf @ €Bl (6 ')
torsion-free R,-module if and only if M is a free R, module. Also, the R,-
R,) is noncanonically isomorphic to

for some nonnegative integers r, and r;. In particular, M is a

module ExtR (( ok = a)

The fact that COIldlthIlS (i) and (ii) are equivalent follows from the above
observations:

ZY(Q, Dy,) ®r R, =0,
— Ext;zv (X, D,,,) ®r Ry, Ry) =0, (by Proposition 3.11)
— x(@’ Dpdv,,)mr ®’R Rp =0. O

We have the following important corollary to Proposition 4.1.

COROLLARY 4.2. Suppose all the hypotheses and assumptions in Section 3.1.2
hold. Then, the R-module X(Q, D,, )« equals zero.

Proof. Proposition 4.1 tells us that R-module X(Q, D,, )« is pseudonull. We
have already established that R-module X(Q, D,,,) has no nonzero pseudonull
submodules (see Section 3.2). As a result, X(Q, D,, )« €quals zero. O

We will need to consider the map
i3€ . %(Dpd,n’ Q) — %(Qa Dpd,,,)**'

By Corollary 4.2, note that ker(ix) (which is equal to X(Q, D,, , ).or) €quals zero.

4.2. Proof of the main theorem.

THEOREM 4.3. Suppose that the following conditions hold:
(1) All the hypotheses and assumptions in Section 3.1.2 hold.
(2) For every height two prime ideal Q of R, the R g-module
X, D,,,) ®r Ro
has finite projective dimension.

Then, we have the following equality in Z*(R):

Z,II"
C2( p[[ ]]) — CQ(Z(Qa Dpdm)) 4+ CZ(Z(*) (@7 Dpfi_,,))
(91, QII)

+ Z 62((H0(Ql’Dpd.n)v)P.N.)-

leX\{p}
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Proof. To prove the theorem, we proceed in three steps.

Step One: For every height two prime ideal Q in R, the R g-module coker(ix) o
has finite projective dimension.

Step Two: For every height two prime ideal Q in R, we have the following short
exact sequence of R g-modules:

Ro
(91 ) GH)

Step Three: We have the following equality in Z*(R):
cr(coker(ix)) = e2(ZP(Q, D,; )
+ Y a(H"Q, D,,,) ex)-

leX\(p}

0— Z2@Q,D,,,) ®r Rg — — coker(ix) ®r Ro — 0.

Step One follows from Corollary 4.2, Lemma 4.4 and condition (2). Step Two
follows from Lemma 4.5. Step Three follows from Lemma 4.6. Theorem 4.3
would following from these lemmas. While proving these lemmas, we assume
all the conditions stated in the theorem.

LEMMA 4.4. The R-module X(Q, D,, )** is free.

Proof. It will be enough to show that the R-module X(Q, D,,,)* is free. By
applying the functor Homg (-, R) to the first short exact sequence in Lemma 3.6,
we obtain the following exact sequence of R-modules:

0 — X(Q, D,,,)* - R — Exty(Sel(Q, D,,,)", R) —
— Extp(X(Q, D,,,), R). 4.1)

To obtain equation (4.1), we have identified the free rank-one R-module

Loci(Qp.Dpy,,) Vo, . Sy .
(LOCI @ — )Q Ao @, D )> with R. This allows us to identify X(Q, D,, ,)* with
P> Pdn P>ZPd.n |

an ideal inside ‘R. This ideal must be reflexive over R. The R-module X(Q, D, ,)
is torsion-free. Since R is integrally closed, for every height one prime ideal
p in R, the localization R, must be a DVR and consequently the R,-module
X(Q, D,,,), must be free. Since localization commutes with Ext, the /R-module
Exty, (X(Q, D,,,), R) must be pseudonull. Using this trick of localizing at every
height one prime ideal of R, we have

Div(Exty (Seli(Q, D,,,)", R)) = Div(&)),

an equality of divisors in Z'(R). Combining these observations, for every height
one prime ideal p in R, we obtain the following short exact sequence of
‘R ,-modules:
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R
O - %(Q’ Dpd,,,)* ®R Rp - Rp g = — 0. (42)

Since R is integrally closed, equation (4.2) lets us deduce that under the inclusion
X(@Q, D,,,)* = R given in equation (4.1), we have a natural inclusion map

X@Q, Dy,,)" = (6,

whose cokernel is pseudonull. Since the ideal X(Q, D,,,)* is reflexive, this
natural inclusion must be an equality. This shows that the R-module X(Q, D,, ,)*
is free. o

LEMMA 4.5. For every height two prime ideal Q in R, we have the following
short exact sequence of Rg-modules:

Ro
(61, 6)

0—- Z2Q,D,,,) ®r Rg — — coker(ix) @z Ro — 0.

Proof of Lemma 4.5. Let Q be a height two prime ideal in R. By Lemma 4.4, the
Ro-module X(Q, D,, )™ ®r Rg is free. By Lemma 3.6, we can conclude that
the R o-module X(Q, D,, ) has rank one.

Hypothesis LF lets us consider the following two maps of free R o-modules:

< Loc; (QP ’ Dpd.n )
LOCI(QP’ Dpd,,,) m LOCII(va D
free R o -module of rank one

( LOCII(va Dpd,n)
LOC[(QP, Dﬂd,n) m LOCH(QP, D

free R o -module of rank one

\%
)) ®r Ro = X(Q. D,,)"” ®r Ro.
Pd.n

free R o -module of rank one

Arg

)> ®r Ro — X(Q, D,,,)" ®r Ro.
Pd,n

free R o -module of rank one

Here, A; and Ay are elements of R o. For every height one prime ideal p in R,
the natural map

X(@Q. D,,,) ®r Ry = X(Q, D,,)™ ®r R,

is an isomorphism. Equation (3.4) and the short exact sequences in (3.10) and
(3.11) provide us the following equalities of divisors in Z'(Ro):

Div(A;) = Div(d), Div(Ay) = Div(éy).

As a result, there exist two units u; and uy in the ring R o, such that we have the
following equality of elements in the ring Ro:

Ar =ui6, Ap = uybp.
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The cokernel of the map

<Locl(@p, oan) +Locu(Q,, D,,,
LOCI (QP 2 Pd.;n m LOCH (QP ’ Pd.n

free R o -module of rank two

)) ®r Ro

[AI» AH] .
— X(@, D,,,)" ®r Ro

free R o -module of rank one

Ro
is, thus, isomorphic to 7==-.

By (3.12), the cokernel of the map

(LOCI(QP ) Pd, n) + LOCH (QP’ Pd.n
LOCI (@pv Pd.n ﬂ LOCII(QP’ Od, n

is isomorphic to Z(Q, D,,, ).
Consider the following commutative diagram:

) ®r Ro — X(Q, D,,,) ®r Ro

0 — > X@.D,,)8r Rg ——————> X(@Q.D,,)" ®r Rg —> coker(ix) 8@ Rg ——>= 0.

Now, applying the Snake lemma to the commutative diagram given above, we
have the following short exact sequence of R o-modules:

0—> Z2(Q, Dy,,) ®=r Ro —

Ro
— coker(ix) ®r Rg — 0. O
1, 6n) PERe

LEMMA 4.6. We have the following equality in Z*(Z,[[I']]):

ca(coker(iz)) = c2(ZP(Q. Dyy N+ Y ((H'(Q1. D,,,) Jex.)-

leX\{p}

Proof of Lemma 4.6. Note that Proposition 3.11 is applicable. By Corollary 4.2,
the R-module X(Q, D,,,) is torsion-free. As a result of Step One and the
hypotheses of the theorem, Proposition 2.14 is also applicable. The lemma follows
from the following equalities in Z> (Zp[[F 1:

cy(coker(ix))
= 0(Bxtx (X(Q, D,,,), R)), (by Proposition 2.14)
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— & (Z(Q, Dy )

+ > o((H@Q. D,,,)")pn).  (by Proposition 3.11). [
leX\{p}

Theorem 4.3 follows. O

5. The Iwasawa main conjecture and the Panchishkin condition

5.1. Greenberg’s Selmer groups. We recall some of the notations from the
introduction. We let K (p*)z, (and K (q*)z, respectively) denote the unique Z -
extension of K that is unramified outside p (and q respectively). Let I}, and I,
denote the Galois groups Gal(K (p™)z,/K) and Gal(K (q*)z,/K) respectively.
Weletk, : Gk — I, <= GL{(Z,[[Ip]]) and kg : Gx — I'y — GL(Z,[[14]])
denote the associated tautological characters. Consider the two-dimensional
Galois representation

Pp - GQ - GLZ(Zp[[Fp]])
given by the action of G on the following free Z,[[ I, ]]-module of rank two:
T, := Indg® (Z,[[1)1(k; ).

Since the prime p splits in the imaginary quadratic field, we have the following
decomposition of Z,[[I';]]-modules which is Gal(Q,/Q,)-equivariant:

T, ZZ, N0 ® Z, [ 1k ). (5.1

Let K, denote the completion of the imaginary quadratic field K with respect
to the prime ideal p. Since the prime p splits in the imaginary quadratic field, the
embedding K — Q, (fixed in our introduction) then gives us an isomorphism

Q, S K p- This embedding then gives us the following isomorphism of Galois
groups:

114

Gal(Q,/K,) = Gal(Q,/Q,). (5.2)

Throughout this paper, we will use this isomorphism to identify Gal(Q »/ Ky) with
Gal(Q,/Q)).

Recall from the introduction that E is an elliptic curve over Q with good
supersingular reduction at p with a,(E) = 0. We refer the reader to the
introduction for the precise details on the construction of the Z,[[I"]]-module
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T,,,, which is free of rank four, that in turn gives rise to a Gg-representation

par : Gg = GL4(Z,[[T])).
We can consider the following 7Z [[F ]]-modules that have a continuous action

ofGal(QP/Qp :
T, = T,(E) ®2,Ty Rz, Zpl[Teyelllc ),
Fil, T,,, = Ty(E) ®z, Z,[[T311(c; ") ®2z, Zpl[Teyell(50)-

One has the following discrete Z p[[F ]]-modules:

D - Tp4z ®Zp[[F]] ZP[[F]]V’ Fil+D,042 - F11+ 042 ®Zp[[F]] ZP[[F]]v

P42

The decomposition given in (5.1) lets us deduce the following short exact
sequences of Zl,[[F]] -modules that is Gal(@ /Q )-equivariant:

. Tﬂ4z
0— FlLT,, —>T,, — — 0,
Fll+ P42

0— Fil.D,, - D —>£—>O
+ 5 psa2 P42 Fil—O—Dmvz .

The local condition at p, denoted by Locg(Q,, D,,,), is given below.

. 1 1 D,,,
LocGi(Q,, D,,,) :==ker| H (Q,,D,,,) —» H' | I,, =———— FLD .
+ P42

Here, I, denotes the inertia subgroup inside the decomposition group Gq,. The
discrete Selmer group, following Greenberg’s construction in [14], is defined
below:

Sel™(@Q. D,,,)

= ker(Hl(G;,DM_z) H(Q”—"’“@ P H@. m)
p}

LOCGr(Qp, p42 ves\{

5.2. Hida’s Rankin-Selberg p-adic L-function and the Iwasawa main
conjecture. The two-variable p-adic L-function 95’5 in this setup has been
constructed by Hida. One must modify the p-adic L-function constructed in [21]
by multiplying it with a one-variable p-adic L-function associated to the 3-
dimensional adjoint representation Ad’(pr) (see [22, Conjecture 1.0.1]). A
discussion surrounding the need to introduce this modification, which is related to
the choice of a certain period (Néron period versus a period involving the Peterson
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inner product), is carefully explained in [22]. See the introduction and Section 6
in Hida’s article [22]. We avoid stating the precise interpolation property satisfied
by ef;. Instead, we refer the reader to Hida’s works in [21, 22]. We will content
ourselves with describing the critical set of specializations (following Greenberg’s
terminology in [14]). As mentioned in the introduction, the natural restriction
maps I — Iy and r— I, provide us the following isomorphism of topological
groups:
=Ty x T

Note that Z,,[[F 11 is a coproduct in the category of complete semilocal
Noetherian Z, algebras (with respect to the maps Z,[[1}]] — Z,,[[F]] and
Zpl[Teyell = Z [[F]]) Note also that we have the following equalities of the
group of continuous homomorphisms:

Homing(Z,[[1}]1, @,) = Homg, (1. Q,).
Homiing (Z,[[Iye]l, @,) = Homg,(Iye, Q).
Taking this point of view, one can consider the set C C Homcom(Zp[[f]], @p)
obtained via the following continuous group homomorphisms:
¢k:Fp_>@:v @cycep:aycﬁ@;;

e where we allow the group homomorphism ¢ : I, — @; to vary over p-
adic Galois characters, obtained via algebraic Hecke characters of K, with
conductor equal to a power of p and of infinity type (1 — k)i o i, subject to
the following restriction on its weight k:

k>3,

o and where we allow ¢, to vary over all the continuous group homomorphisms
Iye = @; of finite order. (The character €, : Iy, 31 + pZ, is given by the
product x,»~', where x, : Gg — Z, is the p-adic cyclotomic character and

w: Gg — Z; is the Teichmuller character giving the action of G on the pth
roots of unity.)

This set C is the critical set of specializations, corresponding to the fact that the
Galois representation p, , satisfies the Panchishkin condition.
We recall Conjecture 1.2 stated in the introduction.

CONIJECTURE 1.2 [14, Conjecture 4.1]. The Z,,[[F]] -module SelGr(Q D, )" i
torsion. Furthermore, we have the following equality in Z' (Z,,[[F 1:

Div(Sel*(Q, D,,,,)") = Div(6%).
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Progress towards establishing Conjecture 1.2 has been made by Xin Wan. See
his works [61, 62].

6. £+ Iwasawa main conjectures for elliptic curves with supersingular
reduction at p

When the elliptic curve E has good supersingular reduction at p, the classical
p-Selmer group of E defined over the field K, is not well suited for the
study of Iwasawa theory since its Pontryagin dual is not Zp[[F ]]-torsion and
will not satisfy a ‘control theorem’. We shall recall the formulation of Kim’s
conjectures and the corresponding local conditions for the signed Selmer groups
at p. Consider the following discrete Zp[[ﬁ ]]-modules that have a continuous
action of Gal(@p/(@p):

Dy it 1= (T (EYBL, LT ky V®Z, [ FeyelN ki) @7y Z, LN,
Dy ot = (Ty(EYRL, 1y VBZ [ Teye N k) @17y Zo LT

The decomposition in equation (5.1) gives us the following isomorphism of
discrete Z,[[I"]]-modules that is Gal(Q,/Q,)-equivariant:

D

-1, —1.
E kg Keye®

P42 EDEK K;l @D
We obtain the following isomorphisms of discrete Z p[[F ]]-modules:

H'(Gal@,/Q)), D,,,) = H'(Qy, Dy 1) ® H'(Qy, Dy
= H'(K,, D

o,

Keye

) ® H'(Ky, Dy o1, 1) (6.1)

—1
E.kp Keye Keye

If we let § denote the nontrivial element of Gal(K /Q) and § some liftin G 5 of
8, we have the following natural isomorphism inside Gal(Q/Q):

§7'Gal(@,/K)8 = Gal@,/K,).
This lets us obtain the following isomorphism of discrete Zp[[F ]]-modules:

H'(K,, Dy i) = H'(K,, (6.2)

E Kp ]Kcyc)

Shapiro’s lemma (see the discussion in the introduction of Greenberg’s
work [16]) provides us the following isomorphism of discrete Z,[[/"]]-modules:

H'(Ky, Dy 1) = @D H' (Koo, ELp™)), (6.3)
PBlp
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H'(Kq, Dg 1) = PH' (Kx)a, ELp™)). 6.4)
Qg

Here, if we let Gy denote the decomposition group for the prime P8 inside
Gal(@ /Q,), then (I? ) denotes the fixed field @G‘B Note that the isomorphism
in equation (6.3) crucially relies on identifying I’ with Iy X I'y. Note also that
there are only finitely many primes 3 (and Q respectively) in the field K o lying
above the prime p (and q respectively) of the imaginary quadratic field K .

Combining equations (6.1), (6.2) and (6.3), we have the following isomorphism
of discrete Zp[[f ]]-modules:

H'(Qy, D,,,) = P H' (Koo)y, E[p™)) & D H' (K)a, ELp™D). (6.5

PBlp Qlq

Keeping this isomorphism in mind, to define the local conditions inside the local
cohomology group H'(Q,, D,, ), it will be sufficient to define local conditions

1n51de H! ((Koo)m, E[p>™]) and H! ((KOO)Q, E[p°)]) for all the primes ¥ and
in K lying above the primes p and q in K respectively.

6.1. The £+ Selmer groups of Kim. Let E denote the formal group attached
to the minimal Weierstrass model of the elliptic curve E over Z,. The height of
the formal group E equals two.

Given an ideal n of the ring of integers of K, we write K (n) for the ray class
field of K with modulus n. Let °P be a fixed prime of K (p*) lying above p. By
an abuse of notation, we denote the prime L N ‘P again by 3 whenever L is a
subextension of K (p>°)/K . For nonnegative integers m and n, Kim [26] defined

ET(K®"q")yp)

= {P € E(K(p"q")p) : Trj1,P € E(K(p'q")y). forodd ! < m};
E-(K®"q")qp)

= {P € E(K®"q")p) : Truyi1..P € E(K(p'q")g), forevenl < m},

where Tt 1410 E(K(pmq”)m) — E\(K(pl“q”)«p) denotes the trace map. We
define E*(K (p™)y) to be the union J,, ,~o E*(K (p"q")y). Let A be the finite

Galois group Gal(K (p™)y/ (kvoo)qg). Then, we may define the corresponding
plus/minus subgroups by

E*((Kxo)y) = E*(K(p™)3)* C E((Koo))-
Given a prime £Q of K (p®) lying above q, we may define E i((E 00)y) in a similar

manner.
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For each prime 9 (and 9 respectively) in Ew, lying above p (and q
respectively), we consider:

Loc.((Koo)ys E[p™])

= Inlage(Ei((I?oo)qg) ®Q,/Z, = H'((Kx)g, E[P™D),
Loc. ((Kx)as E[p™])

= Image(E*(Kx)a) ® Q,/Z, = H' (K)o, E[p™])).

Here, ¢y and x4 denote the usual Kummer map. Note that the restriction of the
Kummer map to the groups Ei((Koo)m) ®Q,/Z, and Ei((Koo)Q) ®Q,/Z, are
injections since the natural maps Ei((Koo)gp) ®Q,/Z, — E((Koo)qs) ®Q,/Z,
and Ei((KOO)D) ®Q,/Z, - E(Kx)a)®Q,/Z, are injections. This fact
follows from an argument similar to the one given in Lemma 8.17 of Kobayashi’s
work [27].

Let o, 0 € {4, —}. Via equation (6.5), we define the following local condition:

Locuo(Qy, Dy,,) = @) Loc.(Koo)ys, E[p™]) & @D Loco(Kw)a. ELp™])

Blp Qlq
C Hl (QP’ DP4.2)'
This, in turn, lets us define the following discrete Selmer group:

Sel”(Q, D

/742

l
:ker<H1(G2’DP4,2)_> LOC.(O(%#[MQGB @ H' (@U’ P42>

Dy,») veX\{p}

REMARK 6.1. Our choice of signs + and — is opposite to that of Kim since
we would like to formulate the Iwasawa main conjecture using the convention
for the signs + and — chosen by Loeffler in [32]. In particular, the Selmer
groups Sel™™(Q, D,,,), Sel*™(Q, D,,,), Sel " (Q, D,,,) and Sel " (Q, D,,,)
respectively correspond to the ——, —+, +— and ++4- Selmer groups respectively
appearing in Kim’s work [26].

6.2. Two-variable main conjectures and two-variable p-adic L-functions.
Following Loeffler’s work [32], we recall the construction of the four &+, £+ 2-
variable p-adic L-functions attached to E. Suppose we are given a choice of A,
w € {£/—p}. There exists an unbounded Q,(/— p)-valued distribution L; , on
I, satisfying the following interpolation formula:

p L(E/K, ¢y~ 1)
X
AT (Y 27,92,

Liu(¥) = , (6.6)
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for every finite Galois character ¥ : Gal(K /K) — @X with conductor p™q" for
some m,n > 0. Here tx (¥ ') is the Gauss sum of ¥~! (see, for example, the
work of Skinner and Urban [54, Section 8.1.3]). The periods .Qi are the real and
imaginary periods associated to the newform fr constructed by Shimura [51]. See
also Theorem 3.5.4 in the work of Greenberg and Stevens [19]. These periods are

well defined up to units in Z:.

REMARK 6.2. There are three choices of normalizations (depending on the
choice of complex periods) available to us for the construction of these unbounded
measures. These choices, denoted by £2™, £2;7 and 227 $2;, respectively, appear
in works of Castella and Wan [8], Loefﬂer [32] and Wan [62] respectively. We
refer the reader to these works for the precise definition of £ and £2;7.

Lemma 9.5 in the work of Skinner and Zhang [55] asserts that the p-adic
valuation of the ratio £277"¢/(§2}, £27,) is zero. Castella and Wan [8, Remark 2.4]
assert that the ratio of the periods £2;/ (9_}; £2,) is an element of Q*. However,
it is not clear to us whether the ratio £2/ (.Q}'E £2;,) is a p-adic unit.

We have chosen to work with the complex period given in Wan’s work [62]
because, as we indicate in Remark 8.5, this choice makes it transparent how the
cyclotomic specializations of the 2-variable ++ and —— p-adic L-functions are
related to certain one-variable p-adic L-functions of Rob Pollack. See Remark 8.5
for more details.

Fix a topological generator y, of I',. We choose y; to be the image of y;, under
the ring automorphism Z,;[[F 11— Z [[F]] induced by complex conjugation. We
identify L, , with its Amice transform in Q,(/—p)lly, — 1, yq — 11]. As power
series, we may decompose these p-adic L-functions to obtain four bounded Q-
valued measures 9;"’2 on F, fore, o € {+, —}:

= log, log; 6,5 + Alog; log, 6,77 + uulog, log; 6, + Aulog, log 6,7,

(6.7)
where log;f and log:c are defined using Pollack’s £ logarithms in [44]. As power
series, we have

1 @pu(re 1 @1 (v
logr =~ pz(y); log; =~ [ P 1()/)’

T T

P p P p

where @, denotes the p™th cyclotomic polynomial. The corresponding
distributions under Amice transform are described in [12].

If ¢ is a finite Hecke character on I" of conductor f for v € {p, q}, then
logj(x//) (respectively, log_ (¥)) vanishes if and only if ord.(f) > O is odd
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(respectively, even). On combining equations (6.6) and (6.7), we may deduce the
following interpolation formulae for 6. Let ®,0 € {+, —}. Let ¢ be a finite

Hecke character on I of conductor p™q" such that log; W) log:(w) # 0. Then,

(_1)(m+n)/2pm+n L(E/K, 1/f717 1)
9;;(1#) = X oF o , (6.8)
@) [ ep@) [] ®nzy) 72
1<k<m—1 1<l<n—1
k even [ even
B (_1)(m+n+l)/2pm+n L(E/K, wfl’ 1)
0, (W) = P (6.9)
@) ] en [] 20 725
1<k<m—1 1<l<n—1
k even [ odd
. _ (_1)(m+n+l)/2pm+n L(E/K, ,(//—1’ 1)
0,0 (Y) = X oF o~ , (6.10)
@) [ en@) [] @p) 725
1<k<m—1 1<l<n—1
k odd [ even
L (_1)(m+n)/2+1pm+n L(E/K, w—l’ 1)
0,7 () = X = (61
@) [ @n@) [] ®n(cy) 7527
1<k<m—1 1<l<n—1
k odd [ odd

where ¢, = ¥ (y,) for v = p,q. We now recall Conjecture 1.3 stated in the
introduction.

CONIJECTURE 1.3 [62, Conjecture 6.7]. Let o, 0 € {4, —}. The Zp[[li]]—module
Sel**(Q, D,,,)" is torsion. We have the following equality in ZYZ,I1D:

Div(Sel”(Q. D,,,)") = Div(6}3).

REMARK 6.3. For t € {p, q}, if a different topological generator of I, is chosen,
then logf would change by a factor uf for some unit uf in the ring Z,[[I]]. The
p-adic L-functions 6% would then change by the factor (u;u;)*l. As aresult, the
divisors of the p-adic L-functions are independent of the choice of topological
generators for I', and I75,.

Progress towards Conjecture 1.3 has been made by various authors under
various technical hypotheses. We will cite the relevant works, referring the
interested reader instead to these works for the statement of the hypotheses.
Wan [62, Theorem 8.5] has made progress towards establishing the inequality
Div(6,5) < Div(Sel™ (Q, D,,,)¥) in Z 1(ZI,[[I’:]]). For the reverse inequality,
one can employ an argument involving Euler systems of Beilinson—Flach
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elements constructed by Loeffler—Zerbes in [34]. Under some technical
hypotheses, such an Euler system is constructed and used to prove this direction
of the main conjecture in [6, Theorem 1.3]. Recently, a proof of Conjecture 1.3
has been announced in the work of Castella ef al. [7, Theorem A].

7. Proof of Theorem 1

Theorem 1 follows from Theorem 4.3. We will need to verify all the conditions
stated in Theorem 4.3. Since we are working over the regular local ring Z,,[[I: 11,
condition (2) is automatically satisfied.

One has to verify all the hypotheses in Section 3.1.2. Hypothesis Loc(0)
follows from [40, Proposition 4.1]. Since we are working over the regular local
ring Z,,[[F 11, Hypothesis Reg(0) and Hypothesis Gor automatically hold.

It remains to verify Hypothesis Rank, Hypothesis LF and Hypothesis Loc,(0).
Hypothesis Loc,(0) follows from Proposition 7.1. Hypothesis Rank follows from
Corollaries 7.4, 7.6 and 7.8. Hypothesis LF follows from Corollaries 7.4, 7.6 and
Proposition 7.9. Note that

d(ps2) =4, d"(psp) =2, d (ps2) =2.

For the remainder of this section, it will be helpful to keep the following picture
in mind:
LOCGr(Qpa Dp_u)

= | (Corollary 7.6)

H' (Gal@,/Q)). Dyy) — H' (Ko Dpyrt) @ H'(Ko D)

cye

DH' (K)w Ep¥1) D DH' (Ko Ep™1)

Blp Qla

J

LOC-o(QP’ Dﬁ«z) i g? (E. ((i(im)\“) ® Q”/Zp) @ @ (Eo ((fm)n) ® @/’/Zp)

Qla

Figure 1.

The identification of H'(K,, D Euc; i) With Loca(Qp, D,,,) is established in
Corollary 7.6. All the remaining inclusions and isomorphisms given in Figure |
follow from the discussions in Section 6.
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7.1. Verifying the various hypotheses. Let m be the maximal ideal of local
ring Z,[[I"]]. Let F,(w) denote the one-dimensional F, vector on which G 5 acts
via the Teichmiiller character. The residual representation

pr: Gal(Q,/Q,) — GL,(F,)

associated to the elliptic curve E for the local decomposition group Gal(@p /Q,)
is absolutely irreducible (see [13, Theorem 2.6]). This uses the fact that E is an
elliptic curve defined over Q with good supersingular reduction at the prime p.
As a result, we obtain the following proposition:

PROPOSITION 7.1.

(1) The Gal(@p/(@,,)—modules D,,,[m] and D, L[m] have no quotient
isomorphic to the trivial representation.

(2) The Gal(Q,/Ky)-module Dy i,
trivial representation or F ,().

71[m] has no quotient isomorphic to the

(3) The Gal(@p/Kq)—module DEYK;lKC—yl [m] has no quotient isomorphic to the
trivial representation or I ,().

As an immediate corollary to Proposition 7.1, we have the following equalities:

H(Gal(@,/Q,). D,,,)" = H*(Gal@,/Q,). D,,,)" =0.
H(Ky, D 1)) = H*(Ky, D o1,01) = 0.
H°(K,, D ) = H? (Kp, Dp z151) = 0.

E.kq lec Keye

The local Euler Poincaré characteristics [16, Proposition 4.2] along with [16,
Proposition 5.10 and Remark 5.10.1] lets us immediately deduce the following
corollary:

COROLLARY 7.2. The Z [[F]] module H' (Gal((@ /Q,,) D,,,)" is free of rank
four. The 7. [[F]] modules H'(K,, E,(;lkgyé) and H'(K,, Dg 1,517 are free
of rank two.

Let us recall the following result of Kim.

PROPOSITION 7.3. Let o, 0 € {4+, —}. The following Zp[[F]]-modules are free

of rank one:
P Loc. (Ko, ELp™D”, @D Loco((Kxo)a, E[p™D)".
PBlp Qlq
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Proof. We only show that the Zp[[l:]]—module Dy Loc.((goo)m, E[p>=])V
is free of rank one. One can show similarly that the same holds true for
@qu Loco((kvm)g, E[p>])¥. Let us fix a prime B, above p in Em. Let fqgo
denote the decomposition group of I for the prime ‘B, lying above the prime p
in K. Note that we have the following isomorphism of Zp[[j: ]]-modules:

D Loc.(Rudss, EIp*D” = Indf (E*(Ke)y) ® Qp/Z,)"

Blp
It suffices to show that the Zp[[ﬁ,po]]-module (E.((Eoo)gpo) ®Q,/Z,)" is free of
rank one. This follows from a result of Kim [26, Proposition 2.11]. ]

Let e, o € {4, —}. Since we have the following equality of Z p[[ﬁ]]—modules:
Loceo(Q,. Dy,,) = @D Loc. (Kao)gs. E[p™]) & € Loc.((Kwo)a. E[p™]),
PBlp Qlq

we immediately have the following corollary:

COROLLARY 7.4. Let o, 0 € {+, —}. The Z,[[I"]-module Loc.,(Q,, D,,,)" is
[free of rank two.

LEMMA 7.5. Let Q (and P respectively) be a prime of K oo lying above the prime
q (and p respectively) of K. Then, we have
H'(Ia, E[p™]) = H'(Iy, E[p™]) = H*(Gqa, E[p™])
= H"(Gy, E[p™]) = 0.

Here, the groups /5, Gq (and Iy, Gy respectively) denote the inertia and
decomposition subgroups for the primes 9 (and P respectively) inside
Gal(Q,/K,) (and Gal(Q,/K,) respectively).

Proof. Note that if we show H(Iq, E[p™]) = H°(Iy, E[p™]) = 0, then we
would have H(Gq, E[p™]) = H(Gy, E[p*]) = 0. We will simply show that
H°(15, E[p>]) = 0. One can similarly prove that HO(Igp, E[p>]) =0.

Since the quotient I,/Iq is a pro-p group and since E[p] is a discrete torsion
p-group, we have

H(Iq, E[p®]) =0 <= H(,Elp]) =0 < H"(,, E[p]) =0.

Therefore, to complete the proof, it suffices to show that H 0(Iq, E[p]) = 0.
By [13, Theorem 2.6], we have the following isomorphism of F,[/,]-modules:

Elp]=F,) @ F,"),
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where ¢ : [, — F;z and ¥’ : I, — F*, are two fundamental characters of level
two. That is, Image(v) and Image(y/') lie inside I > but not inside IF,,. As a result,

H'(Iy, Elp]) = H'(I3, F,(¥)) ® H (I, F () = 0.

This completes the proof of the lemma.

Alternatively, to deduce the lemma, we can adopt the techniques of the proof
appearing in Kobayashi’s work [27, Proposition 8.7], which relies on the fact the
E[p] is isomorphic to the p-torsion points on a formal group of height two over
the local ring Z,. See also Kim’s work [26, discussion towards the end of page
829]. O

COROLLARY 7.6. Under the isomorphism given in equation (6.1), we can
identify Locg(Q,, D,,,) with H'(K,, Dy 1)) Consequently, the Zp[[F]]-
module Locg(Q,, D,,,)" is free of rank two.

Proof. Under the isomorphism

~
Dp4,2 = DE,K,,”(}‘ ® DE Kq]Kcyc

we can identify Fil, D, , with Dy -1, 1. As a result, under the isomorphism given

in equation (6.1), we can identify Locg(Q,, D,,,) with

LOCGr (Qp s gy 7

~ H'(K,, D D) @ ker(H'(Kq, Dy o1,0) = H'(Ig, Dy 1)

EK' ]KC

Here, I, denotes the inertia group inside Gal(@ ,/Kq). The inflation-restriction
exact sequence gives us the following isomorphism of Zp[[F ]]-modules:

Hl(GKq/Iq, HO(qu DE.Kp Ky(l:))
= ker(H'(Kq, Dy 1)) = H'(Ig, Dy o1,0))-

Note that we have the following isomorphism of Zp[[f ]]-modules:

0 0 00
H(Iy, Dy ,.) = €D HUa, EIp™)).
Qlq

Here, the direct sum is taken over all primes £ of K ~ lying above the prime q of
K. The groups I and Gy denote the inertia and decomposition subgroups of
inside Gal(Q,/K,). By Lemma 7.5, we have

H'(Ia, E[p*]) =0, V¥Q|q.
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These observations now give us following isomorphism of Zp[[f ]]-modules:
LOCGT(QP’ Dﬂ4.z) = Hl(Kp’ DE,K;IKC;&)-

The last part of the corollary follows from Corollary 7.2. O

PROPOSITION 7.7. Let o,0 € {+, —}. The Pontryagin duals of the Z,,[[F]]-
modules

LOC+o (Qp ) Dp4_2) + LOC,O (Qp 5 Dp412) LOC.+ (@p ) Dp4>2) + LOC.* (Qp ’ D,a4<2)
Loc..(Q,, Dy, ,) ’ Loc..(Q,, D,,)

(7.1)
are free of rank one.

Loce+ (st Dp4v2 )+Loce— (Qp s Dp4'2)
Loceo(Qp,Dpy 5)

Proof. We will show the result for
Loc1o(Qp,Dp, 5)+Loco(Qp, Dy, )
Loces(Qp. Dy, 5)

Let Q be any prime of K - lying above p and write x4 for the Kummer map as
before. Note that the p-power torsion points on the elliptic curve coincides with
the p-power torsion points on the formal group E.

By Proposition 4.3 in the work of Coates and Greenberg [9] (see also Section 2
of Rubin’s work [47]), we have

. The proof for

is similar.

%a(E((K)a) ® Q,/Z,) = H' (Kx)a, E[p™)).
A result of Kim [26, Proposition 2.6] says that
ET((Ko)a) + E-(Kx)a) = E(Kx)a). (7.2)
Recall from §6.1 that we have injections

E*(K)a) ® Q,/Z, — E(Kw)a) ® Q,/Z,.

This fact along with equation (7.2) now implies the following:

PET(K)a) ® Qy/Z,) + EDE (Kx)a) @ Q)/Z,)

Qlq Qlq

= PE(K2)a) ®Q,/Z,)

Qlq
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112

P H'(Kx)a, ELp™D),

Qlq

= H'(K,, D (7.3)

-1 1),
E.ky Kcyc)

H'(Kq.D, -1,-1)

Kp Keye

Therefore, the quotient appearing in (7.1) is isomorphic to Ba R 0)00, /2,

Consider the short exact sequence

\4

Hl (KCI’ DE K’IKT].)
S — H'(Kq, Dp=1,-1)"
D E(Kx)a) ®Q,/Z, e
Qlq
— PE(K)a) ®Q,/Z,)" — 0.
Qlq

By Proposition 7.3, the Zp[[f]]-module @qu(E°((kvoo)g) ® Q,/Z,)" is free
of rank one. By Corollary 7.2, the ZP[[f]]—module H' (Kq, DE,K;‘KC;Q)V is free of
rank two. The proposition now follows. O

COROLLARY 7.8. Let {1, I} be any one of the following unordered pairs
e N e R b N CEES)
{++7Gr}a {+_1Gr}7 {_+9 Gr}s {__7 Gr}
Then, the Zp[[F]]—module (Loci(Q,, D,,,) + Locy(Q,, D,,,))" is free of rank

three.

Proof. We will prove the corollary when {I, II} equals {+4, +—} and when {I, II}
equals {+—, Gr}. The remaining cases of the corollary would follow similarly.
If {I, IT} equals {++, +—}, then

Loc,+(Q,, D,,,) + Loc,_(Q,, D,,,)

= PET(K)p) ®Q,/Z,) & H'(Kq, Dy 1,1)- (7.4)
PBlp

If {I, IT} equals {+—, Gr}, then
LOC+— (Qpa Dp“) + LOCGr(@pa Dp“)

= H'(Ky, Dy 1,01 & EPET(Ka)a) ® Q,/Z)). (1.5)
Alq

By Corollary 7.2 and Proposition 7.3, the Pontryagin duals of the ZI,[[f 11-
modules appearing in equations (7.4) and (7.5) are free of rank three. ]
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PROPOSITION 7.9. Let {I, II} be one of the pairs appearing in the statement of
Corollary 7.8. Then, the Pontryagin duals of

Loci(Qy, Dp,,) Loci(Q,, Dp,,)
LOCI (Q[ﬁ Dpdﬁ) m LOCH (@pv Dpdyn) ' LOCI (Qp’ Dpdyn) m LOCII(Q}? ) Dpdyn)

are free Zp[[F 1]-modules of rank one.

Proof. We only consider the cases when {I, II} equals {Gr, +—} and {++, +—}.
The remaining cases follow similarly.
The identifications in Figure 1 let us conclude that

Locai(Qy, Dy,,) NLoc, (Q,, Dy,,) = ET(Ka)p) @ Q,/Z,).
Blp

Consequently,

Loca(Q,, Dy,,) ~ H'((Kso)sys, E[p®])

Locar(@p, Dpy) NLoe(Qps Dpi) 57 (EH(Koo)y) ® Qp/Zy)|

The Pontryagin dual of this Zp[[I: ]]-module is free of rank one.
By Proposition 7.3, the Pontryagin dual of the quotient

L0C+7 (Qp’ DP4,2)
LOCGr(Qpa Dm,z) N L0C+7 (Q;n Dp412)

-~ @ Loc_((Kx)a, E[p™])

Alq

is free of rank one over Zp[[ﬁ]].
The case when {1, II} equals {++, +—} follows from Proposition 7.7 and the
isomorphisms

Loc, . (va D,,,)
Loc,,(Q,, D,,,) NLoc,_(Q,, D,,,)
~ Loc,,(Q,, D,,,) +Loc,_(Q,, D,,,)
- Loc; (Q,, D,,,) ’
Loc,_(Q,, D,,,)
Loc,(Q,, D,,,) NLoc,_(Q,, D,,,)
~ Loc, 4 (Q,, D,,,) +Loc,_ Q,. D,,,)

L0C++ (Qp ’ Dp4'2)
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7.2. Description of the modules Z(Q, D,,,) and Z%(Q, DﬁI,z)' We will
only describe the modules Z(Q, D,,,) and Z*(Q, D,;,) when {I,IT} equals
{Gr, +—} and {4++, +—}. The remaining cases follow similarly. Throughout the
description, we will keep in mind the identifications provided by the inclusions
and isomorphisms in Figure 1.

Recall that the module Z(Q, D,,,) was defined to be the Pontryagin dual of

D Hl(@l,Dm,z)).

leX\{p}

P42

H'(@Qp. Dp, )
X
LOCI(Qpa Dp4_2) m LOCH(Q}% Dp4y2)

ker<H1 Gy, DP4,2) —

To describe Z(Q, D
in Figure 1.
When {1, II} equals {Gr, +—1},

Loci(Q,. D,,,) (| Locn(Q,. Dy,,) = EPET (Koo)p) ® Q,/Z,) €D 0.
Blp

), it suffices to identify Loc;(Q,, D,,,) () Locu(Q,, D,,,)

P42

PROPOSITION 7.10. When {1, I} equals {++, +—},
LOCI(QP’ D/M,z) m LOCH(QP’ Dﬂ4.2)
= PET(K)p) ®Q,/Z,) EDEK (¥)z,0) @ Q,/Z,).

PBlp Qlq

Here, K (p™)z,.q is the unique unramified Z,-extension of K,. Note that we
have the following inclusions:

Ky CK(p®)z,0 C(Ko)a-
Proof. Fix aprime £ in K ~ above q. First note that there is a short exact sequence

0— E(K(p®)z,.0) = ET(Ko)a) ® E*(Kx)a) = E((Kx)a) — 0.
(7.6)

The first map is given by the diagonal map (obtained from the natural inclusions)
and the second map is defined by (a, b) — a—b. The exactness at the middle term
is given by an argument similar to the one in the proof of [27, Proposition 8.12(ii)].
The exactness at the last term is given in equation (7.2). Now, consider the
following commutative diagram.

0 ——— E(K(p™)z,.0) —————— E*(K)a) ® E~(Kx)g) —————— E((Rx)g) ————0

| | |

0 —— E(K(p®)z,.0) ®Q, ——> (E*(Kx)2) ® E~(Kx)2)) ® Q, ——> E((Kx)a) ®Q, ———> 0

https://doi.org/10.1017/fms.2019.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.17

A. Lei and B. Palvannan 54

Using equation (7.6), one can conclude that both the rows are exact. All vertical

maps turn out to be injective. This is because the kernel of each of the vertical
maps is a subgroup of E ((EOO)Q)[ p™], which equals zero by Proposition 7.1.
The snake lemma then gives the following short exact sequence:

0— E(K(p™)z,.0) ® Q,/Z, — (E*(Kx)2) ® E~(Kx)a)) ® Q,/Z,
— E((Kx)a) ® Q,/Z, — 0.

This lets us deduce the following equality in E (Kx)a) ®Q,/Z,:

(E*((Ko)a) ® Q,/Z,) N (E~(Ka)a) ® Q,/Z,) = E(K (p™)z,.9) ® Q,/Z,.
The proposition follows. O

To describe Z*(Q, D,; ), we will need to consider the following isomorphism
of Z p[[f]]—modules induced by the Weil pairing:

Ty, = Indg2T,(E) ®z, Z,[LI (k). a7

Let ¢ : Z [[F]] — 7 [[F]] denote the involution defined by sending every
element y of I to y‘l If MisaZ [[F]] -module, then we let M* denote the
Z [[F]] module which is equal to M as a set (and as a Z,-module) and on which
y € I acts as t(y). The isomorphism in equation (7.7), in turn, lets us deduce that
the discrete Z,,[[I:]]-module H'(Q,, D,]sz) is isomorphic to H'(Q,, D,,,)". For
the rest of this section, using this isomorphism induced by the Weil pairing, we
will identify H'(Q,, D, ) with H "(@Q,, D,,,)". We have the following pairing

given by local duality:
HYQ,. T,,) x H'(@Q,. Dy ) — Q,/Z,. (7.8)
—
=H'(Qp.Dp, »)

The Zp[[f]]—module ZW(Q, D) is defined in equation (3.23) as the
Pontryagin dual of

H (va p
ker| H'(Gs, D, ) — i) @ H'(Q, D ))
( x P42 LOC] II(QP’ Dp42) Igé.\%p / Pia

where Loc; 1(Q,, D,,)CH '(@Q,, D,: ), is the orthogonal complement of

*
%)

((LOCI(QP’ D,04,2) + LOCH(QIH D,04,z))v)>k
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under the pairing given in equation (7.8). We will also keep in mind all the
identifications in Figure 1.
If {I, IT} equals {+—, Gr}, then

LOC+— (Q[) ) Dp4(2) + LOCGr (Q[) ) Dp4vz)

= H'(Ky, Dy 1,.) © EPE™((Ka)a) ® Q,/Z)),
Qlq
= Loc u(Q,, D)

Blp Qlq
If {I, IT} equals {++, +—}, then
LOC++(QP7 Dp4,2) + L0C+7 (@pa Dp4,z)
= @(E+((Eoo)‘l3) ® Q[}/Zp) @ Hl(va DE,K;]Kc}i)’
Blp

= Locin(Q,, Dy;,) = (@ E*((Ko)y) ® @p/zp) o Po.
PBlp Qlq
(7.10)

Equations (7.9) and (7.10) follow from Proposition 7.11. Note that we have the
following perfect pairings:

HM\(K,, Tez1) x H'(K,, Dgz-1)' — Q,/Z, (7.11)
H)(K,, Tgz1)" x H (K, Dpz-1) — Q,/Z,. (7.12)

PROPOSITION 7.11. Lete,o € {+, —}.

e Under the pairing given in (7.11), (@‘B\p E‘((Em)m) ® Q,/Z,)" equals the
orthogonal complement of (@mp(E.((Eoo)‘ﬁ) ®Q,/Z,)")".

o Under the pairing for the field K, similar to the one given in equation
(7.11), (@qu E°((Kw)a) ® Q,/Z,) equals the orthogonal complement of

(B (E°(Ks)a) ® Q,/Z,)")".

Here, Tz 71 = (T,(E) ®z, Z,[[I'1I&® ")) and Dy -1 = Tpz1 @, 17y Zo[T11".

Proof. We will show that (@‘mp E+((I?oo)q3) ®Q,/Z,)", under the pairing given
in (7.11), equals the orthogonal complement of (@wp(Eﬂ(Koo)qg ®Q,/Z,)")*.
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The rest of the proposition would follow similarly. Let
Hy C Hy(Ky, Teg), Hy C Hy(Ky, Tpi1)'s

respectively denote the orthogonal complements of

(EB E*(Koo)p) ® Q,,/Z,,) . PE((Koy) ®Q,/2,

Blp Blp

under the pairings given in equation (7.11) and equation (7.12) respectively. We
will keep the following isomorphisms in mind:

~

' =limT,,
H

wa Py

Here, m varies over all the positive integers and I, varies over all finite quotients
of I'. By abuse of notation, we let ¢ : Z” [F ] — nZ,% [I] also denote the
Z,-linear involution obtained by sending every element y € F toy L.

To identify (@m\p(E+((Koo)m) ®Q,/Z,)")* inside H:(K, Trz-1), it will be

helpful to expand on the isomorphism
HomA(Hclt(va TE,Efl)g A) g H(;][(Kp7 TE.?*‘),

which we obtain by combining equations (3.22) and (7.12), using the commutative
diagram below.

I

HomA(Hgl (Ko-Tpz1) - A) H (Ky Ty

i ‘ Zp = . z ~
limHom g, (H'(Ky. Ty @n o (1)) L o ITN) — tim B (K Ty 1 00 5k (1))
mya P Zp ma
Frobenis = I
= Z = . Z =
limHom 7, (H (K Tpz1 ®n ,,,7 [T, H), ;p) — limH! (K,),TETI N ﬁmn)
’ﬂ.ﬂ/ mzfl m,x
Figure 2.

For a more explicit description of this identification, see works of Perrin-
Riou [43, Section 3.6.1] along with Loeffler and Zerbes [33, Definition 2.3].
The isomorphism in the second row of Figure 2, in turn, relies on the

isomorphism
[[ a]])

7 -
Hy(Ky, Teg1) ®4 ——I[1,11 = H (KP,TEK 1 ®4
P, p"L
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where Hypothesis Loc,(0) comes into play. The isomorphism in the last row of
Figure 2 is given by local duality as indicated in the commutative diagram below.

Z, = ) Z, o Z,
H (Ko Tezr 08 2 (001 < HY (Ko Tezs 00 522 (R ———— 5%

Weil | ~ ~
pairing | = =

7, = Z, = U
H' (K, Hom, (Tez @a 7o [T llpt )| ' (Kos Tez @ 725 [T11) = B2 (Koot
Figure 3.

To prove the proposition, we need to show that under the identification given in
Figure 2, we have

H, = (@(E+((Eoo)q3) ® QP/Z,,)V> : (7.13)
Blp

Observe that we have a short exact sequence of A-modules:

0— H{ = Hy(Ky. Tez)' > EPE (Ko)g) ® Q,/Z,)" — 0.
Blp

This allows us to describe (®m|p(E+((Eoo)‘13) ® Q,/Z,)")* as the following:
{¢ € Hom, (Hclt(Kp, Tgz1)', A) such that ¢(x) = O forall x in H,}. (7.14)

For every element y € H!(K p» Tez1), let ¢, denote the element in
Hom(H)(Ky, Tez-1)', A) corresponding to isomorphism in Figure 2.
Disregarding the involution ¢, the pairing in the first row of Figure 3 is skew-
symmetric since, as indicated by the pairing in the second row of Figure 3, it is
induced by the cup-product on the first Galois cohomology groups. Note however
that if x, y are two elements in H}(K,, Trz1), then in general ¢,(x") need not
equal —¢,(y*). That is, the pairing Hclt(Kp, Tg 1)t X Hclt(Kp, Tez1) = A,
described using the identification in Figure 2, need not be skew-symmetric
(disregarding the involution ¢). This lets us conclude that if y € H,, then ¢, (x*)
equals zero for all x* in H{. As a result, using the description in equation (7.14),
we have the following inclusion of A-modules inside H (K o Teg-1):

H, — (@(E*((Eww ® @p/ZP)V) : (7.15)
PBlp
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The A-modules H, and (@m|p(E+((Eoo)‘B) ®Q,/Z,)")* are free of rank one
and are direct summands of the A-module Hclt(Kp, Tgz-1). As a result, the
inclusion in equation (7.15) must be an equality. This lets us assert the validity
of equation (7.13). The Proposition follows. (|

REMARK 7.12. The following table summarizes our discussion for the local
Selmer conditions at p for Z(Q, D,,,) and Z*(Q, D, ) associated to the pairs
{+—, Gr} and {++, +—}.

04,2

Table 1. Summary of local Selmer conditions at p.

{+—, Gr} {(++, +-)
Cond.atp Cond.atq Cond. atp Cond. at q
Z(Q, Dy,,) Plus Empty Plus See Proposition 7.10
Z9(Q, D) Empty Minus Plus Empty

The discussion of the local Selmer conditions at p for the remaining pairs
is very similar. For the pairs {++, Gr}, {+—, Gr}, {—+, Gr}, {——, Gr}, the
description of the module Z®(Q, Dpz,z) associated to the Tate dual pj, is
analogous to the description of Z(Q, D,,,) associated to p,, and matches
the description given in equation (3.1). For the remaining pairs however, the
description of the module Z®(Q, D, ) for pj, does not match the description
as given in equation (3.1).

7.3. Local fudge factors at primes I # p when p > 5. Throughout
Section 7.3, we will assume that p > 5 and that/ # p is a prime number. Consider

the Galois representation pg z-1 : Gx — GLz(Zp[[I: 11) given by the action of G ¢
on the free rank two Z,[[I"]]-module Ty z-1 := (T,(E) ®z, Zp[[F]](E_l)). The
discrete Z,[[I"]]-module associated to pg -1 is Dg g1 := Tg 71 ®ZI7”,:”Z,,[[F]]V.
We have the following isomorphism of Galois representations over Z p[[F]]:

pa2 = Indg (ppz-1).

Let/ # p be a prime number. If the prime number / splits into two primes 7, and
1, in K, then we have the following isomorphism of discrete Z ,[[/"]]-modules:

H(Qy, D,,,) = H(K,,, Dgz-1) ® H (K,,, Dpz-1).

If there exists a unique prime 7 in K lying above /, then we have the following
isomorphism of Z,[[I"]]-modules:

HO(le D,O4,z) = HO(Knv DE,?")-

https://doi.org/10.1017/fms.2019.17 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2019.17

Codimension two cycles in Iwasawa theory 59

Here, K, denotes the completion of the imaginary quadratic field K at the prime
n. Comblmng these observations, we have the following equality in Zz(Zp[[F 1D:

Y a(H @, D) ex) = Y Y ca((H(K,, Dez1)Den). (7.16)

leX\{p} leX\{p} nllK
7 in

The calculation of the invariant c,((H°(K 2» Dez-1)")pn) depends on the
reduction type of the elliptic curve E at the prime 7 in K. See Propositions 7.13,
7.14,7.15 and 7.16.

Let K" denote the maximal unramified extension of K. Let I, ,, denote the

corresponding inertia group Gal(Q,;/ K ,) - The Galois group Gal(K}"/K), which
is isomorphic to Z, is topologically generated by the Frobenius element Frob,. We
make the following observations:

(7i) The restriction of the character k to the inertia group I, ,, is trivial.

(7ii) Slnce the prime 7 does not split completely in the cyclotomic Z,-extension
K./K, the image of the character & lies inside Z p[[F 1] but not inside Z,,.

(7iii) The residual representation, associated to the character
K:Gg —» I < GLy{(Z,I[T]),
is trivial.

(7iv) Let x, : Gal(@,/K,,) — Z; denote the p-adic cyclotomic character

given by the action of Gal(Q,/K ) on (. The restriction of the p-adic
cyclotomic character x, to the inertia group 1, , is trivial.

7.3.1. E has good reduction at 1.

PROPOSITION 7.13. Suppose the elliptic curve E has good reduction at the prime
n. Then,

szp[[F]]HO(Gal(@l/Kn), Dgg1)’
Consequently, we have

(H(Gal(Q,/K,), Dez-1)")pn. =0

Proof. Since n is a prime not lying above p and since the elliptic curve E has good
reduction at the prime 1, we can conclude that the action of the inertia group 1, ,,
on Dg -1 is trivial. As a result, we have

H(Gal(Q/K,), Dgz1) = H*(Gal(K\" /K,), Dg ).
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The eigenvalues of Frob,, say a and b, on the p-adic Tate module 7,(E) are
distinct (see Theorem 4.1 in Coleman and Edixhoven’s work [11]). Hence, the
action of Frob, on the free Zp[[F]]—module (Dg 1) is semisimple. Let O
denote the ring of integers in a finite extension of @, containing the eigenvalues
a and b. This lets us deduce the following isomorphisms of O [[F]]—modules:

H’(Gal(K," /K,), Dpz1)" ®z, O

a~ 'k (Frob,) — 1 0
b~'¥ (Frob,) — 1

12

coker | O[T Ol P

:< orrn >@( ol >
~ \(a~'%(Frob,) — 1) (b='% (Frob,) — 1) )’

As a result, we have

pdoyryH"(Gal(K"/K,), Dez-1)" ®z, 0 < L.

These observations, along with [63, Corollary 3.2.10] and the fact that the
extension Z, — O is faithfully flat, let us deduce that

pdy, 7 H*(Gal(@/K,), Dez-)" < 1
and the proposition follows. 0

7.3.2. E has additive reduction at 1.

PROPOSITION 7.14. Suppose the elliptic curve E has additive reduction at the
prime 1. Then, we have

H"(Gal(Q/K,), Dgz1)" =0.
Proof. Let m denote the maximal ideal of Z,,[[f]]. Note that we have the
following isomorphism of F,,[Gal(@l /Ky)]-modules (see Observation (7iii)):
Dgz-1[m] = E[p].

We now claim that the trivial character is not a component of E[p]**, the
semisimplification of the IF,[/, ., ]-representation E[p]. As a result, we would
have

H°(I,,., E[pI"*) =0. (7.17)
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The proposition would follow from this claim (see Corollary 3.1.1 in Greenberg’s
work [16]). We consider two cases.

Case 1: E has potentially good reduction at n. The action of I, ,, factors through
a nontrivial finite group A, such that the only prime factors dividing A are in the
set {2, 3}. When [ # 3, then the elliptic curve E attains good reduction over the
field K, (E[3]). See Proposition 10.3(b) in Ch. 10 of Silverman’s book [53]. Note
that |Gal(K,(E[3])/K,)| divides |GL,(IF5)| (which equals 48). When / = 3, then
E attains good reduction over the fields K, (E[5]) and K, (E[7]). The ramification
degrees of the field extensions K, (E[5])/K, and K, (E[7])/K, are equal and
hence must divide |Gal(K,(E[5])/K,)| (which divides |GL,(Fs)| = 2° %3 % 5)
and |Gal(K,(E[7])/K,)| (which divides |GL,(F;)| =2%%3%%7). See [52,
Problem 7.9(a)].

Choose an element ¢ in A that acts nontrivially on 7,(E). The action of ¢ on
T,(E)is viaa 2 x 2 matrix, say B, with values in Z,. Since det(5) must equal 1
(see Observation (7iv)), the two eigenvalues of B are of the form b and b~!. Both
eigenvalues must be nontrivial roots of unity in @p, of order prime to p (since
p >5). Asaresult, we have b % 1 mod p and b~' # 1 mod p. Let B denote
the 2 x 2 matrix with values in IF, which gives us the action of ¢ on E[p]. Our

observations let us conclude that the eigenvalues of B, which are b and E_l, are
both not equal to one. This lets us establish the validity of equation (7.17) in this
case.

Case 2: E has potentially split multiplicative reduction at n. In this case, we
have the following short exact sequence of Z,-modules, that is Gal(Q,/K,)-
equivariant:

0— Z,(xpx) = To(E) = Zy(x) — 0.

Here, yx is a quadratic ramified character of Gal(Q,/K »). As aresult, we have the
following isomorphism of F,[7,, ,,]-modules:

E[pl* =F,(0) @F,(x).

Since the restriction of x to the inertia group I, , is a nontrivial quadratic
character, equation (7.17) follows in this case too. O

7.3.3.  E has nonsplit multiplicative reduction at n.

PROPOSITION 7.15. Suppose the elliptic curve E has nonsplit multiplicative
reduction at the prime 1. Then, we have

dep[[f]]HO(Gal(@,/K,]), Dpz1)" < 1.
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Consequently, we have
(H°(Gal(@/K,), Dz Jen. = 0.

Proof. Since E has nonsplit multiplicative reduction at n, we have the following
short exact sequence of Z,-modules that is Gal(Q,/K,)-equivariant:

0— Zp(xpx) = Tp(E) = Zp(x) — 0.

Here, x is an unramified quadratic character. If we take the tensor product
®z, L, I” 11V(k~!), we obtain the following short exact sequence of ZylI']]-

modules, that is Gal (@z /K,)-equivariant:

0= Z[[F (X% ™) = Digr = ZITN' (R = 0. (7.18)
The residual representation associated to the character k! coincides with the
nontrivial quadratic character x. As a result, H O(Gal(@, /Ky, Zp[[ﬁ]]v( X&)
equals 0. Also note that the restriction of the character x, xk ' to the inertia group
I, . is trivial. Combining these observations and considering the Gal(@, /K-
invariants of the modules given in the short exact sequence (7.18) let us deduce
the following isomorphism of Zp[[ﬁ ]]-modules:

H°(Gal(Q,/K,), Dez1) = HYGal(Q,/K,), Z,IT11" (xpx®),
= H(Gal(K, . /K,), ZIT1Y (xpx®1).
As a result, we have

Z,II'N
(xpx&~'(Frob,) — 1)’

The proposition follows. 0

H’(Gal(@/K,), Dez1)" =

7.3.4. E has split multiplicative reduction at n.

PROPOSITION 7.16. Suppose the elliptic curve E has split multiplicative
reduction at the prime 1.

. v~ LN Z,[LI]]
H°(Gal(Q,/K,), Dpz-1)" = ()(,,/?“(Frobn) ~ (ord,,” @i, F‘I(Frobn) 1

Consequently,

7,
(ordy, (qg.,), K~'(Frob,) — 1)

(H°(Gal(Q,/K,), Dez-1)")pn =
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REMARK 7.17. Before proving Proposition 7.16, we make the following
observations:

e If K, /Q, is an unramified quadratic extension, then x,(Frob,) = (. Otherwise,
xp(Frob,) = L.

e p does not divide the element ' (Frob,) — 1.

e Proposition 7.16 lets us conclude that if the elliptic curve E has split
multiplicative reduction at 5, then c,((H°(Gal(Q;/K,), Dgz-1)")pn) is
nontrivial if and only if p divides ord,, (¢£.,)-

Proof of Proposition 7.16. Since E has split multiplicative reduction at n, there
exists an element gz, € K, (usually called the Tate parameter) that gives us

the following isomorphism E (Q,) = @ZX /qk.,- We have the following short exact
sequence of Z,-modules that is Gal(Q,/K,)-equivariant:

0— Zy(xp) > Ty(E) — Z, — 0. (7.19)

The action of Gal(Q,/K,) on T,(E) factors through Gal(K," (ql/p )/K,), which
fits into the following short exact sequence:

1 — Gal(K (q//"")/K!") — Gal(K" (q;/")/K,) — Gal(K!" /K,) — 1.

\—,_/
=7, =7

Let ¢, denote a topological generator of Gal(K ur (ql/ Py/K 2 ) The action of 7,

on T,(E) can be described by a 2 x 2 matrix [1 “‘l’] with values in Z,, where a,,
is an element in Z, satisfying

a;, = ord,, (qe ,)u for some element u € Z;.

One can choose a lift Frob of Frob, in Gal(K ur (ql/ Pt )/K,) so that the action of
Frob,7 on T,(E) is given by the 2 x 2 matrix [X”(Fmb”) O]

The actions of 7, and Frob on Dy 71 are given by the following 2 x 2 matrices
with values in ZI,[[F]]

la, ~ X,k ' (Frob,) 0
t, — |:0 1/j|, Frob, — |: 0 %1 (Frob,) |-
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Combining all the observations stated above, we have the following isomorphism
of Z,[[1"]]-modules:

Z,II11] Z,II

0 Vo~
H(Gal(@/K,). Dez-1) = (x,K~'(Frob,) — 1) = (ord,, (qg,), K~ (Frob,) — 1)’

This completes the proof of the Proposition. O

8. Numerical evidence towards the validity of Assumption GCD

In this section, we wish to provide some evidence towards the existence of
elliptic curves E with supersingular reduction at an odd prime p such that the
following two conditions hold:

(81) Assumption GCD holds for the pair {65, 6,7 }. That is, the elements 6,5,
0;’ , have no common irreducible factor in the UFD Z,[[I"]].

(8ii) In Z*(Z,[[I"]]). we have co((Z,[[I11)/((6;5 . 637)) # 0.

Let Ex denote the elliptic curve corresponding to the quadratic twist of E by the
quadratic character ex : Gal(Q/Q) — Gal(K/Q) — {%1}. Since p splits in the
imaginary quadratic field K, the elliptic curve Eg also has good supersingular
reduction at p with a,(Ex) = 0. In all the examples we consider, we also indicate
how to unconditionally verify Conjecture 1.4.

8.1. Kobayashi’s + Selmer groups and Pollack’s p-adic L-function. We
will recall the description of the p-adic L-functions @7 and the Selmer groups
Sel*(Q, D,, ) associated to the elliptic curve E. The p-adic L-functions Oi
and the Selmer groups Sel*(Q, D, ()) associated to the elliptic curve Ex are
defined similarly.

Let oy : G — GLy(Zp[[1%]]) denote the Galois representation given by the
action of G 5 on the following free Z,[[]¢y.]]-module of rank two:

Ty, = Ty(E) ®z, L[ Teyell(kiye)-
We will also need to consider the following discrete Z,[[I¢y.]]-module:
Dﬁz,l = sz.l ®Zp[[1"cyc]] Homcom(Zp[[[::yc]]’ Qp/Zp)

We will recall Kobayashi’s construction of £ Selmer groups over the
cyclotomic Z,-extension of QQ in [27]. We have the following local conditions
at p:
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ET(@Qp(up))

= {P € EQ,(14p") : Trypmi1 P € E(@, (1)), forodd m < n;
E~(Q,(1p))

={P e E((@p(upn)) :Trymp P € E(Qp(up,n)), for even m < n}.

Here, Tr,/m41 : E(QP(MP,,)) — E(QP(Mp,n+1)) denotes the trace map. We set

’

)Gala@p (12 /Qp.cye)

Ei(@p,cyc) = (U Ei(@p(ﬂp”))

n>1

and Loc:(Q,, D,,,) C H '@,, D,, ) is defined to be the image of the group
E*(Qpcc) ® Q,/Z, under the Kummer map. The + Selmer groups are then
given by

Sel*(Q, D,,,)

H'(Q,, D,,,)
_ 1 ) 2,1 1
= ker(H (Gs,D,,,) — —Loci(Qp, D,.) @ @ H(Qy, DP2,1)>'

leX\{p}

The Pontryagin duals of the & Selmer groups are torsion modules over the ring
Z,[[Ieycll. See [27, Theorem 1.2].

REMARK 8.1. Our choice of signs + and — is opposite to the one used by
Kobayashi [27]. The Selmer group that we have denoted by Sel™ (Q, D,,,) (and
Sel™ (Q, D,, ) respectively) corresponds to Kobayashi’s Selmer group in [27]
with the minus sign (and plus sign respectively).

An important point to note is that since p splits in K, the Gal (@p /Q,)-modules

Resg(D,m), D,,, and D,, () are isomorphic. This allows us to make the
following identifications:

H'(Q,,Resg(D,, ) = H'(Q,. D,,) £ H'(Q,, Dy ). (8.1)

Let o, 0 € {4, —}. Since the local Selmer conditions at p only depend on the
isomorphism class of the elliptic curve over Q,, under the identification given in
equation (8.1), we have the following identifications:

Loc.(Q,, Res(D,, ) = Loc.(Q,, D,,,) = Loc.(Q,, Dy (cx))>
Loc,(Q,, Resg(D,,,)) = Loc,(Q,, D,,,) = Loco(Q,, Dy, (cx)-

1 \4 1 \
The Z,[[yc]]-modules (M> and (M> are both free of

Loce(Qp.Dp, ;) Loco(Qp.Dp, (k)
rank one by [27, Theorem 6.2]. Let us choose generators b* and b° respectively
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for these free modules inside H'(Q,,, D,,,)" (and thus, we have also chosen these
generators inside H'(Q,, D,, ,))"). We also have the short exact sequences of
Zp[[Ieye]l-modules:

Hl D3 D M res
— (M) = H'(Gz.D,,)" — Sel(Q, D,, )" — 0,
Loc,(Q,, D,,,) '

8.2)

0 < Hl(@pa Dpz,l(ﬂ())
LOCO(Q‘D’ Dpz,l(fk))
—> Selo(Q, Dpzﬁ[(f[{))v - 0

v
restgy 1
) H (GE’ DPZ,I(EK))V g

As mentioned above, the Pontryagin duals of the Selmer groups appearing
in equation (8.2) are torsion [27, Theorem 1.2]. Consequently, the Z,[[I¢y.]]-
modules H'(Gx, D,,,)" and H'(Gx, D,, ))" must have rank one. We can
thus identify their reflexive hulls with the ring Z,[[I.]]. Moreover, the elements
restz(b*) and restg, (b°) must be torsion-free over Z,[[I.]]. This in turn allows
us to identify restg (b*) and restg, (b°) with elements of the ring Z,[[ Iy ]]. Let us
denote these elements by rest, (b*) and restg, (b°) respectively. One may similarly
define restg(b°) and @gtEK (b*). Let us also fix two elements cg and cg, in
Z,[[1eyc]] such that

Div(cg) = DiV(HJDO(G);, D,, ) and Div(cg,) = Div(H)]:O(GE, Dy, ex)or)-
Let us define the following elements in Z,[[ 1y ]]:

Uy = restz (b*) X ¢k, Uy = restg (b°) X ¢k,
Vg, = reste, (b*) X cge, Vg, 1= restg, (b°) X cgy.

(8.3)

Combining these observations and using the structure theorem for modules
over principal ideal domains (PIDs), we have the following equality of divisors in

Lp[[Teyell:

Div(#;) = Div(Sel*(Q, D,,,)"), Div(d#;) = Div(Sel’(Q, D,, )"),
Div(#;, ) = Div(Sel*(Q, D), (ex))"), Div(¥z,) = Div(Sel’(Q, D,, () *)-

H'(@Qp.Dyy )
Loce(Qp.Dp, 1)
restg (b*) and f€§tEK (b*) by the same unit in the ring Z,[[/¢y]]. One obtains a
similar conclusion by replacing e with o. By choosing a different identification
of the reflexive hull of H!(Gyx, D,, )" with the ring Z,[[I.]], one modifies
restz(b*) and restz(b°) by the same unit in Z,[[Ily]]. One obtains a similar

REMARK 8.2. Choosing a different generator for < ) changes
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conclusion by replacing E with Ex. We may also modify cg and cg, by units in
Zp[[1y]l. However, for all these different choices, the ideal (9;0; + 950z, )
in Z,[[I%y.]] remains the same.

Kobayashi’s Selmer groups are related to Pollack’s & one-variable p-adic L-
functions defined in [44]. Let L, denote the classical p-adic L-function of Amice
and Vélu [1] and Visik [60], where A is of one the two roots of the Hecke
polynomial X*+ p. We may consider L, as a power series in Q,(v/=p)[[y — 11]
(where y is a fixed topological generator of It,) and a Q,(,/—p)-valued
distribution on [Ty interchangeably via Amice’s transform. There exist two
elements OEi € Zp[[1 ]l such that

L, =log; 07 + 1log, 6,
where log[f is the power series defined in Pollack’s work [44] using cyclotomic
polynomials in y. See [12] for a description of the corresponding distributions
under Amice transform.

The p-adic L-functions 9; satisfy the following interpolation properties: let v
be a nontrivial Dirichlet character of conductor p" on Iy, with n odd. Then,

p" y L(E, vy~ ', 1)
oW DTk ®pt () 2

Similarly, if  is a nontrivial Dirichlet character of conductor p" on Iy, with n
even, then

0 () = (=1)"*2 (8.4)

P LE, Yy~ D

9+ = (=1 n/2
(W) = (=D TQ(wfl)Hﬁ;nq)pk@) X 2

8.5)

Here, 7g(y ') denotes the Gauss sum of ¥ ', @« denotes the p*th cyclotomic
polynomial, ¢ denotes v () which is a primitive p"~!-root of unity, the complex
numbers Q§ denote the real (and imaginary) Néron periods associated to the
elliptic curve E.

Note that 65 are uniquely determined by equation (8.4) and equation (8.5)
respectively. As in the two-variable case (cf. Remark 6.3), choosing a different
topological generator of I3y, changes the p-adic L-function by a factor u, for
some unit # in the ring Z,[[Iy]].

We will consider the following Iwasawa main conjecture formulated by
Kobayashi [27]:

CONIJECTURE 8.3. Let o, 0 € {£}. We have
Div(93) = Div(6}), Div(#},) = Div(6})
as equalities in Z'(Z,[[Iyc]]).
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8.2. Outline of strategy. We briefly outline our strategy to prove the existence
of elliptic curves verifying (8i) and (8ii). Consider the one-variable p-adic L-
functions 03, 9;{ associated to the elliptic curves E and E respectively and 9,
19251( as defined in equation (8.3). For any e, 0 € {+}, let 9} be an element in
Z,[[T'1] such that Div(933) equals Div(Sel**(Q, D,,,)") in Z'(Z,[[I"1).

Under the natural projection map (which one can view as the ‘cyclotomic
specialization’)

Teye : Lol 1] = Zy[[Teyell,
we prove the following equalities of ideals in Z,[[ Iy ]]:
(ncyc(ﬁz:;)) = (192—02—,()7 (ncyc(ﬁzz_)) = (192—05_,( + ﬁE_ﬁ;,() (86)

Equation (8.6) is proved in Section 8.3. If we assume the validity of
Conjectures 1.3 and 8.3, there exists a unit u in Z,[[I%]] such that we have the
following equalities of ideals in Z,[[1%y]]:

(T OF)) = 010} ),  (Meye(0}5)) = (6505, +ub561 ). (8.7

The table given in Section 8.4 has examples of elliptic curves E, primes p and
imaginary quadratic fields K satisfying the following conditions:

(8a) O isaunitin Z,[[Iy]].
(8b) 9,;( and 6, have no common irreducible factor in the UFD Z,[[ Iy ]].
(8¢) 67 and 6 are not units in Z,[[Iey]].

Suppose, as indicated by condition (8a), that 6, is a unit in Z,[[1ycll. The ratio
of the two values obtained by specializing the p-adic L-functions 6, and 6 at
the trivial character is a p-adic unit (in fact, it is equal to (p — 1)/2). See [27,
Equation (3.6)]. As a result, 6 is also a unit in Z, [[I%yc]]. In this case, 676, and
05 0g, + ub;0; have no common irreducible factor in Z,[[I¢,c]] if and only if
9,}LK and 0, have no common irreducible factor in Z, [[Iy.]].

Note that Assumption GCD holds for the pair {6, 0,7} if 7c(6,5) and
Teye (9: » ) have no common irreducible factor in Z,[[ Iy ]]. Assume the validity of
Conjectures 1.3 and 8.3. Conditions (8a) and (8b), along with equation (8.7), then
let us deduce that Assumption GCD holds for the pair {6,7", 6,7, }. Condition (8c)
lets us deduce that ¢, ((Z,[[T'11)/0;5, ;7)) # 0.

For all the curves given in the table in Section 8.4, it will be possible to
unconditionally verify Conjecture 1.4. When the elliptic curve has complex
multiplication (CM), Pollack and Rubin [45] have proved Conjecture 8.3. If E
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and E are elliptic curves without CM such that the p-adic Galois representation
o : Gg = GLy(Z,), given by the action of Gg on the corresponding p-adic Tate
modules is surjective, Kobayashi [27, Theorem 4.1] has shown that we have the
following inequality of divisors in Z! (Zp[[ Ty ]D):

Div(9;) < Div(6;), Div(¥g,) < Div(6,). (8.8)

If the Galois representations given by the action of G on the p-adic Tate modules
are not known to be surjective, then Kobayashi establishes the inequality (8.8) in
A V/ p[[Ly]1[1/ p]). When the elliptic curve does not have CM, further progress
under certain hypotheses towards Conjecture 8.3 has been made by Wan [62].

We use Sage [59] to numerically establish that the Galois representations given
by the action of Gy on the p-adic Tate modules are surjective; hence in these
examples the inequalities in equation (8.8) hold unconditionally. We can argue
as we did earlier. Using conditions (8a) and (8b) along with equation (8.6), we
can conclude that J'rcyc(z‘}*Jr) and rrcyc(ﬁ4 , ) have no common irreducible factor
in Z,[[Ieye]l. As aresult, 9,5 and 9,7, must have no common irreducible factor
in Z [[F]] and we can thus conclude that the Z [[F]] module IIT'(Q, D
pseudonull (see equations (8.27) and (8.29)).

042

8.3. Projection to the cyclotomic line. Consider the following ring homomor-
phism, induced by the natural surjection I" — [y.:

Teye : Zp[[T1] = Zp[[Teyell.

PROPOSITION 8.4. Let o, o € {x}. Then, we have the following equality of ideals
in Zp[[Teyell:

(ﬂcyc(ﬂrz)) = (191.5192,( + 1910519;1() (89)

As a result, if we assume the validity of Conjectures 1.3 and 8.3, there exists a unit
u in Z,[[ Iy 1l such that we have the following equalities of ideals in Z,[[I'y.]1:

(Teye (05)) = (0707 ),  (Teye(043)) = (067,
(Teye(07)) = (eye (0,5)) = (05605, +ub; 07 ).

Proof. The equality of divisors
Div(9%) = Div(Sel”(Q, D,,,)")
in ZY(Z » [[F 1]) lets us deduce the following equality of divisors in Z'(Z ol ey lD):
Div(mreye (97%)) = Div(Sel**(Q, D,,,)" ®z, 7 Zpl[TeyelD). (8.10)
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We adopt a convention that sets the divisor of a torsion-free module and Div(0) to
equal ‘infinity’.

Equation (8.10) follows by applying [40, Proposition 5.2] to the specialization
map ey : Z,,[[f]] — Z,[[I%y]] of regular local rings. The only hypotheses
from [40, Proposition 5.2] that needs to be verified is that the Z,,[[F]]—module
Sel**(Q, D,,,)" has no nontrivial pseudonull submodules. This follows from
Proposition 4.1.1 in Greenberg’s work [18].

Let X, denote X \ {p}. Following [16], we define

Hy (Gx, D,,,) = ker(Hl(Gg, D, -~ P HQ., Dp“)). (8.11)

veXy

One can define a discrete Z,[[I¢y]]-module Dy, .,,, associated to the Galois
representation .. o 047, similar to the definition of the discrete Z,,[[f]]—
module D,,, , associated to ps,. We may also similarly define Hy, (G s, Dxop,,)
Hy, (Gx, Dp,,) and Hy, (G, D, er)-

Using [16, Proposition 3.4] along with Hypothesis Loc,(0), we have the
following isomorphisms of Z,[[ I ]]-modules:

H'(Gx, Dyyop,,) = H' (G, Dy, [ker(meye) 1. (8.12)
H] (va Dﬂcycom,z) ; Hl (Qp? D,D4,2)[ker(ncyc)]- (8]3)

For ¢ { p, the cyclotomic Z,-extension Q. is the unique Z,-extension
of ;. Consequently, the decomposition group of any prime of K over ¢
in Gal(fOO /Keye) is trivial. This lets us obtain the following isomorphism of
Z [ [T eyc]l-modules:

Hl(@b Dncycop“,z) = HI(QL Dp4,2)[ker(ncyc)]- (814)

Equations (8.12) and (8.14) let us deduce the following isomorphism of
Z,[[Ieyc]]-modules

Hy (G, Dryeop,,) = Hy, (G, D, ) [ker (). (8.15)

The ring map m.. induces the following decomposition of Galois
representations:

Teye © P42 = 2,1 D p2,1(€k). (8.16)

As a manifestation of the isomorphism in (8.16), we have the following
isomorphism of Z,[[ Iy |]-modules:
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H'(Gs, Dryop,) =H' (Gx,D,y,,) ® H' (Gx, Dy, (), (8.17)
HI(QP’ D?Tcycom,z) = Hl(Qw DPZ,]) S HI(QP’ Dpz,l(ek))’
H'(Q1, Dayyoopys) = H'(Qp, D,y ) & H'(Q, Dy o). Y1 € T\ {p}.

These observations, along with equation (8.15), let us deduce the following
isomorphism of Z,[[I.]]-modules:

Hé‘o(GZ's Dp4.2)[ker(ncyc)] ; Hzl‘O(GZ’ Dpzvl) @ HéO(GZ7 D,Oz_](é]())' (818)

The discrete module D can be identified with

TlcycOP4,2
Res2(D,,,) ® 8 ® Res2(D,,,).

Here, § denotes a complex conjugation, which is an element of order 2 in G ». We
can also describe the Galois action on Resg (D,,)) ®® Res% (D, )):

5 (x,8®y) =(y.3®x),
h-(x,3®y) = (hx,5 ® 0hdy)), Vh e Gal(Qx/K).

We canidentify D, () with D,  (ex). It will be helpful to make the isomorphism
in equation (8.16) explicit.
Resg(Dy,,) ® 5 @ Resg(D, ) = Dy @ Dy (8.19)
(x,0) = (x, x),
0.8®y) > (. —y).

Throughout the proof, we will keep the identifications in equation (8.1) in
mind. We now proceed to establish control for the local condition at p. Following
Section 6, the discrete module H'(Q,, D,,,) can be identified with

P H' (K-o)p. E[p™D) & €D H'(K)a. EIp™]).
Blp Qlq

whereas H'(Q,, D ) can be identified with

Tlcyc©P4,2
H'(Q,,Res¥(D,,)) ®3 ® H'(Q,, Res2(D,,,)).
We have natural injections of Z,[[ Iy ]]-modules:
Loc.(Qy, Resg (D,,,)) < (EB Loc, ((Kso)y, E[p“])) [ker(reye)]. (8.20)
Blp

8§ ® Loc,(Q,. Resi (D,,,) < (@ Loc,((Kw)a. E[pWJ))[ker(ncycn.
Qlq
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On the one hand, Proposition 2.11 in Kim’s work [26] lets us deduce that the
Pontryagin duals of the Z,[[I%y.]]-modules

(@ Loca ((Kxo)ss, E[pm]))[ker(ncya],
Blp

(@ Loc, ((Kw)a, E[pw]))[ker(ncyc)],

Qlq

8.21)

are free of rank one. On the other hand, Theorems 2.7 and 2.8 in Kim’s work [26]
let us deduce that the Pontryagin duals of the Z,[[I.]]-modules

Loc.(Q,,Resg(D,,,)), 8 ®Loc,(Q,,Resg(D,,,)),

are also free of rank one. Consequently, the maps in equation (8.20) must be
isomorphisms.
Recall that we have a short exact sequence

1
— ( H (QP’DP4,2)

Y
— =M ) HY(Q,, D,,.,)" — Loc..(Q,, D, )" — 0
LOC.O(QP, Dp{z)) p P42 p P42

of free Zp[[l:]]—modules. Taking the tensor product ®Zp[[f]]%7[fn)
cyc

considering the Pontryagin dual, we obtain the following isomorphism of discrete
Zp[[Ieyc1]-modules:

HI(QP’ Dﬂ4,2)
Loc..(Q,, Dy,,)

and then

Hl (va D,O4,z)[ker(ncyc)]

[ker(ncyc)] = LOC.o(Q[J’ DPAVZ)[ker(ncyc)]‘

(8.22)

We have the following commutative diagram

( Y (@pRes(Dpy ) ]V 3®( #'(QpRes(Dpy ) ]v
Loc.(Qp,Rcsg(Dﬂz'l )) Loce(Qp.Rcs%(Dpll ))

S@H' (QResE (Dyy,)) —— H' (QDpy,) ® H'(QyDipyyie)
|

|
o I I
res restg | resty | TestE,
| |
1 1

v

(Hio (GZ’D”cyCOM.z) [ker(’rCyc)])V = ” Héo (GE’ Dy, )v & H%[) (GE» Dpz,l(ex))

Note that coker(rest o j) is isomorphic to coker(resty o jo). Analysing the maps
on the left side, we have the following isomorphism of Z,[[I.]]-modules:

coker(rest o j) = Sel**(Q, D,,,)" ®z 17y Zpl[Teyell. (8.23)
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Using equation (8.10), we can deduce the following equality of divisors:
Div(coker(rest o j)) = Div(mrey (1;5)). (8.24)
Using the description given in equation (8.19), we have
Job*.0) = (b*.b%).  jo(0.8®b°) = (b°, —b°).

The Z,[[I%y]]-module Image(resty o j;) is generated by the two vectors
(restg (b*), restg, (b*)) and (restg(b°), restg, (b°)). Suppose coker(resty o jj) is
a torsion Z,[[I%y]]-module. Note that Image(resty o j;) must be a torsion-free
Z,[[Iy.]]-module. To see this, it is enough to observe that the domain of rest, o jj
is a free Z,[[I]]-module of rank two, whereas the codomain of the map is a
Z,[[Ieyc]l-module of rank two. By localizing at every height one prime ideal of
the ring Z,[[1%y.]] and using the structure theorem for PIDs, we can conclude that
the divisor Div(coker(resty o jo)) is equal to

o ([t )
+Div(Hy, (G5, Dy, )io) + DiV(Hy, (G5, Dy, () )
Combining the above observation with equation (8.3), we have
Div(coker(resty o jo)) = Div(d; 05 + 9,05 ). (8.25)
Combining equations (8.24) and (8.25), we have the following equality of
divisors in Zp[[1¢yc]]:
Div(7ey(9;5)) = Div(@p o3, + 9p0%, ). (8.26)
If the Z,[[I¢]]-module coker(resty o jy) is not torsion, then the determinant
d [rﬂevStE(b.) sty (0°) ] must equal zero. By (8.23), the Z,[[Iy.]]-module

oSt (b°) —ieStey (b°)

Sel**(Q, Dp4_2)v ®ZP[[F]] Zp[[llyc]]

is also not torsion. Equality in equation (8.26) still holds, where both terms now
equal ‘infinity’. The proposition follows. O

REMARK 8.5. In the equal sign case, since p is odd, Proposition 8.4 lets us
deduce the equality of ideals in Z,[[I%yc]] given by (e, (9;7)) = (9 9f, ) and
(Teye(945)) = (PP, ). By [27, Theorem 1.2], the elements 19,::? and ﬁfK are
nonzero. Thus, the Zp[[F]]—modules Sel™ (Q, D,,,)¥ and Sel ™ (Q, D,,,)" are
torsion. It is possible to deduce the following equality of ideals in Z,[[ I ]]:

(Teye(04)) = (0505,),  (Teye(045)) = O 05,),
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without assuming the validity of Conjectures 1.3 and 8.3. Consider a finite Galois
character  : Gal(K./K) — @; with conductor (p"), for some even positive
integer n. Abusing notation, we also let ¥ : Z,[[Gal(Kcy./K)]] — @p denote
the corresponding ring homomorphism. Recall that we chose y, to be the image
of y, under the ring automorphism Z,,[[F]] — Zp[[f]] induced by complex
conjugation. We have ¥ (y,) = ¥ (y,) whenever v factors through Gal(K./K).
Using equation (6.8), we obtain the following equalities:

P . L(E/K, ¥, 1)

—1 2
SO 2707 (Mo ©)
_ " LE YT DLEG YD
—_ 71 2'

Tk (W ) Q]J‘rE Q;E (H1k§k<n¢pk ({))

even

w(ncyc(ez—;—)) =

We may identify Gal(Ky./K) with Iyc and choose Yeye := (¥p¥4)"/? to be the
topological generator of Ity (it is possible to take a square root, since p is odd).
Then, ¥ (y,) = ¥ (yq) = ¥ (yey) for all characters ¥ on Gal(K,,./K). Observe
that 7 (¥ ~") = 10(¥~")%. On comparing the interpolation formula above with
equation (8.5), we deduce that the following equality in @p:

QF QFf 2,
w(ncyc(ez—;)) = __E;_# fik
, QfE QfE ‘QfE

K

X Y (O:0F, )

Since this holds for infinitely many characters 1, we have the following equality
in Zp[[Teyll:

+
9++ _ ‘QZ‘_ QEK QfEK

+p+
42 ) — ¥ ¥ — X QEQEK
'QfE 'QfEK QfE

7Tcyc(
The ratios £2;/£27 and £2j, /2] = are units in the localization Z,. See
Remark 5.5 in Rob Pollack’s work [44]. The ratio .Q}’EK / .Q;E is also a unit in

the localization Z,,. See Skinner—Zhang’s work [55, Lemma 9.6]). Our claim
now follows.

By considering cyclotomic characters whose conductors are odd powers of p,
we may deduce in the same way the following factorization in Z,[[I.]]:

Q2 Qi gy
— o- T
'QfE ‘QfEK ‘QfE

7TCyC(94_’2_) = X QE_BE_K

REMARK 8.6. In the mixed sign case, Proposition 8.4 lets us deduce the equality
of ideals in Z,[[ Iyc]] given by (7Teye(9,75)) = (Teye(945)) = O 0g, + 19519;;{).
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After the completion of our project, we learnt that in the preprint [7, Proposition
3.5], the authors have explained how to deduce a factorization of p-adic L-
functions in the mixed sign case using rank-two Beilinson—Flach elements. In
general, we are not able to rule out the possibility that ﬂgﬁgK + z‘}E_z‘}LfK could
be zero. If it does equal zero, Proposition 8.4 asserts that ker(mr.y.) belongs to the
support of the Z p[[f]]—modules Sel™ (Q, D,,,)" and Sel " (Q, D,,,)". However
in the examples that we consider in Section 8.4, we can use the arguments given
at the beginning of Section 8 to conclude that ¥ Vg, + 05 ¥ is in fact nonzero.
For these examples, we can conclude that the Z,[[1"]]-modules Sel*~(Q, D,,,)"
and Sel *(Q, D,,,)" are torsion.

8.4. Examples. The following data is computed in Sage [59] using Rob
Pollack’s algorithms. Here, X(GE“K) and A(0g,) denote the Lambda invariants of
G;K and 6 respectively. The p-invariants for these p-adic L-functions turn out
to equal zero.

Table 2. Examples.

E K p  A0z) Rootsforoi  A0) Roots for 6,
2A QW-9) 3 8 @:p.6:) 2 @:1
QW-107) 3 2 @2:1 6 (@2:D.@:h
Q(/-283) 3 6 2:H,4:D 2 (2:1)
40A Q=331 3 6 2:H,4:D 2 2:1)
56A Q(v/—139) 3 6 2:5,@4:h 2 2:1)
Q(/—487) 3 6 2:H,4:D 2 @2:1)

Assume the validity of Conjectures 1.3 and 8.3. To ensure that Condition (8a)
is satisfied for all the elliptic curves in Table 2, that is, 9; is a unit in the ring
Z,[[Ieyc]], one can glean from Rob Pollack’s tables on his website http://math.bu.
edu/people/rpollack/Data/data.html that A(6;) = u(9}) = 0.

To ensure that Condition (8b) is satisfied for all the elliptic curves in Table 2,
that is, OEK and 6 have no common irreducible factor in the UFD Z,[[Iy.]], it
is sufficient to observe that the valuation of the roots of 6 and 6 are different.
The entries (r : s), under the columns for the roots of the p-adic L-functions,
denote r roots with p-adic valuation s.

To ensure that Condition (8c) is satisfied for all the elliptic curves in Table 2,
that is, 92:,( are not units in the ring Z,[[I%.]], one can glean the following
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inequality of Iwasawa invariants of the p-adic L-functions 9;{( and 0 in the
ring Z,[[I.]] from Rob Pollack’s tables:

MO #£0, A0;,) #0.

We remark that the validity of conditions (8a) and (8b) is sufficient to
assert Assumption GCD (one does not need Condition (8c)). For more evidence
towards Assumption GCD, we refer the interested reader to Pollack’s tables
on his website http://math.bu.edu/people/rpollack/Data/data.html, and to use the
heuristics provided by Problem 3.2 in the work of Kurihara and Pollack [28]. See
also the examples in Section 3.3 of their work.

Without assuming the validity of the two-variable Iwasawa main conjectures
(Conjecture 1.3), one can still use Pollack’s algorithms and results of Kobayashi
to obtain unconditional results towards the pseudonullity conjecture of Coates—
Sujatha in this setup.

Note that we have natural surjections of Zp[[f]]—modules:

Sel™™(Q, D,,,)" - (@, D,,,)",  Sel™™(Q, D,,,)" - II'(Q, D,,,)".

(8.27)

04,2

Consider the elliptic curve £ = 32A and the corresponding quadratic twists
in Table 2. These elliptic curves have CM by the imaginary quadratic field
Q(+/—1). The one-variable Iwasawa main conjecture (Conjecture 8.3) is known
due to the work of Pollack and Rubin [45] when the elliptic curve (with
supersingular reduction at p) has CM. We have the following equality of divisors
in Z'(Z, ([ Teyel)):

Div(Sel*(Q, D,,,)") = Div(6;) =0,
Div(Sel*(Q, Dy, ,c)") = Div(6;, ),
Div(Sel (Q, Dy, ,cx))") = Div(6;, ).

Using Proposition 8.4 along with the data in Table 2, we have

Suppl—lt:l(sel++ (Q, D)) ﬂ Supth:l(Sel+_ @Q, Dm.z)v) =4,

for the elliptic curve E = 32A, p = 3 and the corresponding imaginary quadratic
fields in Table 2. Equation (8.27) now lets us conclude that the Zp[[l: ]]-module
1'(Q, D,,,)" is pseudonull in these examples.

We can also unconditionally assert that the Zp[[j: 1]-module II1'(Q, D,,,)"
is pseudonull for the elliptic curves £ = 40A and E = 56A, p = 3 and
the corresponding imaginary quadratic fields in Table 2. Let E equal either
40A or 56A. We will first need to show that the 3-adic Galois representations
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p : Gg = GL,(Z3), given by the action of Gg on the 3-adic Tate modules are
surjective. The computations and arguments turn out to be similar for both the
elliptic curves 40A and 56 A.

To show that p is surjective it suffices to show that the py : Gg — GL,(IFy),
given by the action of Gg on the 9-division points, is surjective. This observation
combines the fact that the determinant det(p) : Gg — Z; is surjective (since
it coincides with the 3-adic cyclotomic character) and Exercise 1(b), Ch. 1V,
Section 3 from Serre’s book [49] (so that Image(09) D SL;(Fy)).

We will first show that Gal(Q(E[9])/Q) = GL,(Fy). One can perform
computations on Sage to conclude that Gal(Q(E[3])/Q) = GL,(F5). Note that

IGL,(Fo)| = 2* % 3%, |GL,(F3)| = 2* % 3.

To show that Gal(Q(E[9])/Q) = GL,(IFy), it then suffices to show that 3° divides
[QCETD : QI

Let f(¢) in Q[¢] denote the polynomial corresponding to the 9-division points
of E. One can use Sage and deduce that there exists an irreducible polynomial
fr6(t) in Q[¢] of degree 36 dividing f(¢). Let o denote a root of f34(¢). So,
we have [Q(a) : Q] = 36. Once again, one can use Sage to deduce that
there exists an irreducible polynomial g,;(¢) in the polynomial ring Q(a)[#]
dividing f36(1). So, [Q(a, B) : Q(@)] = 27. Since Q(er, f) C Q(E[9]), we
have 22 % 33 divides [Q(E[9]) : Q]. These observations let us conclude that
Gal(Q(ET9D)/Q) = GL,(Fy).

Q(u3) is the unique quadratic subfield of Q(E[9]). This is because SL,(F3) is
the unique subgroup of GL,(F;) with index 2. As a result, we have the following
natural isomorphisms:

Gal(Q(E[9])/Q) = Gal(K (E[9])/K) = Gal(Q(Ex[9])/Q) = GL,(Fy).

These observations let us conclude that p is surjective for both E and Eg, when
E equals either 40A and 56A, p equals 3 and K is one of the corresponding
imaginary quadratic fields in Table 2.

When the p-adic Galois representation p : Gg — GL,(Z,), given by the action
of G on the p-adic Tate modules is surjective, Kobayashi [27, Theorem 4.1] has
shown that we have the following inequality of divisors in Z'(Z o eyelD):

Div(9;) < Div(f;), Div(¥z,) < Div(6,). (8.28)

Using equation (8.28), Proposition 8.4 along with the data in Table 2, our
observations let us conclude that

Suppyye_; (Sel ™ (Q, Dp,,)") ) Suppyye_ (Sel ™ (Q, D)) = &, (8.29)
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for the elliptic curves E = 40A and E = 56A, p = 3 and the corresponding
imaginary quadratic fields in Table 2. Equation (8.27) now lets us conclude that
the Z,[[I"]]-module 11 (Q, D,,,)" is pseudonull in these examples too.
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