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A DECOMPOSITION THEOREM ON DIFFERENTIAL
POLYNOMIALS OF THETA FUNCTIONS

HISASI MORIKAWA

Let ¢ = (z;;) be a symmetric complex g X g matrix with the positive
definite imaginary part. A theta function of level n means an entire
function f(2) in g complex variables z = (2, - - -, 2,) satisfying the dif-
ference relations:

fz+ b+ br) = exp(— zny/—1(be'b + 2'b))f(2), (b, b) e Z# X Z¥) .

Denoting by O{ the vector space of theta functions of level n, we get
the graded algebra of theta functions;

0, = 3 65 .

nzl

Theta series

9(”)[a/n](rlz) — 57 exp (nn¢~1<(5 + ﬁ)r‘(ﬂ + 2) + 2zt(z + 2)))
0 tcz8 n n n

(e e Zt[nZ®)
form a canonical basis of 6™, and thus

dim O = n? .

In the present article we shall prove the following decomposition
theorem:

The algebra of differential polynomials of theta functions has a canoni-
cal linear basis

(Y o[/t 250 2oz, n 1),
4

i.e. any differential polynomial is uniquely expressed as a linear combi-

nation of (6/6z)’«9(")[a{)n](t|2), (jeZ%, ac Z%[nZs, n > 1) with constant
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coefficients depending on z. More precisely we have the explicit expres-
sions of the components of the decomposition.

The key is a very similar idea as making transvectants in the classi-
cal invariant theory, however the Lie algebra is Heisenberg Lie algebra
instead of s/,. The algebra 6, of theta functions is embedded in a graded
algebra © of auxiliary theta functions in 2g complex variables (u, 2) =
(uy, -+, ug 2, -+ -, 2,) with the following properties,

1° A realization (&, 2,, - - -, D,, 4,, - - -, 4, of Heisenberg Lie algebra
acts on O as derivations,

2° 0, is the subalgebra consisting of all the elements ¢ such that
Z.0=001<i<g),

3° {Af8<”>[a/n](r|z)lj €Z%, ac Z&nZ% n > 1} is a canonical linear

basis of 0,
4° The mapping

Af8<">[a(/)n](r|z) —_— (-a%)js(”)[a(/)n](rlz) , (jeZzsy, acZ:nZt, n>1)

induces an algebra isomorphism of © onto the algebra of differential
polynomials of theta functions.

We shall also characterize differential polynomials of theta functions
which are theta functions.

The associative law for the structure constants of

ol Gl

with respect to the basis must be very important relations between

() 116

Notations.

Lz—)ljeZ&;o; a,deZénZ%; n> 1} .
n

Z,, = {non-negative integers}, Z%, = {j = (ji, - - *, Jo) |J: € Zs0},

jiei2(11:"',Ji—u]iil,hﬂ,""Jg)’.]!zjl!"'jg!’

(=) L)~ ) o 1)

p D pg’ ED, ... kD B, - B RO, oo RS

[j|:j1+"'+jg,uz(ul"",ug),zz(zh"')zg)7uj:u{""u;g’
2j=2f‘,"':2£3,

(B -G () - )"
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(2nnV—1u + ai)J = (27rnv —1u, + aa )jl s (ZnnV—lug + V_a_ram)jg .
. 0u 2

A P

§1. Auxiliary theta functions

1.1. An auxiliary theta function of level n means a function ¢(u, 2)

in 2g complex variables (&, 2) = (u,, - - -, Ug, 2y, -+, 2,) such that

1° ¢(u, 2) is a polynomial in u = (u,, - - -, u,) whose coefficients are
entire functions in z = (g, - - -, 2,),

2° o(u + b, z+ b+ br) = exp (— znd/ = 1(br'b + 22'b))e(u, 2), (b, b) e
ZE X Z5).

Denoting by @™ the vector space of auxiliary theta functions of level
n, we obtain a graded algebra

6 =>6m

n=1

of auxiliary theta functions, which contains the graded algebra 6, of theta
functions as the subalgebra of polynomials of degree zero in u. Auxiliary
theta series are also defined as follows,

o[ el 2

a 7
1) = 2zny/=1)¥' 3] <u + 4+ ;)

tez8
. expnnV—l((E + ﬁ)f‘(g + ﬁ) + ta(g + _a_)>
n n n
(jeZsy, acZénZs, n>1).

LemMma 1.1.

1.2) 9g">[“{)" ](r[ u,z) = (27rn«/——_iu + %)fg(,,)[a(/)n ](rlz) ,

9gn>[“{)"](c|u +bz+ b+ b0

(1.3) — exp (— mny =1(be'b + 22:B))95 [“{) "](r| u, 2)
(b, b)e Z5 X Z%) .

Proof. For a, b, b in Z¢ we have
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(2nn¢'—‘ Tu+ _Z’_)jexp (nnf —1((4 + i)ct(e + 2) + 2z‘<€ + 9_)))
0z n n n
— o =Ty + ¢ 4 2
n
exp (nrnv -—1<(€ + i)r‘(d + _a_) + 2z<£ + 2))) s
n n n
(u FO+b+ i)j
n
. exp (nnV——l((ﬂ + b+ i)r‘(ﬂ + b+ %) + 22‘(5 + b+ ﬁ)))
n n
= exp (nn«/ —1(bz'b + 2z‘b)<u + 4+ b+ E—)j
n
. exp <7rn«/ -1((6 -+ l)r‘(ﬂ + —g)r‘(é + il—)
n n n
+2(+ b+ br)(z + %))) .
Hence, making the sum with respect to ¢ € Z%, we obtain (1.2), (1.3).

THEOREM 1.1. {«9§”>[a(/)n](r[u, 2)|j € Z&,, ang/nZg} is a basis of the

space O™ of auxiliary theta functions of level n.

Proof. By virtue of Lemma 1.1 9 aln (z|lu,2) (jeZ%, acZé|nZs)
710

belong to ©™, and obviously they are linearly independent. Let ¢(u, 2)
= >, u!fi(2) be an element of O™, and let u*f,(2) be one of terms with
maximal degree k£ in u. Then, comparing the coefficients of u* in the both
sides of

; (w + bYfy(z + b + br) = exp (—any/ = 1(br'b + 22'b)) JZ wf(2)
we have
fuz + b + br) = exp (— any/ —1(b'b + 22°b))f.(2) .
This means that there exists a system («,),cze¢/,z¢ Of constants such that

£.2) = a9 "1,

and thus
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o, ) — D, 99| 4" el, 2

is an element in O without u*-term and all the new terms are of lower
degree than %k in u. Proceeding this process successively, we can express

o(u, 2) as a linear sum of «9§")[aén](r|u, 2) (je 25, ac Z¢[nZ?).

1.2. Denoting the projection operators by
g™ O —> O™ | n>1)
we define differential operators

€ =Y ne™,
n=>1
1

)
%:1 o/ —1 ou,
4, =3 (2nn\f——lui 4.0 )ogm,

nx1 azi
9129{1...9{?’ {‘---AZ,&’.

2, =

og™ |

ProrosiTION 1.1.

(1.4) 2,95 [“(/) "'] (c|u, 2) = njﬁ;@,i[“(/)n] (c|u, 2)

(L5) Aia;”[a{) "](f| 1, 2) = sgﬂgsi[“{) ”](ﬂ u, 2),

(16) 9;@[“{) "](f| U, 2) = Afs<">[“{) ”](fpz) ,

) .£T9p9;n> [“{) "](fl u, 2) = ( Z; )nwlsg@p[“{) n](fl u,2),
(1L8) %@fsgw [“é "](11 U, 2) = nligm [“{) "](z 12)

(j,peZ&, j>p, acZtnZs, n > 1).

Proof. From the expression
9;@[‘” "](ﬂ u, 2) = (2ﬂn~/T1 u+ _a_>j9<n>[“/ n](r|z)
0 0z 0

it follows (1.4), (1.5), (1.6). Applying (1.4) and (1.5) successively, we have
Qa.m, (1.8).
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ProposiTiON 1.2. &, 9, i+, D, 4,, - -+, 4, are derivations of © such

that
(1‘9) [gy 91’.] = [(9@, Ai] = [91’ 9]] = [Au Aj] = 0 ’
[gdl_é’(i=i') l<i v i<
iy z'—'{o (i?/:i,) (—I’aly.]——g)°

Proof. By virtue of Proposition 1.2 &,9,, ---, 9, 4,, ---,4,, map
O into itself. Since 6 = 3,.,0™ is a graded algebra, ¢, 9, ---,2,,
4,, ---, 4, are derivations of 6. By simple calculation we have (1.9).

Proposition 1.2 states <&, 9, - -+, D,, 4,, ---,4,) is a realization of

Heisenberg Lie algebra acting on O as derivations.

ProposITION 1.3. The graded algebra of theta functions is the sub-
algebra consisting of all the elements ¢ such that 2,0 =0 1 <i < g).

Proof. Each ¢ in 6, contains no u; and

1 0
DI e § ou,

hence we have 2,0 =0 (1 <i < g). Conversely, assume

2, = Seg™  (1<i<g),

2(ZtranP[Mclw2) =0 a<i<e).
Then it follows

> njiaj,a,n,nsg@“[“{)”]<r| 0)=0 (1<i<g).

This means «; 4/, = 0 for j == 0.
§2. Projection operators
2.1. In order to express the projection operators
P O —> 41O (jezZs, n>1),
we need a lemma.

LeEMMA 21

(2.1) (Z %ﬂn-lzzldp@p)%n)[a(/)n](rl u 2) = {9(2[%71](112) ZIZ : zz ’

Pk
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(g e oo e

2.2) - {“”[%n]m w2 (k=]

0 (kB #J)
(,keZs, acZ8nZs, n > 1).

Proof. From (1.4), (1.5), (1.6), (1.7) it follows
(; (=D . mAp@p) 8<">[a/n](r]u 2)
)m( )AP9<n> [a(/)n](rlu, 2)

p!

=2

( )m( >> . 3;%{“{)”](:-] u, 2)
(=

I

gm “/” clz) (k=0)

(k= 0)
Af Z n mdpgp) 1 n‘”'.@f)S,(c"’[a/n](rlu 2)
p j! 0 ’

= AJ(ZPI(V__pl')i]n— lplAp@p)(? )gi@j[a{)n](rl u, 2)
= <k )m(; ,(:*:!‘)[il_n—wldp@p>3l(cn_)j [aén](,[[ u, 2)

J b:
{mm[a{)"](flz) = o ewa G =n
0 (J#k)
THEOREM 2.1. O has the direct sum decomposition
2.3) 0= 3 40,=>3 > 46®
iez8, n21 jez%,

such that 4’ induces a vector space isomorphism of O onto 4'9{.

projection operators
o O —— 4O
are given by
m (=" o p)_l “ VT o p(m
2.4) a5 4 (§ Py n-'?'4*9 ]‘—n 1900
(jezgzm n2 1)'
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Proof. The first part of the assertion is a direct consequence of the
fact: {19<">[a/n](1|u, 2)|jeZs, acZt|nZe, n> 1}, {8§"’[a(/)n](r| u,2)|ae

Zg/nZg} and {sm [“(/)n]@ 12)|ae Z# /nZg} are the basis of 6, 4/6{ and 64,
respectively. The expression (2.4) is a direct consequence of (2.2).

CoroOLLARY. The inverse mapping of 47: O — 4O is given by
( 1) ?! n-l2igr e 1 1ilgyd 1 g
(2.5) (z = A.@)] @l (jezE, n>1).
Proof. Since the mapping
3<">[“/ 19— Af3<">[“/ |12 = o[ el, 2
0 0 0
is a bijection, (2.4) implies (2.5).

§3. Decomposition theorem on differential polynomials of theta
functions

3.1. First let us prove the algebra isomorphic theorem:

THEOREM 3.1. The replacement

26— (L)o@ (Gezg 98

0z

induces a O,-algebra isomorphism of © onto the algebra

oGy el -]

of differential polynomials of theta functions, namely
1° G(. ., 419 'aén (c|2), - - ) 0,
if and only if G( ( ) 3<n>[“ n](-:lz), L) =0,

2 G-, 49|l ) = 6(- (2) 0[] e12 -

if and only if G<~ R <%)j«9<") [aén](z-lz), <-)€B,

L.

Proof. It is enough to assume G(- <o, 419 [aén](rl u, 2), - - -) belongs
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to @™ with some m. If G(- . Am”’[%n](rlz), . ) =0, then putting
. 9\’ a/n .
u = 0, we obtain G(- N <—a—) 19“’)[ 0 ](zlz), .. ) = 0. By virtue of the
P4

direct decomposition theorem we may put

G(-+, 490|412, - ) = T 2,(2)

with ¢, € 0", If we assume G(- . (ai)"w[“(/)"](r]z), ) — 0, then
2

we have

S (2) 6@ = 6(- 49912, - Yo

=6(-+ (Z) o[ “"elay, ) = 0.

Therefore it is enough to show ¢,(2z) = 0 under the condition
> (i)",bh(z) =0 and $,(2)eO™ .
7 \0z

For each be Z#¢ it follows
(2 + br) = exp (—amv/ —1(br'b + 22°b))$.(2) ,

2 (%>n¢h(z +b0) = 2] (%)h(exp (—amy/ =1(br'b + 22°b))$u(2))
= exp (—nmy/— 1(bz'b + 22'b)) ; ; (Z)
—\pf 0 RPoa g
- (= 2tmy/=B) (&_) $z) (bez®),

and thus
h : 9\
) 2x(M) ez ( L) Ta@ =0 ezo.
h D p 0z
Let A, be one of maximal A in the above sum. Then, the coefficients of
b* in the polynomial relation () in b is given by (— 2xmy/ —1)™!g, (2),
hence we may conclude ¢,,(2) = 0. Proceeding this process successively

we have ¢,(2) =0, i.e. G(- ., A79<”>[a(/)n](r|z), . ) =0. Since G(- ‘e
Af19<">[a(/)n](z-|z), .. ) belongs to O™, assuming
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G(- o, 29019, ) = (- (L) 9]l ),

we have

o () 1512 ) o

- G(. . Ajg(m[a(/)n](rlz)’ .. )

— exp (—rmy =T (be'b + 22:(,))0(. .., 413(n>[a(/)n](1|z), . )

[, 2) = (2w +b,z+H+b7)

— exp (—zmy =1 (be'b + 2z‘b))G(~ 5 (g’z_)jw[“(/)”]@ 12), )
ie.

o () oo i) o

Conversely, if

G-+ (1) 91, ) e o,

then applying 1° for
F( ., digm [a(/)”](rlz), .. )

= 6(- -, 9|1 ) = 6 (L) 90|12, )

we obtain
F(' * Aj&(n)[aén](z.,z), b ') =0 s

i.e.

G(-- w9 *Mc12), ) = 6 (2 ) 9o [Pl ).

Combining Theorem 2.1 and Theorem 3.1 we obtain the decomposition
theorem.

TueoreM 3.2. The algebra C[---, <fai<)j19(")[a(/)n](r]z), } of dif-
z B

ferential polynomials of theta functions has a canonical linear basis
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3.1) {(%)’}w["(/) ”](flz)l jeZe, acZinze, n> 1} :

namely differential polynomials of theta functions are uniquely expressed
as linear combinations of (3.1) with constant coefficients depending on .

3.2. In order to express the decomposition of differential polynomials
of theta functions explicitly, we introduce differential polynomials in

YI’ ) Yr
F¢yomm (Y, -+, Y, ] 2)
- 1 (=™ <_ _,__}_A.,___,__,_?L)"
hl(n,+ --- +n)" % p! n+ .- +n, 9z
. p+h 1 . 1
(3.2) {k(1)+,..§(r)=p+h ( IO k) (O — k)1 G’(ﬁi?}injf

k(a)sj(a)

L2y (L))
n, 0z n, 0z

G®, -+, j”, heZ&, ny --+,n, > 1).

THEOREM 3.3. For theta functions ¢(2) €05 (1 < a <r) Fis: " m,,

X (@i, ++ 5 0,12), (GO, -+, ", he Z&,) are theta functions of level n, + -
+ n, such that

1 18 \V"™ . 1 9\
oot as) 2@ () e

AT
= D () Fszmonten -+, 012

(3.3) hR<F U L.
3 \»
= Z 2(.7"1’ ,,,,, FRY e/ (Rt oo e 4 p) (SDI, tt ¢7)<‘a_) 9(n1+-~-+ )
¢ V4
. [C/(nx + -+ n’)](rlz)
0 )
where

X(J’”’,---,j"’;h)»C/(nnu-+nr)(§01? R SDr)

- exp 22V =1
(nl R nr)g CCZ8/(niT e +1) 28 n+---+n,
- S KA (T St
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Proof. Putting

1 1 j 1 jmn
ey 1 v B AR o) I

= 25 4"Yu(2)
with ,(2) € O *™, by virtue of Corollary of Theorem 2.1 (1.6) and (1.7)
we have
= 1 (— l)lpl ( 1 A)p9p+h
,\p‘h(Z) h!(nl+"‘+nr)lhl§ p! nl+”'+nr

1 1 j 1 j
T (_TZA) ACKER ( o A) (2
1 (_ 1)1p| 1

p
)
Al + -+ n) 5 p! <n1+---+n,

k(0 k(r)
o Bl P o
ED o4 k(N =p+h k(l)’ s, k(r) j(l)! e j(r)! n{j(lﬂ PR n’lrj(”l
n_lk(l)]@ktl)dl’(l)so (Z) . n—'k(nlgk(r)dj(nsor(z)}

_ 1 (— 1)|p1( 1 A)p
R+ 4 my % pl \mk T,

TP N PPN [ By
by SR e EO, . B NGO — OGO — )
) (id)j“)—k“) o ( 1 A)j(n_k(n}
n, 21(2) n, or(z)
= Fju}:::I,jtr) S (A go,iz) .

Hence, replacing 4, by 9/0z, (1 <i < g), we prove the first assertion of
Theorem 3.3. Putting

Fy(“) ..... ](r) h(Sol, ) SDTIZ)
— 2},, Qlrrteeetng) [c/(n1 +eeet nr)](’f | z)
c€Z8/(m+-- +n,)Z8 ' 0 ’
we have
Fagomm (r, ( y "ty Or ——éﬁ)
Feennd m\ P 4 n, + ce + n,
—_ Z 0’9("1+"'+ﬂ1)[c/(n1 + e + nf)]( é )
Z " 0 ‘ n+---+n,
= 5, exp 22V I Ygenisns [“""‘ oot el
n + 4+ n, 0

(ceZff(n, + --- + n)Ze).
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Hence, by virtue of the orthogonal relation for characters

Zexp(ﬁ____ ‘“‘m)z {(n1+ oo+ n) =0 mod(n,+ --- +n,)
¢ +nr

n1+"' 0 é$0 mod(n1+"'+nr)’
it follows
1 ( —2r+/ —1é%c )

1 . = ex Qnr+ et nr)
" (n1+"‘+nr)gz P n+---+n,

. c/(nl + n )] 0 IF(m ----- nr) ( ¢ )

[ 0 (TI ) (1),..., i | P1s » Or nl_l_...._*.nr .
Specializing

@@ to (9[M]el2), 9o [ |2y,

we obtain the explicit expression of structure constants of

L () o e

with respect to the basis

(Ge) ool ler=}-

THEOREM 3.4. The structure constants of

el (Y il -

are given by

(@) e [Firlen( 2 s[4

c/(n n.
= X DI e @) ) 9 [ ),

(hye/(n1+n2),n1+712)
Tt s sy (T)

— ](1) !J<2) ! n{yﬂ’lnéj"’l Z _2” — létc )19(n1+ ng)
h!(n, + ny)s+'* sezs/(ninnzg n, + n,

i S T ]

h
n + n, 0z KL<, krz)sjm

) [p + h] 1 ( 1 0 )](1) k<1>19(m)[al/nl]
EO, 2L (O — O (j® — k@) n, oz 0

(3.5) exp (
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A (le)( 1 _.‘a__)j 2)— gt2 g [az/ng](z_|z)] ) .
n, 0z 0 z=28(n1+n2)

For theta functions ¢ 2) (1 <« < 2), if a differential polynomial
G(-- -, (0/02)'p(2), - - -) is a theta function, then by virtue of Theorems 2.1
and 3.1 G(---, (0/02)¢(2), - - -) is itself the 6)-component of the decompo-
sition. Hence, Theorem 3.4 implies the following characterization of dif-
freential polynomials of ¢,(2) (1 < a« <r) which are also theta functions.

TueoreM 3.5. For theta functions ¢, (2) € O the space

C[---,( 9 )j%(z), -'-]063"‘)

0z
is linearly spanned by
FE?H:i;:ﬁ‘,’;}?i?f{)tﬁ’:),jtr,1),...,j(r,e,); 001 "y Pry s Py s gorlZ)

€1 er

— . g1 (1, y(rs1 .
(Zeana =m; ]( )a "',.]( el)’ .,"](r >’ .”’(re,)ezgzo).
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