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I

§ 1. Introductory. The formula to be proved is
m - i r<x> / h \
n e-*r E{», p : : g p / " - 1 dtr e-««A...*,_,) Els,?:: ———— )
r=lJo \ hh •••tm-l/

= {r^l)r^p) (2")im-im-i*-mbllm®(m«> mp-.-nV1*), (i)
where 6>0.

In § 2 it will be shown that the function
w(z)=e-z E{a, P: :z)

satisfies the diflferential equation
z*w" +z(z-a-P + l)w' + (<xP-az-Pz + z)w = 0; (2)

while in § 3 formula (1) will be established by means of (2). The following formulae are also
required :

where R(x+y)>0, R(P + y)>0 [MacRobert, Complex Variable, p. 381];

.*-"•» r(mw); (4)
m/ \ ml \ m

; z); (5)

F(ct; P; 2)-e»f(p-a; P\ -z) (6)

§ 2. The Differential Equation. If y =E(a, j8 : : z) it satisfies the equation
z2y" =z(z + a+P-l)y' -a.py (7)

[MacRobert, Complex Variable, p. 349].
Now let w = e~zy, so that y = ezw; then zz(w"+2w' + w)=z{z+a.+p-\){w' +w) -apw,

from which (2) follows. Other solutions of (2) are
e-»z"F{a; a-p + 1; z)=z*F(l~P; a-)8 + l ; -z),

and e~z7? F(P ; ]8-a + l ; z)=z^ F(l - a ; j8-a + l ; -2).

§ 3. Proof of the Multiple Integral. Let F{b) denote the L.H.S. of (1). Then, if

m-l /-co / 6 \
^(6) = 77 e-'r £ ( a , jS : : tr)tr

r<m-x dtT w ( ) ,
r=l J 0 \ht2---tm-ll

m—1 (*» / b
V"lh\ — 77 I p—trWAn R • • t \t r m—i Jf , , , ' I

and

F"(b) = ™/7 I °° e-frE(a, P : : tr)t/'
m-3 dtr w" (— -

r=l J 0 \ V2 • • • 'm-l
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130 FOUAD M. EAGAB

Hence, from (2),
TO — 1 f a o

b2F"(b) = n er*r E(«,
r = l J 0

• • • * m - l V I • • • '•m-l

Therefore

b2F"(b)-(<x+p-l)bF'(b)+apF(b)=L + M, (8)

where

L = - b2 *77 \ e-*r E(a, p : : tr)tr
r>m-3 dtr w',

r=l J 0

and

r=i Jo

Now in L change the order of integration so that the first integral becomes the last; then
m - l fee fee a w

L=b JJ e~tr E(a, P : : tr)tr
rlm-2 dtr x e-** E(<x, P : : t1)t1

1lm-1-5-dt1.
r=2 Jo Jo "h

Here integrate by parts , noting tha t w vanishes a t h = 0, and get

i =6 77 e-'<- ̂ ( « , P : : Qt/'™-2 dtr x - e - W ^ - ' m - i ) E [ a , p : : -— )
r=2 J 0 J o \ "l'"*m—1/

On substitituting 6/(A<2 • • • *m-i) f° r h> this becomes

- l) W™mn~ (X e-«r JSJ(a, ;8 : : tr)t^lm^ dtr
) r = 2 J o

x r e-*E(a, p : : A) A*"1"1)/™-1 w (TT— ) dX
Jo \A'2"-'tn-l/
m—1 foo

+i / 7 e-'i-£(a, j8 : : <r)«/' '-1)/m-2 d«r
r -2 J 0

x f" e-* ^ ( a , j8 : : A) A<"-«/»-1

J 0

Similarly

Hence (8) can be written

O (9)

Next, in (2) put z =m\1^m, replace a and p by ma. and m/3, and get
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INTEGRALS INVOLVING 72-FUNCTIONS 131

which is (9) with w in place of F(b) and A in place of b. Thus

F(b)=Ae-m"llm{mb1'm)m" F{m<x; ma-mp + 1; mWm)

+ Be-m1>llm {mPln^FimP ; mjS - ma. +1 ; mb1'™).

Now F(b) is symmetrical in a and /?, and so are the coefficients of A and B. Therefore, if
A =/(«, j8), it follows that B =/(j8, a).

Let it be assumed that a</?, multiply by 6~" and let 6-»0 ; then, as 1/m +/S - a > 0 ,
m—1 /•»
77 e-*' E(<x,P:: tr) «//"»--i <ftr f ( a ) r(/5 - a) =

r - l J 0

or, by (3),

- i r(«)rtf0Ar/m)ry-« + r/m) _ =
r=i r(P + rjm)

Hence, by (4),

from which (1) follows.
If, on the other hand, j3<a, multiply by b~P, let 6->0, and the same results are obtained.
The case a =/? can be derived by continuity.

II

§ 1. Introductory. I t is here proposed to establish the formula

1X= n_h E{p+n; <xr: q ; Ps: x), ...(1)

i where i2(A)>0, w is a positive integer, and

Wx-t+£,v-0,1, 2,...,«-!.

In § 2 the subsidiary formula

J o J o J o
where 6>0 and

Jp f -i- V -X- -I- V -4-7) I iv V V \
J.' — X j -f ^ 2 T . • . T^ ^n—1 ^ u / V*</1'*'2 ' • • ^n—XIt

will be established ; in § 3 formula (1) will be derived by means of (2).

§ 2. Proof of the Subsidiary Formula. Let the L.H.S. of (2) be denoted by F(b) : then
/•oo /»00 foo / _ 1 \

* " ( & ) = ... e-'gf \ )dx1dx2...dxn_1.
J o J o Jo \XxX2 ... xn_x)

Here change the order of integration so that the first integral becomes the last, and put

6
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132 FOUAD M. RAGAB

in the innermost integral: then
/•OO fOO /'00

F'(b)=-\ ... e-rifl^

Jo Jo Jo

where

i ^ = x2 + x3

p X2... Xn_x

x2 + x3

flnj « / b y 2/>t-i (»_i)
and w i ~ l ^ r — j *2 •••xn-i

\px x/

Hence, on replacing x2, x3, ..., xn_v p by xlt x2, ..., xn_x respectively, we have

F'(b)=-b1'n-1F(b).

Thus F(b) =Ae-"»lln.

To determine A let b->0 : then

so that 4̂ = (2w) *"-* »-*,

from which (2) follows.

§ 3. Proof of the Integral. If the formula

; a r : g; Ps : °^dX=E(p + 1 ; ar : g; Ps : a;), (3)

where aP+1 =k, B(k)>0 [MacRobert, Phil. Mag., Ser. 7, XXXI, p. 255], is applied repeatedly
to itself, it becomes

f* r ... f°° e-(*o+*i+
Jo Jo Jo

xE[p; ocr: q; Ps : —-^-—)dxo...dzn_1=E(p + n ; ar : q ; p, : a:),
\ x0... xn_1/

where the a's are those given in (1). Now change the order of integration so that the first
integral becomes the last, and put

xo= j . . . Xn_±

Then the L.H.S. becomes

r r ... fM
J 0 J 0 Jo

. ar: q; ps:

Here change the order of integration so that the last integral becomes the first, apply (2),
and get

(27T)*n~in-i r e-"^1" a*-1 E (p ; <xr : q ; Ps: -\da.

Finally, put a =\n and so obtain (1).

https://doi.org/10.1017/S2040618500035619 Published online by Cambridge University Press

https://doi.org/10.1017/S2040618500035619


INTEGRALS INVOLVING ^-FUNCTIONS 133

III

§ 1. Introductory. It is proposed to establish the formula

f°° e-« F - 1 ^ ( y , S : : t) E(p; <xr : q; Ps: xjf) dt
J o

= r(y)r(8)E(p + 2; a r : g + 1; Pi: x) (1)

where xP+1=y + K, as + 2=8 + K, p4+i=y + S + K and R(y + K)>0, R($+K)>0.

The following formulae are required in the proof :

^P«+»-«IH-I - I ( l +fj.)-Pi+iE{p ; a r : 3 ; p s : ( l + u ) * } ^
J 0

= r ( p 8 + i - « j > + i ) - E ; ( p + i ; «r= 2 + i ; p,- x), (2)

where JK(aJ9rt)>0, B(pg+1 -a,,+1)>0 (1) ;

T e - ^ A ^ + ^ ^ b ; a r : 3 ; Ps : x/A)dA=5(p + l ; ocr : q ; Ps : x), (3)
J 0

where i?(aj,+1)>0, (2).

E(OL, fi::x) =T(a) f" e-AA^ (1 +A/x)-«dA, (4)
J 0

where -B(j8)>0, (3).

It is assumed that x is real and positive.
The proof of (1) is given in § 2. An integral involving a product of three ^-functions is

discussed in § 3.

§ 2. Proof of the Formula. On applying (2) to (3) it is seen that

I fV-Ml+fO-^'- ' i / i . p V ^ + ' - ^ l p ; ar: q; Ps :
f Jo Jo

[ .
j where R(y + K)>0, R(B + K)>0, R(h)>0.
I Now put A = (1 + [t)t and change the order of integration : then the double integral becomes
I {" e-*P+«-1E(p; ar: q ; Ps: xjt) dt f"
t Jo Jo
I In the inner integral put ju = f/< and it becomes

! ( J O

I by (4). From this (1) follows.

i § 3. Integral involving a Product of three E-functions. The formula to be proved is

\* t-n*-lE(«, P::t)E(y, 8::t)E(p; <xr: q; Ps: xjt)dt
J 0 p

r=-0 »"!

where the constants are such that the integral converges.
The following formulae are required :

n
1

E(P; «r-- q.\ p.-- a ; )=o--l —"ir1 xidZ (6)

I G.M.A.

https://doi.org/10.1017/S2040618500035619 Published online by Cambridge University Press

https://doi.org/10.1017/S2040618500035619


134 FOUAD M. RAGAB

where the contour is of the usual type employed by Barnes ;
/•oo

I e~* tK-1 E(a, j8 : : t) E(y, 8 : : t) dt
Jo

•(7) i

+ K)>0,R(fi + y + K)>0,R(c* + 8 + K)>0,R(fi + 8 + K)>0, (4)

Now substitute from (6) in the L.H.S. of (5), and change the order of integration ; then
v

—-. I — x^d{ \ e-( t^-1 E (a, B : :t)E(y,8 ::t)dt

J n r(Ps - o
277*

* = 1

2771 J
n

On changing the order of integration and summation and applying (6), formula (5) is
obtained.

KEFERENCBS

(1) MaoRobert, T. M., Phil. Mag. (VII), 31, 256 (1941).
(2) MacRobert, T. M., loc. cit., p. 255.
(3) MacRobert, T. M., Functions of a Complex Variable (3rd ed. London, 1946), p. 348. 0

(4) MacRobert, T. M., Quart. Journ. of Maths., Oxford, 13, 68, (1942).

IV
§ 1. Introductory. I t is proposed to establish the formula

P e"n* tn^E{ny, n8 : : nt) E(p ; «r : q ; Ps: ~^j dt

where n is a positive integer and

<*v+2v+i<=Y + k + vln> a3>+2v+a=8 + k + vjn, pQ+v+1=y + 8 + k + vjn (1')
v = 0,1,2, ...,n-l,E(k + y)>0, B{k + B)>0.

The two following formjilae are required in the proof:

r e-ttk-iE(y,b::t)E(p; ar : q ; Ps: -\ dt =r(y) T(8) E{p + 2 ; <xr: q + 1; Pt: x), ...(2)

where B(y + k)>0, R(8 + k)>0, and <xp+1=y + k, aj,+2=8+fc, pq+1=y + B + k, (1) ;

*n r e-'r E(y, B::tr) t/^ dtr e-Wft^-W E(Y, 8 : : rr^-f-)

where 6>0, (2).
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INTEGRALS INVOLVING ^-FUNCTIONS 135

§ 2. Proof of the Formula. On applying (2) to itself (n -1 ) times with

k + ljn, k + 2/n,..., k + (n-l)/n

in turn in place of k it is found that
m-l (•» / X \

; a r : q+n; Ps : x)

I where the a's and p's are given by (1').
Now change the order of integration so that the first integral becomes the last, put

HH ••• ln-i

and change the order of integration so that the last integral becomes the first. Then the
L.H.S. becomes

; ar: q ; Ps: ^dX^Je-'n/ln-iE^B :: tr)dtre~^- '„_>> E(T, S : :

by (3). On replacing A by tn formula (1) is obtained.
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V

§ 1. Introductory. The formula to be proved is

( ^ ) f a = 2 r ( a ) r0S) ( iy )—OJT.^ ) , (1)

where R(y2)>0.
The following formulae will be required in the proof:

E(ec, J8 : :a;)=r(a) f" e - ^ A ^ l + ^ ) ° dX, (2)

where JZ(j8)>0, (1) ;

Kn(z)=Ml*)npQexv(-T-?P)T-»-idT, (3)

where R(z2)>0, (2);

C*K,,{aJ(P+2*)} _2T(m + l)
Jo (<2+Z2)*« dt-am+lzn-m-lK«-™-l(aZ> W

[This integral is due to Sonine and Gegenbauer, (3).]

§ 2. Proof of the formula. Substitute for the i?-function on the L.H.S. of (1) from (2), and
it becomes, if J2(j8)>0,

r(«) r exp ( - ^ - x\ x-'-P-1 dx ( + ^\d\.
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136 FOUAD M. RAGAB

Here put A = x£ and change the order of integration, so getting

r(«) jX ^-J(l + ! ) - # p exp| - £ -x (1 +fl jar--* dr.

Next, put a;(l +f) = r , and the expression becomes

by (3).
Now replace £ by <2; then, on applying (4), formula (1) is obtained. The condition

R(f})>0 may be removed by analytical continuation.

REFERENCES

(1) MacRobert, T. M., Functions of a Complex Variable, (3rd ed., London, 1946), p. 348.
(2) Gray, Matthews and MacRobert, Bessel Functions, p. 51.
(3) Watson, G. N., Bessel Functions, p. 417.

UNIVERSITY OF GLASGOW

https://doi.org/10.1017/S2040618500035619 Published online by Cambridge University Press

https://doi.org/10.1017/S2040618500035619

