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MEAN OSCILLATION AND BESOV SPACES 

BY 

JOSE R. DORRONSORO 

ABSTRACT. The homogeneous Besov-Lipschitz spaces, usually defined 
by difference operators or Fourier transform, are studied in terms of mean 
oscillation, and several equivalent characterisations are given. 

1. Definitions and main results. The purpose of this paper is to show how mean 
oscillation characterisations similar to those already known ([1], [6]) for Lipschitz 
spaces Aa can be given for their LP counterparts, the Besov spaces Ba

p q. We recall'their 
definition: for each positive integer k, the k-th order Lp modulus of continuity of a 
function / is defined as 

a>/,,jk(/,0 = sup{| |Aj / | | p : | / i |^r} , f > 0 , 

where A/, denotes the difference operator A/,/(JC) = f(x -I- h) — f(x), JC, h G Rn; then, 
the (homogeneous) Besov space Ba

p
k
q, a > 0, k > [a], 1 ^ p, q ^ oo, is ([10]) the space 

of those functions/(or, more precisely, classes of functions modulo 9 V i , the poly
nomials of degree ^ k - 1) such that 

ll/lk:: = (£('-0<o,,*(/,0)«r' <k)" < « 

(equivalent definitions ([8]) can be given in terms of Fourier transform). In particular, 
if p = q = °°, we obtain the classical Lipschitz spaces Aa if a is not an integer and the 
Zygmund classes for a integral. 

Shortly after the introduction of BMO by John and Nirenberg, mean oscillation 
characterisations of Aa were given by Meyers ([6]) for 0 < a < 1 and by Campanato 
([1]) for a general a. It is therefore natural to ask whether the same is true for the Bp]

k
q 

and an affirmative answer is obtained as follows: let/be a locally integrable function 
and Q a cube in Rn; by P e / w e denote the unique polynomial in 9 \ such that 

f ( / - Pk
Qf)xa dx = 0 

for all a e N", 0 ^ |a | =i k (e.g., if k = 0, P°Qf = fQ = \Q\~l fQf). We will write 
Pc /and even PQ if there is no chance of confusion. The following operator gives a 
pointwise measure of the mean oscillation of/ 
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n | W ) - «/*(*, o - supfiei"1 J \f-pk
Qf dz.xEQ, \Q\ = tn\ 

and we have 

THEOREM 1. / E £"'* if and only if 

(i) ll/IU™ - (|\ra||ft;-,(-,ollr r1 df)"' < oo, 

m w/nc/i case ||/||a^;P,9 ~ ||/||fla•* (A ~ B means there is an absolute constant C such 
that C'A < B < CA). 

Mean oscillation characterisations are well suited to obtain estimates for singular 
integrals and also to generalise these spaces to domains whose geometry makes difficult 
the use of the classical definitions (see [5] and [7]). In any case, they allow great 
flexibility in the definition of B*]k

q\ for instance, in view of John-Nirenberg's inequality 
a natural question is for which values of r the following variants of the operator ill

f 

n ; * U , 0 = sup{(|G|-1 j \f-Pk
Q\>)": xEQ, \Q\ = t" 

can be used to define B"'q. The precise answer is 

THEOREM 2. (/) If a ^ n/p, \ / q = \/p - a/n and r < q, replacing in (1) (ij- by 
Çlr

f we obtain a norm equivalent to ||/||a,*;,?,</• 00 If&> n/p, ÇÇ can be used in just 
the same way. 

Furthermore, it is well known that for k > [a] the spaces B*]k
q are all equivalent 

modulo 2P*; this fact is also an immediate consequence of the following mean oscil
lation version of Marchaud's inequality: 

THEOREM 3. Given positive integers k' > k > [a], if f E: Ba
pq there exists a 

polynomial R E 9V _ i such that 

\\alik
R\-,t)l^cf fwal-"-'(•,S)\\ns-"-'ds 

Jt 

The rest of the paper is devoted to the proofs of these results but before giving them 
we should like to point out that (1) can be shown to be equivalent with the norm used 
by Ricci and Taibleson ([13]) to define MO spaces; in these sense, theorem 1 gives, 
for suitable indices, an identification between MO and Besov spaces, a fact proved in 
R by Ricci and Taibleson and by Greenwald ([2]) in R". Their arguments, however, 
make extensive use of the structure theory of Besov spaces and are somewhat less direct 
than those given here. 

2. Proof of theorem 1. Recalling the definition of PQ~] f an easy homogeneity 
argument gives 

(2) ^ s u p l P ^ ' / I ^ C l e l " 1 f | / |djc 
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for any cube Q and k ^ 1; it then follows that, since Pk
Q(f + R) = Pk

Qf + R for any 
polynomial R of degree ^ k, 

o) 1er1 f \f-py\^c\Q\-x \ \f-R\, 
and that if g C g \ 

(4) | G r [ \f-Pk
Qf\ * C(\Q'\/\Q\)\QV f \f-Pk<yfl 

JQ JQ' 

We have now 

LEMMA l.IfQ has side length t, then, for a.e. x E Q 

\f(x) - Pk
Q\x)\^ C fcik

f-
l(x,s)s-1 ds 

PROOF. By Lebesgue's differentiation theorem, 

\f(x) - Pk
Q\x)\ = lim | e V f \f-Pk

Q
x\ dz as Q' -> {x} 

j Q . 

a.e. in Q Let {Qn} be a sequence of cubes tending to x and such that Q = go, Qi C 
Qi+] a n d | a | = 2"|G/+i|; by (4) 

lar1 / I/- O ^ lar1 / \f-pk
Q-l\ + i l&r / K; - pk

Q}\\ 
JQi JQi y = i •/GI-

 ; ' 

s ci lev f i/-pk
Q:\ ^ c i n;-,u,2-^) 

^ C {'si}'1 (x9s)s~l ds 
Jo 

and the lemma follows. 
Fix now x, h and let Q be the cube with centre x and side length 2k\h\. Since A* 

annihilates 9Vi> the estimate 
f2*|fi| * 

\AkJ(x)\ = \ti(f-Pk
Q-l){x)\ ^ C\ X Slk

f-\x+jh,s)s-1 ds 
0 ; = 0 

holds a.e. in R" and it follows that 

Ç2k\h\ Ç2k\h\ 

K/||„ëcl ||n;-(-,.)|u-'d5; 
therefore 

r2*/ J -ikt 

o 

which, together with Hardy's inequality implies ||/||fl
a•* = C\\f\\ayk.p,q. 

,s)\\pS l ds 
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Conversely, if / E B^]qi f is then locally integrable and for each t > 0 we can 
construct (see [4]) functions gt E LP and ht in V with weak derivatives D^ht E Lp, 
| 3 | = fc, such that/ = gt + A, and 

| | g i g Cco,,*(/,0, f*|A,U = '* 2 \\D*htl S C<oPtk(f,t). 

It now follows from (4) that 

also if ((> E CoCR"), /<(>djc = 1 and $\(x) = \~n$(x/\), we can estimate the mean 
oscillation of the smooth function ht * 4>x using its k - 1 order Taylor expansion and 
we obtain that H f t ^ ^ (' , Oil ^ C'tk\ht*$k\Ptk', hence by Fatou's lemma, 
\\ilk

h;
l(-,t)\\p ^ C<oPÂf, t), and therefore, 

W-\^t% g cmk
g;\-,t)\\p + \\nk

h;l(-,t)\\p) ^ c<o,i4(/,o, 
which implies \\f\UP,q ^ C\\f\\B;:*. 

3. Proof of theorem 2. By Hardy's inequality theorem 2 follows from 

LEMMA 2. (/) / / a ^ w/p, 0 < a' < a" < a and \/r = \/p - a"/n, 

(ii)Ifa > n/p, 

PROOF. (/) Fix t > 0 and let g be a cube with side length t\ we have from 
lemma 1 

(5) |/00 - PQf(y)\ ^ C fn]
f(y,s)s-1 ds 

a.e. in Q. Writing g* = g(v,2s) we obtain by (4) 

£l}(y,s) ^ C\Q*\~l I | / - P ^ | dw ^ Cinf ilj-(z,2s) 
JQ, Q* 

^ Cs~" I ny-(z,2j) dz; 
JQ* 

therefore, if go is the cube with centre 0 and side length t, 

ïlj(y,s)^Cs-(x - 1 • ;dz 
JQ* \y - z\" tt 

^Cs-"-(Sl,
f(-,2S)x2Q)*(-^)(y) 

Inserting this estimate in (5) and using Minkowski's and Young's inequalities, we 
have for \/r — 1 /p + (n — a")/n — 1 
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(loi -1 f \f - pQ\rr ^ et-'- \'\\al
f(-,2s)X2Q4-\a'~nx2QJ\rs-a'-i ds 

JQ J0 

^ Cr f l / r + a ' - a" f ( f a}(z,2s)pd 

= Cta'-n/p J ( [ Çll
f(z,2s)p dz 

\lp 

Z I S~ 

•'O XJ2Q 

If {Qj} is now a disjoint family of cubes with side length t and such that IR" = UQj, 
it follows that for a general x G R " 

n;oM)êcS(|2a|- ' J \f-P2Ql\') \Ql(x) 
J2Qi 

ds 

ds 

ë Cf'-"" PI S ( f n ; ( z , 4 s ) ' dz) 'X a(jc) 

and again by Minkowski's inequality, 

||n;(-,Olk ^ cta'~n,p f S ( f ^ . (z ,^)" dz) 'a 

g a"' r||û/'(-,4.o||„.v~"'"1 d5. 

(n) We prove first that/is locally bounded. Fix a cube Q, \Q\ = t"; we have for a.e. 

\f(y)~PQ(y)\^C \'Slx
f(y,s)s-1 ds 

J0 

^ C \ (s~n J nf(z,2s)dz)s-] ds 
^ C f s~n/p ( f ftj(z,25)p dz) V 1 ds 

^cQV-^'-'ds) * (I (̂ «lln -̂̂ l̂î -̂'ds)̂  

- cta~nlp\ 

Now, if ô E Q is such that | | ( / - PG)xeIU ^ 2|/(y0) " PQ(yo)\, then 

\\(f-PQ)XQ\l ^ C f V " ( f &f{z,2s) d z V 1 ds 
J0 XJ2(25(y0) 7 

^ C | V " 7 ' ( I Cl}(z,2s)p dz) s~] ds; 
J0 \ J 2 o ' 
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and writing as before U" = UQh Qt disjoint, \Qt\ = tn, 

aj(x,t)^IJ\\f-p2Qi)x2Qi\lxQlM 

479 

^ C f i l ( f Cll
f(z,4s)pdz)l,P

XQl(x) 
J0 I ; XJ4Qi ' 

therefore 

n;r-,o S C f ' | s ( f n}(z,4s)pdz) Xft 

g C(",p \'\\Ù,
f(-,4s)\\ps-n"'-] ds. 

s~n/p-] ds; 

s~n/p~i ds 

a,k+\ 

p,q 

4. Proof of theorem 3. Our approach originates in the proofs for the Lipschitz case 
given in [1] or [3]. Clearly, it is enough to assume k' = k + 1 and we construct first 
the polynomial R. Let Q0 be the cube with centre 0 and side length 2{ and for/E B 
write 

Pk
Q'0fW= 2 (aM/p!)*p; 

if |P| = k, using lemma 2.1 in [1] we obtain 

(6) K , ; - aw\ ^ Z K,, - flp.,-,1 ^ C S 2-/A|Gi|~' / , \f ~ PQ>()1 kp,./ - %,./'! = 2 I up,,- - op,/ 

which can be bounded by 

C 2 2-' '*|Gir f . n*(z,2'') dz ^ C S 2-'A-'^| |(i;(-,2')| | / ; 
7 + 1 <?o V 

Thus, {<zp, J is a Cauchy sequence as t —» o° and we set «p = lim a M , |0 | = k. Let 
/?(JC) = 2|p|=* (ap/0!)*p and g = / - /?; we have now 

(7) ft;" W ) ^ c r ft^jc^j"*"1 dj, 

which obviously gives the desired result. To prove it, let x E Q, \Q\ = tn and let Q = 
Q0 C Q{ C ... C Qx = Qo be a. sequence of cubes such that |g,-| = 2n\Qi-i |; writing 

^ . / ( J ) = 2 (flp,//P!)(y - *)P + Sty) = My) + S,(y) 
IPI=* 

*( )0 = 2 (ûp/PW? - *)P + S'()0 = #'(y) + S'(y) 
IPI=* 

and using (3) we obtain 
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(8) IGI"1 f I* - Pk
Q

Xg\ dy ^ C\Q\~] f \g - (Pk
Qf-R0) + 5 ' | dv 

JQ JQ 

^c\\Q\-1 f \f-Pk
Qf\dy + esssup\R-R0\\ 

L JQ Q A 

Since again by lemma 2.1 of [1] 

ess sup \Rj - Rt-i\ ^ Ctk 2 \a$ ; - flp ,-_i| 
Q | p |=* 

^ C^(2'0"12/|~1 f IZ-PfiJ 

and from (6) 
Too 

essQ sup \R'k - R'\^Ctk E |%/v - flP| ^ Cf* n*(;c,s)s 
IPI='- v 

we arrive at (7) by estimating (8) by 

ds 

Ctk 
X Too I f 0 0 
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