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Abstract

A graph I' is G-symmetric if I admits G as a group of automorphisms acting transitively on the set of
vertices and the set of arcs of I', where an arc is an ordered pair of adjacent vertices. In the case when
G is imprimitive on V(I'), namely when V(I') admits a nontrivial G-invariant partition 8, the quotient
graph I'g of I' with respect to 8 is always G-symmetric and sometimes even (G, 2)-arc transitive. (A
G-symmetric graph is (G, 2)-arc transitive if G is transitive on the set of oriented paths of length two.)
In this paper we obtain necessary conditions for I'g to be (G, 2)-arc transitive (regardless of whether I is
(G, 2)-arc transitive) in the case when v — k is an odd prime p, where v is the block size of 8 and « is the
number of vertices in a block having neighbours in a fixed adjacent block. These conditions are given
in terms of v, k and two other parameters with respect to (I', 8) together with a certain 2-point transitive
block design induced by (I', 8). We prove further that if p = 3 or 5 then these necessary conditions are
essentially sufficient for I'g to be (G, 2)-arc transitive.
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1. Introduction

A graph I' = (V(I'), E(I)) is G-symmetric if I admits G as a group of automorphisms
such that G is transitive on V(I') and on the set of arcs of I', where an arc is an ordered
pair of adjacent vertices. If in addition I admits a nontrivial G-invariant partition, that
is, a partition B of V(') such that 1 < |B| < |V(I')| and B$ := {a? : @ € B} € B for any
B e B and g € G (where of is the image of « under g), then I' is called an imprimitive
G-symmetric graph. In this case the quotient graph I'g of I' with respect to B is defined
to have vertex set 8 such that B, C € B are adjacent if and only if there exists at least

Guangjun Xu was supported by the MIFRS and SFS scholarships of the University of Melbourne.
Sanming Zhou was supported by a Future Fellowship (FT110100629) of the Australian Research Council.

© 2014 Australian Mathematical Publishing Association Inc. 1446-7887/2014 $16.00

275

https://doi.org/10.1017/51446788713000669 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000669

276 G. Xu and S. Zhou [2]

one edge of I' between B and C. It is readily seen that I'g is G-symmetric under the
induced action of G on B. We assume that ['g contains at least one edge, so that each
block of B is an independent set of I'. Denote by I'(@) the neighbourhood of @ € V(I')
in I, and define I'(B) = |J,ep ['(@) for B € B. For blocks B, C € 8 adjacent in I'g, let
I'[B, C] be the bipartite subgraph of I" induced by (B N I'(C)) U (C NT(B)). Since I'g
is G-symmetric, up to isomorphism I'[B, C] is independent of the choice of (B, C).
Define I'g(@) :={CeB:T(@)NC # 0} and 'g(B) :={C € B : B and C are adjacent in
I'g}, the latter being the neighbourhood of B in I'g. Define

v:=1|B|, k:=|BNT(C)|, r:=lgla), b:=vallg)

to be the block size of B, the size of each part of the bipartition of ['[B, C], the number
of blocks containing at least one neighbour of a given vertex, and the valency of I'g,
respectively. These parameters depend on (I', 8) but are independent of @ € V(I') and
adjacent B, C € B.

In [6] Gardiner and Praeger introduced a geometrical approach to imprimitive
symmetric triples (I', G, 8), which involves I'g, ['[B, C] and an incidence structure
D(B) with point set B and block set ['g(B). A ‘point’ @ € B and a ‘block’ C € I'g(B)
are incident in D(B) if and only if a € I'(C); we call (a,C) a flag of D(B) and
write aIC. It is clear that D(B) = (B,I'g(B),I) is a 1-(v, k, r) design [6] with b
blocks which admits G as a group of automorphisms acting transitively on its points,
blocks and flags, where Gp is the setwise stabilizer of B in G. Note that vr = bk.
Define D(B) := (B,T's(B),]) to be the complementary structure [12] of D(B) for
which @IC if and only if @ ¢ [(C). Then D(B) is 1-(v,v — k, b — r) design with b
blocks. Up to isomorphism D(B) and D(B) are independent of B. The cardinality
of {D el'g(B) : I'(D) N B=T(C) N B}, denoted by m, is independent of the choice of
adjacent B, C € B and is called the multiplicity of D(B).

An s-arc of T is a sequence (ay, a1, ..., as) of s + 1 vertices of I" such that a;, @4
are adjacent for i =0,...,s— 1 and a;—; # @4 fori=1,...,5s— 1. If I admits G as
a group of automorphisms such that G is transitive on V(I') and on the set of s-arcs of
I', then I is called (G, s)-arc transitive [2]. A (G, 1)-arc transitive graph is precisely a
G-symmetric graph, and a (G, s)-arc transitive graph is (G, s — 1)-arc transitive.

This paper was motivated by the following questions asked in [7]: When does a
quotient of a symmetric graph admit a natural 2-arc transitive group action? If there
is such a quotient, what information does this give us about the original graph? These
questions were studied in [7, 8, 10, 11, 13, 14, 16, 17], with a focus on the case where
v—k>1ork=>1issmall. In the present paper we consider the more general case
where k = v — p for a prime p > 3. In this case we obtain necessary conditions for I'g
to be (G, 2)-arc transitive, regardless of whether I is (G, 2)-arc transitive. We prove
further that when p = 3 or 5 such necessary conditions are essentially sufficient for I'g
to be (G, 2)-arc transitive.

A few definitions and notations are needed before stating our main result. Let G
and H be groups acting on Q and A respectively. The action of G on Q is said to
be permutationally isomorphic [5, page 17] to the action of H on A if there exist a
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bijection p : @ — A and a group isomorphism ¢ : G — H such that p(e) = (p(a))*®
for all @ € Q and g € G. In the case when G = H and the actions of G on Q and A are
permutationally isomorphic, we simply write G* = G2,

Now we return to our discussion on imprimitive symmetric triples (I', G, ). Define
G =1{g € Gp : a® = a for every « € B} to be the pointwise stabilizer of B in G, and
G =1{g € Gp : C& = C for every C € I'g(B)} the pointwise stabilizer of I'g(B) in Gp.
As usual, by Gg we mean the group Gg/Gp) with its action restricted to B, and by

G'#® we mean G /Gy with its action restricted to I'g(B). (Thus, whenever we write

Gg = Glrf(B), we mean that the actions of Gg on B and I'g(B) are permutationally
isomorphic.) Define G(g) = {g € G : B = B for every B € 8}.

Let ¥ be a graph and A a subset of the set of 3-arcs of X. We say that A is self-
paired if (t,0,0”7,7") € Aimplies (7,07, 0, 7) € A. In this case the 3-arc graph E(Z, A)
is defined [10] to have arcs of X as its vertices such that two such arcs (o, 7), (0, 7’)
are adjacent if and only if (,0,0”,7") € A. We denote by n - X the graph which is n
vertex-disjoint copies of Z, and by C,, the cycle of length n. We may view the complete
graph K, on n vertices as a degenerate design of block size two.

As shown in [12], when I'g is (G, 2)-arc transitive, the dual design D*(B) of D(B)
plays a significant role in the study of I', where D*(B) is obtained from D(B) by
interchanging the roles of points and blocks but retaining the incidence relation. Since
in this case Gp is 2-transitive on I'g(B), as observed in [12],

A:=[(C) NT(D)N B| (1.1)

is independent of the choice of distinct C, D € I'g(B). Denote by D*(B) the
complementary incidence structure of D*(B), which is defined to have the same ‘point’
set I'g(B) as D*(B) such that a ‘point’ C € I'g(B) is incident with a ‘block’ « € B if and
only if C ¢ I'g(@). As observed in [12, Theorem 3.2], if I'g is (G, 2)-arc transitive, then
either A = 0 or D*(B) is a 2-(b, r, A) design with v blocks, and either A:=v—-2k+1=0
or D*(B)isa2-(b,b—r, /_l) design with v blocks. Moreover, each of D*(B) and E(B)
admits [12] Gp as a group of automorphisms acting 2-transitively on its point set and
transitively on its block set. The first main result in this paper, Theorem 1.1 below,
gives the parameters of O*(B) and information about I', $*(B) or/and the action of
Gp on I'g(B) in the case when k = v — p for a prime p > 3. Our proof of this result
relies on the classification of finite 2-transitive groups (see, for example, [5]) and that
of 2-transitive symmetric designs [9] (which in turn rely on the classification of finite
simple groups). Without loss of generality, we may assume that I'g is connected.

TueorREM 1.1. Let T be a G-symmetric graph with V(I') admitting a nontrivial G-
invariant partition B such that k =v — p > 1 and I'g is connected with valency b > 2,
where p > 3 is a prime and G < Aut(I'). Suppose I'g is (G, 2)-arc transitive. Then
one of (a)—(f) in Table I occurs, and in (c)—(f) the parameters of the 2-(b, r, 1) design
D*(B) with v blocks are given in the third column of the table.

Moreover, in (a), I' = (JV(I)|/2) - K>, Gg = GII;B(B) is 2-transitive of degree p + 1,
and any connected (p + 1)-valent (G, 2)-arc transitive graph can occur as I'g in (a).
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TasLe 1. Theorem 1.1.

Case D*(B) v,b,r, ) Conditions
(a) (p+1,p+1,1,0)
(b) (2p,2,1,0)
n_ ]
p= a n>2
qg—1
qn+l -1 qn+l —1 | )
(c) PG,_i(n, q) ( , 44" - 4" ) g a prime power
qg-1 qg-1
C[” -1 ) )
is a prime
q-1
(d) 2-(11,5,2) (11,11,6,3) p=>5
(e) (pa,a,a—1, pla —2)) a>3
a>2,s>1

a a divisor of ps + 1

—a+1

s+ Da-1 K
w s a divisor of s
a

s—a+1
(f) (pa, ps+1, ,pla—2)+ &)
as

a-1

<s<a-1<p-2
p—a

In (b), we have I = n - T'[B, C], where n = |V(I')|/2p, I'g = C,,, and G/G(g) = Dy

In (¢), Gg = Gl;f(B) is isomorphic to a 2-transitive subgroup of PTL(n + 1, q), and G
is faithful on B.

In (d), we have G& = G}»® = PSL(2, 11).

In (e), V(I') admits a G-invariant partition P with block size p which is a refinement
of B such that T'p = E(I'g, A) for a self-paired G-orbit A on the set of 3-arcs of I's.
Moreover, B = {B : B € B} (where B is the set of blocks of P contained in B) is a
G-invariant partition of P such that (I'p)g = I'g and the parameters with respect to
(Tp, B) are given by vy =bg=aand kg =rg=a— 1.

In (f), if s = 1,2, then all possibilities are given in Tables 2—3 respectively, where
GEB(B) is isomorphic to the group or a 2-transitive subgroup of the group in the first
column (with natural actions).

Remark 1.2. (1) In (e), denote by s the valency of ['p[B, C] for adjacent B, C € B, and
by ¢ the number of blocks of # contained in C which contain at least one neighbour of
a fixed vertex in BN I'(C). Since rg = a — 1, the parameters with respect to P satisfy
bp =(a—1)s and rp = (a — 1)t. Since vprp = bpkp and vp = p, we have pt = kps.
Since 1 <t<s<a-1,1<kp < pand p is a prime, we have either: (i) kp = p and
s =t;or (il) s = pc and t = kpc for some integer c with 1 <c < [(a—1)/p].

Since v — 2k + A = 0 in (e), examples of (I', G, B) in this case can be constructed
using [12, Construction 3.8] by first lifting a (G, 2)-arc transitive graph to a G-
symmetric 3-arc graph and then lifting the latter to a G-symmetric graph I by the
standard covering graph construction [2].
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TasLE 2. Possibilities when s = 1 in case (f).

GII; 3(B) D*(B) v, b, r, ) Conditions
— +1
A DB =Ky a=22
l<m<n-1
p= m_ 1
a Mersenne prime
2m2" - 1)
<AGL(n,2) on _22,,,,” r=2"-HR2"-1)
(2]" — ])(2}1 . 2’1*)" — 1)
<PGL(2, p) a—1adivisorof p—1
Sps(2) 2-(6,3,2) P=5
p=11
PD*(B) is a Hadamard
My, 2-(12,6,5) 3-subdesign of the
Witt design Wy,
(3-(12,6,2) design)
TaBLE 3. Possibilities when s = 2 in case (f).
ngz(b’) D*(B) v, b,1,4) Conditions
n >3 odd
3" -1)3/
2
3n 3" -1
<AGL(n,3 o =
o3 303 - 1) P=7
3"- 13/ -2) . 3ni— 1
2 2
1<j<n-1
a an odd divisor
of 2p +1
a2 - 1)
2" -1 9p 41
<PGL(n.2) @ - D=1 3<a< L 3+
a
2" —1-
@ - 1)a-2)+ ——2
2a
p=2"1-1
a Mersenne prime
(n—12> 3 aprime)
A; D*(B) = PG(3,2) (35,15,12,22)
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(2) The condition (v, b, r, 1) = (pa,a,a — 1, p(a — 2)) in (e) is sufficient for I'g to
be (G, 2)-arc transitive. In fact, in this case for any B € B and a € B, there exists
exactly one block A € I'g(B) which contains no neighbour of @. Thus, for any distinct
C,D eT'g(B)\ {A}, there exist § € C and y € D which are adjacent to @ inT". Since I is
G-symmetric, there exists g € G, such that 5 = y. So (B, C)% = (B, D). Since g fixes
@, it must fix the unique block of I'g(B) having no neighbour of «, that is, AS = A. It
follows that G4 p is transitive on I'g(B) \ {A} and hence I'g is (G, 2)-arc transitive.

(3) In (f), it seems challenging to determine GII;B(B) and D*(B) when s is not
specified.

We appreciate Yuqing Chen for constructing the following example for the third
row of Table 2. Denote F = GF(2") and let H be a subgroup of the additive group
E = (GF(2"), +) of order 2" (where 2" — 1 is not necessarily a Mersenne prime).
Then E > F* acts on E as a 2-transitive subgroup of AGL(n,2). The incidence structure
whose point set is E and blocks are the complements in E of the E = F*-orbits of H
is a 2-(2",2" = 2" (2™ - 1)(2" = 2" — 1)) design admitting E =< F* as a 2-point
transitive group of automorphisms.

In the case whenk=v—-3>1ork=v—-52>1, Theorem 1.1 enables us to obtain
necessary and sufficient conditions for I'g to be (G, 2)-arc transitive. This will be given
in Theorem 3.2 and Corollary 3.3 in Section 3, respectively.

We will use standard notation and terminology on block designs [1, 4] and
permutation groups [5]. The set of arcs of a graph X is denoted by Arc(X).

2. Proof of Theorem 1.1

Proor or TueorEM 1.1. Suppose I'g is (G, 2)-arc transitive. Then Gp is 2-transitive
on I'g(B) and hence A defined in (1.1) is independent of the choice of distinct
C,D eT'g(B). It is known [12, Section 3] that either A =0 or D*(B) is a 2-(b, 1, 1)
design of v ‘blocks’ with Gy doubly transitive on its points and transitive on its blocks
and flags. Sincek=v—-p > 1,

vr=b(v — p) 2.1

and by [12, Corollary 3.3],
Ab-1)=@w-p)(r-1). (2.2)

Consider the case A =0 first. In this case we have r=1 as v—p > 1. Thus
v=>b(v—p)and sov=p+(p/(b-1)). Since v is an integer and p is a prime, we
have b = p + 1 or 2, and therefore (v,b,r,A)=(p+ 1,p+1,1,0) or 2p,2,1,0). In the
former case, we have k =v—p=1and I = (JlV(I')|/2) - K,. Moreover, the actions of
G on B and I'g(B) are permutationally isomorphic. Thus Gz, = G and Gg = GgB(B)
is 2-transitive of degree p + 1. On the other hand, for any connected (p + 1)-valent
(G, 2)-arc transitive graph X, define I to be the graph with vertex set Arc(X) and
edges joining (o, 7) to (7, o) for all (o, 7) € Arc(Z). Then I' is G-symmetric admitting
B={B(o):0 € V(X)} (where B(c) = {(0,7) : T € £(0)}) as a G-invariant partition such
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that (v,b,r,A) =(p+1,p+1,1,0) and I'g = Z. (This simple construction was used in
[7, Example 2.4] for trivalent X. It is a very special case of the flag graph construction
[15, Theorem 4.3].) In the case where (v,b,r, 1) = (2p,2,1,0), I'[B, C] is a bipartite
G g c-edge transitive graph with p vertices in each part of its bipartition, ' = n - I'[ B, C],
where n = |[V(IN)|/2p, I'g = C,, and therefore G/Gg) = D2,.

Assume A > 1 from now on. Denote by r* the replication number of D*(B), that
is, the number of ‘blocks’ containing a fixed ‘point’. We distinguish between the
following two cases.

Case 1: v is not a multiple of p. In this case, v and v — p are coprime. Thus, by (2.1), v
divides b and v — p divides r. On the other hand, as noticed in [12], by the well-known
Fisher’s inequality we have b<vand r <v—p. Thusv=>b and r =v — p = k. From
22)wethenhave A=(v—-p)v-p-1)/v—-1)=@w-2p)+ p(p—-1)/(v—1). Note
that v # p + 1, for otherwise A = 0, which contradicts our assumption 4 > 1. Since
A is an integer, v — 1 is a divisor of p(p — 1). Since pisaprimeandv—-12>p+ 1,
it follows that p is a divisor of v — 1. Set @ = (v —1)/p. Then a > 2 is a divisor of
p—land (v,b,r,A)=(pa+1,pa+1,pla—1)+1,pla—2)+ ((p+a—-1)/a)). Hence
D*(B) is a 2-transitive symmetric 2-(pa+ 1,pla—- 1)+ 1, pla-2)+ (p+a—1)/a)
design. Thus, by the classification of 2-transitive symmetric designs [9] (see also
[1, Theorem XII-6.22]), D*(B) or D*(B) is isomorphic to one of the following:

PG,_(n,q) (where n > 2 and ¢ is a prime power);

the unique 2-(11, 5, 2) design;

the unique symmetric 2-(176, 50, 14) design;

the unique 2-(22", 212" — 1),2"~1(2"~! — 1)) design (where m > 2).

Since PG,_(n, ¢) has (¢"*' — 1)/(q — 1) points and block size (¢" — 1)/(g — 1), while
D*(B) has pa + 1 ‘points’ and block size p(a — 1) + 1, by comparing these parameters
one can show that D*(B) # PG,_;(n, ¢g). In the same fashion we can see that none of
the 2-transitive symmetric designs above can occur as D*(B). On the other hand, since
p is a prime, D*(B) cannot be isomorphic to the unique symmetric 2-(176, 50, 14)
design or the unique 2-(22", 212" — 1),2""1(2"~! — 1)) design. We are left with
the case where D*(B) = PG,_(n, g) or D*(B) is isomorphic to the unique 2-(11, 5, 2)
design.

It is easy to verify that W(B) = PG,_i(n,q)onlyif p=(¢"-1)/(¢q—1)and a =q.
In this case, GEB(B) is isomorphic to a 2-transitive subgroup of PI'L(n + 1, g) since
GlFf(B) < Aut(D*(B)) = PI'L(n + 1, q). Moreover, we have Gg = ngs(B) since the
actions of a 2-transitive subgroup of PI'L(n + 1, ¢) on the point set and the block set
of PG,,_;(n, g) are permutationally isomorphic. Furthermore, if g € G(g), then g € G,
since D*(B) is self-dual. Since this holds for every B € B, g fixes every vertex of I'.
Since G < Aut(I') is faithful on V(I'), we conclude that g = 1 and so G is faithful on 5.
Therefore, (c) occurs.

Further, ©*(B) is isomorphic to the unique 2-(11,5,2) design if and only if p =5
and a = 2. In this case, since the automorphism group of this symmetric 2-(11, 5, 2)
design is PSL(2, 11) (see, for example, [1, Theorem IV.7.14]), Gg is isomorphic to
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a 2-transitive subgroup of PSL(2, 11). Since IGgI > 11 - 10 but no proper subgroup
of PSL(2, 11) has order greater than 60, we have Gg = GII;B(B) =~ PSL(2,11) and (d)
occurs.

Case 2: v = pa is a multiple of p, where a > 2 is an integer. In this case (2.1)
becomes ar = b(a — 1). Thus a divides b and a — 1 divides r. On the other hand,
Fisher’s inequality yields b < pa and r < p(a—1). So b =at and r = (a — 1)t for
some integer ¢ between 1 and p. By (2.2), A=pla-1)(a—-t-1)/(at-1) =
pla—2)+ p(t—1)/(at - 1).

Subcase 2.1: t=1. Then (v,b,r,A) = (pa,a,a—1,pla—2)), where a>3 as 1> 1
by our assumption. Thus, by [12, Equation (3)], any two distinct ‘blocks’ of D(B)
intersect at A1 =v—2k+1=0 ‘points’. That is, the ‘blocks’ B\ T'(C) (C € I'g(B))
of D(B) are pairwise disjoint and hence [12, Theorem 3.7] applies. Following [12,
Section 3], define P = Jpeg{B \T'(C) : C € I'g(B)}. Then P is a proper refinement
of B. Denote B={B\T(C) e P:C €'g(B)}. Then B = (B: B € B} is a G-invariant
partition of . Denote by vg, kg, bg, rg the parameters with respect to (I'p, Z-AE). It can
be verified (see [12, Theorem 3.7]) that T'p)g =I'g, vg =v/p=a,kg=vg—1=a—-1,
bg=b=a,rg=r=a-1and Z)(B) has no repeated blocks. Thus, by [10, Theorem
1] (or [12, Theorem 3.7]), I'p = E(I'g, A) for some self-paired G-orbit A on the set of
3-arcs of I'g. Hence (e) occurs.

Subcase 2.2: t > 2. In this case, since A is an integer, at — 1 is a divisor of p(t — 1).
In particular, ar — 1 < p(¢t — 1), which impliesa<p—1and (p—1)/(p—a) <t < p.
Since at — 1 does not divide t — 1 and p is a prime, at — 1 must be a multiple of
p, say, at — 1 = ps, so that p(t — 1)/(at — 1) = (t — 1)/s and s divides ¢t — 1. Since
t = (ps+ 1)/a is an integer, a is a divisor of ps + 1. Therefore, (v, b, r, 1) = (pa, ps +
1,(ps+ 1)a—-1)/a,p(a-2)+ (ps—a+ 1)/(as)). Since A is an integer, s is a divisor
of (ps —a+ 1)/a and so s is a divisor of @ — 1. This together with (p — 1)/(p —a) <
t =(ps+ 1)/aimplies (a — 1)/(p — a) < s < a — 1. Therefore, case (f) occurs.

The rest of the proof is devoted to the case s = 1 in (f). In this case D*(B) is a
2-(p+ L, ((p+ )(a—-1)/a, pla—2)+ ((p —a+ 1)/a)) design with pa ‘blocks’ such
that each ‘point’ is contained in exactly r* = p(a — 1) ‘blocks’. Moreover, D*(B)
admits G as a group of automorphisms acting 2-transitively on the set I'g(B) of p + 1
‘points’. All 2-transitive groups are known (see, for example, [5, Section 7.7]). First,
since p + 1 # ¢° + 1,4% + 1 for any prime power ¢, GII;B(B) cannot be a unitary, Suzuki
or Ree group. Since r < p+ 1, §,41 is r-transitive on p + 1 points (in its natural

action) but on the other hand D*(B) has pa < (°}') blocks. Hence GII;B(B) E S pit-
Similarly, as A, is (p — 1)-transitive in its natural action, GgB(B) % A, unless
r = p — 1. In this exceptional case, D*(B) has pa = (’3 ") blocks and so is isomorphic

to the complementary design of the trivial design K ,,;. This gives the second row in
Table 2.
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It GgB(B) is affine, then p + 1 = ¢" for some prime power ¢ and integer n > 1, which
occurs if and only if g =2 and p =2" — 1 is a prime. In this case, n must be a
prime and p = 2" — 1 is a Mersenne prime, and GII;B(B) is isomorphic to a 2-transitive
subgroup of AGL(n,2). Moreover, a = 2™ for some integer 1 <m <n — 1, and so
W, b, r, A, ") =("Q2" - 1),2",2" =2 2" - H(R" = 2" - 1), (2" - H(2" - 1)).
This gives the third row in Table 2.

If G?‘(B ) is projective, then p+ 1 =(¢" — 1)/(g — 1) for a prime power g and an
integer n > 2. Thusn =2, p = g and GgB(B) is isomorphic to a 2-transitive subgroup of
PGL(2, p). Since G is transitive on the p(p + 1)(a — 1) flags of D(B), p(p + 1)(a— 1)
is a divisor of [PGL(2, p)|=(p — )p(p + 1) and so a — 1 is a divisor of p — 1. Note
that the second 2-transitive action of As = PSL(2, 5) with degree 6 is covered here, and
that of Ag = PSL(2,9) with degree 10, of A; with degree 15, and of Ag = PSL(4,2)
with degree 15 cannot happen since 9 and 14 are not prime. Similarly, the second
2-transitive action of PSL(2, 8) < Spy(2) of degree 28 and that of PSL(2, 11) < M, of
degree 11 cannot happen. So we have the fourth row in Table 2.

If G is symplectic, then p + 1 =2""'(2" + 1) for some m>2. If p+1=

2m=1(2™ + 1), then p = (2"~! + 1)(2™ — 1), which cannot happen since p is a prime.
Similarly, if p + 1 =2""1(2™ — 1), then p = (2! = 1)(2" + 1), which occurs if and
only if m =2 and p =5. In this exceptional case, we have GgB(B) = Sp,(2) (=Ss),
a=2 or 3, and hence (v,b,r, A, r*) =(10,6,3,2,5) or (15,6,4,6,10). The latter
cannot happen since a 2-(6, 4, 6) design does not exist [1, Table Al.1]. Thus D*(B) is
isomorphic to the unique 2-(6, 3, 2) design. This gives the fifth row in Table 2.
By comparing the degree p + 1 of ng;(B ) with that of the ten sporadic 2-transitive
groups [5, Section 7.7], one can verify that among such groups only the following
may be isomorphic to GEB(B): M, (degree p + 1 = 12); My, (degree p + 1 = 12); My,
(degree p + 1 = 24).

In the case of M4, ais2,3,4,6,8 or 12, and so (v,b,r, A, r") = (46,24,12,11,23),
(69,24,16,30,46), (92,24, 18,51,69), (138, 24,20,95, 115), (184, 24,21, 140, 161) or
(276,24,22,231,253). It is well known [1, Ch. IV] that M4 is the automorphic group
of the unique 5-(24, 8, 1) design (the Witt design Wy4), which is also a 2-(24, 8, 77)
design, and that up to isomorphism the natural action of M54 on the points of Wy is
the only 2-transitive action of M,4 with degree 24. Hence Ggg(B) % Myy.

In the cases of M;; and M,,ais2,3,40r6,andso (v,b,r,A,r*) =(22,12,6,5,11),
(33,12,8,14,22), (44,12,9,24,33) or (66, 12, 10,45, 55). Since by [4, Section I1.1.3] a
2-(12,8,14) or 2-(12,9, 24) design does not exist, the second and third possibilities can
be eliminated. Thus, if GIZ;‘B(B) =~ M;, or My,, then D*(B) is isomorphic to a 2-(12,6,5)
or 2-(12, 10, 45) design. It is well known [1, Ch. IV] that M|, is the automorphic group
of the unique 5-(12, 6, 1) design (the Witt design Wi;), which is also a 2-(12, 6, 30)
design. Since up to isomorphism the natural action of M}, on the points of Wi, is
the only 2-transitive action of M, with degree 12, we have GEB(B) ¢ M,. Further,
My is the automorphic group of a 3-(12, 6,2) design (that is, a Hadamard 3-subdesign
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of Wi, [1, Ch. IV]), which is also a 2-(12, 6, 5) design. Since up to isomorphism the
natural action of M;; on the points of this design is the only 2-transitive action of M,
with degree 12, we conclude that if Ggﬂ(B) = M, then D*(B) is isomorphic to this
2-(12,6,5) design. This gives the last row in Table 2.

In the same fashion one can prove that, if s = 2 in (f), then we have the possibilities
in Table 3. O

3. p=3,5

Theorem 1.1 provides a necessary condition for I'g to be (G, 2)-arc transitive when
k =v — p for any prime p > 3. This condition may be sufficient for some special
primes p, and in this section we prove that this is the case when p = 3 or 5. Moreover,
when p = 3 we obtain more structural information about I' (see Theorem 3.2 below).
In particular, in the last case in Theorem 3.2 (which corresponds to case (f) in
Theorem 1.1), I" can be constructed from I'g by using a simple construction introduced
in [12, Section 4.1]. Given a regular graph X with valency at least 2 and a self-paired
subset A of the set of 3-arcs of X, define [12] I';(Z, A) to be the graph with the set
of 2-paths (paths of length 2) of X as vertex set such that two distinct ‘vertices’ 7o1’
(=7’071) and nen’ (=n’en) are adjacent if and only if they have a common edge (that
is, o € {n,n’'} and ¢ € {r, 7’}) and moreover the two 3-arcs (which are reverses of each
other) formed by ‘gluing’ the common edge are in A. (As noted in [12], when A is the
set of all 3-arcs of X, I'5(Z, A) is exactly the path graph P;(X) introduced in [3].)

In the proof of Theorem 3.2 we will use the following lemma.

Lemma 3.1. Let T be a G-symmetric graph that admits a nontrivial G-invariant
partition B such that k = v — i, where i > 1. Then the multiplicity m of D(B) and
D(B) is a common divisor of r and b.

Proor. As in [12], we may view D(B) and D(B) as hypergraphs with vertex set B
and hyperedges I'(C) N B and B\ I'(C), C € I'g(B), respectively, with each hyperedge
repeated m times. It is easy to see that as hypergraphs they have valencies val(D(B)) =
r=>b-(ib/v) and val(D(B)) =b — r, respectively. Since m is a divisor of each of these
valencies, it must be a common divisor of r and b. |

Denote by K, , the complete bipartite graph with n vertices in each part of its
bipartition, and by £; — X, the graph obtained from a graph Z; by deleting the edges
of a spanning subgraph X, of X;. Denote by G the subgroup of G fixing B and
C setwise. A few statements in the following theorem are carried over directly from
Theorem 1.1, and we keep them there for the completeness of the result.

TueorEM 3.2. Let T be a G-symmetric graph with V(I') admitting a nontrivial G-
invariant partition B such that k =v —3 > 1 and I'g is connected of valency b > 2,
where G < Aut(I'). Then I'g is (G, 2)-arc transitive if and only if one of the following
holds:

(a) (V9b?r’/1):(4547170)(1”ng§144 0rS4,'
() (v, b,r,2)=(6,2,1,0) and T'g = C,, where n = |V(I)|/6;
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© wb,r,A)=(,7,4,2)and Gg = PSL(3,2);
(d ,b,r,) =Ba,a,a—1,3a - 6) for some integer a > 3;
© b,r,d)=(6,4,2,1) and G'® = Ay or S,

Moreover, in (a) we have GII;B(B) =Aqo0r Sy, I'=(VI)|/2) - Ky, and every connected
4-valent 2-arc transitive graph can occur as U'g in (a).

In (b), we havel’ =3n - Ky,n-Ce or n- K33, and G/Ggy = Dy,.

In (¢c), D(B) is isomorphic to the Fano plane PG(2,2), GII;B(B) =~ PSL(3,2), G is
faithful on B, and'[B,C] =4 - Ky, K44 —4 - Ky or Ky 4. In the first case I is (G, 2)-arc
transitive, and in the last two cases I is connected of valency 12 and 16 respectively.

In (d), the statements in (e) of Theorem 1.1 hold with p = 3.

In (e), we have I = T',(I'g, A) for a self-paired G-orbit A on 3-arcs of I'g, and every
connected 4-valent (G, 2)-arc transitive graph can occur as I'g in (e).

Proor. Necessity. Suppose I'g is (G, 2)-arc transitive. Since p = 3, by Theorem 1.1,
(v, b, 1, 2) is one of the following:

(a) (4,4,1,0); (b)(6,2,1,0); (c)(7,7,4,2) (for whichn = g = 2);
(d) Ba,a,a—1,3a —6) (where a >3); (e) (6,4,2,1) (for which a =2 and
s=1).

In case (a), Gg = Ggg(B ) is 2-transitive of degree four, and in case (b), I'[B,C] =

3. K,,Cs or K33 for adjacent B, C € 8. The properties for cases (a), (b) and (d) follow
from Theorem 1.1 immediately.

Case (c): In this case D(B) is the biplane of order two. In other words, Z_)(B) is
isomorphic to the Fano plane PG(2,2). Since Gg induces a group of automorphisms
of the self-dual D(B), we have G5 < Aut(D(B)) = PSL(3,2) and G*'" < Aut(D(B)).
Since Gp is 2-transitive on ['g(B) of degree seven, we have IG?(B)I >7-6=42.
Since no proper subgroup of PSL(3,2) has order greater than 24, it follows that
GII;B(B) = PSL(3,2). Since the actions of an automorphism group of PG(2, 2) on the set
of points and the set of lines are permutationally isomorphic, we have G5 = PSL(3, 2).
By Theorem 1.1, G is faithful on B.

We now prove I'[B,C] £ 2 - Cy4,Cs, and if I'[B,C] =4 - K, then T is (G, 2)-arc
transitive. Denote A NT'(B) = {uy, up, uz, us} and BN IT'(A) = {v, v2, v3, v4} for a fixed
A €T'g(B).

Suppose I'[A, B] = 2 - C4. Without loss of generality, we may assume that each
of {uy, uy, vy, vo} and {us, ug, v3, v4} induces a copy of C4 in I'. Since 4 =2, |BN
I'(A)NT(F)| =2 for each F € I'g(B) \ {A}. Since there are exactly six such blocks
F, and since [BNT(A)| = 4 and the multiplicity of (B) is one, each pair {v;, v;}
(1<i<j<4)is equal to exactly one BNT(A) NT(F). So there exist C,D €
I'g(B) \ {A} such that BN T(A) NI'(C) = {vi,v.} and BNT'(A) NI'(D) = {v{, v3}. Since
I'g is (G, 2)-arc transitive, there exists g € G such that (A, B, C)® = (A, B, D). Hence
BNTA)NTC)2 =BNTIA) NI(D), that is, {vi,v2}8 = {v{,v3}. However, since
g € Gu p, it permutes the two cycles of I'[A, B] and so {vi,v2}8 = {vi, v} or {v3, va},
which is a contradiction.

https://doi.org/10.1017/51446788713000669 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788713000669

286 G. Xu and S. Zhou [12]

Suppose I'[A, B] = Cg. Without loss of generality, we may assume that ['[A, B] is the
cycle (v, u1, va, up, va, u3, va, ug, vy). As above, there exists C € I'g(B) \ {A} such that
BNTI(A)NT(C) = {vy,v2}. Since r = 4, there exist distinct D, F € I'g(B) \ {A, C} such
that vi e BNI'(D) NI'(F). Since A =2, either BNT(A) NT(D) or BNT(A) NTI'(F)
is equal to {vy, v3}, say, BN T(A) NT'(D) = {vy,v3}. Since I'g is (G, 2)-arc transitive,
there exists g € G such that (A, B, C)$ = (A, B, D). Hence {v, ,}% = {v1, v3}. However,
g € G4 p induces an automorphism of I'[A, B]. On the other hand, the distances from
vy to vp and v in I'[A, B] are 2 and 4, respectively, and this is a contradiction.

So far we have proved that I'[A, B] # 2 - C4, Cs. Since k =4 and I'[B, C] is Gpc-
edge transitive, we must have I'[ B,C] =4 - K, K44 — 4 - K; or K44. Suppose I'[ B, C] =
4 - K;. Then for @ € B the action of G, on I'(@) and I'g(@) are permutationally
isomorphic. Note that I'g(@) is a block of D*(B) = D(B). Since Gg = GE.B(B) =
PSL(2,7) = Aut(D*(B)), the setwise stabilizer of I'g(a) in GII;B(B) is isomorphic to S 4
and hence is 2-transitive on I'g(@) as [I'g(a@)| = 4. One can verify that this stabilizer
is equal to G,. Thus G, is 2-transitive on I'g(a) and so 2-transitive on I'(@). In
other words, I' is (G, 2)-arc transitive when I'[B,C] =4 - K,. In the case where
I'[B,C] = K44 —4 - K> or K44, since I'g is connected and E(B) = PG(2,2), one can
easily see that I is connected of valency 12 or 16 respectively.

Case (e): Since (v,b,r, 1) =(6,4,2,1), D*(B) is the 2-(4,2, 1) design, that is, the
complete graph on four vertices. This case coincides with the case (v, k) = (6,3) in
[8, Theorem 4.1(b)] and we have G;B(B) =~ A4 or S 4 since Gp is 2-transitive on I'g(B)
of degree four. Since (4, r) = (1,2), by [12, Theorem 4.3] we have I' = I',(I'g, A) for
some self-paired G-orbit A on 3-arcs of ['g. Moreover, again by [12, Theorem 4.3], for
any connected 4-valent (G, 2)-arc transitive graph X and any self-paired G-orbit A on
3-arcs of Z, I' =T(X, A) is a G-symmetric graph admitting B, = {B(0) : 00 € V(Z)}
as a G-invariant partition such that I'g, = ¥ and the corresponding parameters are
v,b,r,) =(6,4,2,1) and k = v — 3 = 3, where B,(0) is the set of 2-paths of X with
middle vertex o. Since X is (G, 2)-arc transitive with even valency, by [10, Remark
4(c)] such a A exists and hence X can occur as I'g in (e).

Sufficiency. We now prove that each of (a)-(e) implies that I'g is (G, 2)-arc
transitive. Since by Lemma 3.1 the multiplicity m of D(B) is a common divisor of
b and r, in cases (a)—(d) we have m = 1. In case (e), since b =4 and A > 1, we have
m =1 as well.

In case (a), since (v,b,r, 1) = (4,4,1,0) and k = 1, each vertex in B has a neighbour
in a unique block of I'g(B), yielding a bijection from B to I'g(B). Using this bijection,
one can see that the actions of Gz on B and ['g(B) are permutationally isomorphic.
Since Gg ~ A, or S4, Gp is 2-transitive on I'g(B) and therefore I'g is (G, 2)-arc
transitive.

In case (b), since I'g is a cycle and is G-symmetric, it must be (G, 2)-arc transitive.

In case (c¢), since (v, b,r, 1) =(7,7,4,2), E(B) = PG(2,2). Since Gg = PSL(3,2)
and the actions of PSL(3,2) on the set of points and the set of lines of PG(2,2)
are permutationally isomorphic, we have GII;B(B) ~ PSL(3,2). Since PSL(3,2) is
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2-transitive on the set of lines of PG(2,2), G is 2-transitive on I'g(B) and so I'g is
(G, 2)-arc transitive.

As shown in Remark 1.2(2), in case (d), I'g is (G, 2)-arc transitive.

In case (e), since GEB(B) = Ay or S4 and b =4, Gp is 2-transitive on I'g(B) and so
I'g is (G, 2)-arc transitive. O

The following result about the case p = 5 is largely a corollary of Theorem 1.1 (and
Remark 1.2(2)). So we omit its proof.

CoroLLARY 3.3. Let T’ be a G-symmetric graph with V(I') admitting a nontrivial
G-invariant partition B such thatk =v — 5 > 1 and I'g is connected of valency b > 2,
where G < Aut(I'). Then I'g is (G, 2)-arc transitive if and only if one of the following
holds:

(@) (,b,r,2)=(6,6,1,0)and G& = G,*® = Ag or S¢;

(b) w,b,r,1)=(10,2,1,0), I'g = C, and G/Gg) = D2,, where n = |V(I')|/10;

© (b1, 1) =(21,21,16,12), D*(B) = PG(2,4), G& = G*® is isomorphic to a
2-transitive subgroup of PUL(3, 4), and G is faithful on B;

d ,b,r,A)=(11,11,6,3), D*(B) is isomorphic to the unique 2-(11,5,2) design
and G& = G,*™ = PSL(2, 11);

) W,b,r,)=5a,a,a—-1,5a - 10) for some integer a > 3;

®) either (1) (v,b,r, 1) = (10,6,3,2), D*(B) is isomorphic to the unique 2-(6, 3, 2)

design, and Gi*™® = Sp,(2) or PSL(2,5); or (2) (v,b, 1, ) = (15,6,4,6),
Ts(B) ~ A

D*(B) is isomorphic to the complementary design of K¢ and G 6, OF
(3) (v, b,1,2) = (20,16,12,11), D*(B) = AG(2,4) and G'**®" is isomorphic to a
2-transitive subgroup of AI'L(2,4).

As in Theorem 1.1, in (a) above we have I' = ([V(I')|/2) - K; and every connected
6-valent 2-arc transitive graph can occur as I'g in (a). In (b), since I'[ B, C] is Gp c-edge
transitive, we have ' = 5n- Ky, n- Cip, n- (Ks5 —Cjp), n- (Ks5 —5-K;) or n- Kss.
In (e) above, the same statements as in case (e) of Theorem 1.1 hold with p = 5. The
three cases in (f) arise because (a, s) = (2, 1), (3, 1), (4, 3) are the only pairs satisfying
the conditions in (f) of Theorem 1.1. In (2) of (f), G;*® cannot be PGL(2, 5) since the
latter has no transitive action of degree 15. Similarly, in (1) of (f), GIZ;‘B(B) # PGL(2,5)
because the 2-(6, 3,2) design has ten blocks of size 3 and PGL(2,5) is (sharply) 3-
transitive of degree six. The result in (3) of (f) follows because D*(B) is a 2-(16,4, 1)
design in this case and AG(4, 2) is the unique 2-(16, 4, 1) design [4, Section 1.3].
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