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Abstract. We show that Artin—Schelter regularity of a Z-graded algebra can be
examined by its associated Z"-graded algebra. We prove that there is exactly one class
of four-dimensional Artin—Schelter regular algebras with two generators of degree one
in the Jordan type. This class is strongly noetherian, Auslander regular, and Cohen-—
Macaulay. Their automorphisms and point modules are described.
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Introduction The classification of Artin—Schelter regular algebras, or
classification of quantum projective spaces, is one of important questions in
noncommutative projective algebraic geometry. Many researchers have been interested
in Artin—Schelter regular algebras and many have made great contributions on the
subject. In the case of global dimension 4, plenty of Artin—Schelter regular algebras
have been discovered in recent years [9, 13, 17, 18], and most of them are endowed
with an appropriate Z2-grading. It is not the case for four-dimensional Artin—Schelter
regular algebras of Jordan type (see the subsection 3.1 below). This motivates us to
study this kind of algebras.

The idea used here is to link a Z-graded algebra with an appropriate Z"-graded
algebra for some positive integer r(> 1). By means of the leading homogeneous
polynomials LH(G) (see the subsection 2.2) of some Grobner basis G of an ideal,
we show it is available for those Z-graded algebras without Z>-grading on them. Our
first result is a regularity criterion for a connected graded algebra.

THEOREM 0.1. Let A = k(X)/I be a connected graded algebra. Then, A is Artin—
Schelter regular in case there is an appropriate 7"-grading on k{X) such that 7"-graded
algebra k(X)) /(LH(G)) is Artin—Schelter regular, where G is the reduced Grobner basis of
I with respect to an admissible order <z: on the free monoid generated by X including 1.

An application of the criterion in this paper is the connected Artin—Schelter
regular algebras of dimension 4 with two generators whose Frobenius data is of
Jordan type. The generic constraints condition (see [9]) in this case turns out to be
invalid. Using the A4.-algebra theory and applying the criterion to the Jordan type,
we get a classification result:
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THEOREM 0.2. The algebra J = J(u, v, w) = k{(x, y)/(f1,f2) is an Artin—Schelter
regular algebra of global dimension 4, where

fi=x" = 2pxp + y’x,
fr=xy = 3x%yx + 3xpx? — yx* 4+ (1 — w)xyxy + uyx’y
+ (u = 3)yxyx 4+ 2 — u)p*x* — vy’xy + vy’x + wyt,

andu, v, w € k.

Ifk is algebraically closed of characteristic 0, then it is, up to isomorphism, the unique
Artin—Schelter regular algebra of global dimension 4 which is generated by two elements
whose Frobenius data is of Jordan type.

As the criterion for Artin—Schelter regularity, we provide a similar method to
recognize the ring-theoretic and homological properties of an Artin—Schelter regular
algebra from the known one.

THEOREM 0.3. Let J be the Artin—Schelter regular algebra showed in the theorem
above. Then
(a) J is strongly noetherian, Auslander regular and Cohen—Macaulay;

(b) The automorphism group of J is {(8 2) ‘ ae€k\{0}, b e k};
(c) T has two classes of point modules up to isomorphism.

Here is an outline of the paper. In Section 1, we review some basic definitions
of Artin—Schelter regular algebras, 4..-algebras and Z"-filtered algebras. The links
about regularity between Z’-filtered algebras and associated Z"-graded algebras are
considered in Section 2. The next two sections are devoted to an application of
the criterion to the classification of Artin—Schelter regular algebras of Jordan type.
Properties of the classified result 7 of Jordan type in Theorem 0.2 are presented in
Section 5.

Throughout the paper, let k be a commutative based field; in Sections 3-5, we will
assume that k is algebraically closed with characteristic 0. Unless otherwise stated,
graded means Z-graded, the tensor product ® means ®;. For simplicity, we only
consider graded algebras that are generated in degree 1. The set of natural numbers
N =1{0,1,2,...}. We denote Z" the set of r-tuples of Z with the standard basis ¢; =
©,...,1,....,0)fori=1,2,...,r.

1. Preliminaries. In this section, we recall the definitions of Artin—Schelter
regular algebras, A-algebras, and Z"-filtered algebras as well as some fundamental
consequents in preparation for the classification.

By a norm map on 7" we mean themap || - | : Z" — Z whichsends«a = (ay, ..., a;)
to > i_, a.. An admissible ordering < related to the norm map is a total ordering
such that ||aq| < ||az| implies o) < ap, and @1 < ap implies o) + a3 < @y + a3 for any
o1, 0, 03 € 7.

Let A = @, 5 A« be a Z"-graded algebra. For a homogeneous element a € A4,
we call @ and ||| the degree and the total degree of a, denoted by dega and tdega,
respectively. We say A is connected if A, =0 for all « ¢ N" and 4y = k. A connected
Z'-graded algebra A is called proper if A is generated by @®;_, 4., with 4., # 0 for
i=1,2,...,r. We denote by GrMod 4 the category of Z"-graded left A-modules
with morphisms of 4-homomorphisms preserving degrees, and by grmod 4 the full
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subcategory of GrMod A4 consisting of finitely generated Z"-graded left A-modules.
The categories of Z"-graded right 4-modules, denoted by GrMod 4° and grmod A°,
respectively, are defined analogously. When r = 1, it goes back to the usual graded
situation.

Given a Z'-graded A-module M =&, M, and BeZ', its shift is
M(B) € GrMod A defined by M(B)y = Myip for any ae€Z'. For M,N e
GrMod 4, we write Hom ,(M, N) = @, ., Homgmod 4(M, N()) and Ext',(M, N) =
Decrr Extlopgoa s (M. N(@).

1.1. Artin—Schelter regular algebras. The following definition is originally due to
Artin and Schelter [2].

DEFINITION 1.1. A connected Z"-graded algebra A is called Artin—Schelter regular
(AS-regular, for short) of dimension d if the following three conditions hold:

(AS1) 4 has finite global dimension d;
(AS2) A has finite Gelfand—Kirillov dimension;
(AS3) A is Gorenstein; that is, for some / € 7",

. k() ifi=d,
Ext, (k. 4) = {0() ifid

where [ is called Gorenstein parameter.

The following proposition was originally proved for Z-graded algebras, and holds
true in our Z’-setting.

PROPOSITION 1.2 ([14, Proposition 3.1]). Let A be a Z"-graded AS-regular algebra
of dimension d with Gorenstein parameter [, then the minimal projective resolution of 4k
is

O—)Pd—>Pd_1—>-~-—>P1—>A—>Ak—>O,

where P; = @;’: | Aéisa finitely generated free module on basis {ely? | with degd e N

i=

for all 1 <j<d-—1,and P; = Aey is a free module on e; with dege,; = L.

Artin and Schelter in [2] conjecture that all AS-regular algebras are noetherian. The
examples of AS-regular algebras found so far are in their guess. With the assumption
of noetherian on AS-regular algebras, some abstract properties have been proved in
small dimensions. For example, any noetherian connected graded AS-regular algebra
of global dimension 4 and GKdim 4 = 4 is a domain (see [4, Theorem 3.9]). Hence, in
the following we assume that AS-regular algebras are domains which is a fundamental
assumption in the classification of AS-regular algebras of Jordan type.

As the paper [9] observes, the AS-regular algebras of global dimension 4 which
are domains have three resolution types as they named (14641), (13431) and (12221)
according to the number of generators in degree 1. In the Sections 3-5, we will focus on
the AS-regular algebra A4 of type (12221) whose minimal resolution of trivial module
Ak is

0— A(=7) > A(—6)®* > A(—4) ® A(-3) > A(-1)®> > 4 >, k— 0, (%)
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and the Hilbert series is

1

= i —aa =y

In some papers, the condition (AS2) is not required in the definition of Artin—
Schelter regular algebra. The following theorem is a pivotal point in the classification
which was proved by using A4..-algebra method.

THEOREM 1.3 ([8, Theorem 12.5], [11, Corollary D]). Let A be a connected graded
algebra, and let E(A) := Ext’(k, k) be the Yoneda algebra of A. Then, A satisfies (AS1)
and (AS3) if and only if E(A) is Frobenius.

1.2. A,.-algebras. The definition and notation of the 4,-algebra are introduced
in this subsection briefly. We refer to [6, 9] for the details.

DEFINITION 1.4. Let E = @D, , E' be a Z-graded k-vector space. The vector space
E is an A.-algebra if it is endowed with a family of graded k-linear maps

m,: E®" > E, n>1,
of degree 2 — n satisfying the following Stasheff identities Sl(n):

st . . 1Rt
E (=1 myp14,(d® @my ®d®) = 0

r+s+t=n;

s>1; r,t>0

foralln > 1.

Note that when the formulas are applied to elements, additional signs appear due
to the Koszul sign rule. We assume every A -algebra in this article contains an identity
element 1 € E° which satisfies strictly unital condition; that is,

(a) ma(1, x) = x and my(x, 1) = x, for every x € E;

(b) my(xy,...,x,) =0,if x; = 1 for some i and n # 2.

Now let 4 be a connected graded algebra, then the Yoneda algebra E(A) is bi-
graded naturally: one is the homological degree, written as superscript, and the other
one is Adams degree, written as subscript, the latter is induced by the grading of 4. It
is a basic fact that £(A) can be viewed as the cohomology algebra of some differential
graded algebra.

For any differential graded algebra D, there is a canonical 4,-algebra structure on
its cohomology algebra H(D) which is unique in the sense of 4,.-isomorphisms. This
is a key result in the 4..-world named “Minimal Model Theorem” (see [6]). A concrete
method of constructing the minimal model is provided in [12]. As a consequence, E(A)is
equipped with a natural 4,-algebra structure. We adopt that the 4,,-algebra structure
in this paper are bi-graded and all multiplications {m,} preserve Adams degree; that is,
deg(m,) = (2 — n, 0). It is a nontrivial hypothesis since such an Ay-algebra structure
exists (see [10]).

We use E(A) to denote both the usual associative Yoneda algebra and the A ,-Ext-
algebra with any choice of its A, -structure. There is such a graded algebra A that its
associative Yoneda algebra E(A4) does not contain enough information to recover the
original algebra 4; on the other hand, the information from the A..-algebra E(A) is
sufficient to recover 4. This is the point of the following theorem:
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THEOREM 1.5 ([10, Corollary B]). Let A be a connected graded algebra which is
Sfinitely generated in degree 1 and E be the A-algebra Ext’(k4, k4). Let R=D,., R,
be a minimal graded space of relations of A such that R, C Ay ® Ay—1 C AS". Let
i: R, — A?" be the inclusion map, and i* be its k-linear dual. Then, the multiplication
m, of E restricted to (E")®" is equal to the map

# o (ENY®" = (4)®" — R C B,

where R* and A? is the graded k-linear dual of R and Ay, respectively.

1.3. Z'-filtered algebras and modules. The basic definitions and notations of Z"-
filtered algebras and Z’-filtered modules are given in this subsection. We refer to [7] for
the details. Let < be a fixed admissible ordering on Z".

DEFINITION 1.6. A k-algebra B is called a Z"-filtered algebra if there is a family
{Fy(B)}qezr of k-subspaces of B such that

(a) F.(B) C Fu(B)ifa < o;

(b) Fu(B)Fo(B) C Fuyu(B), for any a, o’ € 7

(¢) B= U,z Fu(B), and 1 € Fy(B).
In the definition above, the family {F,,(B)}qcz is called a Z"-filtration of B.

An associated 7"-graded algebra of 7"-filtered algebra B is defined by

, Fu(B)
7® =D G

ael"

where F_q(B) =, _, Fou(B).

DEeFINITION 1.7. Let B be a Z"-filtered algebra and M a B-module. We say M is a
Z"-filtered B-module if there exists a Z"-filtration on it; that is, a family {F,(M)},cz of
k-subspaces of M such that

(@) Fo(M) C Fy(M) ifa <o

(b) Fo(B)Fy(M) C Foyro(M), for any o, o’ € 77,

© M = U,z Fo(M).

Also there is an associated 7"-graded module of M

r Fu(M)
o=@ 7G5

ael"

where F_o(M) =, _, For(M). Clearly, G'(M) is a Z"-graded G’(B)-module.

Let M be a Z"-filtered B-module. If L is a submodule of M, there is an induced
Z"filtration {Fy(L)}yczr on L, where Fo(L) = L) Fo(M). And an induced 7" -filtration
{Fy(M/L)}yez- on M/ L is defined by F,(M/L) = (F,(M) + L)/L. We assume that the
Z"filtration on submodules and quotient modules is always the induced one in this

paper.

DErFINITION 1.8. For two Z'-filtered M,N € GrModB, let ¢ be a B-
homomorphism from M to N. We say ¢ is Z'-filtered if ¢p(F,(M)) C F,(N) for any
ael.
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Moreover, ¢ induces a G"(B)-homomorphism from G"(M) to G"(N) denoted by
G'(®).

Furthermore, ¢ is called strict if ¢(Fy(M)) = ¢(M) () Fx(N) for all @ € Z". The
strictness also yields ¢p(F_o(M)) = ¢p(M) N F_,(N) for all «. When r = 1, it coincides
with the usual situation.

2. 7" -filtered algebras and associated 7"-graded algebras. This section is devoted
to set up a link between the connected graded algebra and its associated Z’-graded
algebra. We define a Z"-filtration on a connected graded algebra related to a partition
of the generator set, and discuss relevant homological properties. Using Grobner basis
theory, we prove two criterions for examining regularity and ring-properties from
known algebras.

In [17, 18], the authors proved that the regularity and some other ring-properties
of N-filtered algebras can be examined from their associated graded algebras. However,
N-filtration is not enough to reduce the complexity in general. Torrecillas and Lobillo
studied GK-dimension and global dimension of N’-filtered algebras in [15] and [16].
To deal with general cases, Z"-filtration should be much more selective. This leads
to the following natural question, do the conclusions in [17, 18] still hold for some
Z"-filtration?

We consider two-dimensional AS-regular algebras firstly. It only has two types:

Aq) = k(x, y)/(xy — qy), A= k(x, »)/(yx = xy = x%).

The Z?-graded part yx — xy in the relation of 21’ is a special case of the relation of (q).
In fact, (1) is an associated Z>-graded algebra of 2 for some Z>-filtration. Similar
phenomenon exists in S> and S, of three-dimensional AS-regular algebras (see [2]).
Those evidences inspire us to find a criterion in general.

2.1. A Z'iltration arising from a partition on the generator set. In order to
guarantee that morphisms preserve the degrees, we need a special Z"-filtration. Some
natural homological properties depending on this Z"-filtration are collected in this
subsection.

First, we give an admissible ordering on the group Z" as follows. Let o =
(ai,...,a;) and B = (by,...,b,) be two arbitrary elements of Z". We define o < 8
if one of the following two cases being satisfied

(@) llell < lIBIl, or

(b) llall = Bl and thereexistsa 7 (1 < ¢ < r)such thata; = b;fori < tbuta, < b,.

Now let 4 = k(X)/I be a connected graded algebra, where X is the minimal set
of generators of 4. Denote X™* the free monoid generated by X including 1. There is a
canonical projection

k(X)) —> A.

Given a positive integer r (1 < r < #(X)), we introduce a Z’-grading deg’
on k(X) as follows: let {Xi, X»,...,X,} be a partition of X, define deg"x :=
(817,821, ..., 8) if x € X; (i=1,2,...,r), where §; is the Kronecker symbol. Using
this grading, we can get a Z'-filtration on k(X)) defined by: F,(k{X)) = 0if ¢ < 0 and
Fy(k(X)) = Span,{u € X* | deg"u < a} if @ > 0. That induces a Z'-filtration on A4
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defined by
F,(A) = n(Fy(k(X))), foranya eZ'.

Convention: From now on, we fix this Z"-filtration on A4, and denote by G"(A4) the
associated Z"-graded algebra of A.
Note that since A4 is generated in degree 1, the following is obvious.

LEMMA 2.1. The Z"-filtration on A defined as above satisfies

(a) Fo(A) S Do Ai and Fo(A) S Ajo) + F<a(A) for all o € 7"
(b) If o ¢ N, then Fy(A) = F_4(A).

(¢) G"(A) is a connected properly 7"-graded algebra.

Let P = @;_, Ae; be a finitely generated free 4-module on the basis {e;};_,. Take
a;eZ"(i=1,2,...,s)such that ||«;|| = dege;. We define a Z"-filtration on P by

s

FP) =B ( Y R acz (F1)

i=l y+toiz«a

Itis easy to check that G"(P), the associated Z"-graded module of P, is finitely generated
and free as G"(A4)-module. We call (P, {o;}}_,) a Z"-filtered pair of the free module P.

Conversely, let P = @}_, G'(4)e; be a finitely generated free G'(4)-module on the
basis {¢;}7_, with dege; = ; for i =1,2,...,s. Then, there exists a Z’-filtered pair
(P, {a;}i,) of a free module P such that G'(P) = P, where P = ;_, Ae; is a finitely
generated free 4-module. Moreover, we set dege; = tdege, fori=1,2,...,s.

For other modules M € grmod A4, some extra hypotheses of Z"-filtration on M is
required. For convenience, we introduce a Z"-filtration on M by

Fo(M) = Z( 3 Fy(A))éi, foralla e 7', (F2)

i=l  y+Bi<a

where M =)}, A& and B;=(0,...,0,deg&;) for any i=1,2,...,s. This Z'-
filtration on finitely generated modules is a so-called “good” Z'-filtration. It also
assures that G"(M) # 0if M # 0. Using Lemma 2.1 on this Z”-filtration of the finitely
generated module M we obtain:

LEMMA 2.2. Let M be a finitely generated A-module.

(a) The associated 7"-graded G"(A)-module G"(M) is finitely generated.

(b) Fo(M) € @D,y Mi and Fo(M) S Mo + F-o(M) for all o € 7.

(c) Leta = (ay, ..., ar_1,a,) € Z" such that (ay, ...,a_) ¢ N7 then F,(M) =
Foo(M).

(d) For every i € Z, there are only finite @ € 7" such that ||| =i and F,(M) #
F<Ot(M)'

Lemma 2.2 implies that the Z"-filtration {F,(M)}4cz- on the finitely generated
module M is well-ordering with respect to the order by inclusion. Furthermore, for
any m € M, there exists « € Z" such that F,(M) # F_,(M) and m € F,(M). The 7’-
filtration on modules in grmod A4° can be defined in a similar way.

In the sequel, all Z"-filtration on free modules and finitely generated modules is
considered to be defined as (F1) and (F2), respectively. With these preparations, we
turn to consider the homological aspect of them.
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LEMMA 2.3. Suppose Z'-filtered modules My, My, M3 € GrMod A. Consider 7’-
filtered sequence

M5 v S m;, ®
with g1 = 0 and the associated 7"-graded sequence:

(M) 22 o) L2 Gr). (@)

(a) If sequence (1) is exact and ¢y, o are strict, then sequence (G'(h)) is exact.
(b) Suppose M; € grmod A4 (i=1, 2, 3), then sequence (G"(1)) is exact if and only if
(b) is exact and ¢y, @, are strict .

Proof. (a) Clearly G"(¢2)G"(¢1) = 0. Let my € Fy(My)\F_o(M3), and 0 # m;, €
G"(M>). Suppose G"(¢)(1m3) = 0. This implies ¢,(m;) € F_,(M3). However, ¢,(m;) €
¢2(Fo(M>)) by the strictness of ¢,. There exists m), € F,(M>) such that my —m), €
Ker ¢, where o’ < a. Exactness of () and strictness of ¢; yield

©1(Fy(M1)) = Im(g1) N Fo (M) = Ker(go) N Fo (M>).

Thus, ¢i(m1) = my —m), for some m; € F,(My). Then, G"(¢1)(m1) = 1(m) = my.
This shows Ker G'(¢;) € Im G"(¢).

(b) The sufficiency is a special case of (a). To get the necessity, we proceed in two
steps. The first step is to show the strictness. We need only to prove the strictness of ¢,
since a similar argument is valid for ¢;.

Choose m3 € F,(M3) N Im(g;) and m3 ¢ F_o(M3). There exists m, € M, with
degree |||l which belongs to F, (M>) such that ¢,(m;) = mj3. If &’ < «, the strictness
is clear since F, (M») C Fy(M,). We assume o’ > «, then G'(p2)(m2) = @2(my) = 0.
By the exactness, there exists m; € F, (M) with degree ||| such that G"(¢;)(m;) =
@i1(m1) = my. Thus, m), = my — @1(m) € F_o(M>) such that ,(m),) = msz. The proof
is completed if m}, € F,(M>). Otherwise, there is «” > & such that m, € F,(M>) and
F,» # F_,». Repeat this procedure, by Lemma 2.2(d), it stops in finite steps. Finally,
we get i, € F,(M>) such that ¢,(71;) = m;.

The second step is exactness. Let my € Fy(My))\F_o(M3) such that
@2(my) = 0. Then, G"(¢y)(my) =0. Hence my, € Ker G'(¢;). There exists m(ll) €

Fy(M)\F_.,(M)) satisfying Gr(gol)(m(ll)) = <p1(m(11)) = my. Thus, m) = m, — (pl(m(ll)) €
F_o(M>) N Ker ¢,. There is @’ < «a such that m), € Fo,(M>) and F (M3) # Foo(M>).
Repeat this procedure, by Lemma 2.2(d) and M, is bounded below, there exist
finite number of m(ll), m(lz) AU m(lt) such that m; = ¢ (Z§:1 m(li)). Therefore, Ker ¢, C

Im(pl. Il

The following corollary tells that the properties of submodules can also be obtained
from its associated Z"-graded version.

COROLLARY 2.4. Let M|, M, € GrMod A4 be 7"-filtered modules.

(a) Suppose ¢ : My — M is a strict 7" -filtered homomorphism. Then, Im G’ (¢) =
G'(Im ¢) and Ker G'(¢) = G"(Ker ¢).

(b) If L is a submodule of M, then G"(M /L) = G"(M,)/G"(L).

(c) Suppose M| € grmod A. If Ly, L, are two submodules of M| and L; C L, such
that Gr(Ll) = Gr(Lz), then Ly = L,.
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Proof. (a) and (b) are immediate consequences of Lemma 2.3(a).

(c) Notice that the Z"-filtration on L;, L, and L,/L;, induced from the one on M,
is also a well-ordering. Then, L,/L; = 0 follows from G"(L,/L;) = 0, and the latter
follows from (b). O]

Next lemma is a key step for constructing a resolution. This lemma is similar to
[7, Chapter 2, Proposition 2.3]. However, one shall notice that the homomorphism
constructed in next lemma preserves degrees. In other words, the conclusion holds in
the graded module category GrMod 4.

LEMMA 2.5. Let M be a finitely generated A-module, and P = @B:_, G"(A)e, afinitely
generated free G"(A)-module with basis {e,};_,. Assume ¢ : P — G'"(M) is a surjective
morphism in GrMod G'(A). Then, there exist a finitely generated free A-module P and a
strict Z"-filtered surjection ¢ : P — M in GrMod A such that G'(¢) = ¢.

Proof. As mentioned above, set P = ;_, Ae; on a basis of {¢;}}_, with dege; =
tdege; fori=1,2,...,s. Let (P, {o;}}_,) be a Z'-filtered pair of the free module P such
that G"(P) = P where o; = dege,; (i=1,2,...,5).

Assume ¢(e;) = m;, where m; is a homogeneous element in G"(M),, represented
by m;. Here, m; € Fo(M)\Fo,(M)and m; € M, fori=1,2,...,s. The existence of
m; is guaranteed by Lemma 2.2.

We define the morphism ¢ : P — M in GrMod 4 by ¢(e;) = m;. It is easy to see
that G"(¢) = ¢. Since ¢ is surjective, ¢ is a strict Z'-filtered surjection by Lemma 2.3(b).
O

The following lemma exhibits a construction of a free resolution for a Z’-filtered
graded module from a free resolution of its associative Z"-graded module.

LEMMA 2.6. Let Z"-filtered M be a finitely generated A-module. Suppose that G"(M)
has a finite free resolution (the length is finite and each term in it is finitely generated):

d, d,_

m Em—

d, d d,
O_>£m_)£n171_)"';)£l;l)goi)Gr(M)_> 0,

where P; = @f’:l G"(A)é for 0 <j < m. Then, there exists a finite free resolution of M
in GrMod A

dp iy

d
0— P,— P, — 0

Py 0,

where P; = @), Aé with deg éi = tdeg ¢} and (P;, {deg d}f;l) is a Z"-filtered pair of the
JSree module Pj such that G'(Pj) = P, and G'(dj) = d; for all 1 <i <s;,0 <j <m.
As a consequence, gldim A < gldim G'(A4). '

Proof. The proof is similar to [16, Theorem 2.7] and [7, Chapter 2, Proposition
2.5]. But we need to notice that d; is constructed as in Lemma 2.5 which preserves
degrees foralli=1,2,...,m. O
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In the sequel, we use the following notation if there is no confusion:

(_)\/ = MA(_7 A)a
(=)= Homg(4(—, G'(4)).

As usual, the Z'-filtration on the module P" for a finitely generated free A-module
P = @;_, Ae; with basis {¢;}!_, is defined as

Fo(PY)={f € P"| f(Fy(P)) C Fu1a(A) forall o’ € Z'}.
However, there is an isomorphism 6 : P¥ = P' in grmod A° , where P' = @;_, ¢/4 is
a free A°-module on a basis {¢/}]_, with dege; = —dege; fori=1,2,...,s. Itis easy
to check that 6 is a strict Z"-filtered isomorphism. Thus, the Z’-filtration above also
satisfies Lemma 2.2.

LEMMA 2.7. Let (P;, d,) and (P;, d;) be defined as in Lemma 2.6 fori=1,2, ..., m.
Then, G'(PY) Z P/ and G'(d;') =d fori=1,2,...,m.

Proof. Since P) is a finitely generated free module, P,/ = G'(P}) is an easy result
by Lemma 2.2. And the other one can be verified straightforwardly by Lemma 2.5 and
the isomorphism 6. O

2.2. The regularity. Now, we give the regularity criterion for a connected graded
algebra.

Let A = k(X)/I be a connected graded algebra. We keep the Z"-filtration on 4
defined in last subsection. Actually, this Z"-filtration is equivalent to a Z"-grading on
k{X) such that G"(A) is a Z"-graded algebra. Provided an appropriate Z"-grading, one
may derive some properties of A4 from G"(A).

THEOREM 2.8. Let A = k(X ) /I be a connected graded algebra. If G'(A) is AS-regular
for an appropriate 7"-grading on k{X), then A is AS-regular.

Proof. By Lemma 2.6, we know gldim 4 < gldim G"(A) is finite.

Notice that G"(A4) can be seen as a N'-graded algebra which does not change the
GK-dimension. Thus, GKdim 4 = GKdim G"(A) is finite by [15, Theorem 2.8].

It remains to show that A4 is Gorenstein. Since G"(A) is AS-regular, there exists a
minimal free resolution of g-()k:

d, d d

d d
0—P,—P, = —P —P,—> gk — 0,

where P; = DL, G'(A)é, forall 0 < j < n.
It is easy to know G"(k) = k as G'(A)-modules. By Lemma 2.6, there exists a finite
free resolution of 4k in GrMod 4:

dy, dy—y d: d d
0—)Pn—>Pn_1L>~-~—2)P1—I>P0—O>Ak—)O,

where P; = @7, A¢; with dege} = tdege} and (P;, {degél}),) is a Z-filtered pair of

the free module P; such that G"(P)) = P;and G'(dj)) = d; foralll <i<s;, 0 <j <n.
The regularity of G"(A4) implies Im(d,_,*) = Ker(d,”). Note that G'(d;") = d;¥ and

G'(PY)= P/ by Lemma 2.7 for i =1,2,...,n. Thus, Ext,(k, 4)=0 for all i <n
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by Lemma 2.3(b). Moreover, d,” is strict. Now we turn to compute Ext’(k, A). By
definition, we have

Extl, (k. G'(4)) = P}/ Im(d,") = G'(P})/ Im(G"(d;")) = k(1)
for some / € Z". By Corollary 2.4, we obtain
G'(Exty(k, A)) = G'(P)/Im(d,)) = G"(P)))/ Im(G"(d,")) = k(I),

where the Z"-filtration on Ext”(k, 4) is induced by the one on P,

Hence,  F_(Ext(k, A)/F-_(Exti(k, A) =k  and  Fu(Exti(k, 4)) =
F_,(Ext’(k, A)) for all « € Z" except for &« = —/. Since the Z"-filtration on P, satisfies
Lemma 2.2, we know Ext’(k, A) = k(||/||). In addition, gldim 4 = gldim G"(4). O

To make the regularity criterion theorem above available in practice, a good way
is to use Grobner theory. We review noncommutative Grobner basis theory briefly,
a detailed treatment can be found in [7]. We firstly choose an arbitrary monomial
ordering < on X*. This induces a Z"-graded admissible ordering <z on X*: for
u,v € X*, u <z vis defined by

(a) deg'(u) < deg’(v), or

(b) deg’(u) = deg’(v) and u < v.

For a nonzero polynomial /' € k(X), we canwritef = Y 7, f;, where each nonzero
Jiis Z"-homogeneous with deg’ f; = o;and o) < a» < - - < oy. The element f is called
the leading homogeneous polynomial of f, and it is denoted by LH(f). Let G be the
reduced monic Grobner basis of 7 under admissible ordering <z-, and let LH(G) =
(LH() | / € G}.

With the above preparations, now we are in position to prove Theorem 0.1.

Proof of Theorem 0.1 Due to the observation above Theorem 2.8, there exists a
partition on generator set X corresponding to the Z"-grading on k(X). This partition
induces a Z"-filtration on A as defined in Section 2.1, and G"(A) is the associated Z’-
graded algebra. Here, the ordering < on Z" is the top priority in <z-. And G is the
reduced Grobner basis of 1 with respect to <z-. From [7, Chapter 4, Theorem 2.3], we
know

G'(4) = k(X)/(LH())

as Z"-graded algebras. Thus, 4 is AS-regular by Theorem 2.8. ]

REMARK 2.9. (1) Theorem 0.1 provides a possible generalized deformation from
known Z"-graded AS-regular algebras; that is, by adding some appropriate low-terms
to the relations, one may produce some new classes of AS-regular algebras.

(2) The regularity criterion might not work for some AS-regular algebras. For
example, the three-dimensional Sklyanin algebra

A =k(x, y, z)/(axz + bzx + ¢y*, apx + bxy + ¢z, azy + byz + ¢x°),
where scalars a, b, ¢ € k. It is AS-regular except for some special values of scalars.
When ¢ # 0, G"(A) are not domain for all Z"-grading on k{(x, y, z) where r = 2, 3.

However, all AS-regular algebras of global dimension 3 are noetherian domains (see
[4]). So all of them are not AS-regular. Nevertheless, it is interesting to find a class of
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AS-regular algebras 4 = k(X)/I such that there exists an appropriate Z'-grading on
k{X) and make k(X)/(LH(G)) to be AS-regular where G is the Grobner basis of /.

2.3. Ring-theoretic and homological properties. AS-regular algebras obtained so
far all have nice ring-theoretic and homological properties, such as noetherian, strongly
noetherian and Auslander regular. In this subsection, we show that those properties
also hold if their associated Z"-graded algebras have them.

THEOREM 2.10. Let A = k(X)/I be a connected graded algebra. If G"(A) is strongly
noetherian and Auslander regular for an appropriate 7"-grading on k(X), then so is A.

Before proving this theorem, we need some lemmas.

First, we set the definition of Z”-filtration on tensor product. Let 4| and A, be two
algebras with A4; being a Z"-filtered algebra. We introduce a Z"-filtration on 4; ® A4,
by

Fy(41 ® A2) = Fo(4))® Ay  foralla € 7.

REMARK 2.11. Suppose A; is a connected graded algebra and A, is regard as a
graded algebra concentrated in degree 0. If the Z"-filtration on A; is the one defined
in Subsection 2.1, then the Z"-filtration on 4; ® A4, satisfies Lemma 2.1(a,b). If the
Z"filtration on modules in grmod 4| ® A4, is defined as in (F2), then Lemmas 2.2, 2.3
and Corollary 2.4 still hold in the category grmod (4; ® A»).

LEMMA 2.12. Let A\ and A, be two algebras where Ay is a Z"-filtered algebras, then
G'(A41®4)=G6(4) R 4.

Proof. For any @ € Z', there exists an exact sequence as vector space,
0 — Fo(Ad)) = Fo(4) — G'(41)e — 0.
Note that A, is flat as k-module. Hence, acting — ® A4, on that sequence,
0— Fo(A1)® Ay — Fo(A) @ Ay — G'(A1)e ® A2 — 0

is still exact, which implies

Fot(Al) by AZ
F<a(Al) ® AZ

It is easy to check that G"(4; ® 4;) = G'(A41) ® A, as Z'-graded algebras. O

LEMMA 2.13. Let A be a connected graded algebra. If a Z'-filtered A-module M has
a finite free resolution, then G'(Ext,(M, A)) is a subquotient of Extg, ,(G"(M), G'(4))
foranyi> 0.

G"(Al)a ®A= = Gr(Al Q AZ)ut~

Proof. We claim that for any Z’-filtered homomorphism ¢ : Ny — N, we have
G"(Ker ¢) C Ker(G'(¢)) and Im(G"(¢)) € G"(Im ¢), where Ny, N, are two Z"-filtered
A-modules. If it is the case, the conclusion follows from Lemma 2.6.

Now we verify the claim. For any o € 7,

Ker¢ (VFa(N1) . Kerg () Fa(N1) + Foa(N1)

Gr(Ker(p)ﬂt - Ker¢mF<a(N1) N F<ot(N1)
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However,

KGI'¢ mFa(Nl) + ¢_1(F<a(N2))mFa(Nl) +F<01(N1)
F<a(Nl) '

Ker(G'(¢))a =

where ¢! (Fo(N2)) = {n1 € Ny | ¢(m1) € Fo(N2)}.  Obviously,  G'(Ker¢) €
Ker(G'(¢)).
The proof for Im ¢ is similar. ]

We now recall the definition of j-number of modules. Let 4 be a Z"-graded algebra
and M € GrMod A4,

Jja(M) = inf{i | Ext/,(M, 4) # 0}.
LEMMA 2.14. Let A be a connected graded algebra. If G'(M) has a finite free

resolution for 7'-filtered M € grmod A (resp. grmod A°), then j4(M) > jor4)(G"(M))
(resp. jao(M) = jGr(ay(G"(M))).

Proof. Assume G"(M) has a finite free resolution

dm dm— 22 d d
0— P,—>P, -5 - —>P —5Pj—> G (M) — 0,

where P, = D, G'(A)é, for 0 < j < m. By Lemma 2.6, M has a free resolution

dy, A1 d- d, dq
0— P, —5Pp 1 — - 5P 5P —>M—0,

where P; = @f’:l Aé} with dege{ = tdegd and (P}, {deggf}j’zl) is a Z"-filtered pair of

the free module P; such that G"(Pj)) = P;and G'(dj)) =d;for1 <i <s;,0 <j <m.
Put t = jg4)(G"(M)); that is, the following sequence is exact

zv r—lv d()v
sz P P[V p — Pg «— 0

By Lemmas 2.7 and 2.3(b), the sequence

Vi dy’ \/ di—’ dy’ \/
Pl —P/ — - «~—Pj «—0

is also exact, which implies j (M) > t. ]

Proof of Theorem 2.10 Assume G'(A) is strongly noetherian. For every
commutative noetherian algebra B, G'(4 ® B) is noetherian by Lemma 2.12. It follows
immediately from Remark 2.11 and Corollary 2.4 that A ® B is noetherian.

If G"(A4) is Auslander regular, so A4 is also noetherian with finite global dimension.
For any M € grmod 4 and i € N, let N be an A°-submodule of Ext’,(M, 4). We need
to show j4(N) > i.

From Lemma 2.13, we know that G"(N) is a subquotient of Ext’ ()(G'(M), G'(A4)).
Therefore, the Auslander condition implies jgr(4)(G"(N)) > i. However, j4(N) >
jG/‘(A)v(Gr(N)) > i by Lemma 2.14.

The right ones can be verified similarly. O

Analogous to the criterion of the regularity, we also have a corollary to examine
some ring-theoretic properties by means of Grobner basis.
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COROLLARY 2.15. Let A = k(X)/I be a connected graded algebra. Suppose G is the
reduced Grébner basis of I with respect to an admissible ordering <z for some Z"-grading
on k(X). If the 7"-graded algebra k(X)/(LH(G)) is strongly noetherian and Auslander
regular, then so is A.

REMARK 2.16. We fail to prove that 4 is Cohen—-Macaulay if G"(A4) is Cohen—
Macaulay. It is equivalent to prove jg(4)(G"(M)) = j4(M) for any M € grmod 4. We
conjecture it is true. For the class of AS-regular algebras 7, we will prove it directly in
Section 5.

3. A.-algebra structure of Jordan type. From this section, we turn to the AS-
regular algebras of type (12221). As mentioned in the introduction, we hope to classify
the AS-regular algebras whose Frobenius data is of Jordan type. We first review the
Ao-algebra structures on the Ext-algebra of the type (12221), the readers may find the
details in [9]. After that, we concentrate on analysing and solving the equations gotten
from the Stasheff identities in Jordan case.

In our case, 4 is generated by two elements x; and x; with two relations r; and
r4 whose degrees are 3 and 4, respectively. Denote by E := E(A) the 4,.-Ext-algebra
of 4.

3.1. A--Ext-algebras of type (12221). Notice that our A-algebra structures
satisfy the strictly unital condition, all multiplications and Stasheff identities can be
described without E* = k.

3.1.1. Multiplications. According to the minimal resolution (x) of trivial module
4k, we know

E=Zk®E | 0FE,0E,0E(E,,

where dimE' | = dim E*( = 2, dimE?; = dimE?, = dim E*, = 1.

As stated above, all m, preserves Adams degree. After straightforward
computation, we have m, = 0 except for n = 2, 3, 4. The non-trivial multiplications
my, ms, my are described explicitly in [9]. For the sake of computation, we copy them
below.

e m; : The possible non-trivial actions of m, on E®? are

El_] ®Ei6 g E4_7» Eié ®E1,1 - E4,7,
E33 ® E34 g E4_7, E34 & EE3 - E4,7~

By Lemma 1.3, the algebra E is Frobenius. The Frobenius structure on E can be
described as follows. There exists a basis {8, B>} of El_l, a basis {y;} of EE3, a basis
{2} of E?,, a basis {£], &} of E*, and a basis {} of E*, such that

Viva=n, wyn=tn tek,
Bi& =6&m, &P =rm, rjek,

where ¢ # 0, R = (ry) is nonsingular. The pair (R, ) is called the Frobenius data of E.
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Since k is algebraically closed, R is similar to a diagonal matrix or a Jordan block;

that is,
g1 0 gl
(0 gz) o <0g>'

We will focus on the latter case which is called Jordan type.
e 13 : Possible nonzero components of m13 on E®3 are
(E1_1)®3 g Ezg,
(EL)?QE, — EX E' @ B2, ® E'| - B>, B>, ® (E')®* — EZ,
E'\®(E2,)® - E} E*,QE' | @ E*; — E*,, (E2,)®* ® E'| — E*,.
For1 <i,j,k <2, we have
m3(Bi, B, B) = a1,
m3(Bi, By, v2) = bizj&r + bazg&r, m3(Bi, vi, 1) = cum,

m3(Bi, v2, Bj) = bioj&1 + bk, ms(y1, Bi, v1) = cam,
m3(y2, Bi, Bj) = b€ + bari&a, ma(y1, v1, Bi) = caim,

where the coefficients are scalars in k.
e my : The possible non-trivial actions of m4 on E®* are

(E1_1)®4 g EE47
(E1_1)®3 ® E33 g E369 E33 by (E1_1)®3 - Ei6ﬂ
E' ' ®@E,®(FE ) - E, (E' ) QEL,QE | > E.

For1 <i,j,k, h <2, we have

ma(Bi, B, Brs Br) = Virny2s
ma(Bi, B, Brs V1) = wiak&1 + usaju€a, ma(Bi, Bjs vi, Br) = urzjé1 + uzcko,
my(Bi, v1, Bj» Br) = o1 + unju€a, ma(yr, Bis Bj, Br) = w1 + ko,

where the coefficients are scalars in k.

3.1.2. Stasheff identities for the 4-algebra £. The nontrivial Stasheff identities
are just Sl(4), SI(5), SI(6).
o Sl(4): Since m; = 0, Sl(4) becomes

m3(m> ® id®? —id @m, ® id +1d®? @my) — my(m3 ® id 4 id ®m3) = 0.

Applying it to the basis of E, the non-trivial ones give the relationships between the
coefficients.

2
ak = bijr, biojk = Y Tskbs3iy, f -
orl <ijk<2. (SI(4a))
bijk = 2 rabog, —ta = S Fokbgij,
Immediately, we have

2
—tag = Y rolgrutus, for 1 <ij k <2. (SI(4b))

s,t,u=1
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o SI(5): The Stasheff identity SI(5) is equivalent to
ma(mr @ id®* — id @m> ® 1d®? +1d®? @m, @ id — id®? @m»)
+m3(m; ® id®? +id ®m; ® id +1d®? @m3) + ma(ms ® id — id ®my) = 0.
Then, it follows that SI(5) holds if and only if for 1 < i,/, k, h < 2,

AjikcCon — AjknC1i + tjkh — Uigjkn = 0,

Ak C3n + Fintiagc + rontoaic — Uijin = 0,

Ptk + Pantzire — Upjkh = 0, (SI(5a))
Cliljih — P12k — Fanuogic + Uitjih = 0,

jkhCoi — Ak C3p — FpULLjK — Tant21k + Vi = 0.

o SI(6): The Stasheff identity SI(6) becomes

ma(—m3 ® id®* — id @m; @ id®? — 1d®3 @ms3 ® id — id®? @ms;)
+m3(ms @ id®? —id @my ® id +1d®* @mi) = 0.

Applying it to the basis of E, all are trivial except for (8;, B;, Bk, B> Bm, Br). We obtain

—djjkcUs1 hmn + AjichUs2imn — AlchmUs3jin + AhmnUsdijic forl <i ] ki hmns<?2 (SI(6H))
=LRr, 0005 = 4.
+bslmn Viikh — bA\‘Zinvjkhm + bs3y'vkhmn = 07

Since E? = E%, @ E?, the relations R = {r3, r4} where degr; = 3 and degrs = 4.
By Lemma 1.5 and the A-algebra structure on E described above, we can write

r3 = E Qe Xi Xj X
1<ij,k<2

rqg = E ViikhXiXj Xk Xh .
1<ij,k,h<2

Furthermore, r;3 and r4 are neither zero nor a product of lower-degree polynomials
since A4 is a domain.

3.2. Jordan type. We now concentrate on the Jordan type. We write

_(—&81
(1)
Next, we work with m3; by considering SI(4) to describe r;. By SI(4b), we have
(t—g)a =0,
(t—ghanz+gan =0, (1 —g)a + g (au + aiz) — gaiy =0,
(t—g)an + a1 =0, (1 —g¥am + g¥ax +aia1) — gai; =0, (SI(4c))
(t =g + g2ai =0, (1 —g)aim + g*an2 + az) — g =0,
(1 — &)azn + g4 (an1 + a2 + a12) — glanz + arar + axy) + ag = 0.
Ift —g* #0,all azx = 0 which implies r3 = 0. Therefore

t=g.
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From (SI(4c)), it is easy to obtain

ai = ain = ap = =0,
ant + axz +ajp = 0.

Hence, r3 = a120X1X3 + a212X2X1X2 + @201 X3X1 + axnpx3. Moreover, it is easy to see
aypan #0 since 4 is a domain, we write a2 =1, apn; =p #0 and axyp =
w, a2 = —(1+p).So

3= xlxg — (1 4+ p)xax1x2 —}—px%xl + wxg.

We get the solutions for {b;g;} from (SI(4a)),

bism =1, by = —(1 4 p), bazo1 =p, byn =w,
b = g(1 +p), bnn = —gp, by = —g, by =1—gw,
b = g°p, by = g2, boot = —g*(1 +p), bun = g + g*w,

the other of by, are zero.
Then, consider SI(5) to describe 4. By replacing r4 with the equivalent relation
T4 — V1122X1F3 — V2122X2F3 — V1221F3X] — V[222F3X2,
we may assume that
V122 = V2122 = V121 = V1222 = 0.

Using (SI(5a)) recursively to eliminate {u;g}, We obtain equations:

(1 —g*in =0, (3.0.1)
(1 —g*Hvnn = —g i, (3.0.2)
(1 —g*tvna = =g toin, (3.0.3)
(1 —g'Hvnm = =gtz + via) + gt — (e + o1 +g¢1) =0, (3.0.4)
(1 —g*vin = =g tv, (3.0.5)

(1- g4t)v1212 = —g3f(01112 —+ vi211) +g2101111 +(1 +p)(g4611 + ¢ +g3631), (3.0.6)
(1 — g*vim = =g t(vi121 + vian) + 11

—p(gicir + e+ ges1) +genn + gtear + 3 =0, (3.0.7)
(1 = g* i = =g tvinn + 21112 + Vi1 + vi211) — gviinn — ¢ — & ¢

—w(gten +ca +gles) +ger + glen + e =0, (3.0.8)
(1 — g* o = —g*tvii, (3.0.9)
(1 = g*Dvorn = =g tinn + vain) + g 1vn, (3.0.10)

(1 — g*vana1 = =g t(vinar + van) + g tvnnn — (1 + p)gen + g*ear + ¢31), (3.0.11)
(1 = g* v = =g t(va112 + v2121) + L2 1(V1112 + vin21 + Vai11) — gHV111d
+(1+p+g)en + (1 +p)ea — (1 +p+g)gen

—(@* (1 +p)+ Dew — (& +p+ Des =0, (3.0.12)

( —g4t)v2211 = —g3t(v1211 + v2111) +g21v1111 + pgen +g4621 + ¢31), (3.0.13)
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(1 = g* v = =g 12 + va112 + v2211) + 11112 + vianr + va111) — g1

+H(= (1 +p) = pen — Epean + (€1 + p) + @)en

+HeE'p+ 1+ p)en+ @+ +p)es, (3.0.14)
(1 — g*vam1 = =g t(va121 + vaon1) + &2 HV1121 + vio11 + v2111) — gHV1

+w(gen +gtex + e31) + gpent — p(gten + en + &), (3.0.15)
(1 — g* 2oz = —g (V12 + v2221) + & 1(V1212 + V2112 + V2121 + V2211)

—gt(vi112 + vi121 + vian 4+ v2111) + v

+w(glen — e — gean)

Fw((—g* + genn + (g% — Dexm + (1 — g)e). (3.0.16)

If 1 — g*t # 0, then all v = 0, which implies x; is a zero divisor, contrary to our
assumption. Hence,

From (3.0.2), we get vj11; = 0. Hence, (3.0.4), (3.0.6), (3.0.7) become

vz + vz = —gM, (3.0.17)
v + v = (1 +p)gM, (3.0.18)
vina1 4 vian = (g* — pleM, (3.0.19)

where M := g*ci; + ¢21 + g3¢31. The equations (3.0.10), (3.0.11), (3.0.13) become

vi112 +v2111 = 0, (3.0.20)
v 4+ v = —(1+p)g°M, (3.0.21)
vioin + a1 = pg M. (3.0.22)

Following from the equations (3.0.17)-(3.0.22), we obtain

—gM = (g* — p — pgh)gM,
(1+p)gM = (2g* — p + pg)gM.

Note that g’ = 1, we have two cases:

Casel M =0.
Case2 M #£0,g=1, p=1.

4. Regular algebras of Jordan type. We continue to analyse the A.,-algebra
structures in this section. We solve all the algebras corresponding to Case 1 and
Case 2, and prove that there is one class of AS-regular algebras in Case 2, and no
AS-regular algebra in Case 1.

PROPOSITION 4.1. Suppose that A is an AS-regular algebra of type (12221) which is
Jordan type, then Case I gives no AS-regular algebras and Case 2 gives exactly one class
of AS-regular algebras.
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4.1. Case 1: non-AS-regular algebras. If M = 0, the equations (3.0.17)—(3.0.22)
tell that

V12 = V1121 = V211 = 2111 = 0.
Then,

2 2.2
T4 =V1212X1X2X1X2 + U2112X2X] X2 + V2121 X2X1X2X] + U2211X5X]

2 3 4
+ V2212X5X1X2 + V2221 X5X] + V22225
Since A4 is a domain, vy2;2 must be nonzero. Hence, we can assume v = 1. Now

2 2.2
r4 =X1X2X1X2 + V2112X2X7X2 + V2121 X2X1X2X] + V2211X5X]

2 3 4
+ V212X5X1X2 + V2221 X5X]1 + V22205

Next, we start to perform the computations to find all solutions
of {aj, vjrn} satisfying all Stasheff identities SI(4), SI(5) and SI(6). Find
expressions of {v1212,v2112,v2121,v2211,v2212} from (3.0.1)7(3.0.16) which are
represented by {g,p, w,cii, ca1, €12, €22, €32, v221}, and formulas of {ug;} from
SI(5a). We omit them because of its length. Then, input the expressions of
{@jik, D, Uigkn, Virn} into SI(6a). This produces 27 equations involving the variables
{g,p, w, c11, €21, C12, €22, €32, Vam1, V2222}. We compute those and solve the equations
by Maple.

After deleting useless solutions, we have five different solutions in total. Input
them into the coefficients of r3, r4 as listed below.

Solution 1

g=1, p=1, w=0,

vpz =1, wvap=-1, wvia=-1, vpn=1, (S1)
V212 = €22, Vol = —C22, V) = Un.
Solution 2
g=1, p=—-1, w=w,
vp =1, wvin=1, wva=I1 voi=-3 (S2)
1 w Tw | 3w w
vpp=1——, vm=—— Vo = ——— + =
2’ 2 ’ 2 2
Solution 3
2
g=1 p=-1, w=7,
voz =1, wvap=1, viu=1, wvpy=-3 (S3)
6
e 0, v =vom.
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Solution 4

g=j p=—j, w=w,

o =1, van=j v =—° —12 —-2j=2,

von =0+ i+ 1, v2212_—w(—+2j +3/2 _|_2+_)+

. ° 41
vam1 = w(® + J 7
1
Voo = z(wz(—4j5 + 107 + 147 + 13j + 6) — w(® + 2> + 2/ + 1)).
Solution 5

g=j. p=i w=c(-/+)),
vpe =1, vyp=-1, v =—7,
van =77 van =" =7 + /),
v = en(2 + 27 +j+ D),

v = (0 — 277 — = 2 = 2).

]—I—l

The number j occurring in Solutions 4 and 5 satisfies j® + > +j* + /2 + /2 +j+ 1 =0.

We check Hilbert series of them by using Diamond Lemma [5] to calculate the
Grobner bases. Before that, we show a lemma to help us compare the Hilbert series
with other series in low degrees. In the following, we fix an arbitrary monomial ordering
on X*. For any u, v € X*, we say v is a factor of u, if there exist w, w’ € X* such that
u = wvw' denoted by v|u. Let any nonzero polynomial / € k(X), the leading monomial
LM(f) of f is the largest monomial in f. Let G be the reduced monic Grobner basis of

I,and G = |J,; G; where G; = {f € G | degf < i}. Then, the set

NW(G) = {u € X* | LM(g) { ufor any g € G} = |_JNW(G);

is a k-basis of A, where NW(G); consists of the elements of degree i in
NW(G). Hence, dimy 4,, = #(INW(G),,). Notice that NW(G);, = {u € X* | LM(g) 1

ufor any g € G; and degu = i}.

LEMMA 4.2. Let A = k(X)/I be a connected graded algebra, G is a Grébner basis of
I, and let A' = k(X)/(LM(Gy)). Then, H4(t) — Hs(1) = Y_,_,, ait’ with a; > 0.

Proof. For any i>0, LM(G,); C LM(G); since LM(G,) Cc LM(G). Then,
NW(LM(G)); € NW(LM(G,,)); and dimy 4] > dimyg 4;. Hy(t) — Hq() = 3 1o a;t’

with a; > 0.
Moreover, for i < m,

NW(IM(G)); = {u € X* | LM(g) 1 u for any g € LM(G,,) and degu = i}

={ue X*| LM(g){uforanyg € G, and degu = i}
={ue X*| LM(g){uforanyg e G;and degu = i}
= NW(9);.

Hence, dimy 4; = dimy A} if i < m, which implies H4(t) — Ha(t) ="
a; > 0.
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We choose a monomial ordering <g,_s. on the free monoid {xi, x2}* as follows:
For any u = x;,x;, - - X;,, v = Xj,Xj, - - - X, € X*, t0 5ay u <g-_jex V We mean either

(a) s <t or

(b) s = t and there exists p such that x;, = x;, for / < p and i, > jj,.

Keep in mind that Hilbert series of type (12221) is

Hy0)=1+42t+42 +768 + 114 +166° + 2305 + 3147 + - .- . (HS)
The algebra corresponding to (S1) is U(g, h) = k{(x1, x2)/(f11, f12), where
fii = X135 — 25X1%, + X5X1,
Sz = x1x2x1x2 — sz%xz — X2X1X2X] + x%x% + gx%xlxz — gx%xl + hxé,

with g, h € k.
V(w, ) = k(x1, x2)/(f21, f22) is the algebra corresponding to (S5), where

S =x1x3 = (14 )xaxixn + 2001 + w0 +7°)x3,
S =X1X0X1 X0 — XaX3 X0 — jPxaX1X0x) +2x3xT 4+ 15 — 7+ )X X2
+ 127 + 27 +j + Dy + P —2° — 2 — j* = 2)x3,
withj+ 2+ +/2+/2+j+1=0and w,/ € k.
LeEmMA 4.3. U(g, h), V(w, l) are not AS-regular.

Proof. By Diamond Lemma, we know that {f1, f12} and {f>1, f2;} are Grobner bases
of (f11, f12) and (f21, f22), respectively. Then, their leading monomials of Grobner bases
are the same, that is, LM(G) = {xlxg, x1xax1x2}. Let MON = k(x1, x2) /(LM(G)).
Hence,

Huygn(t) = Hywp(t) = Huon(t) = 1 + 2t + 42 + 78 + 11 + 1765 + -+,
which is different from (HS). ]
The algebras corresponding to solutions (S2)—(S4) are listed below.
(S2) O(w) = k{x1, x2)/(f31, f32), where
fa1 =X1X3 — xX3x1 + w3,
f3 =x1X2Xx1%2 + xzx%xz + X2X1X2X] — 3x§x$ + (1 - %)xﬁmxz
+ &+ (—37w2 + ).
with w € k.

(S3) P(a) = k(x1, x2)/(fa1, f42), where

2
2 2 3
Jar =x1x5 — x3x1 + —7x2,

6
2 2.2 2 4
f42 =X X2X[X2 + X2X[X2 + X2X1 XX — 3x2x1 + §x2x1xz + ax;,

witha € k.
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(S4) O(d) = k(x1, x2)/(f51, fs2), where
fs1 =x133 — (1 — P)xax1 X2 + 2 x3x1 + dox3,

fs2 =X1X2X1% +sz)€%>€2 G + 72+ 2 + xaxix0x1 + (O + 72 +j + Dadad
o +1

+ (T - d( +2P 32+ —))xlexz
7 +1
+ (d(° + + 2 + 32 +5+ 3)— JT)xgxl

+ E(dz(—4j5 F 107 + 1477 + 13/ + 6) — d(® + 2% + 2/ + 1))x§,

withj®+ 7 +j/*+/2 +/2+j+1=0andd € k.
LEMMA 4.4. O(w), P(a), Q(d) are not AS-regular.

Proof. Only consider G;. Then, we obtain that the leading monomials in G; of
them are the same, that is,

2 2.2 2.3 2 2 2.4
LM(G7) = {x1X3, X1X2X1X2, X5X] X2, X5X] X2, X5X1 X2X[X2, X5X|X2}.

Let MON7 := k{x1, x2)/(G7).

Suppose they are AS-regular, then they have the same Hilbert series (HS) denoted
H(?). Then, Hyion, (1) — H(t) = }_,_g a;t’ with a; > 0 by Lemma 4.2.

However, Hyion, (1) = 1 + 2t + 422 + 762 + 11¢* + 168 + 231 + 3247 + - - - and

HMON7(t) — H(t) = t7 + E,‘zgaiti.

It is a contradiction. ]

4.2. Case 2: AS-regular. Now we turn to Case 2. From (SI(5a)), we find that
V1112 = —%. Assume

v = L

The same method is used as in Case 1. Using (3.0.1)—~(3.0.16) again, represent {vji;}
by {w, C11, €21, C31, C12, C22, C32, U222, vzzzz}. Find expressions for {uigk;,} from SI(Sa).
We also omit those explicit formulas. Then, input the formulas into SI(6a) which
produces 27 equations involving the variables {w, ci1, ¢a1, €31, C12, €22, €32, U221, V2222
and solve them. All those steps are computed by Maple. There exits only one solution,
and taking it back to {vj} we obtain:

Solution 6

g=1, p=1, w=0,

viie =1, v =-3, v =3,

viprp = —ca + 1, v =—1, v =, (S6)
vl =1 — 3, vpi=-—c1+2, vnpn=-—vm,

Vol = V21, V2222 = U222).
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The corresponding algebra is 7 = k{x1, x2)/(f1, f>) where
N =x1x§ — 2xXx1x2 + x%xl,
fH =x?xz — 3xfx2x1 + 3x1xzx% — X2X? + (1 —u)x1x2x1 % + uxpc%xz
+ (1 — 3)x2x1X2X] + (2 — )x3XT — VXX X2 + VX3N] + WS,
and u, v, w € k.
Then, we define a Z2-grading on k(x, x») with deg” x; = (1, 0), deg® x> = (0, 1).
We choose <g,—jex On {x1, X2}* as the monomial ordering defined in Section 4.1. The

admissible ordering <z: is defined as in Section 2. Let I = (f1, f2) and G be the Grobner
basis of I respect to <z2. Then,

G*(J) = k(x1, x2) /(LH(D)) = k(x1, x2)/(LH(G)).
Applying the Diamond Lemma, the Grobner basis G is {f1, f2, f3} where
fi :x%xlexz — 3x1x2x%x2 + 2X1X2X1X2X1 + 3x2x%x2x1 — 5xzx1x2x%
+ Qu — 2)xox1x3x1X2 + 2x§x‘;’ - 2ux§x%x2 + (6 — 2u)x§x1x2x1
+ Qu — 4)x3x7 4 20x3x1x7 — 20x5X] — 2wX;.
So, LH(G) = {LH(f1), LH(f>), LH(f3)}, where
LH(f)) = xlxg — 2xox1Xx2 + x%xl,
LH(f;) = x?xz - 3x%x2x1 + 3x1x2x% — xzxf,
LH(f;) = x%xlexz - 3x1xzx%xz + 2X1X2X1X2X] + 3x2x%x2x1 — 5x2x1xzx% + ZX%X%.

However, LH(f3) = LH(f2)x> — xo LH(f2) + LH(f} )x% — x% LH(f1) — x; LH(f1)x;.
Therefore,

2 2 2 2 2
G (J) = kix1, x2) /(x1x5 — 2x2X1 X2 + X5X1, x?xz — 3x7x2x1 4 3x1%0x7 — xgx?).

This is just D(—2, —1) in [9] which is AS-regular. By Theorem 0.1, we have
PROPOSITION 4.5. The algebra J is an AS-regular algebra of global dimension 4.

5. Properties of the algebras. In this section, we show some properties of 7 about
ring-theoretic, homology and geometry.

The algebra D(—2, —1) has been proved to be noetherian, strongly noetherian and
Auslander regular in [9]. By Corollary 2.15, we immediately obtain the following:

THEOREM 5.1. The algebra J is strongly noetherian and Auslander regular.

Besides, we still want to know whether 7 is Cohen—Macaulay. An Ore extension
is constructed below.

THEOREM 5.2. The algebra J is Cohen—Macaulay.

Proof. We claim J is an Ore extension of an algebra which is Cohen—Macaulay.
Hence, J is Cohen—Macaulay by [13, Lemma 1.3].

Take a graded polynomial algebra B = k[x», z1, z3] with degx; = 1, degz; = 2,
and degz, = 3. This is Cohen—Macaulay since it is an iterated Ore extension.
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Let x; be a new variable with degree 1 and C = B[x;; o, §] where o is the identity
and

3(x2)=1z1, 8(z1) =2z, 8(z)=(u— l)z% — X227 + vx%zl - wxg, u,v,w € k.
We rewrite the relations between x; and x», z; as
X1X2 = XoX1 + 21, X121 = z21X1 + 22
Then, z;, z; can be generated by x1, x, as
Z1 = X1X2 — X2Xq, Zy = X121 — Z1X1.
Hence, C is generated by x1, x;. The other four relations of C are listed below

X2Z1 — Z1X2,

2 2 4
X122 — z2x1 + (1 — w)z] + X220 — VX521 + WX,
X222 — Z2X3,

Z1Z2p — Z227.

Replacing zy, z», the first relation is equivalent to the relation f; of 7. After being
reduced by f1 with respect to <2, the second is equivalent to f; of 7. And the last two
relations can be derived from f1, />, f3. Hence, 7 = C. O

REMARK 5.3. The proof also shows that 7 is AS-regular of dimension 4, strongly
noetherian and Auslander regular. However, finding an Ore extension is a tedious task,
the method used in last section is more effective.

THEOREM 5.4. The automorphism group of J is isomorphic to the group G, where
g=1(2? ‘aek\{()}bek
- 0a ’ )

Proof. Let o is an arbitrary automorphism of 7. Suppose that
o(x1) = aix1 +axxz, 0(x2) = b1x1 + byxa,

ay a

. b
and the matrix < by by

) is nonsingular, that is, a;by — axb; # 0. Then,

o (fi) = bi(axby — arby)(xTxz — 2x1x2X1 + X2X7)
+ by(a1by — azbl)(xlxg —2xXX1 X0 + x%xl).

It is zero in 7, so it must be a scalar multiple of /. Hence,

by =0.
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To see the other relation f,

o(fr) = a?bz(xfxz - 3xfxzx1 + 3x1x2xf — xzxf) + a%b2(4a2 + (1 — wby)x1x2x1x73

+ aiby((u — 3)by — day)xaxix2x1 + atby(2ay + (2 — u)by)x3x7
— Za%azbzxfx% + ua%b%xzx%xz + ajazby(a; + (1 — u)bz)xlxg
+ ajazby((2u — 3)by — 3a)x2x1x3 + arba((3 — warhy + 3a5 — vh3)x3x1x2
+ arby(vh3 — @5 — arby)x3x1 + whyx5

= (1 — wyalby(by — ay)x1x2x1X2 + (u — 3)atba(by — ay)xax1X2x;
+Q2- u)a%bz(bz — al)xgxf + ua%bz(bg — al)xzxfxz
+ varby(a} — b3)x3x1 X2 + vayby(b3 — a)x3x1 + why(by — a})x;

=0.

Because the leading monomial xjx;xix; of right hand has no factors in
LM(f1), LM(f>), it must be zero. While a;, b, # 0, we obtain

ay = bz.

Therefore, Aut(7) = G. O
At last, we calculate the point modules of 7. Before that recall the definition.

DEFINITION 5.5 /3]. Let A be a connected graded algebra, a graded A-module M
is called a point module if it satisfies the following conditions:

(a) M is generated in degree zero,

(b) My =k,

(c) dimy M; =1, foralli > 0.

THEOREM 5.6. The algebra J has two classes of point modules up to isomorphism.

Proof. Let M = J e be a point module of 7. As vector space, M = @ ke; where
dege; = i. The J-module structure on M can be described by generators as

X1€; = piy1€it1, X2€;i = qiy1€i41, forany i >0,

where p;, ¢; € k. For every i > 0, p;, ¢; cannot be zero simultaneously. Denote «; =

(pi» ¢i), then M determines a unique sequence of points {c;}°, in P!

Because of the J-module structure on M, we have the equations

Pi+3qiv2qiv1 — 2qiv3pivaqivt + qiv3qivapiv1 = 0,
Pi+aPir3Pir2qi1 — 3Pivapiv3qivaPist + 3pivaqivapivapivt + (1 — w)piyaqivapiragiv
— qiaPit3Pit2Pir1 + Uqivapiyapiragivt + U — 3)gipapiv3qivapivi
+ (2 — W)qitaqit3pivaPivt — Vqi+aqi+3Piv2qir1 + VqivaqitiqitoPirl
+ wqitaqi+3qi+2qiv1 = 0,
foranyi > 0.
Notice that, the solutions of equations above are sequences of points {c;}2, in Pl
And those sequences of points also determines point modules of 7.

Suppose S = {(a1, b1), (a2, b2), ...} is a sequence of points related to 7, it must be a
solution of the equations. Now we consider the sequence S| = {(a2, b2), (a3, b3), ...}, it
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is also a solution of the equations. It always holds for S; = {(@;1, bit1), (@it2, biy2), - ..}
for any i > 0. In this sense, the minimum period length of those equations is 4. Hence,
we solve the equation as follows:

DP39291 — 2q3p2q1 + q3qap1 = 0,
Paq3qr — 2qap3qr + qaq3pr = 0,
DPapaP2q1 — 3pap3qapt + 3pagapapr + (1 — wpaqaprqr — qapa3papt + uqapspaqi

+ (u = 3)qap3qap1 + (2 — W)qaq3pap1 — vqaq3p2q1 + vqaq3qap1 + wqaqsqaqr = 0.
(EP)
If p; = 0 (respectively, ¢; = 0), then we assume ¢; = 1 (respectively, p; = 1) by some
appropriate change of basis. If both ¢; and p; are nonzero, we assume ¢; = 1. Then, the
solutions of equations (EP) are listed below

p=Lp=1Lpi=1ps=1,

{91=0,Q2=0,Q3=0,Q4=0~ (P1)
pr=p,p=1,p3=1ps=p —u,

{(]1=1, @2=0,93=0,¢q4=1. (P2)
pr=pi,p2=p1+d, py=p1+2d, py=p1 +3d, (P3)
q=1 qg=1, g3 =1, g4 =1,

where d € k satisfies 6d> + (3 — u)d*> — vd +w = 0.

Assemble them under the rule that each S; is a solution for any i > 0. Therefore,
there exist two classes of point modules:

(a) PHEPHEPHEPHEPIH(PL)---- - - ;

(b) (P3)(P3)(P3)(P3)(P3)(P3)---- - :
where (a) and (b) are sequenced by (P1) and (P3), respectively. Il
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