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Simplicial (Co)-homology of ¢(Z,)
Yasser Farhat and Frédéric Gourdeau

Abstract. We consider the unital Banach algebra £!(Z.) and prove directly, without using cyclic
cohomology, that the simplicial cohomology groups " (¢}(Z..), €' (Z+)*) vanish for all n > 2. This
proceeds via the introduction of an explicit bounded linear operator which produces a contracting ho-
motopy for n > 2. This construction is generalised to unital Banach algebras £' (S), where § = GnR+
and G is a subgroup of R

1 Introduction

In a series of papers, [2,5,7, 8], the authors used the Connes-Tzygan exact sequence
[9] to help determine the simplicial cohomology groups of various classes of Banach
algebras. The proofs generally proceed by an identification of the cyclic cohomology
groups that either vanish, are one-dimensional, or are clearly identified, which leads
to a determination of the simplicial cohomology groups, using the Connes-Tzygan
exact sequence.

Looking for a method enabling one to explain the simplicial cohomology groups
directly always seemed desirable. For instance, a direct method may shed more light
on the existence of a bi-projective resolution or lead to easier generalizations (with
other modules, for instance). It is the purpose of this paper to provide such a direct
approach for the Banach algebra £'(Z, ). In Section 4, this is extended to some other
discrete semigroup algebras. This work forms part of the first author’s Ph.D. thesis [4],
although the presentation and the structures of the proofs have been considerably
reworked.

In this paper, £'(Z, ) is the unital Banach algebra, with convolution product, given
by {X,ez, cnbn t ¢n € C, Xz, |cn| < oo}, where §, is the Dirac function on Z,,
ie, 8,(m) = 1if n = m, and 8,(m) = 0 if n # m. This Banach algebra is not
weakly amenable; a proof can be obtained by suitably adapting the proof of [1, Theo-
rem 2.3] or by noting that £!(Z, ) has a non zero bounded point derivation given by
Y ez, €n0n — c1. However, in [3, Theorem 3.2] and [6], it was shown that J(" (eM7Zy),
¢'(Z)*) is zero for n = 2 and n = 3, respectively. In [5, Theorem 4.9], the authors
were finally able to prove that H" (€' (Z, ), € (Z,)*) is zero for all n > 2. In this paper,
the authors first proved that cyclic cohomology groups of odd degrees vanish, and that
those of even degrees are one-dimensional. Using [5, Corollary 4.8], [6, Proposition
2.1], and the Connes-Tzygan exact sequence, they then deduced the vanishing of the
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simplicial cohomology groups for n > 2. In this paper we will give an explicit con-
tracting homotopy for the simplicial cochain complex in degrees 2 and above. This
avoids use of the Connes-Tzygan exact sequence and cyclic cohomology.

2 Background and Definitions

We now briefly establish our notation and recall some definitions. For a Banach alge-
bra A, we regard A*, the topological dual space of A, as a Banach A-bimodule in the
usual way.
For n > 1, we denote the Banach space of bounded #-linear operators from
An = A X eoe X A
—_—

to A* by €"(A, A*). We define the boundary operator A”: C" (A, A*) - C"*1 (A, A*)
as the bounded linear operator given by

(An T)(al)---)an+l)(an+2) = T(a2:~--’an+1)(an+2a1)
n
+ 3 (-1 T(ar,...,ajaj515 > Ape1) (Ans2)
=1

+(-1)"""T(ay,...,a,)(@ns18n42)s

where T € C" (A, A¥).

By convention, for n = 0, we have C"(A,A*) := A%, and A : C°(A,A*) —
CH(A,A*)is given by A°(T)(ay)(az) = T(azar) - T(ayaz).

For T € C"(A,A*), we say that T is an n-cocycle if A"T = 0 and we say that T
is an n-coboundary if T = A""!'S, for some S € C" (A, A*). Let Z"(A, A*) be the
subspace of n-cocycles, and B" (A, A*) the subspace of n-coboundaries. The n-th

simplicial cohomology group of A is the space H" (A, A*) := %.

Elements of C"(A, A*) may be regarded as bounded linear functionals on the
space C, (A, A) = A®" the (n + 1)-fold completed projective tensor product of
A. The bounded linear operator A" : C" (A, A*) - C"*!(A, A*) is then the adjoint
of the bounded linear operator d” : C,,,1(A, A) > C, (A, A) defined on elementary

tensors X =a; ® a; ® -+ ® apip € Cpia (A, A) by d*(X) = Z;‘:OI d?(X), where
dj(X)=a,® - ® apy ® dys2a1,
d’'(X):= (—l)ia1®~--®a,~ai+1 ® ®dpy, i=1...,n+1

Zn(AA)
Ba(A,A)

where

The n-th simplicial homology group of A is the space H, (A, A) =
Zu(A,A) =Ker(d" ") and B, (A, A) = Im(d").

3 An Explicit Formula for the Contracting Homotopy in ¢'(Z.)

In this section A denotes the Banach algebra ¢!(Z, ). We let X denote

8p, ®0,,® - ®0,,,, €Cy(AA),
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and call these elementary tensors. As €,(A,A) is isometrically isomorphic to
' ((Zy x -+ x Z)) (with n + 1 copies of the semigroup Z, ), these elementary ten-
sors form a copy of the standard basis of this ¢!, and we can define a bounded linear
map by appropriately specifying its values on these elementary tensors; we will do
this without further mention. We denote by N the value p; + --- + p, that will be
called the degree of X. It is crucial to note that degree is not changed by the boundary
operator, that is, Nx = Nar(x), i=0,...,n+1

It will be useful to distinguish the elementary tensor §o ® 6o ®---® §g € C,, (A, A),
which will be denoted by X{. Thus X{ is the n + 1-fold tensor product of the identity
of A.

For n > 0and1< k < n +1, we define a bounded linear operator s} : C, (A, A) -
Ch+1(A, A) by

1) Zpk15p1® "®0p,, ®0),-j®;®F),, , ® - ®J,,
200 - o
0 lfpk =0

It is important to note that the degree of each of the terms in the sum is N.

Finally, welets” : €, (A, A) — €,11(A, A) be thebounded linear operator defined
by s"(X§) = Xg*!, and s"(X) = X371 s (X) if Ny # 0.

The definition of s” is based on [5, §5]. We now wish to analyse precisely how
far the map (s"'d"™! + d"s") is from the identity. It is easily seen that (s"~'d"™! +
d"s")(X§) = X§. (We note that the value of an empty sum is the zero of the appro-
priate space.) First, we write s"'d" ™! + d"s" as

n-1
(s dgsia) Y (s st
k=1 1<j<k<n

DI A e

n-1 yn-1 n
Jy+15k) +(sp dy +dyasua +dos) +dgsy.)
1<k<j<n

n
n-1 ygn-1 n.n n.n n o _n
+Z(Si di™ +di's} +disiy +dlgst).

i=1

The next lemma is very close to [8, Lemma 3.4]. It shows that the first three sums
above all vanish, as terms cancel in pairs.

Lemma 3.1  With the definitions as above, we have

g v dyst, =0, 1<k<n-1,
”’lci’~"1+cir»’sz+1 =0, 1<j<k<n,

"ld"1+d;‘+lsk— 1<k<j<n.

Proof The results are immediate if X = X{. For X # X{, the proof closely resembles
that of [8, Lemma 3.4]. However, the setting is slightly different (because of the need
to take into account the normalisation factor Ny ) and so the result cannot be invoked
directly. We will prove only the first assertion as all proofs are direct. Let1 < k < n—1.
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If pis1 = 0, then dffs}, (X) = 0. Moreover, we have s} 'd{ ™ (X) = s} 7'(8,,® - ®
8p, ® 8p,,1+p,)- By the definition of s}, we get s} 'd{~ 1(X) 0.
If prs1 # 0, we get

Nk
a0 = U

Nd(’;*l(X)
Pr1—1
x Z 81’2@”.@61’ ®8Pk+1 J®6 ®6Pk+2 : '®8Pn+1+P1'
Recalling that Nx = Ngu-1(x), we easily see that it is equal to —dg's, | (X). ]

The next two lemmas will enable us to complete our task.

Lemma 3.2 For X # X{, (s" 'y~ +di st +dyst +dis", ) (X) is given by

p1—
Pn+1 1
NX Nix Z 6 ® 61’2 Q- ® 51," ® 8P(n+1)+p1*j
j=0
(_1 n p1—1
+ N Z 6P2®.”®6Pn®8P(n+1)+P1_j®6j’
X j=0

Proof We have

Pn+1
dn+lsn+1(X) Z\r}; X’

n.n -1 n !
dosl(x):N—Xdo(gspl_jeaaj@aPZ@---@apnﬁ)

-1
» > 8i®8,,8 - ®8,, ®0p,.4p-j>
j=0
( 1)n+1 Pni1—1
( Z Op, ® - ® 0, ®5pn+1—j®5j)

(_1)n+1 pn+1—1
= N Z 8P2®“.®6Pn®8Pn+l_j®8j+Pl’
X j=0
sptdg T (X) = 5p 7N (8p, ® - ® 8, ®8p,iip)

(_1)n Pur1tp1—1
== > 0,888, ®8,,,4p-j®0;

dy sy (X) =

X

Nx j=0
n p1—
= Z 8P2® ®8Pn ®6Pn+1+171*j®8j
X j=0
)?’l Pn+1— 1
N > 0p® @8y, ®3,,-®jip,.
X j=0
As the last sum cancels with d{s” ,, (X), the result follows. [
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Lemma 3.3 Let1<i<mnandX # X{. Then

n-1 yn-1 n.n
(si7di™ +di's] +di'si +

drsh)(X) = £ox
X

Proof For1< i< n, we have the following. First

i pi— pi
28P1® ®8Pi*j®8j®.”®6pn+1) = X

Nx

dn n(X) dn(

The next two terms cancel out the fourth, as we have

)z+1 pini—1

Z 8p) ® - ®8,,_ i ®®® 61,"“)

arst = df (0

1 p1+1 -1
= No D 8y ®®8p1p-j @@ @8y,
X j=0
SRS
st = 1+1( 28P1® j®8j®.”®8pn+l)
_1 pi—
Ny Z Op ®- - ®0jip, @ ® 8y,
j=0
while
-1 gn-1 _ 1
S? dln n (( 1) 6[’1 ®0 i+Pi+1®"'®6Pn+1)
1 P1+P1+l_1
=Ny Y 85 ® - ®8p,1p,-j®0;® - ®, .,
X j=0
1 Pin-l
= Ne D 8y ® - ®8p,1p-j®0;® @,
X j=0
1 R
v 60 ® - ®8y_;®8j.p, ® @by,
X j=0
The proof is complete. ]

The three lemmas enable us to deduce directly the following proposition.

Proposition 3.4 Letn>1land X =68, ®8,,®---®3,,,, € C,(A,A).
(i) IfX =X, then (s"'d" ' +d"s")(X) = X.
(ii) IfX + X[, then

1 FS
(s" 1"+ d"s")(X) = X_ix Z 0;®08p, ® ®0p, . 1pi-j

n -
N Z 6pz ®---® 6Pn ® 6Pn+l+P1_j ® 8]
X j=0

Proof As stated, the result follows immediately from Lemmas 3.1, 3.2, and 3.3. =
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If we can modify the map s” in such a way that the terms

(1) R
Ny Z(:) 81,2 ®Q 817" ® 6Pn+1+P1—j ® 6]

and

-1 !
7X Z 81 ® 61’2 ®-® 6Pn+1+Pl—]
=0

are cancelled (for X # X{), then we will have a contracting homotopy for simplicial
homology.

We can, in fact, do precisely this for n > 2. We note that the definition uses the fact
that the algebra is unital.

Definition 3.5 Letn >1. We define a bounded linear operator
" Cp(AA) — Cpi(AA)
by r"(X§) := 0 and, for X # X/, by

(_1)n+1 pi-1
. > 68/®08p, @ ®8y, ®8p,,ip-j ® .
j=0

r"(X) =

We now evaluate r"'d" ! + d"r"(X).

Theorem 3.6 Letn>2and X € C,(A,A), X # X{. Then

15
(r”fld”*1 +d"r")(X) = Z 0;®08,,® - ®08),, 1 4p-j
( 1)n+1
+TZ6P2® ®8 ®8P"+1+P1]®8
X j=0

Proof Let n and X be as in the statement of the theorem. We can write r"1d"™1 +
d"r" as

n

S e dy") + (T AT Al + (d T+ d ).

k=2

It is readily checked that

n n [GRY 1)’“1
agr*(X) = Z 8p, ® - ®8,, ®08p, . 11p-j ® 0,
-1

d”+1r”(X) = Nix Z 6 ® 8172 ®--® 6Pn+1+P1—j
j=0
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We claim that for n > 2, (r"'df™" + r"1dI~! + d'r")(X) = 0. This is proved by
direct computation. We have
"y TN (X) = 1" (8p, @ ® Opyipy)

(e

= Z 6 ® 6p3 ®:--® 6‘0" ® 6Pn+1+Pl+P2 ]® 80
Nx %

Next we have

nn nf (DR
ditr(X) = df N Za ® 8y, @+ ®3p, 8 0p,.ip®)

OIS
=N > 8iipy ®0p, @+ ®8p, ®p,,11p1—j ® o.
=0

Finally we have

AN X) = 1" (8pyap, ® 8p, @ ® 5p, )

(_1)n+1 p1t+pa-1
= Y 0i®0,,8 - ®8,, ®8p, . 4pip-j ® o
=0

Nx
(_1)n+1 p2-1
= ; Z 6j®6p3®"'®6pn®6Pn+]+pl+p2_]’®80
( 1)n+1
+ Z 8iip, ®0,, ® - ®8,, ®8p, 1p-j ® 0o

Nx
=—(r"tayt + dl”r")(X),

which proves our claim.
Next we claim that (r"~'d} ™" + d}'r")(X) = 0, for 2 < k < n. Consider the case

k # n. We have
N (X) = (—1)krn_1(8p1 ® ® Opyipe, ® " ®0p,,,)
( )k+n P
Z 0@ ®0p, 4y ® - ®8p,,14p-j ® b0,
while

(_1)n+1 -1
dir"(X) = " (Y 8185, @85, ®08p,,:p1© %)
X j=0

(_1)n+1+k p1-1
Ny &
- -l (X).

The case k = n is proved similarly, and the proof is complete. ]

0;® ®0p4pp ® ®8p, . 14p-j ® 8o

From Proposition 3.4 and Theorem 3.6 we have the following.

Corollary 3.7 Forn>2,H,(A,A)=0
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Proof It follows from Proposition 3.4 and Theorem 3.6 that for #n > 2 and all X, we
have I - ((s"’1 +r" g dn (sm + r”)) = 0. As the linear span of these is dense in
C. (A, A), we have the result. |

To move from simplicial homology to simplicial cohomology is fairly direct. On
one hand, the dual of (s"~! +r"™1) is a bounded linear operator from (€, (A, A))* to
(C,-1(A, A))*. On the other hand, in a canonical way, (C,, (A, .A))* is isometrically
isomorphic to " (A, A*). Therefore we can consider the dual of (s"™! + ""!) as a
map from €" (A, A*) to C""' (A, A*). The explicit definition of this map is as follows.

Definition 3.8 Forn > 2,let "' : €"(A,A*) - C" (A, A*) be the bounded
linear map defined, for T € €"(A, A*) and X # X/, by

I (T)(8py>- -5 0, ) (0p,)

1 X Pr—1
= 1 DX T(@pis s 0ps 085, ) (85,
X k=1 j=0
(Rl |
+ ; Z T(SJ’SPZ""’8Pn+P1_])(80)’
j=0

and by I (T)(X}) = 0.

If we take the dual of [I — ((s"™ + r"™)d"~' + d"(s" + r"))] in Corollary 3.7, we
obtain the following.

Corollary 3.9 Forn 22, H"(A,A*) =0.
Proof It follows, either by duality (as explained above) or by almost identical proofs
to those leading to Corollary 3.7, that for n > 2,
(A™'T" e TP AMY(T) = T,
for all T € C" (A, A*). In particular, if T € ker A", then A" }(T""(T)) = T. [

It should be noted that we now have an explicit map such that, for T € ker A", we
have § = I"7!(T) such that A"~!(S) = T. In the next section, we generalize this result
to some other semigroups.

4 Other Ordered Discrete Semigroups

In [5, §6] the authors generalized the results obtained for the semigroup Z. to semi-
groups & = G nR,, where G is a subgroup of R. In this section, we show how to
generalize our results to this case.

Let B := £'(8). We wish to define A" : €"*}(B, B*) — C"(B, B*). In the degener-
ate case, let A" T'(8, 8o, - -.,80)(80) = T(do> 8o, - -.>00)(80). We note that with this
definition,

[(T-(A""A" + A"A™)) (T)] (805 805 - - > 80) (80) = 0,
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and we therefore do not need to consider the degenerate case in the remainder of this
section.

In the non-degenerate case, let v = (a1, a2, ..., a,41) € 8" be fixed. We define
AT (84ys-->04,)(8a,,,) as follows.

Let N = a;+---+au # 0, and let Sy be the amenable group (%, with an invariant

mean my. Note that we can identify Sy with {s € § : 0 < s < N} with addition modulo
N, and we will do so from now on, where § is an intersection between a subgroup of
R and R,.

For a vector v(x) = (ar,..., a4 — X, X, ..., aps1) € S4'* that depends on x (and
even if v = v(x) is constant), we let T[v(x)] denote

T(8ay>--->0a1—x>0x>50a,)(8a,)s

where T € C"*1(B, B*). We define T[v(x)]% € £=(Sy) by
T[v(s)] ifa<s<b,
0 otherwise,

Tlv(x)]a(s) = {

where it is assumed that 0 < a < N,0< b < N.
Finally, for y € 8y, let y, be the characteristic function of {s € Sy : s < y} and let
A~ be the characteristic function of Sy, seen as elements of £°(Sy).
For 1 < k < n +1, we define the bounded linear operator A} : €"*'(B,B*) —
C"(B,B*) by
AiT(84y5---504,)(0a,.,) = (—l)kmN(T[al, A2y Gk = X, X5 oo Qi1 o )-

We define A" by A" := Y711 A%. This construction was given in [5, §6].
With this definition, we can now generalize our results. First, we consider the

analogue of Lemmas 3.1, 3.2, 3.3, and Proposition 3.4.
Lemma 4.1 Let n > 1and let the notation and setting be as above. Then

AIAT AL AL =0, 1<k<n-],

AT MLAT =0, 1< j<k<n,

AT AT, =0, 1<k<j<n
Proof The proof is essentially identical to that of Lemma 3.1, and we only give an
outline of the first case. For T € C"(B,B*),and 1< k < n — 1, we have

Ag_l(AZ_IT)(Sﬂl’ e 6% )(8ﬂn+1)
= (AzilT)((saz’ R 8“;1 )(8an+1+a1)

= (—1)kmN(T[a2, s Al = Xy Xy ety Apy Al + al]g"“)
and
A (AGT)(8ays - - 04,) (8a,)
= (—l)k“mN((AgT)[al, e Bk = XX, A) [0
The conclusion follows directly from the definition of T[v(x)]. ]
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Lemma 4.2  With the notation as above,

(AT + A0 + AT AG + A A T) (8,5 > 84, ) (8a,0)

n

is given by
mN(Xan+1) : T(6a1> tee 5,1”)(5%“)
- mN(T[x, A2s...5 05 Apy1 + 41 —x]f)”)
+(-1)"my(T[az, ..., Qn, Gyar + a1 - X, x]5") .

Proof Recall that we assume that N # 0 (so that we are not in the degenerate case).
The term my(Xa,.,) - T(8ay>--.>084,)(84,,,) is obtained from A} 87, ; the last term
results from A} §j, while the middle one is obtained through the partial cancellation
of 6572~ with A", 8)l. Here, we make the simple but crucial use of the fact that the
mean is translation invariant. Details are left to the reader, as the proof is entirely anal-
ogous to the proof of Lemma 3.2, the invariant mean playing the role of the averaging

and the argument being at the dual level. ]

The analogue of Lemma 3.3 is as follows.

Lemma 4.3  With the notation as above and for1< i < n,
QTN+ AFAT + AL AT + AFAL)T) (Bas > 80, ) (8a,0)
is given by my(xa;) - T(8ay> - ->8a,)(8a,.)-

Proof The result follows from the cancellation of A}, A? + AT A}, with A?‘IA,’."I,
once again using translation invariance of the mean, and the remaining term is given
by A A”. Details are left to the reader as the proof is entirely analogous to the proof
of Lemma 3.3, the invariant mean playing the role of the averaging and the argument

being at the dual level. ]

As Proposition 3.4 was only a restatement of the lemmas preceding it, we do not

state its generalization here; let us simply note that Y7 my(x,,) = 1, so that we

get T by summing terms obtained in Lemmas 4.2 and 4.3. We define the map that
generalizes the map introduced in Definition 3.5.

Definition 4.4 Let n >1and let the notation be as above. Let
" QB BY) — € (B, BY)
be the bounded linear operator defined by
p* (T)(baps . ->04,)(0a,,,) = (—1)”+1mN(T[x, A2,...s 0y, Anel + 1 — x,O]g‘).

As we indicated at the beginning of the section, y" (T is defined as being zero in the
degenerate case (N = 0).

With this new map, we can state the required generalization of Theorem 3.6 and
deduce the simplicial cohomology of B for n > 2.
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Theorem 4.5 Let n > 2 and let the notation be as above. Then
(A" " AT (8ays - -5 8a, ) (Bayn)
= (—1)"+1mN(T[€l2, s nsAp T a1 — X, x]gl)

+mn(T[%, a2, ..., Ay Apsr + a1 — x]31).
Proof The proof of Theorem 3.6 can be easily adapted to obtain the result. ]
Corollary 4.6  With the notation as above, H" (B, B*) = 0, for n > 2.

Proof Letn > 2. It follows directly from the previous theorem together with the
preceding lemmas that A" '(A"! + p") + (A" + p")A" = I. In particular, if
T € ker A", then A" (A"~ + y"1)(T)) = T. [

Remark 4.7 The ideas introduced in this paper for £'(Z,) and €'(8), where 8
is an intersection between a subgroup of R and Z,, can be adapted to other set-
tings. Extensions to band semigroup algebras and to the Cuntz semigroup algebra
(as defined in [2,8]) form part of the first author’s Ph.D. thesis [4].
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