
Canad. Math. Bull. Vol. 17 (2), 1974. 

A PROBLEM OF HERSTEIN ON GROUP RINGS 

BY 

EDWARD FORMANEK* 

THEOREM. Let F be afield of characteristic 0 and G a group such that each element 
of the group ring F[G] is either (right) invertible or a (left) zero divisor. Then G is 
locally finite. 

This answers a question of Herstein [1, p. 36] [2, p. 450] in the characteristic 0 
case. The proof can be informally summarized as follows: Let gl9... 9gn be a 
finite subset of G9 and let 

x = l ( g i + - - - + gn). 
n 

1 —JC is not a zero divisor so it is invertible and its inverse is 1 +x+x2+ • • •. The 
fact that this series converges to an element of F[G] (a finite sum) forces the sub
group generated by gl9... , gn to be finite, proving the theorem. The formal 
proof is via epsilontics and takes place inside of F[G]. 

Proof of the theorem. Let Q = rational numbers. Q[G] <= F[G] and by taking 
a basis for F over Q it is easy to see that every element of Q[G] is invertible or a 
zero divisor in Q[G]. Thus we may assume that F=Q. We introduce a norm on 
Q[G]. If a = a A + • • • +ajik9 (a{ eQ,h{e G) we let 

|a| = m a x d a j , . . . , \ak\). 

Suppose gl9... , gn e G (n>2)9 and let 

* = - ï ( g i + - • • + £«). 
n 

Consider any product 

xa = - j ( g 1 + - • -+gn)(a1h1+- • '+akhk). 
n 

Each coefficient occurring in xa is a sum of at most n terms 

1 , ! , , 1 
n n n ' 

and hence has absolute value ^ |a | /« . This shows that 

(*) |xfl| ^ - | a | for any A 6 Q[G]. 
n 
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Hence 1 — x is not a zero divisor, for if (1— x)a=0, then a=xa, so that 

\a\ = \xa\ < - \a\, whence a = 0. 
n 

Since 1 — x is not a zero divisor the hypothesis tells us that 1 — x is invertible; let 
(1— x)a=l. We claim that any element of G which occurs in any of x, x2, x3, . . . 
also occurs in a. This means thatgp(gl5. . . , gn) is finite and so proves the theorem. 

To establish the claim, suppose conversely that some g eG occurs for the first 
time in xm, but does not occur in a. 

| f l _ ( l + x + x » + . . . + x * » ) | ^ e-r since the coefficient of g in l+x+x2+ • • • +x2m is >(l/«2)?n. Using (*) and the 
triangle inequality it follows that 

la -x)b\ ^ l&Hx&l ^ ( l - - ) \b\ for any b eQ[G]. 

and 

i(i_x) [a_(i+x+.. .+X^)]| > (i-^)(^]r^ (̂ )2m+1-

( l - x ) [ a - ( l + x + - • -+x2m)] = l - ( l -x 2 r o + 1 ) = x2m+\ 

\2m+2 
,,2m+l| ^ e9r«-er by repeated applications of (*). This completes the proof by virtue of the contra

diction 
\2w+2 

> |x2m+1l. i ( r > e r 

REFERENCES 

1. I. N. Herstein, Notes from a ring theory conference, Amer. Math. Soc. 1971. 
2. I. Kaplansky, "Problems in the theory of rings" revisited, Amer. Math. Monthly 77 (1970) 

445-^54. MR 41 #3510. 

CARLETON UNIVERSITY, 

OTTAWA, ONTARIO, CANADA 

https://doi.org/10.4153/CMB-1974-040-9 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1974-040-9

