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Abstract

Let X be a space of homogeneous type in the sense of Coifman and Weiss. In this paper, two weighted
estimates related to Ao, weights are established for singular integral operators with nonsmooth kernels
via a new sharp maximal operator associated with a generalized approximation to the identity. As
applications, the weighted L” (X)) and weighted endpoint estimates with general weights are obtained
for singular integral operators with nonsmooth kernels, their commutators with BMO (X) functions, and
associated maximal operators. Some applications to holomorphic functional calculi of elliptic operators
and Schrodinger operators are also presented.
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1. Introduction

Let &X' be a set endowed with a positive Borel regular measure x and a quasi-metric d
satisfying that there exists a constant ¥ > 1 such that for all x, y, z € X,

d(x,y) =kld(x,z) +d(z, y)]

The triple (X, d, ) is said to be a space of homogeneous type in the sense of Coifman
and Weiss [3], if u satisfies the following doubling condition: there exists a constant
C > 1suchthatforallx € X and r > 0,

w(B(x, 2r)) = Cu(B(x, r)) < 00;

here and in what follows B(x,r) ={y € X : d(y, x) <r}. Itis easy to see that the
above doubling property implies the following strong homogeneity property: there
exist positive constants cg and n such that forallA > 1, > 0and x € X,
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w(B(x, A 1)) < cor"w(B(x, r)). (1.1)
Moreover, there also exist constants C > 0 and N € [0, n] such that for all x, y € X
andr > 0,
d(x,y) N
w(B(y, r)) < C<1 + r ) w(B(x, r)). (1.2)

We remark that although that all balls defined by d satisfy the axioms of complete
system of neighborhoods in X', and therefore induced a (separated) topology in X,
the balls B(x, r) for x € X and r > 0 need not be open with respect to this topology.
However, by a well- known result of Macias and Segovia [8], we know that there ex1sts
another quasi-metric d which is equivalent to d such that the balls corresponding to d
are open in the topology induced by d. Thus, throughout this paper, we always assume
that the balls B(x, r) for x € X and r > 0 are open.

Let T be an L2(X) bounded linear operator with kernel K in the sense that for all
bounded functions f with bounded support and almost all x ¢ supp f,

Tf(x) = /X Ko ) fO) duy). (13)

where K is a measurable function on X x X' \ {(x, y) : x = y}. To obtain a weak
(1, 1) estimate for certain Riesz transforms, and L”-boundedness with p € (1, co) of
holomorphic functional calculi of linear elliptic operators on irregular domains, Duong
and Mclntosh [4] introduced singular integral operators with nonsmooth kernels on
spaces of homogeneous type via the following generalized approximation to the
identity.

DEFINITION 1.1. A family of operators { D, };~¢ is said to be an approximation to the
identity, if for every t > 0, D; can be represented by the kernel a; in the following
sense: for every function u € L?(X’) with p € [1, oco] and almost everywhere x € X,

Dyu(x) Z/Xaz(x, Vu(y) du(y),

and the kernel a; satisfies that for all x, y € X and ¢t > 0,

lar(x, I < hi(x, y) = s@d(x, )", (1.4)

1
(B (x, t1/m))

where m > 0 is a constant and s is a positive, bounded and decreasing function
satisfying

lim #"s@™) =0 (1.5)

r—0o0

for some 6 > N appearing in (1.2).
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Duong and Mclntosh [4] proved that if T is an L?(X)-bounded linear operator with
kernel K, and satisfies that:

(i) there exists an approximation to the identity {D;};~o such that the composite
operator T D; with ¢ > 0 has an associated kernel K; in the sense (1.3), and there
exist positive constants ¢ and C such that for all y € X and ¢ > 0,

/ K(x,y)— K;(x, y)|du(x) <C;
d(x,y)=cytl/m

then 7 is bounded from L' (X) to L1-°°(X), that is, there exists a constant C > 0 such
that for any f € L'(X) and any A > 0,

p(ix € X2 T > 4D < CA I fll -

An L%(X)-bounded linear operator with kernel K satisfying (i) is called a singular
integral operator with nonsmooth kernel, since K does not enjoy smoothness in space
variables. Martell [9] considered the weighted L”(X) estimate with A, weights for
p € (1, oo) and weighted L1 (X) estimates with A weights for 7. Here and in what
follows, A, with p € [1, oo] is the weight function class of Muckenhoupt on X; see,
for example, [20] (or [7]) for its definition and properties. To be precise, Martell [9]
proved that if T is an L2(X)-bounded linear operator, satisfies (i) and:

(i) there exisLs an approximation to the identity {51},>0 such that the composite

operator D;T with ¢ > 0 has an associated kernel K’, and there exist positive
constants ¢, C and « such that forall # > O and x, y € X withd(x, y) > cott/m,

1 tot/m
p(B(x, d(x, y))) [d(x, y)]*’
then for any p e (l,00) and ue€ A,, T is bounded on LP(X,u). Moreover,
Martell [9] proved that if T is an L2(X)-bounded linear operator, satisfies (ii) and:

(iii) there exists an approximation to the identity {D;};~o such that the composite
operator T D; with t > 0 has an associated kernel K; in the sense (1.3), and there
exist positive constants C, ¢3 and § such that for all # > 0 and x, y € X with
d(x, y) = cat'/m,

IK(x, y) = K'(x, )| <C

1 B/m
w(B(y,d(x, y)) [d(x, y)IF’

then for u € A;, T is bounded from L'(X, u) to L'"*°(X, u). Here and in what
follows, L? (X, u) means LP (X, udu).

Now let u € Ao and T be an L2(X)-bounded linear operator satisfying (i) and (ii).
It was proved by Martell [9] that for any p € (0, oo0) and u € A, and bounded function
Jf with bounded support,

IK(x,y) — Ki(x, »)| <C

/X(M(Tf)(X))pu(X) du(x)§C/X(M(|f|’)(x))1”/’u(x) dpu(x), (1.6)
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where r € (1, 00), C > 0 is a constant depending only on {D;};0, {5;},>0, r and the
weight . This weighted estimate plays an important role in establishing weighted
L? estimates with A p weights for T, where p € (1, 00). However, as was shown
in [10, 11, 13] on Euclidean spaces, to prove weighted estimates with general weights
for singular integral operators and their commutators with BMO (R") functions, the
inequality (1.6) is not enough. In this paper, we establish two weighted estimates with
A weights, which are more general than (1.6) and are useful in establishing weighted
estimates with general weights for singular integral operators and their commutators
with BMO (X) functions. To state our results, we first introduce some notation.

A measurable function w is said to be a weight if it is nonnegative and locally
integrable on X', and a weight w on X is said to belong to A if there exist two
positive constants C4 (w) and 64, (w) such that for any ball B and any measurable

set £ C B,
E E 5Aoo(w)
wE) _ CAw(w)(M) ;
w(B) u(B)
here and in what follows, w(E) = f g wx)du(x). Let M be the classical Hardy—

Littlewood maximal operator on X and M* with k € N be the operator M iterated k
times. Our main results can be stated as follows.

THEOREM 1.2. Let T be an L*(X)-bounded linear operator with kernel K as in
(1.3). Suppose that T satisfies (i) and (ii) above. Then for any k € N:

1) ifpe(0,00)andu € Ax, then there exists a constant C > 0 depending only on
k, p, Ca,, (u) and é4,,(u) such that for any bounded function f with bounded
support,

/X (M*(T ) (x)Pu(x) du(x) < C fX (MM F () Pu(x) du(x),  (1.7)

provided that | M*(T )|l Lr 2.y < 00;

(i) ifl €N and w is a weight such that M'w is finite almost everywhere, then for
any p € (1, 00) and o > 0, there exists a constant C > 0 depending only on k, p
and o such that for any bounded function f with bounded support,

/X (MM (T ) ()P (M'w(x)) 7@ dpu(x)
<C / (M*F £ ()P (M w(x)) 7@ dpn(x). (1.8)
X

THEOREM 1.3. Letu € Ao and k € N, and let ® be an increasing function on [0, 00)
satisfying the doubling condition that there exists a constant C > 0 such that for all
t>0,

D2t) <CP(1). (1.9)
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Under the hypotheses of Theorem 1.2, there exists a constant C > 0 depending only on
k, Ca,,(u) and 84, () such that for any bounded function f with bounded support,

sup DM u({x € X : MKTf)(x) > A})

A>0
<Csup @Mu(fx € X : M f(x) > A}, (1.10)
A>0
provided that
sup D(Mu(fx € X+ MNT)(x) > 1)) < o0
0<A<R
forany R > Q.

We remark that when ©(X) < oo, the assumption that

sup dMu(fx € X+ MNTf)(x) > 1)) < o0
0<A<R
for any R > 0 in Theorem 1.3 automatically holds.

To prove Theorems 1.2 and 1.3, we need a new sharp maximal operator related to an
approximation to the identity, which is more general than the sharp maximal operator
introduced by Martell [9]. Moreover, we also need its certain weighted Ao, estimates;
see Theorems 2.1 and 2.2 below. It was proved by Duong and Yan [6] that such sharp
maximal operators play an important role in the theory of some new BMO-type spaces.

REMARK 1.4. As pointed out by Duong and McIntosh [4], if the kernel K associated
with T satisfies a Holder continuity estimate, that is, there exist positive constants C,
c and € such that for x, y, y' € X satisfying d(x, y) > cd(y, '),

|K(x, y) — K(x, YOI+ K (3, x) = K, %)

1 d(y, y)°
c , 1.11
= w(B(y, d(x, y))) [d(x, y)] (-0

then there exist two approximations to the identity {D;};~o and {5t},>o such that T
satisfies (i) and (ii) above. Thus, the condition that 7 satisfies (i) and (ii) above is
weaker than that K satisfies (1.11). On the other hand, even for the case that K satisfies
(1.11) and (X, d, w) is the Euclidean space, both Theorems 1.2 and 1.3 are also new.

Using Theorem 1.2, we can obtain the weighted L?(X) when p € (1, o) and
weak type (1, 1) estimates with general weights for singular integral operators with
nonsmooth kernels.

THEOREM 1.5. Let T be an L*(X) bounded linear operator with kernel K as in (1.3).
Suppose that T satisfies (ii) and (iii). Then for any p € (1, 00), there exists a constant
C > 0 depending only on p such that for any weight w, and any bounded function f
with bounded support,

/ITf(X)Ipw(x)du(x)fC/ | f () [P MBEPH oy (x) dp(x); (1.12)
X X
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here and in what follows, for a positive number 0, [0] denotes the biggest integer no
more than 6.

THEOREM 1.6. Let T be an L*(X) bounded linear operator with kernel K asin (1.3).
Suppose that T satisfies (ii) and (iii). Then there exists a constant C > 0 such that for
any weight w, A > 0 and bounded function f with bounded support,

/ w(x) dp(x) < Co! / 1 OIMPw(x) dp(x).
(xeX: |Tf(x)|>2) X

As another application of Theorem 1.2, we consider the weighted estimates
with general weights for commutators of BMO (X') functions and singular integral
operators with nonsmooth kernels. For b € BMO (&X’) and T as in Theorem 1.5, define
the commutator Ty, by

Ty f(x) =b(xX)T f(x) — T(bf)(x), (1.13)

where x € X and f is any bounded function with bounded support. Duong and Yan [5]
considered the L (X’)-boundedness of T, and proved that if T’ is bounded on L3(X)
and satisfies (i) and (ii), then T} is bounded on L?(X) for any p € (1, co). From
Theorem 1.2, we can deduce the following conclusions.

THEOREM 1.7. Let b € BMO (X) and Ty be as in (1.13). Under the hypotheses of
Theorem 1.5, for any p € (1, 00), there exists a constant C > 0 depending only on p
such that for any weight w, and any bounded function f with bounded support,

/X 1Ty f () 1Pw(x) dp(x)

< Clbligpo x) /X | )1P MPPH () d (). (1.14)

THEOREM 1.8. Let b € BMO (X) and Ty be as in (1.13). Under the hypotheses of
Theorem 1.6, there exists a constant C > 0 such that for any weight w, any A > 0 and
bounded function f with bounded support,

/ w(x) dpu(x)
(xeX: Ty f(x)[>2)

< C|lbllBmo (x) log(2 + [IblIBMO (X))

< |f<x>|10g<2 +|f(_x)|>M4w(x)d,u(x)-
x A »

We remark that Theorem 1.8 is also new, even when w(x) = 1.

We also establish some weighted estimates for the following maximal operators.
Let T be an L?(X)-bounded linear operator associated with kernel K in the sense of
(1.3). For each fixed € > 0, define the truncated operator T, by

Tc f(x) =/ K(x, y)f(y)du(y),
d(x,y)>e
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and the associated maximal operator by

T* f(x) =sup |Tc f ().

e>0
Our result concerning the weighted L? (X’) estimate for 7* can be stated as follows.

THEOREM 1.9. Let T be an L*(X)-bounded linear operator with kernel K as in
(1.3). Suppose that T satisfies (ii) and (iii), and that the approximation to the identity
{D;}i>0 that appeared in (ii) above also satisfies that for all t > 0 and x, y € X with
d(x,y) <cpth/m,

1
w(B(x, t1/m))’

where C > 0 is a constant independent of t, x and y. Then for any p € (1, 00), there
exists a constant C > 0 depending only on p such that for any weight w, and any
bounded function f with bounded support,

|K'(x, y)| <C (1.15)

/ [T* £ ()Pw(x) dpu(x) < C / | f ()P MPPI 20 (x) dp(x).
X X

Although it is still unclear whether there exists certain weighted endpoint estimate
for T* with general weights, we have the following conclusion, which is new even
when u(x) = 1.

THEOREM 1.10. Letu € Ay and T be as in Theorem 1.9. Then there exists a constant
C > 0 depending only on the Aj-constant of u such that for any ) >0 and any
bounded function f with bounded support,

u(x)du(x)fC/ |f(x)|log(2+ | f ()]
* A A

/ )u(x) du(x).
{xeX: T*f(x)>A}

REMARK 1.11. By the results of [10, 16], we know that if T is the classical Calderén—
Zygmund operator on R”, then for each fixed p € (1, 00), the iterations of the Hardy—
Littlewood maximal operator in (1.12) and (1.14) should be [p]+ 1 and [2p] + 1,
respectively, which are optimal. Although the singular integral satisfying (i) and (ii)
is more singular (its kernel has no regularity in the space variable), it is still unclear
whether the iterations [2p] 4+ 1 and [3p] 4+ 1 in Theorems 1.5 and 1.7 are optimal.

The organization of this paper is as follows. In Section 2, we introduce a new
sharp maximal operator and establish its weighted A, estimates. The proofs of
Theorems 1.2 and 1.3 are presented in Section 3. Section 4 is devoted to the proofs of
Theorems 1.5 and 1.6. In Section 5, we prove Theorems 1.7 and 1.8. The proofs of
Theorems 1.9 and 1.10 are given in Section 6. Finally, in Section 7, we present some
applications of our results to holomorphic functional calculi of elliptic operators and
Schrodinger operators.
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We finally make some conventions. Throughout this paper, we let N = {1, 2, .. .}
and let C denote a positive constant that is independent of the main parameters
involved but whose value may differ from line to line. The symbol f < g means
f < Cg, which will be used only in proofs of theorems and lemmas and only when the
omitted constant will not be cited later. Constants with subscripts, such as cy, do not
change in different occurrences. For a fixed p with 1 < p < oo, p’ denotes the dual
exponent of p, namely, p’ = p/(p — 1). For any ball B = B(x, r) and ¢t > 0, we set
tB=B(x, tr).

2. A new sharp maximal operator

In this section, we introduce a new sharp maximal operator associated with an
approximation to the identity, which is a generalization of the sharp maximal operator
introduced by Martell [9], and establish certain weighted Ao, estimates related to this
new sharp maximal operator and some other maximal operators.

Let k be a nonnegative integer and let V be a measurable set with (V) < oco. For
any suitable function f, let || f{l g )¢,y be the Luxemburg norm of f defined by

. 1 (x) (x)
||f||L(logL)",V:mf{)‘>O: mfvvk—x'logk(2+|fk—xl> du(x) < 1}.

The maximal operator M, 1)« 1s defined by
ML(log L)kf(x) = sup ||f||L(log L)X, B>
B>x

where the supremum is taken over all balls containing x. For an approximation to the
identity {D;},;~0 and any f € LP°(X) with pg € [1, 00), we define the sharp maximal

g
operator M B.L(log L)t by
]j _ ~
M5,L(10g L)kf(x) = Zlig f - DthHL(log L)*,B>

where g = riy and rp is the radius of B. If k =0, we denote M% L simply by M%,
which was introduced by Martell [9] and plays an important role in [61.

By (1.4) and (1.5), we can verify that for any f € U(;f:l LP(X) and ball B,

sup | Dy, f (y)| < C inf Mf(y).
yeB yeB

It then follows that for all x € X,
i
ME,L(log L)kf(x) = CML(log L)kf(x)- (2.1)

Our goal in this section is to prove that, in some sense, the converse of (2.1) is true.
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THEOREM 2.1. Let k be a nonnegative integer, p € (0, 00) and u € A, {5,}t>0 be
an approximation to the identity as in Definition 1.1. There exists a constant C > 0
depending only on p, Ca (1) and §5, (u) such that for any f with M (10 S €
LP (X, u) and f € LPO(X) for some pg € (1, 00):

(@ if u(X) = oo, then
1ML qog 1 FllLr ey < CIME ooy F e
(b) if u(X) < oo, then

|| ML(log L)k f ||LP(X,u)

< CUME oo 1 S Lrcean + ClCOT P Il gog 1yt -
THEOREM 2.2. Let ® be an increasing function on [0, o) satisfying (1.9), let k be
a nonnegative integer, let u € Ao and let {D;};~ be an approximation to the identity
as in Definition 1.1. Then there exists a constant C > 0 depending only on p, Ca_, (1)
and 84, (1) such that for any f € LPO(X) with po € (1, 00):

(@) if w(X) = o0, and for any R > 0,

sup PMu({x € X1 My o0 )k f(x) > A}) < 00,
O0<A<R

then

iu;()) CD()\.)M({X S X N ML(IOg L)kf(x) > )\.})

<C O (A X M
< ili% Mu({x € D.L(log o

(x) > A});

(b) if u(X) < oo, then

,qupo PMu({x € X1 Mpog pyr f(x) > A})

<Csup ®PMu(fx e X : M% Ltog Lyt /@) > A
A>0 ’
+ Cu(X)P (I fl L (tog Lk, 2)-

To prove Theorems 2.1 and 2.2, we need some preliminary lemmas.

LEMMA 2.3 [1]. Let (X, d, ) be a space of homogeneous type and B = {By}qen be
a family of balls in X such that U = J,c 5 Ba is measurable and n(U) < co. Then
there exists a disjoint sequence {B(x, rj)}; C B such that U C\J; B(x;, car;j) with
¢4 a positive constant depending only on k. Moreover, for any a € A, By, is contained
in some B(xj, c4rj).
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LEMMA 2.4. Let k be a nonnegative integer and p € (1, co0). Then there exists a
constant C > 0 depending only on k and p such that for any weight w,

/;((ML(logL)kf(x))pw(x) dM(X)SC/XU(prMw(X) dp(x).

Moreover, there exists a constant C > 0 such that for any weight w and any A > 0,

/ w(x) dpu(x)
{xeX: ML(log Lyk fx)>A}

x A A

provided that u(X) < oo, or u(X) = oo and f € LPO(X) for some pgy € (1, 00).

PROOF. The argument is similar to the case of Euclidean spaces; see [11, Lemma 1.6].
For the convenience of the reader, we present some details. Itis obvious that M, 1)«
is bounded on L*°(X). Thus, by an interpolation theorem of Riviere (see [18,
Theorem 1.1]), it suffices to prove (2.2). Recall that for any nonnegative integer k,
there exists a constant Cx > 1 such that for any suitable function 4,

Ci "M iog 1yt h(x) < MM h(x) < CeMy goq 1yeh (x). (2.3)

In fact, the first inequality was proved by Pérez and Wheeden [15, Lemma 8.5], and
the second inequality can be proved by the same argument as used in [11, p. 174]; see
also [16, (4.7)]. If f € LP°(X), the LP°(X)-boundedness of M then states that

nx € Xt Mpgogpyk f(x) > A} SA™ p°||f||Lp0(X) < 00. (2.4)

For any A > 0 and x € X' with M o0 1% f(x) > A, we choose a ball B, containing x

such that
1 If(y)l ( If(y)|>
24 ——1)d 1
(B s % log™| 2+ n(y) >

By (2.4) and Lemma 2.3, we obtain a sequence of nonoverlapping balls {B;}; such
that

{xeX: Mpgop e f(x)>2} C UC4Bj,
J

I @)l k( If(x)l)
1 d
w(B)) /Bj woe Pt Heo =

and, for all j,
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Therefore,

/ w(x) dp(x)
{xeX: M (x)>A}

L(log L)k f

SZ/ w(x) dp(x)
j cyBj

1
< ij B B / 5, VA

N Bj) inf M
S u(B)) inf Muw(y)

J
< |f<y>|10gk<2 +M>Mw<y> du(y),
X A A

which completes the proof of Lemma 2.4. U

LEMMA 2.5. Let k be a nonnegative integer. There exists a constant cs > 0 depending
only on k such that for any measurable set V with u(V) < oo, function f supported
on V and belonging to LP(X) with py € (1, 00), and A > 0,

n({x € X1 My oq yr f(x) > A})

k
< esu(V) If 1 zaog ) Y iogh <2 n

If 1l Ltog Lk, v
—)

PROOF. By homogeneity, we may assume that || f || (og 1%,y = 1, which means that

/ | logh 2+ 1 f ()] du(x) < (V).
14
It follows from Lemma 2.4 with w = 1 that

u({x e X: ML(log L)kf(x) > A})
5/ lf(x)'logk(Z—i— |f(x)|)du(x)
v A A

1
S Slog'@+27h /V |f @)l logh 2 + 1 f (@)]) du(x)
S %logk(2+k_1)u(v),

which completes the proof of Lemma 2.5. O

3

On the maximal operators M (oo 7y« and MD’L( log L)

we have the following good-
A inequality.

https://doi.org/10.1017/51446788708000657 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000657

388 G. Hu and D. Yang [12]

LEMMA 2.6. Let {ﬁt}t>0 be an approximation to the identity as in Definition 1.1.
Then there exists a constant c¢ > 1 which depends on {D;};~q such that for all
A >0, all functions f € LPO(X) with some pg € (1, 00), all balls B such that
ML(log Lk S (x0) < A for some xo € B, and any fixed n € (0, 1), there exists a constant
y > 0, which depends on n, but is independent of f, A and B, such that

nx € B Mygog 1y f () > cohe M ) () < yA)) < nu(B).
PROOF. We follow the argument used in the proof of [9, Proposition 4.1]. Let
Mz (log L)k be the operator defined by
M]L;(log L)kh(x) = ?lig ”h”L(log L)%, B(x,r)

for any x € X’ and suitable function 4. It is easy to verify that there exists a constant
¢7 € (0, 1) such that for any x € X,

C7ML(lOg L)kh(x) < MZ(IOg L)kh(x) < ML(lOg L)kh(x).

Let B be as in the assumption of the lemma, let rp be its radius, and let ty = (4crp)™.
Set

. #
G)L = {X €EB: ML(]Og L)kf(x) > C6)\., MB,L(logL)kf(x) < y)\.},

where c¢ > 1 will be determined later. If G, = 0, there is nothing to prove. Thus, we
may assume that there exists a point Xg, € G such that

f
M35 Laog Ly f ¥a) =72
It is obvious that for any x € G, there exists r, > 0 such that

||f||L(10g L)%, B(x,ry) = C7CoA.

Choose cg such that ¢7c¢ > 1. Then xo & B(x, ry) (otherwise M (100 kS (x0) > A),
sory <2krpand B(x, ry) C 412 B. Therefore, for any x € G,,

M og Lye(f X, 0,)(X) > c7C6M. (2.5)
As was pointed out in [9, p. 122], for each y € 4«°B,
1Dty (f X3, O S MF (30) S 2

16x3B
and -
1Dt (f Xy 1603 DTS M (x0) S 4
This, in turn, implies that for a certain constant cg > 0,
My gog 1 (Diy )X, 2,) (%) < My qiog 1yt (Dig (F X, 5,0 X, 2,) ()
+ M gog 1) (Dig (F X o 3,)%, 2,) ()

< cgA,

X\16«3B
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and so, for x € Gy,
ML(log L)k(fX4K2B)(x) = ML(log L)k((f — Dy /) x428)(X)
+ ML(log L)k ((Dto f)X4K23)(x)
< My (0g Ly ((f — Dio f) Xa2p) (X) + cgh.

Now we take c¢ such that c7c¢ = cg + 1. The estimate (2.5) tells us that

Gy, C{x € Bt My(og 1y (f — Diyf)Xae2p)(x) > A}.

By Lemma 2.5, we finally obtain

”f - Dt()f”L(log L)k, 4k2B
A
”f - Dt()f”L(log L)k,4lc23>
A

1(Gy) < csu(4c*B)

X logk (2 +

< csp(4k’B)

i i
ME, L(log L)"f(xGA) x ME,L(log L)kf(xGx)
log"( 2+
A A
< (4" cscop(B)ylogt 2 + y),
where ¢y is the constant in (1.1). Taking
y € (0, min{1/2, n/((4x*)" cscolog*3)})

then completes the proof of Lemma 2.6. O

PROOF OF THEOREM 2.1. Let cg be as in Lemma 2.6. For n € (0, 1) which will be
chosen later, let y be the corresponding constant as in Lemma 2.6. For each fixed
A >0, set

PI}L = {x eX: ML(]OgL)kf(x) > )\,}
and
— . 8
FL={xeX: M og )t f(X) > coh, Mf),L(logL)kf(x) < yil
It is easy to see that H) is an open set. Moreover, applying Lemma 2.5, we know that

when pu(X) < oo,

N fllLdoe L)k & 11 L tow L1E 2
w(H;) < CSM(X)%Iogk (2 + %)

Let A sy =0if u(X) = o0, and

Apx = (51083 + D Il Lgog Lyt x
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if ©(X) <oo. Itis obvious that if u(X) < oo and A > Ay x, then w(Hy) < u(X).
On the other hand, by f € LP0(X) with pg € (1, co) and Lemma 2.4, when p(X)
=00, we still have w(H,) < 0o = u(X). Thus, we always have X \ H) # @. For
each fixed x € H,, denote by p, the distance between x and X' \ H,. Let c4 be as
in Lemma 2.3. Obviously, we can assume that c4 > 1. It is also easy to see that
px >0and H), = UerA B(x, px/(2cs)). Applying Lemma 2.3, we find a sequence

of nonoverlapping balls {B(x;, 'Oj/(zfi))}j such that H; = Uj B; and PB\; N(X\ H,))
# ), where B; = B(xj, 4p;/5) and B; = B(xj, 5p;/4). It follows from Lemma 2.6
that, for all j,

n(lx € B s Mygog 1y /(1) > cohs M5 | f(0) < yA) < nu(B)),
and so, foru € A,

w({x € Bj : My oq i f(x) > coh, M5

5 Log Ly () S ¥AD)

< Ca, (W)n’A=u(B)).

A straightforward computation then leads to that

u(Fr) < 3 ullx € Byt Mygoq 1y f () > eoho Mg ) f(0) <y )
J

< Can 4= 3" u(B))
J

< Can )™= > " u(B(x;. pj/(2¢4)))
J

< Ca (u)n’A=“y(Hy). (2.6)

We can now conclude the proof of Theorem 2.1. If u(X) = oo, integrating the last
inequality then yields

p
IMLog Lye I p )

o
:cgp/ AP u(Heg) d
0

o0
chp/(; AP lu(x e X M~

D,L(lOg L)kf(x) > V)\}) d)"

o
+cg’p/ AP~ u(Fy) da
0

- g P SAso (1) 14
<Cy p||M5,L(log L)kf”L/’(X,u) + CCAOO(”)U Ao Wt ”ML(logL)kf”LP(X,u)'
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On the other hand, for the case that u(X) < oo, again by (2.6),

1My (10 L)kf”il’()(,u)

00 rfx
=CgP/ )upilu(Hc())\) d)\‘i‘CgP/ )\.P*lu(HC6A) di
A 0

fix

—pyagh p 80 (10) p
< CYPIME oo i P na + CCAn @M= UM L 0g 1y £

+ Cu(X)rf 5.

Choosing n such that CCy4, (u)nd400 ) = 1/2 gives us the desired conclusion, which
completes the proof of Theorem 2.1. O

PROOF OF THEOREM 2.2. Using the same notation as in the proof of Theorem 2.1.
Let n € (0, 1) which is a constant and will be determined later. For each fixed
A > Ay x, by the inequality (2.6), we then have

u({x e X : M (1o L)k [ (x) > c6A})

<u(lx € X Mygog 1y f () > che M5 | (o f(6) < yA))

+u(fxeX: M%’ Ltog e/ O > ¥AD
< CCAL N2 =u({x € X : Mpoq y f(x) > A})

+u({xe X: M%’L(logL)kf(x) > yA)).

If ;£ (X)) = o0, the last inequality, via (1.9) together with a trivial computation, tells us
that, for any R > 0,
sup PMu({x € X : M (100 kS (x) >4}
0O<A<R
= sup DlcgMu({xeX: M og Lyt S (X) > cor})
O<A<R/cq

< CCaL, "= sup ®QIu({x € X1 My oq pyi f(xX) > A))
O<A<R

. g
+C ili;()) PMu({x e X : M5’L(logL)kf(x) > yYA}).
On the other hand, if (X)) < 0o, we have that, for any R > ceA 7, v,

sup DdMu({x e X: M 10g e f(x) >4}

coAf,x <A<R
= sup D (cgAM)u({x € X : My (109 Lyx f (x) > c6r})
A.f$X<)\.<R/c6
< CCa )n*4>™ sup M u({x € X1 Mpoq 1y f(X) > A))
O0<A<R
+ Csup ®(Mu({x € X : M% Ltog Lyt /@) > VA,
>0 ’
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which, in turn, shows that

0 Sl}.\lpR q)(k)u({x eX: ML(]Og L)kf(x) > )\.})

< sup PMu({xe X M (100 kS (x) > A}

O<A=<cerfx

+ sup PMu({x e X : M og Lyt S (X) > A})
cerfx<A<R

< CCa =" sup du({x € X1 My oq py f(x) > 1})
O<A<R

+C sup P(u({x e X : M5 Ltog Ly F @) > 7AD + COCp)u(X).
A> ’

Choosing n such that CCy4 (u)n’40®) = 1/2 then leads to the desired estimates,
which completes the proof of Theorem 2.2. O

3. Proofs of Theorems 1.2 and 1.3
We begin with some lemmas.

LEMMA 3.1. Let S be a sublinear operator which is bounded from LP°(X) to
LPO®(X) for certain po € (1,00) and from L' (X) to L“*°(X). Then for any
nonnegative integer k, there exists a constant C > 0 depending only on k such that for
any measurable sets Vi and Vy with uw(Vy) < u(Va) < oo, and function f supported
on Vi,

ISF Lo LYk, va = CILf I Laog Lye+1 v, -

PROOF. By homogeneity, we may assume that || f |1 o £)%+1,y, = 1, which means
that

: |f () 1o 2 + | f(x)]) dpn(x) < (V).

For each fixed A > 0, set Q) = {x € X : | f(x)| > A(171/P0)/2} Decompose f into

F@) = f0)xg, (@) + FX)Xg, ) = f1) + o).

https://doi.org/10.1017/51446788708000657 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788708000657

[17] Weighted estimates for singular integral operators with nonsmooth kernels and applications 393

A trivial computation leads to that

, |Sf ()] log" 2+ Sf (X)) dpa(x)
2

1
< / u{xeVy: |Sf(x)| > A})(Alogk(Z + A))/ di
0
[ e X5 1SAi001 > 272D Glogt 2+ ) d
1

+ / p{x € X1 |SH(x)] > A/2)(Alogk (2 + 1)) da
1

§,u(V2)+/ / |flix)|du(x)(klogk(2+k))/dk
1 Vi

00 P
+/ / (@) Odu(x)(Alogk(2+A))/dk.
1 Vi

The fact that || 2| L) < A(=1/P0)/2 now tells us that

o0 Po
/ / ('ﬁkﬂ) dp(x)(dogh 2 + 1)) di < (V).
1 Vi

On the other hand,

foo/ AOT ) (ogh @ + 1)) d
1 Jy

A

f o)A ro)
5/ |f (o)l / A7 (Alogk (2 + 1)) di du(x)
Vi 1
|f () 2/ 0= 1 p0)
5/ If(x)lf 2" ogk (2 + 1) dh dju(x)
Vi 1

|f o)/ =10
SO / Iogkt 2 + 1)) dr du(x)
1% 1

< /V | f ()| 1o 2 + | f(x)]) dpn(x)
S (V).

Combining the estimates above leads to that

; 1Sf ()] log" 2 + [Sf (0)) dpa(x) S (Vi) + p(Va) S p(Va)
2

and our desired conclusion follows directly. O
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REMARK 3.2. We point out that in Lemma 3.1, if ¥ = R", V| = V, isaball, and S is
the Hardy—Littlewood maximal operator, then Lemma 3.1 was obtained by Stein [19].
In fact, in this case, Stein proved that for any & > 0, ball B C R” and function f
supported on B, M f logk 2+ Mf) e L'(B) if and only if

|fllog '@+ | f) e LY(B).

LEMMA 3.3. Let w be a locally integrable function such that Mw is finite almost
everywhere. Forv > 0, set u(x) = (Mw(x))™" for x € X. Then there exists a constant
C > 0 depending only on v such that for any ball B and measurable set E C B,

u(E) < CM(E).

u(B) w(B)

Namely, u € Axo with Ca,(u) < C and 4., (u) = 1.

PROOF. The argument is similar to that used in the proof of [13, Lemma 3]. We
first notice that following the argument in the case of Euclidean spaces (see, for
example, [7, pp. 158-160]) shows that (Mw)"/ D jsan A, weight with A constant
C, depending only on v. Namely, for any ball B,

b
w(B)

Note that, for any fixed ball B, it follows from Holder’s inequality that

/(Mw(x))v/(vH) du(x) <C, ess igf (Mw(x))”/ VD,
B xXe

(w+1)/(v+2)

1/(v+2)
[ f (Mw(x))™" dM(X)} [ / (Mw(x))”/ D du(x)} > (B).
B B

Therefore,

—v—1
sup u(x) = [ inlf;(Mw(x))V/(vH)}

xeB

1 —v—1
v/(v+1)
Cv[_M(B) /B(Mw(X)) dM(X)}

Cy
m /l; u(x)du(x).

If E C B is a measurable set, then

IA

u(E) _ u(E)sup,cpux) _ . p(E)
u(B) ~ u(B) = By’

which completes the proof of Lemma 3.3. O
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PROOF OF THEOREM 1.2. First, we claim that for any f € LP°(X’) with pg € (1, 00),
and any x € X,

M%,L(log L THE) S My og Lye+1 f (). (3.1)

In fact, for each fixed x € X’ and any fixed ball B containing x, denote the radius of B
by rg. We decompose f as

FOV = F OV ey D)+ F DXy ) = F1) + 20,

where cg = k(c2 + 2k + 1). Recall that the operator T is bounded on L2(X), and is
bounded from L' (X) to L1°°(X) (see [4]), it follows from Lemma 3.1 that
ITfill Laog L)k, S N T f1ll Laog Ly ,coB
5 I f1 ”L(log L)*+1 coB
S Mo Ly f ().
Set

Fo = / TF1D) du(),
2c9B

and
szf_ AR
2/+leg B\2/cog B
for j € N. Another application of Lemma 3.1 yields that for all j > 0,

Fi S B fillLiog L.con S 2" (BYMpiog 1 f (x).

Note that if y € B and z & 2/c9 B for some positive integer j, then d(y, z) > 2/~ !rp,
and so by (1.4) and (1.2),

1 . 1 :
hig(y, 2) € —————5(2"U7D) < ——s2"VU™D),
& w(B(y, rp)) (B)
Thus, for any y € B,

1Dy (T 1)) 5/2 BhtB(y, DT f1(2)| du(z)
c9

+> f _ (3 DITA@dp(z)
= 2i+legB\2/co B

1
~ wn(B)

1 & :
Fo+ s@mU=YF;
1(B) ; !

(o¢]

S Mpiog L (X) + Mpiog £.f (x) Y s(2"07D)2/"
j=1

S MLlogLf(x)‘

This, in turn, implies that
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1Dty (TSNl Lqog k. B S ML(tog Lyk+1.f (X)-
We now turn our attention to 7' f,. Since for x, y € Band z € X' \ ¢9B,
d(x,z2) = (ca+2x)rg and d(y, z) > (c2 + 2k)rp.

Thus, for any y € B, an argument used in the proof of [9, Proposition 5.4] gives us that

ITf2(y) = Diy (T2 (M) < 1K (y,2) = K" (y, DI f (@] dp(z)

d(y,2)=(cp+2c)rg
d(x,2)=(cp+2)rp

S Mf(x).

Combining the estimates for 7 f] and T f, then leads to the estimate (3.1).
Let £ (X) < oo. We claim that

I f Laog Lk, x = Inf My 0 £k f (X). (3.2)
xeX
In fact, for any € > 0, we take some point xg € X such that
ML(]Og L)k f(xo) < )"G = xlg;( ML(lOg L)kf(x) + €.

Let B be a ball containing xo. Then || f |l 1 10g 1)t 2/ 8 < ¢, forany j € N, which means

that 1 10 )
X k X
DB Jup e (“T)d“(x)fl'

Letting j — oo then shows that

1 NGO I ot |f ()]
e R O O LR

which implies that || f{|; (o )%, x < A and leads to (3.2).

We can now prove (1.7). If u(X) = o0, (1.7) follows from the inequality (2.3),
Theorem 2.1 and the estimate (3.1).

On the other hand, if u(X) < oo, again by the inequality (2.3), Theorem 2.1, the
estimate (3.1), Lemma 3.1 and the estimate (3.2), we can deduce that

/X |MM(T )0 ulx) dpu(x)
S [ PP )+ AT 1 g )
S fX (ML F )P u0) dpx) + 1F17 g 1y 24X
p
S / (M*f () Pu(x) du(X)+< inf M"“f(x)) u(X)
X xXe

< / (M L F () Pu(x) dp(x),
X

which verifies (1.7).
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The inequality (1.8) is an easy consequence of (1.7) and Lemma 3.3. In fact, for
each fixed € > 0, it follows from Lemma 3.3 that (M'(w + €))7 is an A, weight,
and both Cy4_, (M'(w + €))79) and SAOO((M’(w + €))~?) depend only on o. By the
L?(X)-boundedness for p € (1, co) of T (see [9]) and M, we then have

fX (M*(T ) ()P (M (w + €)(x)) @ dpu(x) < €@ /X (M*(Tf)(x)P dpu(x)

= E_Q”f”ip(x) < 0.

This together with (1.7) implies that, for any € > 0,
/X (ME(Tf)@)P (M (w + €))7 dpu(x)

< / (MM F )P (M (w + €)(x) 7@ dpu(x).
X

An application of the monotonic convergence theorem yields (1.8) and then completes
the proof of Theorem 1.2. O

PROOF OF THEOREM 1.3. If u(X) = oo, (1.10) follows from the inequality (2.3),
Theorem 2.2 together with the assumption that, for any R > 0,
sup dMu(fx € X+ MNTf)(x) > 1)) < o0,
0O<A<R
and the inequality (3.1).
If 1(X) < oo, again by the inequality (2.3), Theorem 2.2, the inequality (3.1) and
Lemma 3.1, we finally obtain

sup DM u({x € X : MHTf)(x) > A}
A>0

. #
< ili;()) dPMu({x e X: M5,L(log Lyt (Tf)(x) > 1}

+u(X)PUT fllLog £yk-1,x)

S sup S(hyulx € X : MU F) > 0D + u) DU f L gtog Lt x)
<sup PMu({x € X: M F(x) > A},
A>0

where in the last inequality, we have used the inequality (3.2) and employed the fact

that
QU f Nl Laog Lyk,x0) = d’( xlgi My (10 1)k f(x)>
< w(X)~! sup dMu({x e X+ M Fx) > A)).
This finishes the proof of Theorem 1.3. |
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4. Proofs of Theorems 1.5 and 1.6
We begin with the proof of Theorem 1.5.

PROOF OF THEOREM 1.5. We may assume that M2P1*ly is finite almost
everywhere, otherwise there is nothing to prove. By duality it suffices to show that
for any p € (1, 00), any weight w and any bounded function f with bounded support,

/X TP M )= du(x) S /X FEOI )™ dp(x). (4.1)
Recall that, for k € N,
/X (M* £ )P (M () =7 d ()
< /X FEIP () ™7 dp), 4.2)
In fact, for the Euclidean space, this was proved in [10] and [12]; for the space of
homogeneous type, see [16]. The estimate (4.1) then follows from (1.8) with k =1

and/ = [2p] + 1 and (4.2) immediately, which completes the proof of Theorem 1.5. O

PROOF OF THEOREM 1.6. We assume that M3w(x) is finite almost everywhere. Note
that if u(X’) < oo, the inequality (3.2) with k = 0 shows that

w(X)/pu(X) < in;fv Muw(x);

then for A < ||f||L1(X)(u(X))_1, it is easy to see that

/ w(x) dp(x) < w(X)
{xeX: |Tf(x)|>A}
1 w(X)
= xm”f”Ll(M
=

1
X/ |f ) Mw(x) dp(x).
X

For each fixed bounded function f with bounded support, let Ty =0 if u(X) =00
and tx = [ fllp1x) (,u(X))_1 if w(X) < oo. For A > ty, applying the Calder6n—
Zygmund decomposition to f at level A (see [1]), we obtain a sequence of balls {B} ;
with pairwise disjoint interiors and a constant c¢jg > 1 such that:

(I) foranyx e X\ UJ- c10B; and any ball B centered at x,

1
— fB 00 dpe) < A
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1) forall j,

1 1
_ d A
0B Jugs, TN 12

/ O] i)
B;

Asin [1, p. 146], if we set Vi = c10B1 \ U=, Bi, and for j > 2,
j—1
V; =6‘1ij\( U Vi U U Bl'),
1=1 izj+1

it then follows that B; C V; C cj0B;, Uj V= Uj c10Bj and {V;}; are mutually
disjoint. Define the functions g and a; by

1
n(V;)

)= L,y O+ D [ /V fo) du(y)]xvj ),
j Y

and

1
o= 10 - b o ), 0.

Let E; = Uj ¥ B; with ¥ =cio(k + Dk (c2+ 1) and a = Zj aj. By the doubling
condition,

w(UvB;) )
w(Ey) < ; M(M;)MB,') < ; x‘e“,ﬁj Muw(x)(B;)

srl;/Bj If(y)IMw(y)dM(y),S/\_lfXIf(y)le(y)du(y).
The proof of Theorem 1.6 can be reduced to proving that
w(fx € X\ Ep: [Tg)| > 1/2) SA™! /X |f Ol MPw(x) du(x)  (4.3)
and
w(fx € X\ Ey: |Ta(x)| > 1/2) A~ /X f@) MPw(x) du(x).  (4.4)

We first prove (4.3). A trivial computation along with Theorem 1.5 with p =4/3
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gives
w({x e X\ E: [Tg(x)| > A/2})

S [T, () dio)
ST /X lg P M (Wit ) (%) dju(x)

<! fX @I M) dpco)

\U; Vj

Y [l M )0 dic)
J J

Following an argument similar to the case of Euclidean spaces (see [10, p. 159]), we
can verify that, for any x € c10B;,

MP Wy ) S inf M3 (Wi ) () (4.5)

y€clij

Therefore,

> /V 18] M (W) (x) dpa(x)
j J

< ; /V 10 g M)

SA Y uleioB)) inf M3 (W) ()
j J

: 3
S ij w(B)) inf MW ) ()

S Z]j /B ,. £l du) inf M3 (W) ()

< /X | f(x)] MPw(x) du(x),

which implies the estimate (4.3).
To prove (4.4), let r; be the radius of B; and ¢; = r;" for each fixed j. Write

w({x e X\ E, : |[Ta(x)| > 1/2})
>A/4})

Sw({xeX\E,\: ‘T(Z(aj—Dtjaj))(x)
j
+w<{xeX\E,\: ‘T(ZDU@)@) >,\/4}>
j

=11+ Db.
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As it was pointed out in [4], we know that
T(Z(aj - D,jaj))(x) =Y T(aj — Dyaj)(x).
J J

On the other hand, a straightforward computation shows that for any fixed j,

/X laj I M WX\ g,)(¥) de(y)

1
< | f )l dp(x) M WY x\,) (¥) dia(y)
w(Vi) Jv, c10B;
+ /V Lf O M (WX, (¥) dia(y)
. 1
< yelcrllofBj M(wxx\m)(y)u(mij)M(—Bj) B, |f ()] dp(x)

+ / O M) ) A ()

vj
Sa o inf  M(wxy ) (V)u(B))

)’EC]OB_]'

+ / Lf O M (WX, (¥) da(y)

Vi

S/V |fF DI MWxx ) () din(y).

Thus,

b A / Taj = Dyaj e, (0 d
13 Xj: X\z?Bj‘ (a; 1ai) ()| wx)x \A(x) w(x)

=" / ;
; 1aio)
x{ / K (x, y) = Kiy (6, 9 W) X, () du(x)} dp(y)
X\9B;
Sy /X jaj (D] MW Y s,) (7)) da(y)
J

<t fX L) IMw(y) di(y),

where in the second-to-last inequality, we have invoked an estimate in [9, Remark 5.9],
which states that for some constant C > 0 depending only on the approximation to the
identity {D;};~¢ such that for any weight v,

/ |K (x, y) — K¢; (x, )| v(x) du(x) < CMo(y).
d(x,y)=c3tt/m
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It remains to consider the term ;. Obviously,

4/3
W) K, (00) ().

L < A43 / ‘T(Z D,JLIj)(X)
X j

Using (1.4) and (1.5) together with some basic estimates yields that, for any j, function
v,and y € V;,

[ o du < inf Mo, (4.6)
which gives us that
‘ fX Dyya; (0w(x) du(x)| < /V |aj(y>|[ fX htj<x,y>|v<x>|du<x>] du(y)

< f ;)] di(y) inf Mv(2)
V/- ZGV/'

< au(V)) inf M(2)
S)»/ Mv(x)x, (x)du(x).
X J

Recall, by Lemma 3.3, that (M?(w)y,;,)) > € Aco. Let T be the adjoint operator of
T. From the above estimate, Holder’s inequality, Theorem 1.2 with k = 1 and (4.2),
we deduce that for h € L*(X, (wXX\Ek)_3) with ”h”L“(X,(wXX\E 3y =1

A

‘/X T(Z D,jaJ-)(x)h(x) dpu(x)
j

= | [ 70 3 D050 dute)
J

<h /X MTh) ) Y xy, @) dp(x)
ok
- 1/4
S x{ /X (M (Th) ) (M (W) () dM(X)}

3/4
) {/X 3y, COM3 Wit )(6) du(X)}
J
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1/4
< X{ /X (M) (M (W) () 7 du(X)}
3/4
x { /X D Xy, M Wi ) () dM(X)}
J

3/4
< A{ fX D Xy, M (W) () dM(X)} :
j
This along with the inequality (4.5) leads to that
LS /X D Koo, M W ) () dia(x)
j

<Y inf MP(wxy . )()u(B))

7 YecioB;

SaT Yy inf M) () /B £ )] dp(x)

; YecioB;
ST /X |f O MP (W) () dpu(x),

which then completes the proof of Theorem 1.6. |

5. Proofs of Theorems 1.7 and 1.8
We begin with a generalization of Holder’s inequality.

LEMMA 5.1. Let k be a nonnegative integer. Then there exists a constant C > (
depending only on k such that for any measurable set V with (V) < oo, functions vy
and vy,

lvivallog Lyk,v = Clivillexpr, v lv2ll L og Lyk+1, v
here and in what follows ||v1 ||lexpL,v denotes the norm defined by

1
=inf{A>0: — d <2%.
||Ul||expL,V 1n { > M(V)‘/Vexp< Y > nix) < }

For the proof of Lemma 5.1, see [17, p. 58].

LEMMA 5.2. Under the hypotheses of Theorem 1.7, there exists a constant C > 0 such
that for any bounded function f with bounded support and x € X,

ME(T, £)(x) < CllbllBmo (x) (M2 (Tf)(x) + M £ (x)). (5.1)
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PROOF. Without loss of generality, we may assume that ||b||pmo (x) = 1. For each
fixed x € X and each fixed ball B containing x, let rp be the radius of B. Recall,
by [5], that T} is bounded on L? (X)) with p € (1, oo). For a bounded function f with
bounded support, we decompose f as

T =T Xeys O+ F D Ao ) = [10) + L2(0).

Let m g (b) be the mean value of b on B, namely, mp(b) = (1/(B)) fB b(y) du(y).
Write

1 ~
—_— T — D, (T; d
M(B)/ Ty £ (3) — Duy (Ty YO0 die(y)

Sﬁ/ |b(y) =mp BT f ()] du(y)

(B)/ [T ((b —mp(b) fYW] du(y)

(B) / By, (b — muB)THO)] di(y)

Yo / By (b — mu®) f1) ()] dia(y)

1
+—— [ 1T = mp®)) )(y) = Diy T((b — mp (b)) f)(V)] du(y)
w(B) Jp

5
=2_ Ui
j=1
It follows from Lemma 5.1 that

U SHIb—mp®)lexp 18I T fllLiog 1,8 S M*(Tf)(x),

where we have employed the John—Nirenberg inequality, which says that for some
positive constants c11 and c12 > 1,

1b(x) —mp )|
d
w(B) ./ (011 IbllBMO () ) n(x) < cra
(See [2]) and so

|6 —mp(b)llexpL,B S IbIIBMO (X)-

On the other hand, by Lemmas 3.1 and 5.1,

Uz S 11— mp®) fillLiog LocoB S I Lgtog Ly2.con S M £ ().
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As in the proof of (3.1), it follows from (1.4), (1.5) and Lemma 5.1 that

w(B)

1 o0
+ — hig(y,2)d
u(B) ;/2.7'+IC9B\2J'C9B {-/B (> 2) M(y)}
x|b(z) —mpD)||T f(2)| du(z)

1
Uy < { / hey (v, 2) d,u(y)}lb(z) —mp®ITf ()] du(z)
2c9B B

1
S o 1b(z) —mpDOITf ()| du(z)
w(B) JaceB
& A
mG=1) s _
+ (B)Zs(z I=N)mjs10,5(b) — mp(b)] 2/+1ch|Tf(Z)|d'u(Z)
& A
_ m(j—1) _ _
a8 2T f 17O T OITF @1

< ”Tf”LlogL 2c9B T Z]ZJ"S(Z’”(] 1))
j=1

0
+ ) 2% @I TINIT f l tog 1.2+ 0 B
j=1
< Mytog L(Tf)(x)
< MATS) ().

ITflz 2/t 9B

( )

Similarly, by (1.4), (1.5), Lemmas 3.1 and 5.1, we see that

1
Us < WIIT(UJ mp(5)) L1 2coB

1
W 2/" Q"U=NNT (b — mp b)) f)ll 2i+leg B\2icoB

SNk — mB(b))fl | Llog L.coB
<M f(x).

For the term Us, the condition (ii) via a standard argument gives us that, for any y € B,

IT((b = mp(5)) £2)(y) — Dy T((b — mp(5)) £2)(¥)]

o / b@ —ms®) _1f@I_
N i orzers MBO, d(y, 2)) d(y, )
& . 1
<y b(z) — mp B £ ()] du(z)

= w(B(y, 2'carp)) Ja(y.z)<dicyrg
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00 ) 1
S pmie -
Z p(B(y, 2'carp))

i=1

x / C1B@) = My aiey B F @] A ()
d(y,z)<2'corp

oo
+ 27 mp(b) — mp(y 2icyry) (D)
i=1
1
X—
w(B(y, 2'carp)) Jacy,)<2icorp

< inf M?f(2).
zZEB

[ f ()| du(z)

Combining the estimates for U; (1 < j < 5) then establishes (5.1). O

PROOF OF THEOREM 1.7. We assume that ||b|lgmo vy = 1 and M3P1+1y is finite
almost everywhere. As in the proof of Theorem 1.5, it suffices to prove that for any
p € (1, 0o0) and any bounded function f with bounded support,

/X (M(Ty ) ()P (MBPH w(x0)) = dpu(x)
S /X (M3 £ )P (MBPF y (0)) = d (). (5.2)
To prove (5.2), applying the L' (X)-boundedness of T, we see that for any € > 0,
fX (M (T, )0 M w4 o) du) S € IFIL, ) < oo

Recall, by Lemma 3.3, that (MBP]“w)l*P/ € Aco. If £(X) = o0, Theorem 2.1, along
with Lemma 5.2 and Theorem 1.2 with k = 2, states that

/X (M(Ty )P (MBPH (w4 €) () 7 dpu(x)
S /X (ME(T, ()P (MBPH (w4 ) (0)) '™ dpu(x)
s fX (MP(TF) (@) (MPPH (w + ) ()P dpu(x)
~ /X (M3 f ()P (MBI (w + ) () P dpu(x)

S / (M £ )P MBI w4+ €) ()7 dp(x). (5.3)
X
For the case of u(X’) < 0o, observe that for any ball B C X and any positive integer j,

)< n(@/B) _ p(X)
~ wB) ~ B’

1
Imp(b) —myip(b)| < —— / |b(x) —myjpg(b)| du(x
w(B) Jp
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and

i (®) — mp (b))
1
<= [X Ib(x) — mp(B)] de(x)

= lim </ |b(x)_msz(b)|dM(X)—l—;L(ZjB)lmB(b)—msz(b)|>
u(X) j—o0 2/B
< 1)
~ u(B)
Thus,
|b(x) —mx(b)]
d
Wc) f < e ) p(x)
< lim —— exp(Ib(x) msz(b)|)dpL(x)eXp(|m2jB(b)_mX(b)|>
j—00 /L(X) 2B 11 o
<cy2 lim exp<|m2j3(b) —m;((b)|)
J—>00 cll
: wu(X)
<coo jli)n;o exp<m>

<I.
It then follows from Lemmas 5.1 and 3.1 that
/ [Ty f(x)] din(x)
X
S/X |b(x) —mx(b)IITf(X)IdM(X)-F/X IT((b—mx (b)) f)(x)|du(x)

S inf MX(TL)) + 116 = mx (D)) fllLiog L.

< inf (MA(Tf)(x) + M f(x)).
xeX
Again by Theorem 2.1, Lemma 5.2 and Theorem 1.2 with k = 2,

/ (M (Ty £)())” (MBPH (w4 ) (x)) ' 7 dpu(x)
X
< / (ME(T, )Y MPPH w4+ ()~ dpu(x)

+ 1T 1 ) /X MBP (w + € () dp(x)
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< / (MA(T)))? (MBPHF w4 €) () ™7 dpu(x)
X
+ f (M3 £(0))? (MBPH (w4 ) (x)' 7 dpu(x)
X
< f (M3 £ )P (MPBPH 4 €) () 7P du(x). (5.4)
X

The inequality (5.2) follows by letting € — 0 in (5.3) and (5.4), which completes the
proof of Theorem 1.7. O

PROOF OF THEOREM 1.8. We use some ideas coming from [14]. Again we assume
that ||b|lpmo (xv) = 1. Let Ty = ||f||L1(X)(/L(X))*1. As in the proof of Theorem 1.6,
it suffices to consider the case that A > 7. For each fixed A > 7y and each bounded
function f with bounded support, with the notation B, V;, g, E;, a and a; as in the
proof of Theorem 1.6, we see that the proof of Theorem 1.8 can be reduced to proving
that

w(lx € X\ Ey: [Tpg(x)| > 1/2) SA~ /X |f ) M*w(x) dp(x)  (5.5)
and
w({x e X\ E, : |Tpa(x)| > 1/2})
5/ |f(—x)|10g<2+ |f(—x)|>M4w(x)d,u(x). (5.6)
r A A
To prove (5.5), we apply Theorem 1.7 with p = 5/4 and obtain
w({x € X\ E; 1 |Tpg(x)| > A/2})

S 18P w) s, @) die)
X
< A5 fX 8GO MWt (6) dpe(x)

sxlf y | f (x)| M*w(x) dp(x)

xX\U; v

A7) /V 8GO M* (W) (%) dpa(x),
j j

which via the argument used in the proof of (4.3) then yields (5.5).
We turn our attention to (5.6). Since f is bounded with bounded support, we can
write

Tya(x) = Y (b(x) = mp; (b)) Ta;(x) + T(Z(mg, (b) = b)a j) ().
J J
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It follows from Theorem 1.6 and Lemma 5.1 that
w(:x eX\ Ey: T(Z(mBj (b) — b)a,)(x) > x/4})
J

Sy /X |b(x) — mp, (b)la;(x)| M3 (Wi ,) (x) dpa(x)
J

-1 . 3 )
~ ; (0, M0 )V

X||b — MeyoB; (b) ”expL,Vj ”aj ||Llog L,v;
Al inf  M> j
+ in (W) ,) Ol L1y

— xecioB;
Jj J

Take c¢q1 > 1 such that (2(:’1‘0)1/"11 < 2. Note that, for any 7 > 0,

1 (Ib(y) — MeyoB; (b)l)
_ exp
u(cioB;) Jeys; T

du(y) <2

implies

1 (Ib(y) — My, (D)]
exp
wvi) Iy, T
It then follows from Holder’s inequality that
1 (Ib()’) _mC1ij(b)|
ex
wvi) Iy,

> du(y) <2cf,.

) du(y) < 2cf)/m <2.
C117T

Therefore,
b — MeyyB; (b)”expL,Vj <culb - MeyyB; (b)”expL,clij S
This via the fact that

|f ()] log(z + @) dp(x)

1) log(2+ 'fi—x)') dp(x)

w({x eX\E;: ‘T(Z(b —mBj(b))aj>(x) > x/4})
j

SATEYC inf MR Wit )RV llLiog 2.y,

n XEC]()BJ'

lajllLiogL,v, < A+
SRR R w(Vi) Jv,

< 1
nVi) Jv

gives us that

j
5/ Mlog(Z—i— M>M3(w)(X\E)()C)dli(x)-
x A A ’
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It remains to consider ) j (b—mp ; (b))Ta;. Write

> (b(x) = mp;(b)Taj(x)

J
=Y "b@) — mp, (1)) (Ta;(x) — TDya;(x)
J

+ ) (b(x) — mp; (b)) T Dy;a;(x)
J

=Y (b(x) —mp;(b))(Ta;(x) — T D;a;(x))
J

+ Ty (Z Dtjaj)(x) + T(Z(b — mp, (b))D,jaj>(x)
J J

=Wi(x) + Wa(x) + W3(x).

Let r; be the radius of B; and #; = r"". An argument involving the condition (iii) and
Lemma 5.1 shows that for any j, y € V; and weight v,

/ K (x, y) = Ki (2. DIIbG) — mp, (0)] v(x) dia(x)
X\9B;

0 b(x) —mp,b)] "

<
~ Z /032i_1rj<d(x,)')<632irj /’L(B(yv d(xa y))) [d(xy Y)]ﬁ

i=1

v(x) dpu(x)

0o _ 1
<y L
u(c32'B) d(x,y)<c32ir;
00
+ Y 27PN mp.(b) —m, g (b)|;.
i=1 ! i /L(C321Bj) d(x,y)<c32irj

< M*u(y),

1b@) = i 5, (B)] 0(x) dpa(x)

v(x) dpu(x)

which, in turn, implies that
w({x e X\ E,: Wi (x)]>A/12})

<17 Z/ IT(a; — Di;a)(0)|16G) — mp, (b)) W)X, (¥) di(x)
T JX\0B;

=171 / ; / K(x,y) — K. (x,
; | 1a;0)] X\M,.' (x, y) — Ki, (x, )]

X|b(x) —mp;(b)] w(X) X x\p, (X) din(x) dja(y)

Sy fx laj ()] M (W) () At (y)
J

<at /X If D) M2w(y) du(y).
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To deal with W5, let ﬁ, be the adjoint operator of Tj. If
he L(X, Wxyg) ™

With (171115 e, -4 < 12 by (4.6), we obtain
A

‘ /X T, (Z D,jaj><x>h(x) dp (o)
J

= | [ T 3 0050t
J

<A fX M(Tph)(x) ) xy, (0) dpa(x)
J
N 1/5
S A{ /X (M (Tph) (6))> (M* (W x ) () ™" dM(X)}
4/5
* {/X D K, MW ) () du(X)}
J
1/5
< A{ /X (MPh(0)) (M (Wi ) 6)) du(x)}
4/5
x { fX D Xy, M Wi ) () du(X)}
J

4/5
Sk{//\’ Z Xv; (X)M4(wXX\EA)(X) d,u(x)} ’
J

where the second inequality follows from Holder’s inequality, the third inequality
follows from the estimate (5.2), and the last inequality follows from (4.2). Therefore,
as in the proof of Theorem 1.6,

w(fx e X\ E; : [Wa(x)| > 1/12})
<A5/4/ T( D, )
< | ij naj ) ()

<> M (W) (%) d ()
j Clij

<At /X |f ()| M*w(x) dp(x).

5/4
WO X, () dpt(x)
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Finally, we consider W3. For h € L3(X, (wXX\EA)_“), each fixed j and z € B}, an
argument involving (1.4), (1.5) and Lemma 5.1, yields

/X iy (3, 2l (b) — BV TR dpe(y)

< /2 (5, s, 8) = BTG ()

J

+ 3 / _ hi, (v, 2)lmp, (b) — bITh(y)| dpu(y)
=1 2i+l

KBj\ZiKBj

< /2 O Dlm, (6) = BOIITHO] de(v)

kDB j
oo .
n Zs(zm(z—l))|m3j(b) —m2i+lKBj(b)|
i=1

Th(y)l
x | o du(y)
2t \2ikB; W(B(Y, 1))
o . 1
+ s(2mi=) —
; 2+l \2icB; W(B(Y, 7))

X Imayii g, () = bO)IITh(y)] dpe(y)
< inf M*(Th)()
%‘EBJ'

i=1

+ is(zm“—l))ziN[u(B,-)]*mz"xB,-)ginlg M(Th) (&)
€5

+ ;‘s(2'"“’*”)2"N[M(B,->]*lmz"xB,-) Jnf M*(Th)(&)

. 2,4
< slenzgj M= (T h)(§).

Thus, if ”h”LS(X,(wXX\E -4y < 1, it follows that
A

‘ /X T(Z(b —mp, (b))D,,.a,-> () (x) dp(x)
J
sZ/X {/X h,,<y,z>|m3,.<b>—b(y>||fh(y>|du(y)}m,-(zwu(z)
J

<> inf Mz(fh)(z)/X laj(2)| du(z)

. ZED;
Jj J

s /X MY TG Y 2, 0) dp(y)-
J
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As in the argument for the term W», another application of Theorem 1.2 with k =2
and the inequality (4.2) yields

w(lx € X\ Ey: [W3(x)| >x/12})5A1/X|f(x>|M4w(x> dp(x).

This completes the proof of Theorem 1.8. O

6. Proofs of Theorems 1.9 and 1.10
We first show Theorem 1.9.

PROOF OF THEOREM 1.9. By an estimate of Duong and McIntosh [4] (see also [9]),
we know that under the hypotheses of Theorem 1.9,

T*f(x) S MTf(x) + Mf(x). (6.1)
Thus, Theorem 1.9 follows from Theorem 1.5 and Lemma 2.4 directly. O

PROOF OF THEOREM 1.10. By (2.2) with kK =0 and (6.1), it suffices to prove that if
u € Ay, then for any A > 0 and bounded function f with bounded support,

u(fxeX: M(Tf)(x) > 1} < /X |f;—x)|log(2 + |f;—x”)u(x) du(x). (6.2)

An application of Theorem 1.3 with k = 1 together with Lemma 2.4 then gives us that

u(fx e X M(TH)(x) > 1))
< sup tlog_1(2 +t Hu(fxe X : sz(x) >1})
>0

S fX Lf()[1og(2 + [ f (x)Du(x) dun(x),

which via homogeneity leads to (6.2). o

7. Holomorphic functional calculi of elliptic operators

This section is devoted to some applications of our theorems in Section | to
holomorphic functional calculi of elliptic operators and Schrodinger operators. We
first review some necessary background.

For fixed w and v with 0 < w < v < 7, define the closed sector S, in the complex
plane C by

So=1¢ €C: Jarg | < w} U {0}

and denote its interior by Sg. Let H (Sg) be the space of holomorphic functions on S,? ,
and HOO(Sg) be the subspace ofH(SS) defined by

H®(S)) = {f € H(S)) : | flloo = sup | £ (D) < OO}-

cesd
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Let \IJ(SS) and F (S(V)) respectively be the function spaces defined by

\I-'(Sg) ={y e H(Sg) : there is an ¢ > 0
such that [ (¢)] < ClZ|°(1 + [¢*)™")

and
F(S%) = {y € H(SY) : there is an & > 0 such that [ (Z)| < C(|¢|~¢ + |¢]%)}.
It then follows that
W(s% c H®(S%) c F(s9).

Let 0 < w < 7. A closed operator L on some Banach space A is said to be of type w,
if its spectrum o (L) C S, and for each v > w, there exists a constant C,, such that

IL—cD7 Y <Clel™t Ve gs,.

By the Hille—Yosida theorem, an operator L of type w with w < /2 is the generator
of a bounded holomorphic semigroup e~ on the sector SO with v = 7/2 — w.

Now let L be a one-to-one operator of type w with dense domain and dense range
in A. The functional calculi of L can be defined as follows.

If Y € W(SY), then

Y(L) = zi /(L — D7) dg,
Tt Jr
where T is the contour {¢ = re®? : r > 0} parameterized clockwise around S,, and
o < 0 < v. As pointed out in [4], this integral is absolutely convergent in £(A), and
the definition is independent of the choice of 6 € (w, v).
Now we take f € F(Sg) satisfying | f(¢)] < C(IZ]17% + |¢|%) for certain C > 0 and
k> 0,and any ¢ € SB, and choose

¢ k+1
vo-(rm)

Then y, fyr € \IJ(S‘(,)) and (L) is one-to-one. Therefore, (fy)(L) is a bounded
operator on A, and (v (L))~ is a closed operator on A. Now we define

FL) =@ @)Y (fY)L).

As in [4, 5, 9], we obtain the following Theorem 7.1 from Theorems 1.5 and 1.6,
and Theorem 7.2 from Theorems 1.7 and 1.8. We omit the details.

THEOREM 7.1. Let u be a weight on X and Q2 be a measurable set of a space
of homogeneous type (X,d, u). Let 0<w <v <m and L be an operator of type
w < /2, so that —L generates a holomorphic semigroup e~*L, in the set 0 < |arg(z)|
< /2 — w. Suppose that:
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(a1) the holomorphic semigroup e~*L, |arg(z)| < /2 — w is represented by kernels
a;(x, y) which satisfy that, for all 6 > w, an estimate

la;(x, y)| < Cohyz(x, y),

SJor all x,y € Q and |arg(z)| < /2 — 6, where h; is defined on X x X by
Definition 1.1;

(ag) the operator L has a bounded holomorphic functional calculus in L%(Q), that
is, forany v > wand f € H“(SS), the operator f (L) satisfies

IF (D L2@)—r2@) < Coll flloo-
Then for any p € (1, 00), v > w and f € H*®(SY),

I f D e, mi2erty—Le@.u) < Cpvll flloo-

Furthermore, when p = 1 we have that

IF DN @, m3uy— Lt < Coll flloo-

THEOREM 7.2. Let u be a weight on X, Q be a measurable set of a space of
homogeneous type (X, d, 1) and b be a function on Q such that b(x) = b(x) x, (x)
is in BMO (X). Let 0 <w < v <7 and L be an operator of type w < 1 /2, which is
the same as in Theorem 7.1. For f € H°°(SS), let f(L)p be defined as in (1.13) with
T replaced by f(L). Then for any p € (1, 00), v>wand f € H°°(S8),

”f(L)b||LP(Q,M[3F]+1M)*>LP(Q’M) =< Cp,v”b”BMO (X)”f”oo-

Furthermore, when p = 1 we have that

||f(L)b||L10g L(2, M*u)— L1 (2, u) =< Cv”b“BMO (X) log(2 + ||b||BMO (X))“f”om

where || f (L)bl Liog L@, M*u)y—L1-5(Q,u) IS the minimum constant C > 0 such that for
all functions h satisfying fQ |h(x)|log(2 + |h(x))M*u(x) dp(x) < oo,

u(fx € Q: [f(L)p(h)(x)| > A})

- C/ |h(x)] log <2+ M)M“u(x) dp(x).
o A »

At the end of this paper, we give two operators which satisfy the hypotheses of
Theorems 7.1 and 7.2.

Let V be a nonnegative function on R”. The Schridinger operator with potential
V is defined by

L=—A+V(®). (7.1)
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The Trotter formula shows that the semigroup e~ has a kernel p,(x, y) which
satisfies an upper bound of Gaussian type, namely, there exist constant C > 0 and
¢ > O such that for all x, y e R" and ¢ > 0,

C _ .
O<Pt(x7)’)§tn/2€ clx yl /l'

As is well known, unless V satisfies additional conditions, the heat kernel may be a
discontinuous function in the space variables.
Another example is the following elliptic operator. Let

"9 d
Lf =— —a;i(x)— 7.2
f==2 50 1@ f (7.2)
i,j=1
be an elliptic divergence form operator of real, symmetric coefficients with Dirichlet
boundary conditions on a domain Q of R” which is defined by the variation method.
This means that L is the positive self-adjoint operator associated with the form

L d a _
o(f. 8) = /Q P> a,-j<x>(gjf(x)) (a—xl_gm) dx

i,j=

onY x Y by (Lg, h) = Q(g, h), where Y is the Sobolev space HO1 (€2). This operator
also has Gaussian heat kernel bounds without any conditions on smoothness of the
boundary of €.

As was pointed in [4, 5, 9], the operators L in both (7.1) and (7.2) satisfy the
assumptions of Theorems 7.1 and 7.2. More general operators on open domains of R”
which possess Gaussian bounds can be found in [4, 5, 9].
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