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Abstract

In this paper we consider the (non)oscillation properties of two general nonhomogeneous
nonlinear delay differential equations of order 2n

(N.) D"[r()D"y ()]  y. (1)f[1, y. (D] = Q1)

using as background and motivation the techniques previously applied to the associated homogene-
ous delay differential equations H, and H_. The equations N, and N_ are each reduced to
homogeneous form by the introduction of transformations u(t) = y(t)— R(t)and v(t)= R(t) - y (1),
where R(t) is a solution of the associated nonhomogeneous differential equation (N). We first
extend certain results for the equation H, and then develop a classification of the positive solutions
of equation H_. Using this classification and the one developed by Terry (1974) for H., we develop a
natural classification of the positive solutions of N, and N_ according to the sign properties of the
derivatives of u(t) and v(t). For each choice of R(t), it is seen that there are 2n + 1 types of positive
solutions of N. or N_. An intermediate Riccati transformation is employed to obtain integral criteria
for the nonexistence of some of these solutions. Analysis of the Taylor remainder results in sufficient
conditions for the nonexistence of other such solutions.

The purpose of this paper is to discuss the oscillatory and nonoscillatory
behavior of solutions of the nonlinear delay differential equations of order 2n:

(N.) D"[r()Dy ()] + y-()f [t y- ()] = Q1)
and
(N-) D"[r(t)D"y (1)) — y.(O)f[1, y-(1)] = Q (1),

where Q(1)Z0,0<m=r(t)=M, y,(t)= y[t — 7(¢)] and 0 = 7(¢) < t. Through-
out the paper f(z, u) is assumed to satisfy the following three hypotheses:
(i) f(t, u)is a continuous real valued function on [0, 0) X R, R = (— , «);
(ii) for each fixed t €[0,%), f(t,u)< f(t,v) for 0 < u <wv; and
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(iii) for each fixed ¢t €[0,%), f(t,u)>0 and f(t,u)= f(t, —u) for u#0.
Before considering the nonhomogeneous equations N, and N_ we first review
and extend some results concerning the associated equations

(H.) D" [r(t)D"y ()] + y.()f[t, y-(1)] = 0 and
(H-) D"[r(t)D"y()] - y.()f [, y.(£)] = O.

1

A solution y(¢) of H,, H_, N, or N_ is said to be oscillatory on [a, ) if for
each a > a, there exists a B > a such that y(8)=0; it is called nonoscillatory
otherwise. Following Terry (1974), we say that a solution of H, is of type B, if for
sufficiently large f, y.(£)>0 for k =0,---,2j+1 and (- D)*"'y.(1)>0, k =
2j+2,---,2n — 1 where

D*y(1), k=0,---,n—1 and
wl(t) =
D* "[r(t)D"y ()], k=n---2n-1.

For definiteness, we say that y(z) is of type B; on [Ty, ) if the y.(z) have the
appropriate sign properties for ¢t = T,. It has been shown in Terry (1974) that a
positive solution of H. is necessarily of type B; for some j=0,---,n—1.
Moreover, under the assumption that 0= 7(t) = T < =, the following lemmas
were proved:

Lemma 1.1. Let y(t) be a B;-solution of H, on [T,, ). Then there exist
positive constants N «_, such that

(t =Ty (t) = Nuwayea(t), k = 1,--+,2] +1
forté T|= T()+T

LEMMA 1.2. Let y(t) be a Bj-solution of H.. Then there exist constants
K: >0 and t; >0 such that

Yall) 5 g i 0,- .0
yi (1)

fort=t.

In an analogous manner we may define a solution of H_ to be of type
B,O0=j=n-1) if for ¢ sufficiently large, w(t)>0, k=0,---,2j and
(—D*y(1)>0, k=2j+1,---,2n—1. A solution is of type B. if y.(t)>
0,---,2n — 1 for large 1. We observe that when n =2, 7(t)=0 and r(¢t) =1, the
solutions of type %, reduce to those investigated in Wong (1969), where they
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were referred to as proper solutions of type 1. The solutions of type %, and 3.
were collectively referred to as proper solutions of type II. It is easily seen that a

positive solution of H_ is necessarily of type %; for some j =0, --, n and that
the following analogues of Lemmas 1.1 and 1.2 can be derived when 1=j =
n—1.

Lemma 1.1 Let y(t) be a B;-solution of H_ on [T,, ). Then there exist
positive constants 1« such that

(t_Tl)yk(t)énk,k'1yk*1(t)7 k :1""72j
fort=zT,=T,+T.

LEmMMA 1.2 Let y(t) be a B;-solution of H_. Then there exists constants
k; >0 and t, >0 such that

Yell o0, 21
yi(t)
fort =,

The proof of Lemma 1.1’ depends only on the technique of integration by
parts and the definition of a %,-solution and is an imitation of the proof of
Lemma 1.1. Moreover, the proof of Lemma 1.2’ follows from Lemma 1.1' in the
same manner that Lemma 1.2 followed from Lemma 1.1 in Terry (1974).

In Section two the basic lemmas given here are extended to the case where
7(t)is unbounded in a prescribed manner. The resulting lemmas are then used to
obtain integral criteria for the nonexistence of solutions of H. of type B, as well
as for the oscillation of all solutions of H.. Section three provides sufficient
conditions for the nonexistence of %;-solutions of H_.In Sections four and five
we let R(r) be a solution of the nonhomogeneous differential equation

D*[r(t)D"y(1)] = Q(1);

for each choice of R(t), the positive solutions of N. or N_ may be classified
according to 2n +1 types. The methods of the previous sections are then
employed to exclude some of these solutions. If, for a specific choice of R(t),
conditions can be given to exclude all 2n + 1 types, we can conclude that N, (or
N_) has no positive solutions. We note that even when this is not possible the
exclusion of some of the solutions will necessarily give information concerning
the asymptotic behavior of the remaining types. With each choice of R(t)
additional information is obtained concerning the behavior of the functions y, (t)
for large t. The results are valid for ordinary differential equations as well and
are applied to show the nonexistence of bounded positive solutions of certain
equations or to show that bounded positive solutions tend to zero ultimately.
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The homogeneous equation H. has been studied by Terry and Wong (1972)
when n =2 and by Terry (1974) for arbitrary n. A slightly different form of H,
has been considered by Ladas (1971b) when r(t)= 1. An initial investigation of
the oscillation and separation properties of the nonhomogeneous equation is due
to Burton (1952) for the case 7(t)=0, n = 1 and f(t, u) = p(t)u(t). More recent
studies include those by Howard (to appear) for the second order differential
equation and by Kartsatos (1971) and Kartsatos (1972) in the n-th order case
when the forcing term is assumed to be small or periodic.

Since submitting the first draft of this paper, additional papers on
nonhomogeneous delay differential equations have been authored by Kusano
(1973), Kusano and Onose (1974), Singh (to appear), Singh and Dahiya (to
appear) and others.

2

In this section we extend the basic lemmas of section one to the case where
lim,_.7r(t)=lim,_..[t — 7(¢)] = «. Specifically, 7() is assumed to satisfy either

(T1) O0=r()=ut,0=p <1 or

(T2) 0s7(t)=ut?,0=p <x and 0=B <1.

LemMa. 2.1. Suppose 7(t) satisfies (T1) or (T2) and that y(t) is a
B;-solution of H. on [T,,®). Then there exist constants N -, >0 such that
(t"‘ T])yk(t)éNk,k_lykfl(t) fo’ t= T1 and tyk(t)ész‘kflyk_l(t) fOr téle,
where

Tvzmin{t=Ty: t —7(t)= T, for t = Ty}

Proor. Suppose that y(t) is a solution of H. of type B; on [T,, ). If 7(¢)
satisfies (T1), then ¢t — 7(¢) = (1 — u)2. On the other hand, if 7(r) satisfies (T2),
then

t—r(t)=t—put? = P[P - u].

Let £ be chosen so that 0 < e < 1. Since

(e

lim

t—x

[P =1,

1

t'"P— = (1 - g)t'® for ¢ sufficiently large. Hence, there isa T, = T, such that

t—r()ZtP[Q-e)'P]l=Q—en
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for t = T,. It follows that thereisa T, = T, such that t —7(t)= To for t = T.
For the assumption (T2), T, = max (T ,,(1 — €)' To). For (T1), Ty = (1— pu) ' To.
The proof given in Terry (1974) is now valid verbatim with the estimates holding
for t = T,. As before, we obtain the intermediate inequalities

(t = Ty () S Niworyea(t), k =1,--+,2j +1

for t = T..
We note that the estimates on the constants N ,_, are the same as given in
Terry (1974) since the estimates are obtained as part of the proof.

Lemma 2.2. Let y(t) be a B;-solution of H,. Let i be an integer (0 =i = 2j)
and 7(t) satisfy (T2) or (T1), where w <[m 'N,..,+1]', if n is odd, j=
(n—-DR2andi=n—1; u <[Ni+ 1)), otherwise. Then there exist positive
constants K; and t. such that

y,,(t);K,y,(t),tét, (l=0,',2])

Proor. Let y(t) be a B;-solution of H, on [Ty, ®). Suppose i# n—1if n is
odd. Then y(t), y-(¢), v (t)(k = 1,---,2j + 1) are all positive for t = T, (chosen
as in Lemma 2.1). Since 7(1)Z0, y.()=y{t—7@)] = y:(¢) for i =0,---,2j.
Moreover, s — Ty = t — 7(t)— T, for any s in the interval J,(¢) = [t — 7(1),t]. An
application of Lemma 2.1 and a mean-value theorem shows that there is an
s € J.(¢) such that

wiﬂ_llzl%JO—y&QJZymo—%AQ

yilt) Lyi(8)] yi)
y)<7@, yi(s)
IO REEE R0
- T(¢
=N -1

We first consider the condition (T1). Suppose that 0=r(f)=ut, 0=p <
[Nisi+1]™". Then we define § by

12 :[Ni+l,i+1]‘1—6’
where 0 < 8§ <[N.:+1]7'<1. Let @ >1 and define £ >0 by

5= aeNi
(Nivi,it D(Nisy it 1—ag) *
It follows that
0< ae = (Niir; +1)°8

Niwi +(Niw i +1)8 7
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This expression is of the form b*§(a + b5)™", where a = Ni,,; and b = a + 1.
Since bd <1, abdé < a. Also, since b =a +1,

b*8 =b(a+1)8 = b5 + abd < bd + a

and ae = b*8(a +b8) ' < 1. Since a >1, e <a '<1.
For this choice of ¢ and for ¢ sufficiently large (r = 1)

N 7(t) =N mt Niipt
- T A= T (- w)[t - T - )]

1 u
<Z R ———
N'“"l—el—u '

Then

_ 1 e 1—ae yi(s) _1-asc
I‘L_N,-Hvﬁ'] S_N,-H,,-'F(l—as) dS_T1 N

It follows that

7(1) <l-ae
t—T(t)_le 1-¢

N <1, t=¢

and we may take K; =1~ (1 — ae)/(1—¢).
If nisodd, j=2z(n—1)/2and i=n-1,

Yis) = Dy._i(s) = < () JV_LNM )

r(s) m s - m

we may repeat the procedure above replacing N..,; by m™'N, .-, and thus
obtain the proof of the second assertion.

Now suppose 7(t) satisfies (T2). Let ¢, and &, be chosen so that 0 < ¢ <1,
i=1,2.Since lim, [t —7(t)] =, wehave t —7(t) - Th = (1 — &,)[t — 7(t)] for ¢
sufficiently large. Since 0= 8 <1,lim,_. t'"? =wsothat '™ —u =(1—g;)t'"™*
for ¢ sufficiently large. Thus

t—r()zt— P =P —plz= (1 — et
Hence,

() 7(t) - gt _ 2
t—1()—-T, " (-t —7()) " QA—e)(A—&)t (—g)(A—g)t'*

<l-—eg,

if 1> (- e)" (1= e (1— 2]
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We now state an extended version of Theorem 2.5 of Terry (1974), which
was previously proved for 7(t)= 0 and bounded.

THEOREM 2.3. Let k be an integer (k =0,---,n —1). Let 7(t) satisfy (T2)
or (T1) with

w<[m'N....+1]", if n is odd and k =£n——2_—9

or

< [N2k+1,2k+ 1]41, otherwise.

Suppose that for all constants C >0
f 12f(t, Ct**)dt = + oo,

Then H. has no solutions of type B, (r =k,---,n—1).

The proof is accomplished by using the intermediate Riccati transformation
z2(t) = uz—1(t)uzi(t) and is the same as in Terry (1974) except for the use of
Lemmas 2.1 and 2.2 instead of Lemmas 1.1 and 1.2. The crucial step of the proof
is the consideration of the term u,. ,(t)uz:(¢). In the event that 7(¢) satisfies (T1)
with 0= g = [Naws1, 2« + 1]7', we may conclude by Lemma 2.2 that this term is
bounded away from zero.

In attempting to eliminate B;-solutions, where j = k + 1, we are led to
consider the term u,; {t)u3/'(t). We note, however, that if y(¢) is a By -solution of
H, and k # (n —1)/2, then we may take N .1 = 1: for in this case yy.i(1) is a
positive decreasing function of ¢ for t = T, and an integration from T, to ¢ shows
that

Yk (t)_ y2k(T1) = I YZk+1(S)dS = (t - Tl)yzk“(t).
1
Since y2k(T1) > O, (t - T])Y2k+1(t) = y2k (t)
Similarly; if y(¢) is a B;-solution of H., where j= k + 1, we may take

Naj2=1. If k =(n—1)/2, then we may take Nas1, 2 = N, -1 = M since

(t— Ty ()= (t — Tl))’znl(t)gj: Yan(s)ds = L Ya(s)ds

=I r(s)Dyn._.(s)ds éMf Dy, \(s)ds
2 T,

= M{yos(6) = yaer(TD] < My,_(0).
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The condition 0= <[m 'Na.ia+1)" becomes 0= u <m/(m +M). If j =
k +1, the required condition is 0= u < 1/2, which is already existent since
m/(m + M) < 1/2. Thus, we may replace the condition of Theorem 2.3 by the
slightly stronger condition

0= 7(t)= ut, where
(T3) 0=u <m(m+ M) ifnisodd;

0=pu <1/2, otherwise.
We will assume in the sequel that 7(t) satisfies either (T2) or (T3).

THEOREM 2.4. Let 7(t) satisfy (T2) or (T3) Suppose that for some k =
0,---,n—1 and for all positive constants C

2.1 rtz""f(t, Ct*)dt = =,

Then H. has no positive By-solutions y(t) such that y, (t) is bounded.

ProoF. Suppose that y(t) is a positive By -solution of H, for t = T,. Then
for t = T\, y.(t) and y,(1) are positive (i =0,---,2k +1) and (- 1)"'y.(t)>
0@ =2k +2,---,2n —1). We note that the hypotheses on 7(t) are not used
explicitly below. They are necessary only for the application of Lemma 2.1.
Multiplying both sides of H, by t**7*"" and integrating from T, to ¢ yields

2.2) Ll s*THIDr(s)D"y(s)]ds +f' sy (s)f[s, y-(s)]ds = 0.

T

Since ya +1(s) >0, there is a constant C > 0 for which y,(s) = Cs**. Moreover, if
k=n/2,

[ s D 6)D Y (0)lds = [Po)lr = [0 = 2k = Dty (],

where

Pl(s) — sZn—zk—lyzn_l(s)
2.3)

2n-2k-1

+ > (—1Y"@2rn =2k —1)---2n —2k +1—j)s>*iy, (s).
=2
If Kk <n/2, we have

L s D" [r(s)D"y (s)]ds Z [Po(s)]r, — [M(2n — 2k = D)lya ()],
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where

Pz(s) = szn_Zk_lyZn*l(s)
(2.4) .
+ (- 1y"'@n =2k —1)- - - (2n — 2k + 1—j)s> iy, . (s)
j=2

2n—2k~—1

-M > (—1y@n-2k—1)---@2n =2k +1—j)s™ >y, _,(s).

j=n+1

We consider the products (—1Y*'y,,_;(¢), j =2, ++,2n —2k — 1. Letting
l =2n _]-’ (_ 1)j+1 — (_ 1)2nvl+l — (___ 1)—l+1 — (_ 1)l+l.
Thus
(=1 Yanoi (1) = (— 1)y (1) > 0,1 =2k +1,---,2n =2

since y(t) is a Bi-solution of H.. So each term of the sum(s) in (2.3) or (2.4) is
positive. Substituting the estimates above in (2.2), we have

, PAT)+ 2n — 2k = 1)lys (1)
Cf s f(s, Cs*™)ds é{

T,

which is in contradiction to (2.1) for large ¢ if y.(¢) is bounded.

Letting kK =0, we obtain a familiar criterion for the nonexistence of
bounded positive solutions of H., and hence for bounded negative solution of
H. by condition (iii). We state this as a corollary.

CoroLLARY 2.5. Let 7(t) satisfy (T2) or (T3). Suppose that forall C >0
f 12771, C)dt = + oo,

Then all bounded solutions of H. are oscillatory.

This corresponds to Theorem 4.1 of Ladas (19712) in the case of the simpler
equation

D y(&)+p)f[y(t),y(g(t)] =0,

where p(t) is a positive continuous function on [0,%), f€ C[R X R, R}, g(t)E
C[l0,%),R], g(t)=1t for t =0 and lim,_.. g(t) = +x.

3

Criteria for the exclusion of B;-solutions of H_ are formulated in this
section.
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THeoOREM 3.1. Let 7(t) satisfy (T2) or (T3). Suppose that for some
k=1,---,n—1 and for all C>0

3.1) f (L G Y dE = .

Then H_ has no solutions of type B. If (2.1) holds with k =0 and y(t) is a
solution of H_ of type B, then y(t) tends to zero as t — .

Proor. Let y(¢) be a positive solution of H_ of type .. Then there is a
To>0 such that y;(¢)>0 for j= ,2k and (—1Yy,(1)>0 for j=
2k +1,---,2n — 1 provided t = T,. Let ti T: and i = n. Integrating H_ i times
over (t,b) results in

)= Ewa—w

2n|

(3.2)
o, 96l ye(s)lds
ie.,
o) = il
3.3)

e R GO (RO

Since (3.2) is valid for i = n and y,.(t) = M,Dy._.(t), where M, =M if y.(t)>0
and M, = m if y.(t) <0, it follows that

Dy ()21 2 yw(b)——Z

+mg (= s) 7'y.(s)f[s y-(s)]ds.

In the case i >n, an additional i — n integrations of this will result in the
analogous inequality

()= Z g—lM)(b—t)’

yZn i

(3.4) ‘Zl ____X&'_”L(_b_Z(b —ty

Oj=i-n_

+ M(ji'l). ["6 = 0y v s)1as.
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If k=n/2, 2(n—k)=n and we may let i =2(n— k) in (3.3). Similarly, if
k < n/2,wemayleti=2(n—k)in (3.4). Ineither case, 2n — i + j =2k +j. Each
term of each sum is positive since (= 1Yy (b)>0for j=0,---,2n -2k - 1.
Moreover, yy.:(t) <0 for t = T, so that yu(T)Z yax(¢). It follows that

ya(T)z ot [ (s = 07y ()fTs, yr(s)ds,

where

wy —

{ @n -2k -1 if kzn/2

Mo2n -2k —1)! if k <n/2.

If k=1,---,n—1, then lim,_,.. y,_:(t)=; so there is a C >0 such that
y(t)> Ct** ' for t = T\. By Lemma 1.2’ there is a ko >0 and a T, = T, such that

V() Z koy (1) Z koCt* ', t = T..
Thus, for k =1,---,n—1and s= T,
. (5=t 'y (s)= (s — 1) ko Cs
By (ii) f[s, y-(s)] Z f(s, koCs** ") for s = T,. Furthermore, s —t = 5/2 for s = 2¢.
Now let t 2 T, and b >2t = T,. It follows that

b
yu(T) = konE'f (s — ey s (s, koCs™ ds
b
= koCw /272721 f $2"2f(s, koCs™")ds
T,

and

b
f SPT(s, koCs™  ds = 277 wn (ko C) ' yu (T,

T

which is incompatible with (3.1).

If k=0 and lim,_.y(t)= C >0, then y.(t)= y(t)= C for t = T, since
y'(£)<0if y(¢)is of type Bo. By (ii) flt, y. (1)1 = f(t, C) for t = T,. For t = T, and
b>2t=T, it follows as before that

b
I s (s, C)ds =277 o C ™y (T0),
Te
which is again a contradiction.

In the next corollary, as in the preceding theorem, we assume tacitly that
n=2.
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CoroLLARY 3.2. Let 7(t) satisfy (T2) or (T3). Suppose that for some
k=1,---,n—1 and for all C >0

f 2T, CER Yt = + oo,
Then H_ has no Bi-solutions y(t) such 'that lim,_. yx(t)=vy >0.
THEOREM 3.3. Let 7(t) satisfy (T2) or (T3). Suppose that for all B >0 and
m=2n—-i,i=1,2,3
b
3.5) Ji_l"llt_mJ’ s (s, Bs™)ds = .
Then H_ has no solutions of type B._. or B. which are asymptotic to Ct™, where
C>0.

Proor. Let y(t) be a B.-solution of H_. Then for T, =t=s=b

yz 3 ROl ey 5 D)

O—rl

* Mn(2r11 - 1)![, (s = 07"y (s)f[s, - (s)]ds,

which is (3.4) with i = 2n. Since (— 1)*y.(b) =0 for k even,

2j+1 b 2j+1
y(;)>t-m§{5]5}1% ~ by

— 22!+1(b! 2j+1
M, z(21+1>' ~b)

+—_——M0(2n1— D™ f (s = "'y ()f[s. - (5)}ds

where p = [(n — 2)/2]. Suppose that y(t)~ Ct™, C >0. Then there isa T.= T,
such that

12=y@)/Ct™ =3/2, t = To.

Using a familiar Tauberian theorem (See Lemma 2.2 of Wong (1969), for
example.), there is a A >0 and a T* >0 such that

-m ZZIH(b) 25 +1 Z2l+l(b) _ 2j+1 |
l i(2+1)' b4 At ,.,(2;+1)'(‘ Y] =A

for b= T*. We see that

https://doi.org/10.1017/51446788700014749 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700014749

294 Raymond D. Terry {13]

%sz =y(1)z y,(t)gg[t @) 12 T,

where Ts = min{t >0:t — 7(t) = T>, t = T>}. If 7(t) satisfies (T3), then t — 7(¢) =
(1 — w)t, on the other hand, if 7(t) satisfies (T2), there is a T, = T; such that
t—7(t)=1t/2 for t = T, and

y-(t)= Vgtm, t=T,,

where
{(l—p,)'" if 7(¢) satisfies (T3)
V =

27" if 7(t) satisfies (T2)
Lett=T, T,=2t and b > max(T,, T*). Then
b
%C Zr"y(@)z —AX wa‘t‘"‘J’ (s = "'y (s)f[s, y.(s)])ds

3 C _.[" 2n-1 m
wo EC +A)= vyt (s = )" f(s, vCs™ [2)ds
and

b
r"'f $7 I E(s, Cys™ )ds < 22 woC! (% C+ ,\),
T,
where C, = vC/2. Letting b —  we obtain a contradiction to (3.5).

When 7(t)=0, n =2 and k =0, Theorem 3.1 reduces to the necessity of
Theorem 2.1 of Wong (1969). When 7(¢t)=0 and n = 2, Theorem 3.3 reduces to
the necessity of Theorem 2.3 of Wong (1969).

4

In this section we consider the nonhomogeneous delay equation N, under
the assumption that R(¢) is a solution of the ordinary differential equation

4.1) D" [r(t)D"R(1)] = Q(¢).

This permits the transformation of N, to a homogeneous delay differential
equation of order 2n for which the methods of the previous selections may be
applied. Since the resulting delay equation does not have exactly the same form
as H, or H_ the arguments have to be duplicated but are entirely analogous. Let
us assume that y(¢) is a positive solution of N. and let u(t) = y(¢)— R(t). Then
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D"[r())D"u(t)] = D"[r(t)D"y ()] = D"[r(1)D"R(1)]
= =y (Of [1, y.(1)]
= —(u+ R).(O)f[t, (u + R).(1)],

so that u(t) is a solution of the homogeneous equation
(H?) D"[r(t)D"u(t)] + (u + R).()f[t, (u + R).(1)] = 0.

Since y(r)>0, t= Ty, (u +R),(¢)>0 for t = T, and D"[r(t)D u(t)] <0 for
t = T, so that u(t) is a nonoscillatory solution of HI. Either u(t)>0 (i.e.,
y(t)> R(1)) or u(t)<0(y(t) < R(t)) for sufficiently large ¢. If u(t) is a positive
solution of H of type B; (j =0, --,n — 1), we will say that y(t) is a solution of
N, of type BY¥(j=0,---,n—1). If u(¢t)<0, then we further transform the
equation by letting v(t) = — u(r). It follows that v(z) is a positive solution of

(H) D"[r())D"v (1)} = (R = v).()f [, (R — v).(1)] = 0.

Ifv(t)isof type B, (j =0, - -, n), we will say that y(¢) is a solution of N. of type
B%. A solution of N, is then either oscillatory, negative nonoscillatory, of type
BY (j=0,---,n—1) or of type B% (j=0,---,n). We now seek to exclude
solutions of N, of types BS and &7%.

THEOREM 4.1. Let 7(t) satisfy (T2) or (T3). Let R(t) be a bounded solution
of (4.1) and suppose that for some k =1,---,n—1 and for all C >0

(4.2) f ) t*f(t, R. (1) + Ct**)dt = .

Then N. has no BY solutions forj=k,---,n—1.

Proor. Let y(t) be a positive solution of N, of type B%. Then u(t)=
y(t)— R(t) is a Bk-solution of equation H. Let z(2) = uza—1(t)/u2(t); z(t) is
positive for all r sufficiently large, i.e., t = T,. It follows upon differentiating z (¢)
that

U1 (t)Duai (1) _ Duan_1(t) =0
[(Dua (1)) uze (1) '

Since u(t) is of type By, u,.—i(t) and Du, (t) are both positive. Moreover,
Du,._(t) = D"[r(t)D"u(t)]. Thus

z'(t)+

4.3) 2+ WEREW o Ry (]=0,02 T

U (t)

We now consider the term
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(u+R).(t) _(u+tR)(t) u(t)

uxn(t) u(t)  ua(r)’

By Lemma 2.1, t*uz (t) = Nu(t), where

2k -1
N= n N i 2k-i-1-
i=0

Then, assuming 7(t) satisfies (T3)

(= w)* P un (1) = [t — ()" uae. . (1) = Nu.(2).

If 7(¢) satisfies (T2), then ut?™' < 1/2 for ¢ sufficiently large, so that

Tzt -t = t(l—,ut”_l)éit
for t =z T, = T.. It follows that
() Z e N7 %% U L (1),
where
_ {2"2" if 7(t) satisfies (T2)
Pl - py if 7(r) satisfies (T3) -

By Lemma 2.2, there is a ko> 0 such that u, . (t) uz(t) = ko.
SofortzT:2T,

u"'(t) -1 2k
(44) ok (!) = [J«kN k()t .

Next we consider the expression

@.5) W*R).0) - [““LR]T (1)= (1+§)7(t).

u.(t) u

If R(t) is bounded and y(t) is of type BE, (k=1,---,n—1), then u(t) is
unbounded, which implies that Ru™"—0 as t >, So for ¢ >0, 1+ Ru'=
1- ¢ =G, for t sufficiently large. Thus there is a T, = T such that

(4.6) (u+R),()ui ()= Cot = T,.

Moreover, ux(t) and u...(t) are positive; so there is a C,>0 such that
(u + R),(t) = R. (1) + C,t**. Substitution of this estimate together with (4.4) and
(4.5) via hypothesis (ii) in (4.3) yields

2'(t) + CopckoN" 12*f (1, R, (t) + C1t*) = 0.

An integration of this from T, to ¢ results in
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f " (L, R, (1) + Cot™)dt = (Copko)™ N[2(T) = 2(1)] = (Copeko)™ Nz(T,),

which is in contradiction to (4.2).

By hypothesis (ii), the divergence of r**f(t, R,(t)+ C,t**) implies that of
PO R.(D)+ Gt Yy fori =0, - -, n— k — 1. So condition (4.2) is sufficient
to exclude Bf-solutions (j =k,---,n—1) of N,. If n =1, j =0 is the only
possibility and the theorem is vacuously true.

By considering (4.5) more carefully we are able to obtain the following
corollaries to the proof of Theorem 4.1.

CoroLLARY 4.2.  Let 7(t) satisfy (T2) or (T3) and R(t) be a solution of
(4.1). Then N, has no B%-solutions y(t) such that (y — R). (t) is bounded if for
all positive constants C

@.7) f T(R.(1)+ CIP (L, R (1) + CrYdt = oo,

CoRrROLLARY 4.3. Let 7(t) satisfy (T2) or (T3) and R(t) be a bounded
solution of (4.1). Then N. has no bounded BZ-solutions if for all positive
constants C

@.7) f “(R.(1)+ O)f (1, R.(1) + C)dt = .

CoroLLARY 4.4. Let 7(t) satisfy (T2) or (T3) and R(t) be a bounded
solution of (4.1). Suppose that for all positive constants C

f f(t, R,(1)+ C)dt = cc.
Then no bounded B§ -solution of N, is bounded way from zero as t — «.

REMARK 1. In Theorem 4.1 the hypothesis that R(¢) is bounded may be
replaced by R(1)=0(t**"*), for some £ >0.

ReEMARk 2. The conclusion of Theorem 4.1 may be restated as: A positive
solution y(t) of N, either satisfies 0 < y(#) < R(t) for large ¢ or is of type B,
where j =0,---,k — 1.

Remark 3. If R(r) is oscillatory or negative, then u(t)>0 and the
conclusion of Theorem 4.1 becomes: A positive solution of N, is of type B
U:O,...,k_])'

It may be easily seen that the integral condition (4.7') is sufficient to
guarantee the nonexistence of all positive solutions of N, of types B% (k =
d,---,n—1). We suppose that y(¢) is of type B on (T,, ). An integration of
H: over (T,,t) results in
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toni(1) = taae (T + [ (ot R[5, + R (5))ds =0,
i.e., ‘
L (u+ R).(s)f [s,(u+ R).(s)]ds = uzai(T,).
*\

Since u'(t) is positive for t = T, there is a constant C >0 such that u,(t)= C
for t =T, and

f (R.(s)+ O)f(s, R.(s)+ C)ds = u,.(T),).
T,
The divergence of the integral above as t — o will result in a contradiction. We
have thus proved the following theorem:

THEOREM 4.5. Let 7(t) satisfy (T2) or (T3). Let R(t) be a solution of (4.1)
and suppose that for all C >0

f (R.(1)+ O)f(t, R, (1) + C)dt = .

Then N, has no B -solutions (j =0,---,n—1).

Remark 4. If R(t) is oscillatory or negative, the conclusion of Theorem
4.5 may be strengthened to: N. has no positive solutions. If, in addition, it is
assumed that for all C >0

fw (R.(1)= C)f(t, R.(t)— C)dt = — =,

then N, cannot have any negative solutions for large ¢, i.e., N, is oscillatory. The
result is essentially part of a theorem due to Kartsatos and Manougian (to
appear) provided f(t, u)= p(t)F(u).

Another approach to the question of bounded solutions of N. results from
applying to equation H: the method used to obtain Theorem 2.4 and Corollary
2.5. We obtain the analogous results:

THEOREM 4.6. Let 7(t) satisfy (T2) or (T3) and R (t) be a solution of (4.1).
Suppose that for some k =0,---,n —1 and for all positive constants C

4.8) r 2R NRAD+ O (5, R.(1)+ O)dt = .

Then N, has no BX-solutions y(t) for which [y(t)— R(t)]. is bounded.

CoroLLARY 4.7. Let 7(t) satisfy (T2) or (T3) and R(t) be a bounded
solution of (4.1). Suppose that (4.8) holds with k =0. Then N, has no bounded
positive B -solutions.
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The corollary follows upon observing that since R(t) is bounded, a
¥ -solution y(¢) is bounded if, and only if, u(t) is bounded. For k = 1, u(t) is
unbounded by Lemma 2.1. The case kK =0 is excluded by Theorem 4.6.

ReMARK 5. In view of Remarks 3 and 4 we may assume, without loss of
generality, that R(t)> 0 in attempting to exclude % 7 -solutions of N..

THEOREM 4.8. Let 7(t) satisfy (T2) or (T3) and R(t) be a positive solution
of (4.1). Suppose that for some k =0,--- , n—1 and for all C>0

4.9) J’w 2P (L Cdt = oo,

Then no positive solution of N, of type Bk is bounded away from zero ast — .

Proor. Let y(t) be a positive solution of N, of type B% on [T,,). Then
v(t)= R(t)— y(t) is a positive solution of HI of type B, on [T, <) and
Duv,,-\(t) for t = T.. Suppose that y(t) is bounded away from zero as t > x. Let
t= Ty, b>2t and i = n. Integration of H, over (t, b) results in

D (1) = 2(— 1Yo .+,<b)—1

(4.10)

_11)» f (s = 1) (R = v).(s)f[5, (R = v).(s)]ds.

For the case i > n, we obtain
i-n—1 . b _t
v (2 3 (— DYory(0) O
e

o S o)
4.10") "

M()(-l-1 ll)'f (S N t)l ‘(R - U) (s)f[S (R - v) (S)dS

Letting i = 2(n — k) in (4.10) if k = n/2 or in (4.10) if k < n/2, we obtain

vu(T)Z vu ()= wi'flb(s =t YR = v).(5)f[s, (R — v).(s)]ds

Z 2 ! f: s YR = 0).(s)f [s, (R — v).(s)]ds.
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Since y(t) = R(t) — v(t) is bounded away from zero as t — o, there is a constant
C >0 such that (R —v),(t)= C for t 2 T. Thus

b
f S2n—2k—1f(s’ C)dS = 22n—2k—1wk C—l’
T

which is in contradiction to (4.9) as b— o,
We now apply some of the theorems above to investigate the asymptotic
behavior of bounded solutions of the ordinary differential equation

4.11) (D*+Dy(t)y=e"

The general solution of (4.11) is given by
ya (1) = cre~cos (t/V2 + cze Y sin (1/V2) + cse "V cos (1/V2)
1
+ coe ™3sin (1/V2) + 2 e,

Since e "VY?>e¢ ', a bounded solution y(z) of (4.11) is either oscillatory (if
ci+ci+ci+ci#0) or else positive nonoscillatory. In either event,
lim, . y(t) = 0.
We have Q(t) = e ' and r(t) =1, the general solution of D*R(t) = e is
R(t) = ei' + a1t3+ a2t2+ ast + as.
Let us choose R(t) = e and let y(¢) be a bounded solution of (4.11). If y(¢)is a

B -solution, then 0 < y(t) < R(f) and lim, ... y (¢) = 0. This fact is confirmed by
Theorem 4.8 in the case k =0, 1 since

] f “ede if k=0
= J t2n72kflf(t, C)dt — .
f tdt if k=1
If y(¢)is of type BY, then y(t)— R(t) is necessarily unbounded; since R(¢)

1s bounded, this would imply that y(t¢) is unbounded. Theorem 4.1 shows that
there are, in fact, no B -solutions:

I (e T 4 Cdt = %,
Corollary 4.4 shows that no B§-solution is bounded away from zero since

f Tle T4 C)dr = .
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5

We now consider the nonhomogeneous delay equation N_ under the
assumption that R(t) is a solution of the equation (4.1). As in the previous
section, this permits the transformation of N_ to a homogeneous delay equation
for which the techniques of sections two and three are applicable.

Let us assume that y(z) is a positive solution of N_ and let u(t)=
y{t)— R(¢). Then

D"[r()D"u (1)) = D"[r()D"y(1)] = D"[r(1)D"R (1)]
= y-(Of[1, y- ()],

so that u(z) is a solution of the homogeneous equation
(HO) D"[r(t)D"u(t)] - (u + R).()f[t,(u + R).(#)] = 0.

Since y(t)>0, (u + R).(t) is positive for sufficiently large ¢ (+ = T,) and
D"[r(t)D"u(t)] > 0 for ¢t = T\. It follows that u(¢) is a nonoscillatory solution of
HZ. Either u(t)>0or u(t)<0.If u(t) <0, we further transform the equation by
letting v(t)= —u(t)= R(t)— y(t). Then v(t) is a positive solution of

(H*) D" [r()D"v ()] + (R = v).()f[t, (R = v).(1)] = 0.

We say that a positive solution y(t) of N_ is of type B% if u(t) is a positive
solution of H™- of type %;; it is of type B if v(t) is a positive solution of H* of
type B, A positive solution of N_is then of type 85 (f =0,---, n)or of type Bf
(G=0,---,n—1). We now seek to exclude B%- and B*-solutions of N_.

THEOREM 5.1. Let 7(¢) satisfy (T2) or (T3) and R(t) be a solution of (4.1).
Suppose that for some k =1,---,n~—1 and for all C >0

(5.1) f P2PTRUR, (1) + CE Y (L R (1) + CHP* Ydt = + oo,
Then N_ has no B%-solutions. Furthermore, if
1) f Y R () + Of(L, R.(D)+ C)dt = + =,

then any B¢ -solution y(t) satisfies

(5-2) lim [y (1) = R(2)] = 0.
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Proor. Let y(t) be a B%-solution of N.. Then u(t)=y(t)—R(t) is a
positive solution of HZ of type #%. As in the proof of Theorem 4.3, we obtain

uu_,.(t)=§5%"—*}*!+(b2 (t— by
(5.3)
1)'f (s =ty "(u + R).(s)f[s, (u + R).(s)]ds,

where T'=t=s<b and i =n.
If i > n, we may derive the analogous inequality

z Uzp- |+!g 2 b)l

u2"7‘(t)>‘§": M(r b)l+M

(5.4)

ﬁ({;—i‘lL)!f (s =) '(u + R).(s)f[s, (u + R).(s)]ds.

Letting i = 2(n — k) in the equality (5.3) if kK = n/2 and in the inequality (5.4) if
k < n/2 and recalling that Du, (1) <0 for t = T,, we have

f'b(s — )" * (u + R),(5)f[s, (1 + R).(s)]ds = s (T)).

For k =1,---,n there is a constant C > 0 such that u,(s)= Cs* ' fors =2T, =
T,. Let t=T, and b>2t=T,. Then s —t=s/2 and

b
[ s R (5) + CsP* O[5, R(s) + Cs™ 7'ds = 227! wunc (T),
T.

which is in contradiction to (5.1) as b — .

If kK =0 and y(¢)— R(t) does not tend to zero as t — «, there is a constant
C >0 such that u(t)= C for t sufficiently large (¢t = T,). As before we may
apply hypothesis (ii) to obtain a contradiction to (5.1°).

Duplicating the arguments which led to Theorems 3.3 and 4.4, we may
obtain the following result:

THEOREM 5.2. Let 7(t) satisfy (T2) or (T3) and let R(t) be a solution of
(4.1). Suppose that for some m =2n — i, where i =1, 2, 3, and for all positive
constants B

b
l}i_rgt‘"'f s (R.(s)+ Bs™)f[s, R,(s)+ Bs™)ds = + .
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Then N_ has no solutions of types B% or BX_, such that R(t)— y(t) ~ Ct™, where
C >0.

If we let w(t) = v2,(t)v3(t) in HZ and repeat the procedure which led to
Theorems 2.3 and 4.1, we may obtain the following analogue:

THEOREM 5.3. Let 7(t) satisfy (T2) or (T3) and let R(t) be a bounded
solution of (4.1). Suppose that for some k =0,---,n—1 and for all positive
constants C

f "1, C)dr = .

Then any positive B -solution y(t) tends to zero as t — .

Summary

We conclude this paper with some observations on the method. Use of the
preliminary transformation Y(t) = — y(t) and the techniques of Sections four
and five enable us to introduce a natural classification of the negative solutions of
N, and N_ and to provide sufficient conditions for the nonexistence of such
solutions. If the hypothesis f(t, — u) = f(z, u) is omitted, we may still determine
conditions for the nonexistence of certain negative solutions. Moreover, the
method is applicable even if hypothesis (ii) is replaced by (ii’) there is a p
(0 < p < 1) such that u®f(t, u) is nondecreasing in u. The precise statements and
proofs of these analogous results are left to the reader to discover.
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