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1. Introduction and summary

Consideration of the primitive homomorphic images of semigroups
arises naturally from their matrix representation theory. (See, for example,
papers [1] and [2].) This is basically because a semigroup of matrices,
in which all the matrices have the same rank, is necessarily primitive. (The
set of idempotents in the semigroup may be empty, however).

In his paper [2], Preston has shown (lemma 3) that a necessary condi-
tion for a regular semigroup to have a O-restricted primitive homomorphic
image is that the semigroup be categorical at zero, and (theorem 5) that for
an inverse semigroup, this condition is also sufficient. (The terms
"primitive", "categorical at zero", and "O-restricted" are defined below.)
Furthermore, for an inverse semigroup S = S°, the finest congruence giving
a O-restricted primitive homomorphic image of S may be written as

7t = {(x, y) e S x S : ax = ay ^ 0, xb = yb =£ 0

for some a, b e S} u {(0, 0)}.

(See [2], theorem 5, and the remark at the end of the proof.)
In this paper, we show, by a direct method, that if a semigroup S = S°

is categorical at zero, then it has a maximal O-restricted primitive homo-
morphic image; if S is also regular, then this image is S/n*, where n* is the
congruence on S generated by the relation n above.

2. Semigroups which are categorical at zero

We repeat firstly some definitions from [2]. A semigroup S = S° is
•primitive if each of its non-zero idempotents is primitive. A semigroup
S = S° is categorical at zero if dbc = 0 implies either ab = 0 or be = 0,
for any elements a, b, c of 5. A congruence p on a semigroup S == S° is
O-restricted if {0} is a p-class. A homomorphism <j> of S = S° is O-restricted
if the congruence <f> o <£~J naturally induced on S by ^ is O-restricted.
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Let 5 = S° be a semigroup which is categorical at zero.
Define

m Pi = {(«, /) e SxS : e* = e, /» = /, «/ = fe = / ^ 0},
Pi = Pi v Pi u i s ,

where t5 is the identity relation on S,

Pi.c — {(x> y) e SxS : x = uav, y = ubv,
for some (a, b) e p'lt and for some u, v e S1.}

and
P* = Pi, c = Pi, e U (Pi, e ° Pi, e) U ( p l i t o p1 ; e O px> e) U • • ' .

pj" is the congruence on S generated by the relation px. ([3], p. 18). We show
now that p* is O-restricted. We show first that

(1) if (e, f) e p1( and u, v e S, then uev = 0 if and only if ufv = 0.

Suppose uev = 0. Then since S is categorical at zero,

ue = 0 or ev = 0,
which implies

uf = uef = 0 or fv = fev = 0,
i.e.

ufv = 0.
Suppose ufv — 0. Then

uf = 0 or fv = 0,
i.e.

Me/ = 0 or /CT = 0,
which means

ue = 0 or ew = 0
since ef = fe = f ^ 0 i.e.

M0Z> = 0 .

Setting v = ewt obtain

(ii) ue = 0 if and only if uf = 0, for any (e, f) e p1( u e 5,

and setting « = cwe obtain

(iii) ev = 0 if and only if fv = 0, for any (e, f) e plt v e S.

From (i), (ii) and (iii) we easily see that uav = 0 if and only if ubv = 0,
for any (a, b) ep'ltu,v e S1. This means that (0, 0) is the only pair in px „
which contains 0, and this then is also true of p*, i.e., p* is O-restricted.
S/p* is thus also categorical at zero, but is not necessarily primitive.

Define now by induction p*+ 1, the congruence generated by

(2) P m + 1 = {(e, f) e 5 X 5 : e^P*e, j*p*f, ef p*mfe P*J ± 0}.
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Then by using the method above, and considering the images of e, f, u, v
in SIP£, where (e, f) e pm+1, u,v eS, we can easily show that p*+1 is 0-
restricted, if we assume p* to be O-restricted. By induction we have that
p* is O-restricted for all natural numbers n. Define now

(3) P = U Pt
n=l

Clearly p is O-restricted and, since p* Q p*+1 for each n, is also a congruence.
It is an easy matter to show that S/p is primitive; for let us consider any
idempotents E, F e Sjp such that EF = FE = F =£ 0. Choose any elements
e e E, f e F. Then epe2, fpf2, and efpfepf^O. Since p = USLi P*. there
exist numbers nx, n%, n3, ni, such that e p* e2, f p* f2, ef p* fe and fe p* f.
Choosing i = max {nx, n2,n3> «4}, and using p* Qp*+1, we obtain e p* e2,
f p* f2, ef pf fe p* f =£ 0, whence (e, /) e pi+1 Q p, i.e. E = F, and so S/p is
primitive.

If ^ is a O-restricted primitive congruence on S, it must contain p*,
and if it contains />*, it must contain p* +1, and so by induction it contains
p. We have thus proved the following result.

THEOREM 1. Let S = S° be a semigroup, categorical at zero. Then the
relation p, defined by the equations (1), (2) and (3), is the finest O-restricted
primitive congruence on S.

3. Semigroups which are regular and categorical at zero

Let S = S° be a semigroup which is regular and categorical at zero.
Define on S the congruences p* and p as before. Also define

(4) 7i = {(x, y) E S x S : ax = ay ^ 0, xb = yb ^ 0, for some a, b e S}

and denote by n* the congruence on 5 generated by n.

THEOREM 2. Let S = S° be a regular semigroup, categorical at zero.
Then p = p* = n*, as defined by equations (1), (2), (3) and (4); whence each
is the finest O-restricted primitive congruence on S.

PROOF. We show first that p = p*. For this it will suffice to show that
S/pf is primitive. Take any elements E, F of Sjp* such that E2 = E,
F2 = F and EF = FE = F ^ 0. Since E2 = E,F2 = F, from Lallement's
result, lemma 2.2, paper [4], there exist idempotents e, f eS, such that
e e E, f e F. We thus have e2 = e, f2 = /, and ef P* fe P* f =£ 0. Let (ef)'
be an inverse of ef. Then ef(ef)'ef = ef ^ 0 and so ef(ef)'e ^ 0. Now

[ef(ef)'e][ef(efye] = ef(ef)'e
and
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e[ef(ef)'e] = [ef(ef)'e]e = [ef(ef)'e] * 0.
Thus

whence
fe p* fef(ef)'e P* f(ef)'ePt ef(ef)'ep* e.

But fe p* f, so / p* e, i.e. E = F, and S/p* is primitive, and so we have

P = Pi-

Now choose any pair (x, y) e n. Then there exist elements a,beS such
that ax = ay ^ 0, and xb = yb =£ 0. Also there exist elements A, B,X,Y
in S/p* such that a e A, b e B, x e X, y eY, and then AX = AY ^ 0 and
XB = YB ^ 0 since p* is O-restricted. Since S/p* is primitive and regular,
it is the 0-direct union of a set of completely 0-simple subsemigroups, from
Preston's paper [2], theorem 1. Clearly A, B, X, Y are in the same com-
pletely 0-simple subsemigroup, and this means that X = Y, i.e.

{x,y)BP*.
Therefore

whence ~

But clearly px Q n, whence p* Q n*. Therefore

** = p*.

This completes the proof of the theorem.
By a method similar to that used above, it can also be shown that for

periodic semigroups which are categorical at zero,

P = Pi-
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Note added in proof. Since this paper was submitted, the paper
'Matrix representations of semigroups' by D. B. McAlister (Glasgow Math.
J. 8 (1967), 1—13), has appeared. It contains strongly related results.
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