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In t roduc t ion . In the p r o b l e m of finding the mo t ion of a 
c l a s s i c a l p a r t i c l e one has the choice of dea l ing with a s y s t e m of 
second o r d e r o r d i n a r y d i f fe ren t ia l equa t ions ( L a g r a n g e ' s 
equa t ions ) or a s ingle f i r s t o r d e r p a r t i a l d i f fe ren t i a l equa t ion 
(the H a m i l t o n - J a c o b i equa t ion , hence fo r th r e f e r r e d to a s the 
H - J equa t ion) . In p r a c t i c e the l a t t e r me thod is l e s s f requen t ly 
used b e c a u s e of the difficulty in finding c o m p l e t e i n t e g r a l s . 
When t h e s e a r e ob ta inab le , h o w e v e r , the m e t h o d l e a d s r ap id ly 
to the equa t ions of the t r a j e c t o r i e s . F u r t h e r m o r e it i s of 
fundamenta l t h e o r e t i c a l i m p o r t a n c e and it p r o v i d e s a b a s i s 
for quan tum m e c h a n i c a l a n a l o g u e s . 

The t r e a t m e n t of m o t i o n of a r e l a t i v i s t i c p a r t i c l e is a l s o 
usua l ly b a s e d on L a g r a n g e - t y p e e q u a t i o n s . When the H - J v i ew
point i s adopted the t i m e is c u s t o m a r i l y s ingled out a s a s p e c i a l 
p a r a m e t e r . Thus the c o o r d i n a t e - s y m m e t r y of the four -
d i m e n s i o n a l f o r m u l a t i o n is los t . On the o the r hand the a p p r o a c h 
is m o r e e a s i l y a s s i m i l a t e d into quan tum t h e o r y . 

It i s the object of t h i s pape r to exhibi t an H - J t h e o r y for 
r e l a t i v i s t i c p a r t i c l e s which r e t a i n s the s y m m e t r y of f o r m u l a t i o n 
and which y i e ld s c e r t a i n known r e s u l t s by a c o m p a r a t i v e l y e a s y 
ca l cu la t ion . 

The f i r s t sec t ion dea l s wi th the g e o m e t r i c a l b a c k g r o u n d 
of the a p p r o a c h which is due to H. Rund. Since th i s is fully 
d e s c r i b e d in h i s pape r [ l ] , we sha l l h e r e content o u r s e l v e s 
wi th a b r i e f out l ine of the p r i n c i p a l r e s u l t s . Sec t ion 2 i s 
devoted to the app l i ca t ion of the t h e o r y to L a g r a n g i a n s of the 
type e n c o u n t e r e d in r e l a t i v i s t i c e l e c t r o d y n a m i c s . In the l a s t 
s ec t ion we e x a m i n e a speci f ic e x a m p l e . 
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1. We consider a dynamical system with n-1 degrees 

of freedom whose Lagrangian ha s the form L (q , t, q ). Here 

t repre sents the time ; q (i = 1, 2, . . . , n- 1 ) is the time derivative 

of the generalized coordinate q . The trajectories are given 

by the variational principle 

6 f LT dt = 0 , (1) 

which is equivalent to 

6 J L ds = 0 , (1)' 

n here s is an arbitrary parameter and we have put q = t, w 
. i i n i dq1 

q = q! /q ! , q1 = and 
as 

, a aK * i n i . . nx . n 
L = L(q ,q' ) = L (q ,q , q' /q ! ) q« 

(a = 1,2,. . . ,n) . (2) 

a 
Clearly L is homogeneous of degree one in the q' and we 
may regard it formally as the metric function of a Finsler space 

(although it may not satisfy the usual positivity and convexity 

assumptions). 

The canonical momenta p are then defined by 
a 

1 3 h Z T a L / • » 

P = -z = L • (3) 
a 2 a q - a

 9 q . a 

a 
Assuming that these equations are solvable for the q' as 

a 
functions of the q and p we then define the Hamiltonian by 

a 

a r a a (3 
H(q ,p a) = L[q ,q' (q^.Pp)] • (4) 

It follows from equations (3) and (4) that 

d p L d s or a 
a o Q o n 
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Also we note that the Euler -Lagrange equations for the 

variat ional principle ( l ) 1 read 

- ^ - ^ = 0 . (6, 
d s a q . « aq" 

To this point the pa ramete r s has been a rb i t r a ry . If it is now 

chosen so that 

ds = L (q a , dq a ) , (7) 

then 

Hqa,q'a) = 1 , ( 7 ) « 

and equations (5)(a) and (6) reduce to the canonical equations of 

motion 

9 H dq* 3 H dPa 
— _ — t . _ . — ^ (8) 

o p ds r. a ds 
a oq 

the lat ter because of (3) and (5)(b). 

a 
Consider now a point P (q ) and the family of all 

o o 
geodesies (ext remals of (1)? ) passing through P . The points 

a 
P(q ) which lie at a distance s from P , as measured along 

o 
these geodesies, form a hypersurface S which may be 

represen ted by 

a 
S(q ) = s = constant . (9) 

a 
Suppose that q1 is the tangent vector to the geodesic through 

or 
P on this surface and that p corresponds to q1 as in (3). 

a 
It can then be shown that 

as 
P = . • (10) 

dq 

Hence, in view of the normalizing condition (7)f and (4), the 
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hyper su r f ace S s a t i s f i e s the p a r t i a l d i f f e ren t i a l equa t ion 

H(q*, —a) = 1 . ( H ) 
3 c 

This condi t ion c o r r e s p o n d s to the c l a s s i c a l H - J equa t ion for the 
Hami l ton one -po in t function. 

2. We now dea l wi th the c a s e when 

LCq^q 1 a) = ( a) + a) ) / d s , (12) 
(1) (2) 

w h e r e (a) GO (q, dq) = a (q)dq , 

( i ) 

/ s \ 1 / 2 

(b) u (q.dq) = [ b ft(q)dqW . (13) 
(2) V «P ) 

As above we a s s u m e tha t a and p r a n g e f rom 1 to n and 
tha t the d e t e r m i n a n t of the b = b i s not z e r o , so tha t the 

cvp &a 
aQ 

t e n s o r b i n v e r s e to b e x i s t s and s a t i s f i e s 

f 1 , a = y 
b " P b R - 5° -1 . (14) 

F r o m (3) we i m m e d i a t e l y deduce tha t 

p = L . [a + (b ftq
,P)(co / d s ) " 1 ] . (15) 

a£ (2) 

In o r d e r to find the H a m i l t o n i a n we should now solve t h e s e 
en 

equa t ions for q' and subs t i t u t e in (12). The fol lowing m e t h o d 
i s , h o w e v e r , m o r e d i r e c t . F i r s t we note tha t the v e c t o r 

p = (b q ' P ) ( u> / d s ) " 1 

* P (2) 

is a unit v e c t o r wi th r e s p e c t to the m e t r i c t e n s o r b n i . e . 
^ ap 
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b ° P p p R = b * P ( b , q ' X ) ( b A q ^ ) ( a) / d s ) ' 2 = 1 , (16) 

- 1 
b y (14) a n d ( 1 3 ) ( b ) . B u t (15) s h o w s t h a t p = p L, - a a n d 

a a or 
h e n c e (16) y i e l d s 

b 0 ( 3 ( p L " 1 - a K P . L ' 1 - a ) = 1 . ( 1 6 ) ' 
a a p p 

- 1 
T h i s e q u a t i o n i s ( a t m o s t ) q u a d r a t i c in JL a n d , w h e n s o l v e d , 

a 
e x p r e s s e s L a s a f u n c t i o n of q a n d p . C o m p a r i s o n w i t h 

(4) t h e n s h o w s t h a t t h e s o l u t i o n i s , in f a c t , t h e r e q u i r e d 

H a m i l t o n i a n . We w i l l n o t n e e d t h e e x p l i c i t f o r m of H o r t h e 

q1 a s f u n c t i o n s of q a n d p , t h o u g h t h e f o r m e r i s e a s i l y 

found f r o m ( 1 6 ) ? w h i l e t h e l a t t e r i s g i v e n by 

qf = b P ( P ( 3 - Ha ) + , 

w h e r e 

a& - 1 
i|i = 1 + b H ( p H - a )a . 

a a p 

a s a s t r a i g h t - f o r w a r d c a l c u l a t i o n w i l l v e r i f y . 

It f o l l o w s f r o m (11) a n d t h e a b o v e r e m a r k s t h a t t h e H~J 

e q u a t i o n f o r a n y d y n a m i c a l s y s t e m w h o s e L a g r a n g i a n h a s t h e 

f o r m (12) m a y b e w r i t t e n 

T h e r e a d e r w h o w i s h e s t o c o m p a r e t h e s e r e s u l t s w i t h t h o s e 

of t h e u s u a l t h e o r y m a y c h e c k t h a t if 

n *T* f o XJ ^ *** • k *^ 
q = t , L, = ( w + w )/dt , P = 7 , H = p q - L , 

(1) (2) 8 q 

t h e n 
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p = Lp , p = - LH (k = 1, 2 , . . . , n - 1 ) . 
k k n 

The l a s t of t h e s e y i e l d s the c l a s s i c a l H - J equa t ion when L, i s 
as 

put equal to 1 and p is replaced by . 
a Q a 

o Q 

3. The a s s u m p t i o n tha t 

2 2 
n = 4 , a = e<p , b = m c g , (18) 

a a ap o ap 

p e r m i t s us to i n t e r p r e t L a s the L a g r a n g i a n of a p a r t i c l e of 
c h a r g e e and r e s t m a s s m , mov ing in the p r e s e n c e of a 

g r a v i t a t i o n a l po ten t i a l g and an e l e c t r o m a g n e t i c po ten t i a l 

cp (cf. L i c h n e r o w i c z [2]) . F r o m (17), then , the H - J equa t ion 
a 

is 

a(3/9S VdS \ 2 2 

We r e m a r k tha t if cp = 0 t h i s equa t ion r e d u c e s to one i n t r o d u c e d 
a 

by Fock [3] , p r i m a r i l y to d e a l wi th l ight r a y s . 

The p r o b l e m of m o t i o n for c h a r g e d p a r t i c l e s (or photons) 
wi l l be solved by obta in ing a c o m p l e t e i n t e g r a l of (19) for p r e -

a s s i g n e d g and ç . We e x a m i n e t h i s p r o c e s s m a s p e c i a l 

c a s e . 

a 6 l / 2 
A s s u m e tha t the l i n e - e l e m e n t dcr = (g dx dx ) h a s 

c*(3 
the f o r m 

2 - 1 2 2 2 
dcr = - y d r - r d6 

Equa t ion (19) then b e c o m e s 

/as \2 1 /as 

2 2 2 
r sin 9 dçp + 

e ^ 2 / ~ ~ 2 2~" 
' r s in 0 

2 J 2 
c y dt . 

/as 

(20) 
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î / a s \2 2 2 

C y 

When v, <p depend only on r and y = ç -0 (static spherical 
a 2 4 

symmetry) Nordstrom [4] and Jeffery [5] showed that 

2 
2kmf ke r 

c r 4TTC r 

1 2 . 4 2 r 4 4-rrr v 

while <?.{**) i s a rb i t ra ry (it contributes nothing to the e lectro

magnetic field). These resul ts follow from the demand that 

Einstein1 s and Maxwell' s field equations be satisfied. The 

constants k and c have their usual meanings, while m' and 

ef may be considered as constants of integration. It should 

be noted that the Schwarzschild line-element is a special case 

of (20) (when ef = 0 in (22)). Thus the resul ts based on this 

l ine-element will be special cases of the Nordstrom-Jeffery 

theory. 

Having made the above assumptions, we may further 

assume, without loss of generality, that cp =0 for, if necessary , 
— c J. 

we may replace S in (21) by S =S - e j <p dr . Equation (21) 

then reduces to 

V 
as\2 i /as \ 2 i /a_s^2 

3 r ] 2 \ 8 9 / 2 2 
r sin 9 

1 (dS f 2 2 

c y 

The variables <p and t are cyclic and, putting S = S (r) -f S (Ô ) 

+ S (^) + ^ (t) ' w e r e a d i l y obtain 

2 2 
dS dS /dS f \ k 

> k « k L* ) t _L. ,kr (24) 
d<z? 3 dt 4 \d9 / . 2 . 2 -

sin 9 
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where k , k , k are constants. Substitution from (24) into 

(23) then yields 

dS f 2 2 2 1 2 

dT/ = ( k4 " e(p4] {Cy)' ' C ( m o C ) + ( k 2 r " ) h ' • ( 2 5 ) 

Thus the required complete integral is 

rr 2 -2 2 2 2 - 2 - 1 1 / 2 
S = / [ ( k - e« ) (cy) - (m c + k r )y *] ' dr 

+ f[k_ - k_ sin 0 ] d9 + k <p + k t + (constant), 
2 . 2 . - 2 ftll/2. 

c - k_ sm 0 J Gv , xv r , xv „ 

(26) 

and the trajectories are found by solving 

— - . = h P = (constant) (p = 2,3,4) (27) 
o k 

P 

for r, G and <p . 

The set of solutions admits a sub-family which lies in the 

equatorial Mplane11 8 = IT/2. To see this we solve the equations 

a 2 s dx1 3 2 s „ / o o . . 2 Q 
— T " i " d T + 8 l T â - t = ° (P = 2.3 f4; x« = r. * - 9 , 
à k o x p 3 

p x = <p) 

de 
for —- . The solution is 

dt 

— - -c vr (k4 - e <̂ 4) [k2 - k3 sin 9 ] 

Thus, if 0 =TT/2 initially and we put k =k , then d0 /dt 

remains identically zero. In this case the function S is 

independent of 0 and k is replaced by k . Hence the 

relation 
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"9k = J [ ( c \ ) (k 4 - e^ 4 ) - (m^c + l ^ r )v ] (Vr ) k dr 

3 
3 

+ <P = h (28) 

g ives r a s a function of <p . The c o r r e s p o n d i n g d i f f e ren t i a l 
equa t ion i s found by d i f fe ren t ia t ing (28) with r e s p e c t to r . 

d r 
When we solve the r e s u l t i n g equa t ion for — , s q u a r e , and se t 

r = u , we obtain 

2 / d u \ 2 1 / ee 1 \2 / 2 2 2 2 \ / 2 k m ' u ke1 2 2 

k3fe ="2lk4-4ruj -lmoc + V | 1 - r + 7iu 

(29) 

Allowing for i n t e r p r e t a t i o n of the c o n s t a n t s k , k and the un i t s 
3 4 

of c h a r g e , t h i s i s i den t i ca l to the equat ion d e r i v e d by Je f f e ry [5] . 

The au thor would like to acknowledge h i s i n d e b t e d n e s s to 
P r o f e s s o r D. K. Sen for s e v e r a l helpful d i s c u s s i o n s in connec t ion 
wi th the above w o r k . 

REFERENCES 

1. H. Rund, Die H a m i l t o n s c h e Funkt ion be i a l l g e m e i n e n 
d y n a m i s c h e n S y s t e m e n , A r c h . Math . 3, 207-215 (1952). 

2. A. L i c h n e r o w i c z , T h é o r i e s R e l a t i v i s t e s de la G r a v i t a t i o n 
et de U E l e c t r o m a g n e t i s m e , M a s s o n (1955), p . 174. 

3. V. Fock , T h e o r y of Space , T i m e and G r a v i t a t i o n , 
P e r g a m o n (1959), pp. 1 1 7 - 1 2 3 . 

4. G. N o r d s t r o m , On the E n e r g y of the G r a v i t a t i o n a l F i e ld 
in E i n s t e i n 1 s T h e o r y , P r o c . Ac . A m s t e r d a m , , vo l . 20, 
p . 1238, (1918). 

349 
https://doi.org/10.4153/CMB-1963-028-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-028-4


5. G. Jeffery, The Field of an Electron on Einstein1 s Theory 
of Gravitation, P roc . Roy. Soc. London, A, vol. 99, 
p. 123, (1921). 

University of Toronto 
and 

The Summer Research Institute of the 
Canadian Mathematical Congress 

350 
https://doi.org/10.4153/CMB-1963-028-4 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1963-028-4

