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1. Introduction

In this paper we investigate some triple equations involving the inverse of
the finite Mellin transform MR which is defined by the equation

CR

) ; s ] = [ x - 1

Jo
M«[/(x);s]= [xs-1+R2sx-s-l2f(x)dx. (1.1)

Jo
This transformation is one of four which were first introduced by D. Naylor in
his paper (1) and some of its properties have been listed by the author in paper
(2), where its relationship to the Mellin transform is discussed in detail.

2. The triple integral equations •

In this section we shall consider the equations

M j ^ s " 1 ^ ) ; x] = 0, 0<x<a

M«1[yl(s)cot(7rs); x] =/(x), a<x<b

M^ls-iAis); x]=0, b<x<R (2.1)

where | Re(s) | < 1 .

Let

x]= [ H{x-i)p{i)dt (2.2)

then clearly the first and third of the equations (2.1) will be satisfied automati-
cally provided

f p(t)dt = 0. (2.3)

From (1.1) and (2.2) we see that

p(t)dtlA(s)= I (x'-' + R^x-'-^dx
Ja J

y th

= r
Ja

and hence that ^(s) is given by the formula

A(s)= r pU)\RuC*-f\dt. (2.4)
J

https://doi.org/10.1017/S0013091500010117 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500010117


318 JOHN TWEED

If we now substitute from (2.4) into the second of the equations (2.1) and make
use of the result

MR \-J£ —; si = n(R2srs- f) cot (us), | Re (s) | < 1
[_R2-xt t-x J

we find that it too will be satisfied if

- f P(t)\-rf- —~\dt=f(x), a<x<b. (2.5)
71 Jo [_R2-xt t-xj

If we let T = t/R, cc = a/R, j? = b/R and then put p = x/R and R/x in turn,
we find that (2.5) implies that

and hence that

i | * ' *W /JM/rSoT1) (2.7)

where the bar on the integral sign is used to indicate that the range of integration
excludes the interval (fi, /J"1) and where we have written

and

The equation (2.7) has been investigated by a number of authors (3), (4) and (5).
In particular Lewin (5) has shown that its solution may be written in the form

A(a,j5,t) 1 ° n)a sgn (2/?r-l-/J2)(r-T)j
where

A(«, )8, t) = [ ( T - a X a - 1 - ^ - ^ " 1 - ! ) ] *

and Co and C, are arbitrary constants. In order to determine these constants
we make use of condition (2.3) which clearly implies that

I h(r)dx = 0 and
J a J

rp
h(r)dx = 0 and h{x)dx = 0. (2.11)

On applying the first of these conditions and making use of the results (5), we
have

[1, n =1 Cx" fj
d

A(a, fi, t) (0, n =
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and

we find that C, = 0. Similarly, on applying the second condition, we discover
that

J, A(a, ft T) n J . A(a, ft r) Ja sgn (2/Jr-1 -/*2)(r-t)

From these results and (2.10) it now follows that h(x) is given by the equation

= sgn(2/?T-l-/?2Xl-a/?)
A(a, ft T)2;r(j?)*F

(a, ft r)g(r)dr r ' f t -A ^
2^r-l-/?2)(r-t)J. \»1-^A(a,ft

A(a

sgn(2^r

where F is the complete elliptic integral of the first kind F[n/2, (/?—a)/(l — a/?)].
If we now change back to the original variables we find that p(t) is given by the
formula

R2A(x)f(x)dx C" (z-i)dz

2nFA(t) U- (R2~xt)x r
_ CbA(x)f(x)dx C» {z-i)dz |

J . (X-1)X } a (X-Z)A(Z)J
with

A(0 = i(t-a)(R2-at){b-t)(R2-bt)¥, (2.15)

which together with (2.2) yields A(s).
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